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Extension theorems of Sakai type for
separately holomorphic and meromorphic functions

by PETER PrLUG and VIET ANH NGUYEN (Oldenburg)

Abstract. We first exhibit counterexamples to some open questions related to a
theorem of Sakai. Then we establish an extension theorem of Sakai type for separately
holomorphic/meromorphic functions.

1. Introduction. We first fix some notations and terminology. Through-
out the paper, E denotes the unit disc of C, and for any set S C C", int S
(or equivalently intcn S) denotes the interior of S. For any domain D C C",
we say that the subset S C D does not separate domains in D if for every
domain U C D, the set U \ S is connected. Moreover, O(D) (resp. M(D))
will denote the space of holomorphic (resp. meromorphic) functions on D.
Finally, if S is a subset of D x G, where D C CP,G C C? are some open
sets, then for a € D (resp. b € G), the fiber S(a,-) (resp. S(+,b)) is the set
{w e G : (a,w) € S} (resp. {z € D:(z,b) € S}).

In 1957 E. Sakai [9] claimed to have proved the following result.

THEOREM. Let S C E X E be a relatively closed set such that int S = ()
and S does not separate domains in E x E. Let A (resp. B) be the set of
all a € E (resp. b € E) such that intc S(a,-) = @ (resp. intc S(-,b) = 0).
Put X = X(A,B;E,E) = (A X E)U (E x B). Then for every function
f: X\S — C which is separately meromorphic on X, there exists an
f € M(E x E) such that f = f on X \ S.

Unfortunately, it turns out, as reported in [4], that the proof of E. Sakai
contains an essential gap. In the latter paper M. Jarnicki and the first author
gave a correct proof of this theorem.

E. Sakai also claimed in [9] that the following question (the n-dimensional
version of the Theorem) can be answered positively but he did not give any
proof.
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QUESTION 1. For anyn > 3, let S C E™ be a relatively closed set such
that int S = () and S does not separate domains. Let f : E" \ S — C be
such that for any j € {1,...,n} and for any (a’,a") € EI=1 x E"J with
intc S(d',-,a"”) =0, the functzon f(d,-,a") extends meromorphically to E.
Does f always extend memmorphzcally to E"?

In connection with the Theorem and Question 1, M. Jarnicki and the
first author [4] posed two more questions:

QUESTION 2. Let A be a subset of E™ (n > 2) which is plurithin at
0 € E™ (see Section 2 below for the definition). For an arbitrary open neigh-
borhood U of 0, does there exist a non-empty relatively open subset C of a
real hypersurface in U such that C C U \ A?

QUESTION 3. Let D C CP, G C C? (p,q > 2) be pseudoconver domains
and let S C D x G be a relatively closed set such that int S = 0 and S does
not separate domains in D x G. Let A (resp. B) be the set of all a € D
(resp. b € G) such that intca S(a,-) = 0 (resp. intce S(-,0) = 0). Put X :=
X(A,B;D,G) = (AxG)U (D x B) and let f : X \ S — C be separately
meromorphic on X. Does there always exist a function ]?6 M(D x G) such
that f = f on X\ S?

This note has two purposes. The first one is to give counterexamples to
the three open questions above. The second one is to describe the maximal
domain to which the function f in Questions 1 and 3 can be meromorphically
extended.

The paper is organized as follows. We begin Section 2 by collecting some
background of pluripotential theory and introducing some notations. This
is necessary to state the results afterwards.

Section 3 provides three counterexamples to the three open questions
above.

The subsequent sections are devoted to the proof of a result in the posi-
tive direction. More precisely, we describe qualitatively the maximal domain
of meromorphic extension of the function f in Questions 1 and 3. Section 4
develops auxiliary tools that will be used in Section 5 to prove the positive
result.

Acknowledgments. The paper was written while the second author
was visiting the Carl von Ossietzky Universitdt Oldenburg, being supported
by the Alexander von Humboldt Foundation. He wishes to express his grat-
itude to these organisations.

