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Landau’s theorem for
p-harmonic mappings in several variables

by SH. CHEN (Changsha), S. PONNUSAMY (Chennai)
and X. WANG (Changsha)

Abstract. A 2p-times continuously differentiable complex-valued function f = u+iv
in a domain D C C is p-harmonic if f satisfies the p-harmonic equation A? f = 0, where p
(> 1) is a positive integer and A represents the complex Laplacian operator. If 2 C C™ is
a domain, then a function f: 2 — C™ is said to be p-harmonic in (2 if each component
function f; (i € {1,...,m}) of f = (f1,..., fm) is p-harmonic with respect to each variable
separately. In this paper, we prove Landau and Bloch’s theorem for a class of p-harmonic
mappings f from the unit ball B” into C" with the form

(p;--»p)
fz) = > 2Pz PR VG k1 (2),
(1seorkn)=(1,...,1)
where each Gp_g,+1,...,p—k,+1 is harmonic in B" for k; € {1,...,p} and 7 € {1,...,n}.

1. Introduction and main results. A 2p times continuously differen-
tiable complex-valued function f = u+iv in a domain D C C is p-harmonic
if f satisfies the p-harmonic equation AP f = 0, where

APf= AT )= A AT,
ptimes
and A represents the complex Laplacian operator
0? 0? 0?

0207 022 T o2

where z = z + iy € C. If this holds for p = 1, then f is (planar) harmonic,
and if it holds for p = 2 then f is (planar) biharmonic. If f is harmonic in
a simple connected domain D, then f = h 4+ g, where h and g are analytic
in D, and are called the analytic and co-analytic parts of f, respectively. See
[AAL [AAKT] [AAK2, ICPWIL, [CPW2l, [CPW4, [CPWT, [CShl, [Dul, [Hel, [Sh] for
further discussions on harmonic mappings and biharmonic mappings. More
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generally, every p-harmonic mapping f in a star domain D with center 0
admits the well-known finite Almansi expression

(L1) 1) = 1P i (2),
k=1

where f,_j41 is harmonic in D for each k € {1,...,p} (see [ACL, p. 4,
Proposition 1.3] or [CPW3, [CPW35]).

Let C(X,Y) denote the set of all continuous functions f : X — Y, where
X and Y are topological spaces. If Y = C, we simply write C(X) = C(X,Y).

DEFINITION 1.1. Let C" = {z = (21,...,2n) : 21,...,2n € C} denote
the complex vector space of dimension n. Suppose {2 is a domain in C™.
A vector-valued function f = (f1,..., fm): 2 — C™ is said to be p-har-
monic in (2 if

(a) fi € C(12) for each i € {1,...,m}, and

(b) each component f; of f is p-harmonic with respect to each variable

separately.

For a = (ay,...,ay), z € C", we define the Euclidean inner product (-, -)
by

(z,0) =z-a=z1a1+ -+ zpan
so that the Euclidean length of z in C" is defined by
|2l = (2,202 = (a1 + -+ |2a)Y2
Denote the ball in C" with center 2z’ and radius r by
B"(z,r)={2€C": |z —2| <r}.

In particular, B" denotes the unit ball B"(0,1). Set B! = D, the open unit
disk in C.

We use Hbp,(B") to denote the set of all p-harmonic mappings f from
B™ into C™. As in the one-dimensional case, we say that f is separately
harmonic (resp. separately biharmonic) when p = 1 (resp. p = 2). By the
representation and Definition we eagsily have the following basic
result, and so we omit its proof.

PROPOSITION 1.2. Every f € Hb,(B™) has the representation

(Ps---sp)
2(k1—1 2(kn—1
flz) = > 2 PFD 2, PR DG, ke (2),
(k1 eokin)=(1,...,1)
where each Gp_k 41, p—k,+1 18 separately harmonic in B" for ki,....k, €

{1,...,p}.

Let Z denote the conjugate of z, that is, Z = (Z1, . .., Z,). Sometimes it is
convenient to identify the point z = (z1,...,2,) € C" with an n x 1 column
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matrix so that

21
R
Zn
For a vector-valued function f = (f1,..., fm) defined on a domain in C",

we denote by 0f/0z; the column vector formed by the partial derivatives of
the component functions, namely, 0f1/0zj,...,0fm/0z%;, so that

(2 2)- ()
TNz T 0m) N0

the matrix formed by these column vectors. Similarly, we use

(2 )2
\om T 0z ) 0 \ozi ), .,

to denote the matrix formed by the column vectors 0f/0%;, where j €
{1,...,n}. For an n x n matrix A = (a;;) the operator norm of A is
defined by

nxn’

|A| = Sup@ = max{|A0| : § € OB"}.
2z7#£0 |Z|

One of the long-standing open problems in function theory is to deter-
mine the precise value of the schlicht Landau—Bloch constant for analytic
functions of D. It has attracted much attention (see [LiMi, Mill, Mi2l Mi3]
and references therein). For general holomorphic mappings of more than one
complex variable, no Landau-Bloch constant exists (cf. [Wu]). In order to
obtain some analogs of Landau—Bloch’s theorem for mappings with several
complex variables, it is necessary to restrict the class of mappings considered
(see [CGI, ICPW6 [FG [Li, [Tal, Wul).

Recently, many authors studied the class of p-harmonic mappings (see
[Ad, [AdH, [Ax], [ArL, [CPW3, [(CPW5, Mal). For instance, in [CPW3]|, the
authors discussed the p-harmonic Bloch mappings and proved a Bloch and
Landau’s theorem for a class of p-harmonic mappings. The main aim of the
present paper is to establish Landau and Bloch’s theorems for p-harmonic
mappings of B" into C™. Our main result follows.

THEOREM 1.3. Let f € HhH(B") and

(p7"'7p)
&= > JaPmY e a PO NG, ke (2),
(klv'--vkn):(lr“vl)
where all Gp_k, 11, p—k,+1 are harmonic for kyi,... .k, € {1,...,p}. Sup-

pose that f(0) = 0, |det £.(0)] — a = |fz(0)] = 0, and for any z € B™ and
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ki,....kn € {1,...,])},
’prk1+1,...,pfkn+1(2’)’ <M,

where a and M are positive constants. Then there is a constant py € (0,1)
such that f is univalent in |z| < po, where py satisfies

a  AM(2n —1)[5n+2v2(n+ Dp
(nM)"—1 m/1/2 — p2
(pa'~'7p) n
-9 Z |:Mp2(k1+-.-+kn)2n1 ( Z(k’ . 1)2> 1/2

(k1 yekon)#(1,..1) i=1

| [t (o Dpg bk 20
(1-p?) B
and f(B™) contains a univalent ball of radius at least Ry, where
apy  AMEn-DBEn+2V2+ 1] [vV2 (1 L\
(nM)n—1 . 2 \2 /0
( 20ty ) 2(k k‘n —2n n
DyeesP [Mpo( 1+ +kn)

_ Z k1+~--+kn—n(§;(ki_1)2>l/2

(k1yeeikn)2(1,...1) =

Ry =

2[n + (n + 1)polMpy
(1—p)2(k1 + - + kn) — 21 + 1]
We use Hy(B") to denote the harmonic Hardy class consisting of all
harmonic mappings f € HL(B") such that

/
I17lo= s (§ 17O do(0) " < oo,
0<r<1

oB"

where ¢ € (0,00) and do denotes the normalized surface measure on OB".
By applying Theorem we have

COROLLARY 1.4. Suppose that f € Hy(B") satisfies f(0) = 0, |det f.(0)]
—1=|fz(0)] =0, and || fllq < Ko for some constant Ko > 0 and g > 1.
Then f(B™) contains a univalent ball of radius

(k1+~-~+kn)—2n+1:|

Rz max o(r),
where
_L[e)  AK@Br42V2(n 1)) (1 S
90(7') - (nK(T))n_l - (\/5 1/2 p2( )):|
with
p(r) = 1 _ 4n" LK™ (1) (2n — 1)[5n + 2v/2 (n + 1)]

—_—, t
2(1 + t?) T



Landau’s theorem 71

and

21/a ¢,
K(T) = 7“(1 _ T)(Zn—l)/q'

We remark that, as lim, o+ ¢(r) = lim,_;_ ¢(r) = 0, the maximum of
©(r) in Corollary does exist.

DEFINITION 1.5. A continuous complex-valued function f defined on a
domain {2 C C"™ is said to be pluriharmonic if for each fixed z € {2 and
6 € OB", the function f(z + 6¢) is harmonic in {¢ : |{| < d(z)}, where
d(z) denotes the distance from z to the boundary 902 of {2 (cf. [Rul). Let
PH,(B"™) denote the set of all pluriharmonic mappings of B™ into C™.