2. Background and statement of the results. We keep the main
notation from [4].
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Let N e N, N >2, and let ) # A; C D; C C"%, where D, is a domain,
j=1,...,N. We define an N-fold cross

X:X(Al,...,AN;Dl,...,DN)

N
= UA1 X ... XAj_l XDj XAj+1 X ... XAN C(Cn1+"'+nN =C".
J=1

For an open set 2 C C" and A C {2, put
hao:=sup{u:u e PSH(f2), u <1on 2, u<0on A},
where PSH({2) denotes the set of all plurisubharmonic functions on 2. Put
CUA7_Q = kli)nc;lo h:zﬂgkvgk,

where {§2;,}7°  is a sequence of relatively compact open sets 2, C 2,41 C 2
with (Jg | 2 =2 (h* denotes the upper semicontinuous regularization of ).
We say that a subset ) # A C C" is locally plurireqular if yTs o(a) =0 for
any a € A and for any open neighborhood {2 of a. We say that A is plurithin
at a point a € C" if either a ¢ A, or a € A and lim SUP A\ {a}52—q W(2) < u(a)
for a suitable function u plurisubharmonic in a neighborhood of a. For a good
background of pluripotential theory, see the books [5] or [1].

For an N-fold cross X :=X(A41,...,An;D1,...,Dp) let

N
X = {(z17"'7ZN) €Dy x... XDN:ZwAj’Dj(Zj) < 1}
Jj=1

Suppose that S; C (Ap x ... X% Aj_l) X (Aj—i-l X...xAn),7=1,...,N.
Define the generalized N -fold cross

T:T(Al,‘..,AN;Dl,...,DN;Sl,...,SN)

{(Z,,Zj,Z”) S (Al X ... X A]’_l) X Dj X (Aj—i-l X ... X AN) :

li
1C=

(z',2") & S;}.

Let M C T be a relatively closed set. We say that a function f : T\ M
— C is separately holomorphic and write f € Og(T) (resp. separately mero-
morphic and write f € My(T)) if for any j € {1,...,N} and (a/,d") €
(A1 x ... x Aj—1) x (Ajp1 x ... x An) \ S; the function f(a',-,a”) can be
holomorphically (resp. meromorphically) extended to D; (1).

We are now ready to state the results. The following propositions give
negative answers to Questions 2, 3 and 1 respectively.

(*) Observe that we have changed a little the definition appearing in [2]-[4].
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PROPOSITION A. For any n > 2, there is an open dense subset A of E™

which is plurithin ot 0 and there exists no non-empty relatively open subset
C' of a real hypersurface such that C C E™\ A.

PROPOSITION B. Let D ¢ CP, G C C? (p,q > 2) be bounded pseudo-
convex domains. Then there is a relatively closed set S C D x G with the
following properties:

(i) int S = 0 and S does not separate domains;

(ii) let A (resp. B) be the set of all a € D (resp. b € G) such that
intca S(a,-) = 0 (resp. intee S(-,0) = 0) and put X := X(A, B; D, G); then
there exists a function f : X \ S — C, sepamtely holomorphzc on X, such
that there is no function f € M(D x G) with f fonX\S.

ProposiTION C. For all n > 3, there is a relatively closed set S C E™
with the following properties:

(i) int S = 0 and S does not separate domains;

(ii) for 1 < j < m, let S; denote the set of all (a’,a") € EI~1 x E"™J
such that intc S(a’,-,a") # 0 and define the n-fold generalized cross T :=
T(E,...,E;E,...,E;S1,...,S,); then there is a function f : T\ S — C
which is separately holomorphic on T and there is no function J?E M(E™)
such that ]?: fonT\S.

PROBLEM. Are the answers to Questions 1 and 3 affirmative if the con-
dition on S is sharpened as follows: S does not separate lower-dimensional
domains?

Finally, we state a result in the positive direction.

THEOREM D. Forallj e {1,...,N} (N > 2), let D; be a pseudoconvex
domain in C™ and let S be a relatively closed set of D :== D1 x...x Dy with
int S = 0. For j € {1,...,N}, let Sj denote the set of all (a’,a") € (Dy x

X Dj_1) x (Dj41 X ... x Dy) such that inten; S(a’,-,a”) # 0 and define
the N-fold generalized cross T := T(D1,...,Dn;D1,...,Dn;S1,...,SN).
Let f : T\ S — C be a function such that f € Os(T) (resp. f € Ms(T)).

(i) Then there are an open dense set £2 of D and exactly one function
Fe0() such that f = f on (T N2\ S.

(ii) In the case where N = 2, (i) can be strengthened as follows. Let §2; be
a relatively compact pseudoconver subdomain of D;j (j = 1,2). Then there
are an open dense set Aj; in £2; and exactly one function fe o(X ) (resp.
F e M(X)), where X := X(Ay, Ag; 21, £25), such that f = f on (TNX)\S.