It follows from [Ru, Theorem 4.4.9] that a real-valued function u defined
on a domain {2 C C" is pluriharmonic if and only if u is the real part of a
holomorphic function on 2. We remark that a function f defined from B"
into C™ is pluriharmonic if and only if f has a representation f = h + g,
where g and h are holomorphic mappings (cf. [CG2]). It is not difficult to
show that functions f € PH,(B") are harmonic. This fact follows from
Lelong’s well-known result that a separately harmonic function is indeed
harmonic or, using the continuity assumption, from Avanissian’s well-known

result. Clearly, PH;(DD) is the class of planar harmonic mappings in D (see
[CShl, Dul).

THEOREM 1.6. Let f € HhH(B") and

(ps--p)

=Y

(ko) =(1,.00,1)
where Gp_i,41,...p—kn+1 € PHL(B") for all k1,. .., k, € {1,...,p}. Suppose
f(0) =0, |det £,(0)] — a = |fz(0)] = 0 and for any z € B"™, ki,...,k, €
{1,...,p},

’Zl‘wﬂil) T |Zn‘Q(knil)prk1+1,.--,p7kn+l(2)7

|Gpty11,...p—kn+1(2)] < M,

where a and M are positive constants. Then there is a constant py € (0,1)
such that f is univalent in |z| < po, where py satisfies

n—1 n—1

am 4(msz + mq)Mp % 4(ms +mg)Mp

(4M)n—1 B (401 7

n

(Ps---p) 1/2
(k1,...kn)#(1,..,1) 5 i=1
AM p2(k1+-+kn)—2n
+ =2 ~0
m(1— p?)
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and f(B™) contains a univalent ball of radius at least Ry, where

B 3+ V17 N
ms = 2\/§<(1 " \/ﬁ)m) ~ 4.199595,

my ~ 2.598076 is a constant and

an™! 2(mq + ma)Mpo
Ho = ro gyt ~ .

o} [<z;@1<k@- — )

(k1 yeosbr) (L) i+ +ky—n

8Mp2(k1+---+kn)72n
e, Iy
7(1—pg)2(k1 4 -+ kn) — 2n + 1]
We remark that Theorems and are generalizations of [CPW3|
Theorem 2] to the case of p-harmonic mappings from B™ into C™.

In Section [2], we will prove several necessary lemmas. The proofs of The-
orem Corollary and Theorem [I.6] will be given in Section

2. Several lemmas

LEMMA 2.1. Let f : D — B™ C C" be a harmonic mapping with f(0)=0.
Then

4 4
|f(2)] < —arctan |z| < —|z|
T T
and this inequality is sharp for each point z € D.

Proof. For any fixed point zg € D, let F(z) = (f(20), f(2))/|f(20)| in D,
where f(z9) # 0. It is not difficult to see that F' is a planar harmonic
mapping and |F(z)| < 1 in D. Then, by [Hel Lemmal, we have

|(f (20), f(2))]
| f(20)]

4
= |F(z)| < —arctan |z|,
T

which implies that

4
|f(20)] < - arctan |zp|.

The desired result follows from the arbitrariness of zp. m

A matrix-valued function A(z) = (a;j(2))nxn is called harmonic if each
entry a; ;(z) is a harmonic mapping from an open subset {2 C C" into C.

LEMMA 2.2. Let A(2) = (@i j(2))nxn be a matriz-valued harmonic map-
ping of B™(0,7). If A(0) =0 and |A(z)| < M in B™(0,r), then

<4]\4|z|<1+ 2(n1)r><4M(2n1) H

A=) < 2 2 2 2
T S 2] T 2 — 4]
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Proof. For an arbitrary 6 = (6y,...,60,) € OB", we let
Py(z) = A(2)0 = (p1(2), - - -, pn(2))-
Fix z = (#1,...,2,) € B"(0,7). Then we let

ro= V12— (2 + -+ []?)
and we define
F(w) = Pp(wro, 22, ..., 2n) — Pp(0, 22, ..., 2)
in D. Then |F(w)| < 2M in D and F(0) = 0. By Lemma [2.1], we have
sM,  8M (P~ (Pt ) _8M ¢
7r

Fw)| < —lw )
[Pw)] < ==l . S T

which implies

8M ||
P, < —————— 4+ |Py(0
| 9(2)| =1 \/m+| 9( y 225 azn)|7
where ¢ = (row, 22, ..., zn). Repeating this process, we get
8M z
Po(0, 221 2)] < (P(0,0, 25, 20)| + ok — 2L
G
16 M ||
< |Py(0,0,0
_‘ 9( y U, U, 24, 7zn)‘+ T ’/“2—|z|2
<.
8(n—2)M z
< |Py(0,...,0,2,)| + ( ) 2

AM |z|  8(n—2)M |z
<=y ,
- T T r2 —|z]2

which gives

[Py(2)| <

4]\4|z]<1+ 2(n—1)r><4M(2n—1) |z
T

V2 —|z|?
The arbitrariness of 6 yields the desired inequality. =

LEMMA 2.3. Let f € HL(B") with |f(z)] < M in B", where M is a
positive constant. Then

VD

max{|f.(2)], | fz(2)[} < MW

Proof. Let f = (f1,...,fn) and 6 = (61,...,6,) € OB™. Without loss
of generality, we assume that f is also harmonic on JB™. By the Poisson
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integral formula, we have

OEN
oBn
where do denotes the normalized surface measure on 0B™. In particular,

do 1
S (9)

1— |2
|z = ¢

f(¢) do(Q),

ER I

OB™
For any j,k € {1,...,n}, we have

(55 = | =2 =m0 = ERGE =G o),
3 (]

which gives
> (i()a -0
k=1

:

n

ZelC — 212 +n(1 - 2)?) @z - ¢
|50 B O G = ol

2

|2 — |2 +2
k=1 OB™
" ZelC =22+ n(l = 2|2 (Z = ¢ 2
| Dhale =0 =Tl
OB
2| |¢ = 22+ n(l — |zP)|¢ — 2 J 2
[ § BG40 = O 1]
OB™
el — el +n@ — PR ] o GOF
SLQW (0 Lé P a0]

In the second inequality above, we have used the classical Cauchy—Schwarz
inequality. Now we have

n o n 2 Hz‘ ’C _ Z‘ + n(l _ ’2‘2)]2
;\;(fj(z))zk .ek‘ < Lé L da(g)}
i QP
| § =)

M2 TG~ ol ()P
<l 3 )

ME [l (4 )2
<l § 4o

(2] + n(1 + [2]))?
<M
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which implies

n+ (n+1)|z|

A similar argument shows that

n+ (n+1)|z|
|fz(2)] < Ml——|z]2

The proof of the lemma, is finished. =
In the proof of the next lemma, the following result is used.

LEMMA A ([CPW3| Lemma 1] or [CPW4, Theorem 1.1]). Let f be a har-
monic mapping of D into C such that |f(2)] < M and f(z) = > 72 an2" +
Yol byZ". Then |ag| < M and for any n > 1,

(2.1) lan| + [bn| < 4M /7.

In particular,

(2.2) [ £=(0)] + | fz(0)] < 4M /7.

The estimate (2.1)) is sharp. The extremal functions are f(z) = M or

M n
fo) = 2% g (11050,

where |a| = |5] = 1.

LEMMA 2.4. Let ¢ be a harmonic mapping of D into C™ and suppose
lp(2)] < M inD. Then

(2.3) max{ |z (0)[, [¢=(0)[} < 4M /7.

Proof. Let o = |¢(0)] and 8 = |pz(0)|. We first prove o« < 4M /.
Without loss of generality, we may assume that a > 0.

Let o(2) = (u1(2), ..., tm(2)). Since each component function py of ¢
is harmonic in D, ¢ has the representation

Y = (901 +a1a"'790m +@m)
where ¢, and 1, are the analytic and co-analytic parts of yy, in D. Let

L1(01(2) + 51250 + - + (om(2) + I (2) )P (0) .

a

F(z)

Clearly, F,(0) = «. It follows from the classical Cauchy—Schwarz inequality
that

[F(z)] < lp(z)| <M
in D. Applying (2.2]) to F' shows that
(2.4) a=F,(0) <4M/x.



76 Sh. Chen et al.

If 8 > 0, then we consider the function
1 — -
P(z) = 3 [(01(2) +¥1(2) )91 (0) + - + (pm(2) + ¥m(2) )7, (0)].
Now, applying (2.2) to P, we have
(2.5) ﬂ:Pf()<4M/7r
The desired inequality . ) follows from (2.4) and ( .

We now recall the following lemma from [CGl, GKl, Li].