A remark is in order. In contrast with the other usual extension the-
orems (see [1]-[4] and the references therein), the domain of meromor-
phic/holomorphic extension of the function f in Theorem D depends on f.
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3. Three counterexamples. In what follows we will fix a function v €
SH(2E) such that v(0) = 0 and the complete polar set {z € 2E : v = —o0}
is dense in 2FE. For example one can choose v of the form

[e.e]

B el S los(ul/y

d d ’
k=1 k k=1 k

where (Q +1iQ) N2E* = {q1,92,---,qk,-- .}, £ := E\ {0}, and {di}}2, is

any sequence of positive real numbers such that > 7, % is finite.

For any positive integer n > 2, define a new function v € PSH((2E)")
and a subset A of E™ as follows:
n
w(z):= Y wv(zk), z=1(z1,...,2n) € (2E)",
k=1
A=A, ={z€ E" 1 u(z) < —1}.

Observe that A is an open dense subset of E™ because A contains the set
{z€eEF:v=—-00}x...x{z€ E:v=—oc}, which is dense in E™ by our
construction (3.1) above.

(3.2)

PRrROPOSITION 3.1. Let S be any closed set contained in the closed set
E"\ A. Then S does not separate domains.

Taking this proposition for granted, we are now able to complete the
proof of Proposition A.

Proof of Proposition A. It is clear from (3.1) and (3.2) that the open
dense set A is plurithin at 0 € E™. By Proposition 3.1, the closed set E™\ A
does not separate domains. Therefore this set cannot contain any open sub-
set of a real hypersurface. Thus A has all the desired properties. m

Proof of Proposition 3.1. One first observes that
SCE"\A={z€E": u(z) > —1}.

For any four vectors a := (ai,...,an), b := (b1,...,bn), ¢ := (c1,...,¢pn),
d := (dy,...,dy) in R™ with the property that a; < by and ¢ < di, k =
1,...,n, one defines an open cube in C" by

A= A(a,b,c,d)

::{ZE(C":ak<Rezk<bk, ck<Imzk<dk,k=1,...,n}.

It is clear that the intersection of two such cubes is either empty or a cube.

One first shows that for any cube A C E™ the open set A\S is connected.
Indeed, pick two points z = (21, ..., z,) and w = (wy, ..., wy,) in A\S. Since
{z € E : v(z) = —o0} is dense in E, we can choose 2/ = (2,...,z]) and

w' = (w,...,w)) in A\ S such that
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(i) the segments v1(t) := (1 — t)z + tz’ and 3(t) := (1 — t)w + tw’,
0 <t <1, are contained in A\ S;
(ii) 21,...,2, and w,...,w}, are in {z € E : v(z) = —o0}.

Consider now 73 : [0,1] — A given by

'72(t) = (wllv cet 7w;7 (J +1- nt)zg'-&-l + (nt - j>w;+17 294-27 T Z’;L)
for t € [j/n,(j+1)/n] and j = 0,...,n — 1. By (3.2) and property (ii)
above, 12(t) € {z € E™ : u(z) = —oo} for t € [0,1]. This implies that

Y2 : [0,1] — A\ S.
Observe that v2(0) = 2z’ and 72(1) = w'. By (i), the new path v : [0,1] —
A\ S given by

1 (3t), t €10,1/3],
A1) = (B3t —1), te[1/3,2/3]
73(3t—2)7 le [2/371}7

satisfies 7(0) = z and v(1) = w, and A\ S is therefore connected.

Now let U be any subdomain of E™. We wish to show that U \ S is
connected. To do this, pick points z = (21,...,2,) and w = (wy,...,wy)
in U\ S. Since U is arcwise connected, there is a continuous function +y :
[0,1] — U such that v(0) = z and (1) = w.

By the Heine-Borel Theorem, the compact set £ := ~([0,1]) can be
covered by a finite number of cubes 4; (1 <1 < N) with 4A; € U and
A; N L # (. Since the path £ is connected, the union UZJL A, is also con-
nected.

Suppose without loss of generality that z € A; and w € Ay. From the
discussion above, if A; N Ag # () then (A; \ S) N (A2\S) = (A1 NA)\S
is connected, and hence (A; U Az) \ S is also connected. Repeating this
argument at most N times and using the connectivity of Ul]\; 1 4y, we finally
conclude that Uf\i 1 A\S (CU\S) is also connected. This completes the
proof. m

COROLLARY 3.2. (i) If Si1,...,Sn are relatively closed subsets of E™
which do not separate domains, then the union Uf\il S; does not separate
domains either.