LemMA B (JCGI, Lemma 2] or |[GK| Lemma 9.2.2] or [Li, Lemma 4]).
Let A be an n x n complex matriz. Then for any unit vector 8 € OB",
|det Al
|A’n71 :

|AG| >

In the proof of the next lemma, we shall make use of the automorphism
group Aut(B™) consisting of all biholomorphic self-mappings of the unit
ball B". We recall the following facts from [Rul:

(a) For a € B, let

a— Pz — (1 —1a]?)"2Q,z

9a(2) = 1—(z,a) ’

where

and Quz =z — P,z.

Then ¢, € Aut(B").
(b) For z € B" and ¢ € Aut(B"),

_ 2
(2.6 O e
and

—1d(2)12\ (PTD/2
(27) e = (FT000) T

where 6 € 0B".
LEMMA 2.5. Let f € PH,(B") and |f(z)] < M in B™. Then

4M
(2.8) masx{|£- () =)} <~
and
(2.9) max{|det f.(2)], [det fz(z)|} < (1 _(4‘272))(71—&-1)/2'
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Proof. For any ¢ € D and a fixed 6 € OB", define ¢ : D — C™ by

e(¢) = f(CO).
Obviously, |¢(¢ )] < M. By the chain rule, we have
Zek = f:(0) -0, Zek = fz(0) -0,
where 6 = (01, . ,Gn). By Lemma [2.4]
(2.10) 0c(0)] = |£=(0) - 0] < 4M /m,
(2.11) 0z(0)] = | fz(0) - 0| < 4M /.

The arbitrariness of 6 shows that (2.8) holds when z = 0.
Next, we fix zg € B"™ with zy # 0. Let ¢ € Aut(B™) be such that ¢ maps
0to zg, T'= fo¢and w = ¢(z) for z € B". By calculations, we have

7. = mw—mmmw|9%<|MN¢Q

OB™
0
o0 @l
|¢'0)]
By (2.6),
I:(0)] = (L — |20/ fuwl20)],  [T(0) = (L — |20]*)| far(20)].
Similar arguments to those in the proofs of (2.10) and (2.11) yield
AM
2.12 i < .
( ) max{|fw(20)‘7|fw(‘30)’} = 7_((1_ ’20‘2)
Hence (2.8) follows from (2.12) and the arbitrariness of zp € B"\{0}.
Next we prove inequality (2.9). Inequality (2.8) and Lemma B imply
that (2.9) holds when z = 0. So, we fix an arbitrary ¢ € B"™ with £ # 0.

Let ¢ € Aut(B"™) be such that ¢) maps 0 to &, S = f o and u = ¢(z) for
z € B™. By (12.7)), we have

[det 4 (0)] = (1 — J¢*)" 172,

1= w/_ w,9
2] = 1) = o 0] = goa | o

Hence
(213)  [det S.(0)] = [det £u(&)]|det (1/(0))] = [det £u()|(1 — [¢2)™+D/2.
Since |S(z)| < M, we see that

4M)"

(2.14) |det S, (0)] < ( Wn) .
It follows from (2.13) and (2.14) that

(40)"

(2.15) |det fu(8)] < (1 — [€[2)(ntD)/2”
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Similarly, we have
] (a1
(2.16) |det fu(£)| < 7'1'”(1 _ ‘£|2)(n+1)/2 ’

Therefore follows from , and the arbitrariness of ¢ €
B"\{0}. m

LEmMMA C ([CGI1, Lemma 4]). Let A = (a;j(2))nxn be a holomorphic
mapping of B™(0,r) into the space of n X n complex matrices; that is, each
a;j(z) is a holomorphic mapping of B"(0,r) into C. If A(0) = 0 and
|A(z)| < M for z € B*(0,r), then

M
A()] < el

3. Proofs of Theorem Corollary and Theorem

Proof of Theorem . For each z € B"(0,+/2/2), using Lemma we
have

(Gp,..p)2(2) = (Gp,..p)2(0)] < [(Gp,...p)=(0)] + [(Gp,...p)=(2)]
M[n + (n+1)|z]]
1— 2|2
< M[3n+ v2(n +1)).
By Lemma for each z € B"(0,/2/2), we have

[(Gp,..p)2(2) = (Gp,..p)=(0)] <

<nM +

m1|z|

V12 =22

m1 = 4M(2n — 1)[3n + V2 (n + 1)] /.