(ii) Let A, S be as in Proposition 3.1. Then for any closed sets Fy in CP
and Fy in C? (p,q > 0), the closed set F1 xS x Fy does not separate domains
in CP x B™ x C4.

Proof. To prove (i), let U be any subdomain of E™. Since U\ (Ul]\i1 S) =
(...(U\S81)...\ Sn), part (i) follows from the hypothesis on the S;’s.

To prove part (ii), consider any subdomain U of CP x E™ x C? and let
(21, w1, t1), (22, wa, ta) be two points in U \ (F} x S x F3). Since A is an open
dense subset of E™, int(F} X § x Fy) = (), and therefore we can employ the
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compactness argument that we already used in the proof of Proposition 3.1.
Consequently, one is reduced to the case where U is a cube in CP"14,

Another reduction is in order. Since U \ (F} x S x F3) is open and A
is dense in E™, by replacing w; (resp. wa) by w) (resp. wj) close to wy
(resp. wy), we may suppose that wi,wy € E™\ S.

Write the cube U as the product Ay x Ay x Az, where A; (resp. Ag
and As) is a cube in CP (resp. C" and C?). By Proposition 3.1, there is a
continuous path vz : [0, 1] — Az \ S such that 12(0) = w; and y2(1) = ws.

We now consider the path v : [0,1] — Ay x Ag x A3\ § where v(t) :=
(71(8),72(t),73(2)) and i(t) = (1 — t)z1 + tzg, y3(t) = (1 — t)t1 + tia,

€ [0,1]. It is easy to see that y(0) = (z1,w1,t1) and (1) = (22, wa, t2),
which finishes the proof. =

The following two lemmas will be crucial for the proof of Propositions B
and C.

LEMMA 3.3. For an open set 2CC" and AC (2, we have either ws =0
or suppwa, o = 1.

Proof. We first prove the lemma in the case where {2 is bounded. Suppose
in order to get a contradiction that supghj , = M with 0 < M < 1. By
the definition of h";l’ o it follows that

{v:uwePSH(2),u<1lon 2, u<0on A}
={u:uePSH(),u<Mon 2, u<0on A}.
Therefore, by (2) < Mh} o < b} o for any z € 2 with b} (2) > 0, and

we obtain the desired contradiction.
The general case is analogous using the definition of w4 . =

LEMMA 3.4. Let {21 C {29 be two domains of C" such that (2o is pseu-
doconvez. Assume that there is an upper bounded function ¢ € PSH({29)
satisfying 21 = {z € 25 : ¢(z ) < 0}. Then there is a function f € O({21)

such that there is no function f € M(§22) with f f oon (2.

Proof. 1t is clear from the hypothesis that (2; is also pseudoconvex. Let
0121 be the boundary of {21 in {2 and let S be a countable dense subset of
021. Tt is a classical fact that there is a function f € O(£2;) such that
(3.3) lim |[f(2)] =00, weS.

z2€, z—w
We will show that this is the desired function. Indeed, suppose in order to
get a contradiction that there is a function f € M(.QQ) satisfying f =f
on {21. Because of (3.3), SN {2 and then 9(2; N {2, are contained in the
pole set of f (i.e. the union of the set of all poles of f and the set of all
indeterminacy points of f) Therefore, for any point w € 0§21 N {25, there
is a small open neighborhood U of w and a complex analytic subset C
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of codimension one such that U \ C C (2. Since ¢ € PSH(U) is upper
bounded, ¢(w) = limsup, ¢, . #(2) = d(w) < 0 for all w € 9¢2;. Since
21 € {25, ¢ is non-constant and therefore ¢(w) < 0 for all w € 92, which
is a contradiction. m

We are now ready to prove Propositions B and C.

Proof of Proposition B. Suppose, without loss of generality, that D = E?
and G = E9. The general case is analogous. Let F}, (resp. F,) be any closed
ball contained in the open set A, (resp. Ay). Define the relatively closed set
S by
(3.4) S = (EP\ Ap) x FyUF, x (E1\ Ay).