By Lemmas B and we deduce that for each 6 € 9B",
a

a
> .
(Gp,..p)=(0) "1 = (M)t
From the assumption of Theorem we obtain
[f2(0)] = [(Ghp....p)=(0)] = 0.
A similar argument shows that for each z € B"(0,1/2/2),
[(Gp....p)z(2) = (Gp,...p)z(0)] < [(Gp,...p)z(2)] + |(Gp....p)=(0)]
= (Gp,..p)z(2)| + [fz(0)] = [(Gp,...p)=(2)]

ma|z|

< -
T V12

mg = 4M(2n — 1)[2n + V2 (n + 1)] /7.

where

where
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Let & and & be two distinct points in B™(0, p) with p < v/2/2, let [¢1, &)
denote the segment from & to &9, and let

dz dz;
(3.1) dz = : , dz= : ,
dzp, dzy,
which may be conveniently written as
dz = (dz1,...,dz,)T, dz=(dzi,...,dz,)7,
where T' means the matrix transpose. First we have

(p77p)

f2(2) = (Gp..p):=(2) + > (Gptrt1epknt1(2) Pry
(ot 2 (1 1)

|2 Pz PETD(G g pr1)2(2)].

Similarly,

(p?"'7p)

J2(2) = (Gp,..p)=(2) + Z (Gt 41, p—hn+1 (2))T?k1,--.,kn
(K1 ook ) (L, 1)

|2 POz PE DG gk 1)2(2)].

Then
FE@) = f&)l =| | f)ds+ fo(e) d2|
[€1,62]
> | § L0)dz+ f2(0) a2
[€1,€2]
—| T () = L(0) dz 4 (f2(2) = f2(0)) dz
[€1,€2]
ZJI_J2—J3—J4,
where

B=| | (Gr):(0)dz + (Gy)=(0) 2]
[€1,€2]

Bo=| § (Gpr)o(2) = (Gy..p):(0)] d2
[£1,&2]

+ [(Gp,...p)z(2) = (Gp,.. p)z(0)] dZ|,
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(p?"'?p)
J3 = ‘ S Z Gty ptin+1(2) Peroen
[€1,€2] (F1,eeskn)F#(1,..,1)
12D |z 20D (G 1, 1)s(2)] 2|
(p?"'7p) -
Jy = ‘ S Z (Gpts1ptont1(2) Py,

[€1,€2] (F1,eenskn)F#(1,..,1)

+ |z PR D PTGy 1, pm 1 )2(2)] d?’,

with
Piy. gy = (k1 — 1)z k1—2— k1 1’2 ‘2 (k2—1) . n‘z (K — 1)
.,(kn—l)zgn 2zkn— 1|zl|2(k1 1)...|zn71|2(kn,1_1))
and
Pryoten = (k1 — 1)2f1—1§lls1 2|2y ’2 (ka—1) \%!2 (kn1) |

-7<kn_1)zn 2|Z ‘2k1 1) |Zn— ’2 n—1— 1))

Now, as fz(0) = (Gp,...»p)z(0) = 0, we have

dz o
Ji = ‘ S (Gp,...p)=(0) 1dz] |dz]| > |61 — §2|W‘
[€1,€2]
Next,
Ja < S [(Gp,...ip)2(2) = (Gp,...p)=(0) | |dz]
[§1,62]
+ S [(Gp,...p)z(2) = (Gp,...p)=(0)| |dz]|
[€1,62]
(m1 +ma2)p
<& — &g a2l
> ‘51 €2| \/m
Finally,

(p7"’7p)

Js < Z { S (|(Gp—k1+1,...,p—kn+1(Z))Tpkl,...,kn\
(k1 eokn) 2 (L) [€1,60)

[l P02 PO Gy k)2 (2)] ) 21



Landau’s theorem 81

(p7~"7p) n 1/2
<& — & Z [(Z(kzl — 1)2> 20t t) =201 r
(k1yeken)£(L,.1) B i=1
[n+ (n+ 1)[0}Mp2(k1+~'+kn)—2n
(1-p%) ’

because

n 1/2

|(Gp—k1+1,...7p—kn+1(Z))Tpkly._.,kn’ < (Z(kl — 1)2> p2(k1+~-~+kn)—2n—lM

i=1

and

HZI‘Q(klil) T |Zn‘2(kn71)(Gp*k1+1,...,p*kn+1)z(z)}
_ [0+ (n + 1)p]| M p2kr+-+kn)=2n
N (1-p%) '
A similar estimate holds for J4. Using these estimates, we deduce that

1f(&1) = f(&2)| = J1 — J2 — J3 — Ju > |§1 — 2] (p),

where
W(p) = oy - AT
AT 1) = 2

(p"“’p) n

(1 yoofon)2(1yos) & i1
[n + (n 4 1)p]Mp2(k1+--~+kn)—2n
(1—p?)

Then it is easy to see that the function 1) (p) is strictly decreasing in (0, v/2/2),

«o
lim =———— and lim = —00.
i +¢(p) ()T - mw(p)

Hence there exists a unique pg € (0, v/2/2) satisfying ¢(pg) = 0. This implies
that f(z) is univalent in B"(0, pp).

Furthermore, for any 2" in {2’ : |2/| = po},

FE) = FO1 = | § (Cp)o0)d + (Gy..p)=(0) 2]
[0,2']

| 1 1Gpe)=(2) = (G- () 2
[0,2']
+ [(Gpp)2(2) = (G..p)=(0)]d7]
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(p7"'7p)

- ) S > [(Gp—tr1,eptont1(2)) Pry,on
[0,2'] (k“lv"'vkn)i(lv"'vl)
+ [z PR D 2D (Gp 1, pe )2 (2)] dz‘

(p7"'7p)

*) S > [(Gp—tr1sptint1(2)) Py,
[0,2'] (k“lv"'vkn)i(lv-"vl)

+ [z PR PR (G 1+ 1)2(2))] d?‘

A0 (g +ma)[V2/2 — (1/2 = )7

Gty

B (pip) (Z?:l(k_l _ 1)2)1/2p(2)(1€1+"'+kn)—2nM
ki+--+k,—n

(k1o son)2(1,...,1)

2[n + (n + 1)pol M py
(1= p§)[2(k1 4 4 k) — 20 + 1]

2(k1+---+kn)2n+1:|

> pot(po) = 0.

The proof of the theorem is complete. =

Proof of Corollary[1.4} Without loss of generality, we may assume that
f is also harmonic on 0B". By the Poisson integral representation, we have

1— |2

|z — ¢

flz)=|

oBn

f(€)do ()

in B"™. By Jensen’s inequality, we get

el < | 2B o pao) <

R PRGED

2| £11
(1= Jz[)=
which gives

214K,
EEE
For r € (0,1), let F({) = f(r¢)/r in B". Then

V1K
|F(C)| < T’(l _ 7.)(2n—1)/q

If(z)] <

= K(r).

Replacing M in Theorem by K(r) and applying Theorem to F', we
deduce that F(B™) contains a univalent ball of radius Ry > ¢(r)/r. Then
f(B™) contains a univalent ball of radius R > maxo<,<1 (7). =
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Proof of Theorem[I1.6. By Lemma we see that for any z € B",

4M 1 4M 2 — |z|?
— 1+ —) ==
1—1z? T 1—1z2

[(Gp,...p)2(2) = (Gp,..p)(0)] <

T
Let Wi(r) = (2 —72)/[r(1 —r?)] for r € (0,1). It is easy to see that

Wi(r) = rg%(ifll) Wi (r),

where 71 = 1/ (5 — v/17)/2 ~ 0.662153. We denote W (r1) by ms3. Then

3 3+V17 N
ms = 2&((1 - \/ﬁ)m> ~ 4.199595.

By Lemma A, we see that for z in the disk {z : [z] < 7},

(3.2) (Cpo)=(2) = (G p)=(0)) < 27180

On the other hand, by Lemmas B and [2.5] we conclude that for any 6 € 9B",

K8

Qo an 1

[(Gp,...p)-(0)[1 = (4M)n—1"

(3-3) [(Gp,...0)=(0)0] =

A similar argument gives the inequality

(G o(2) = (GO < 20

in B™.

Let Wa(r) = 1/[r(1 — 72)] in (0,1). Then

Wa(rz) = Tg%éﬂ){wz(r)},

where ro = /3/3 ~ 0.577350. We denote Wo(ry) by my4. Then my ~
2.598076.

By Lemma A, we have

477’L4M

(3.4) [(Gp,...p)z(2)| <

for all z in the disk {z : |2z| < ra2}.