We now check the properties (i) and (ii) of Proposition B. First, int .S =)
because A, (resp. Ay) is open dense set in EP (resp. E?). Second, by Propo-
sition 3.1 and Corollary 3.2(ii), the two relatively closed sets (EP \ Ap)
x Fy and F,, x (E9\ A,;) do not separate domains. By Corollary 3.2(i), the
union S also enjoys this property. Thus S satisfies (i).

Using (3.4), a direct computation entails that A = A, and B = A, and
A, B are open, in particular they are locally pluriregular.

By the classical Cross Theorem (see for instance [7] or [1]), the envelope
of holomorphy of X is given by

X = {(z,w) € B” x B : wa o (2) + wp, po(w) < 1}.

We now show that h%y pn (0) > 0 for n > 2. Indeed, let M := supgn u,
where u is defined in (3.2). Observe that M > 0 since u(0) = 0. Consider
the function uw € PSH(E"™) given by

i(z) == 7“5\? M
T3
It can be easily checked that u(z) < 1 on E™ and u(z) < 0 on A,. Thus
u(0) < h% pn(0). On the other hand, u(0) = 1/(2M +1) > 0. Hence our
assertion above follows.
We next show that X C EP x E4. Indeed, we have

{we B: (0,w) € X} C{w e B by, ga(w) <1— Ry 5 (0)}.

Since hj‘4q7 pe(0) > 0 and havap(O) > 0, Lemma 3.3 applies, and conse-
quently, the latter set is strictly contained in F?. This proves our assertion.

+1 for » € E™.

We are now ready to complete the proof. By Lemma 3.4, there is a
holomorphic function f in X which cannot be meromorphically extended
to EP x E4. Therefore, there is no meromorphic function f € M(EP x EY)
such that ]/”\: fon

X\S = ((Ap\ Fp) x ET) U (Ap x Ag) U (EP x (A \ Fy)),
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which is a set of unicity for meromorphic functions. The proof is thereby
finished.

Proof of Proposition C. In order to simplify the notation, we only con-
sider the case n = 3, the general case n > 3 is analogous. Let B be the
following open dense subset of F:

B:={z€ E:v(z) < —1/2},

where v is given by (3.1). Then by virtue of (3.2), it can be checked that
(E\ B) x (E\ B) C E?\ Ajs. Fix any closed ball F contained in the open
set B. Next apply Proposition 3.1 and Corollary 3.2 to the relatively closed
set S:= (E\ B) x (E'\ B). Consequently, the set

(35)  S:=(Fx(E\B)x (E\B)U(E\B)xFx (E\B))
U((E\B) x (E\B) x F)

does not separate domains in E3. Moreover, since B is an open dense subset
of E, we see that intS = () and S is relatively closed. Hence S satisfies
property (i).

To verify (ii), one first computes the following sets using (3.5):

S1 =5, =53=(E\B) x (E\B),

(3.6) T=BxExE)U(ExBxE)U(E xE x B).

Next, by the product property for the relative extremal function [6], we have

5xi.52(0) = hj (0). Since BXB C Az and we have shown in Proposition B

that 1%, 12 (0) > 0, it follows that hj £(0) > 0.
Consider now the domain of holomorphy

(3.7) 2:={(z,w,t) € B> : hig p(2) + hjs p(w) + hjs p(t) < 2}.

Since B is open and therefore locally pluriregular, it can be proved using
Lemma 5 in [2] that (2 is a domain. Moreover it can be easily checked that
T C {2 using (3.6) and (3.7).

We now prove that £2 C E3. Indeed, since hng(O) > 0, by Lemma 3.3
there are z,w € E such that hj ;(2) > 2/3 and hj p(w) > 2/3. Then the
fiber

{teE:(z,w,t)e R} C{te E:hgp(t) <2/3}.

Another application of Lemma 3.3 shows that the latter set is strictly con-
tained in E. This proves our assertion.

We can now complete the proof. By Lemma 3.4, there is a holomorphic
function f in {2 which cannot be meromorphically extended to E™. There-
fore, there is no meromorphic function f € M(E™) such that f = fon T\ S,
a set of unicity for meromorphic functions. Hence, the proof is finished. =
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4. Auxiliary results. Let S be a subset of an open set D C C™. Then
S is said to be of Baire category I if S is contained in a countable union of
relatively closed sets in D with empty interior. Otherwise, S is said to be of
Baire category I1.

The following lemma is very useful.