Let & and & be two distinct points in B"(0, p) with p < ro. Following
the proof of Theorem we deduce from 73.4 (together with the
notations for dz and dz given in ) that

2]
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FE@) = F@)1 2] | (Gps)s(0)dz+ (G..)=(0) d=
[€1,62]

- ‘ S [(Gp,..p)=(2) = (Gp,...p)=(0)] dz
[61,62]

B ‘ S Z [(prklﬂ,--.,pfknﬂ(Z))Tpkl,...,kn
[€1,62] (k1,eenskn)#(1,..,1)

2 PED o PO D (G 1, 41)a(2)] 2|

B ‘ S Z [(Gp7k1+17"~7p7kn+1(z))TPkl,...,kn
[€1,62] (k1seeskn)#(1,..001)

1P 2 PGy 1,k )2(2)] 2]

ar"! 4(ms3 +mg)Mp
> ¢ — _
= 52'{ (4M)n1 -

(p,--sp) 1/2
-9 Z |:p2(k1+...+kn)—2n—1M( Z(ki _ 1)2)

(k;lv"vk’ﬂ)i(lr“vl) 1:1

4Mp2(k1+~~~+kn)—2n

TR ] }
., and Fkl,...,k are as in the proof of Theorem
Finally, we let

where Py,

n

ar™1 4(ms +ma)Mp

(pa--'7p) n 1/2
-2 Z |:p2(k1+...+kn)2n1M<Z(ki _ 1)2)
(k1) 2 (1,00 1) =1
4Mp2(k1+---+kn)—2n
m(1—p?) ]
Then it is easy to see that ¢(p) is a strictly decreasing function in (0, 1),
n—1
. (0% .
plg&r o(p) = W and plgfli ¢(p) = —o0.

Hence there exists a unique pg € (0, v/3/3) satisfying ¢(pg) = 0, which shows
that f is univalent in B"(0, po).
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Furthermore, by inequalities (3.2)—-(3.4) and Lemma[2.5] we deduce that
for any 2" in {z": |2'| = po},

)= FOI = | § (Gpp)s(0) dz + (Gp..p)s(0) d2

[0,2']
- S [(Gp,...p)=(2) = (Gp,...p)=(0)] dz
[0,2]
+ [(Gp,..p)z(2) = (G, p)z(0)] dz
(Dy-sD)
7‘ S > [Go—kr1,p—kn+1(2) Ph ...

[0,27] (K1,eoskin)Z(1,...,1)
+ |21\2(k171) e ‘Z’ﬂ‘Q(knil)(Gp*k1+1,...,p*kn+l)z(z)] dz‘

(p7"'7p)

- ‘ S Z [Gpky41,ptont1(2) Phy
[0,2] (k1. kn)#(1,...,1)

21 PED 2 20D (G 1, )22 3]

4AM)n—1 T
(s--5p) [pg(kl—l-w—&-kn)—2n—1M(Z?:1(k,i _ 1)2)1/2

am~1 2(ms +mg) M
Zpo{( ( 3 4) 0o

(B yeveskin ) (1,00 1) kit b —n

+ 8M pp 1) 2 ] }
m(1—p3)[2(k1 + -+ kn) — 2n + 1]

> potp(po) = 0.

The proof of the theorem is complete. =

We remark that the univalent disk of radius pg in Theorem [1.6]is larger
than the one obtained in Theorem From the definition of ¢ (resp. ¢),
we see that the function 1 (resp. ¢) is strictly decreasing in (0,+/2/2
(resp. (0,4/3/3)), where @ (resp. ¢) is as in the proof of Theorem
(resp. Theorem . Hence there is a unique solution z € (0,v/2/2) (resp.
x € (0,4/3/3)) such that 1(z) = 0 (resp. ¢(x) = 0). Without loss of gener-
ality, let p; € (0,4/2/2) be such that ¥(p;) = 0, and let py € (0,v/3/3) be
such that ¢(p2) = 0. By calculations, we see that

am a 4(ms + my)Mzx - (m1 +ma)x

(4M)r=t = (M)t m V1/2 = a2

and
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n 19 2k +-rtkn)—2n
Mx2(k1+--.+kn)f2nfl(z(ki _ 1)2) / N [n+ (n+1)z]Mx

— (1—22)

AM p2(k1+++kn)—2n
(1 —22?) ’

> MxQ(k1+..-+kn)—2n—l<i(ki _ 1)2)1/2 N
i=1

where x € (0,1/2/2). This implies that p; < pa < V/3/3.
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