LEMMA 4.1. Forj e {l,...,M} and M > 2, let £2; be a domain in C™i
and let S be a relatively closed subset of 1 x ... x 2y with int S = (). For
a; € 25,5 €{3,..., M}, let S(as,...,an) denote the set of all ay € £25 such
that intcmi S(-,a2,a3,...,ap) = 0. For j € {4,...,M}, let S(a;,...,anm)
denote the set of all aj_1 € £2j_1 such that £2;_5\ S(aj—1,a;,...,an) is of
Baire category I, and finally let S denote the set of all apyr € 2 such that
-1\ S(apr) is of Baire category I. Then 257\ S is of Baire category I.

Proof. For j € {1,...,M} let (Q+iQ)™ = {q],...,qh,...} and §, :=
1/n, n € N. For ¢ € £2; and r > 0, let Ay(r) denote the polydisc in C™
with center ¢ and multi-radius (r,...,7).

Suppose to get a contradiction that 257\ S is of Baire category II. Then
for all apr € 2\ S, 2a7-1\S(apr) is of Baire category II. Therefore, for j =
M—1,...,3and any a; € £2;\ S(aj+1,...,anm), the set £2;_1\S(aj,...,an)
is of Baire category II. Put

Sn(a37 s ,(ZM) = {QQ € 92 : S('7a27a37 .. .,CLM) ) Aq}l(én)}

Since S is relatively closed, Sy(as,...,anr) is also relatively closed in (2.
Moreover, from the definition of S(as,...,anr), we have the identity

QQ\S(CL37"'7&M) = U Sn(a?n""aM)‘
n=1

Since it is shown in the above discussion that 22 \ S(as,...,ap) is of
Baire category II in (23, we can apply the Baire Theorem to the
right side of the latter identity. Consequently, there exist ni,n9 € N such
that Sp,(as,...,apm) D Aq%2(6n2). This implies that S(-,-,as,...,apm) D
Aq}n (5711) X Aq%Q (5712)‘

Now define inductively, for j =2,...,M —1 and ny,...,n; € N,

Snl,...,nj (a/j+27 e 7aM)
= {aj—i-l € Qj+1 : S( S S BN T .,CLM) D) Aqull (5711) X ... X Aq%(énj)}
J

Since S is relatively closed, Snl,...,nj (aj42,...,anr) is also relatively closed.
Moreover, it can be checked that

oo
Qj+1\S(aj+2,...,aM) C U Sm,m,n].(aj_;_g,...,aM).

Nn1,e.,nj=1
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By the Baire Theorem again, it follows that there are n1,...,n;j;1 € N such
that Sp, . n,;(aj2,...,an) D A i1 (6n,,,), and hence
" Tjpr ™
S( ey G2, - ,aM) D) Aq}q (5711) X ... X Aqgﬁ-olq ((5nj+1).
J

Finally, we deduce for j = M — 1 that int.S # (), which contradicts the
hypothesis. Hence, the proof is complete. =

REMARK 4.2. If we apply Lemma 4.1 to the case where 21 := D; and
(29 := (D1><. . .XDj_l)X(Dj+1X. . .XDN) then, for each j € {1, e ,N}, the
set S5 in the statement of Theorem D is of Baire category I. In particular,
the set 2\ ((T"\ S) N £2) is of Baire category I for all open sets 2 C D.

LEMMA 4.3. Let U C CP and V C C? be two pseudoconvexr domains.
Consider four sets C C A C U and D C B C V such that C = A, p =
B and A, B are locally pluriregular. Put X := X(A,B;U,V) and X :=
X(K, B;U, V). Assume f € O4(X) and there is a finite constant K such
that for all c € C' and d € D,

sup|f(e, )| < K and sup|f(-d)| < K.
14 U

Then there exists a unique function fe O()/i\') such that f\: f on X.

Proof. From the hypothesis on the boundedness of f, it follows that the
two families {f(c,) : ¢ € C} and {f(-,d) : d € D} are normal. We now
define two functions f; on A x V and f, on U x B as follows.

For any z € A, choose a sequence ()2 C C such that lim, o ¢, = 2

and the sequence (f(cp, )2 converges uniformly on compact subsets of V.
We let

fi(z,w) := lim f(cp,w) forallweV.
n—oo
Similarly, for any w € B, choose a sequence (d,,)%_; C D such that lim,, . dy,
= w and the sequence (f(-,dy))52; converges uniformly on compact subsets
of U. We let

fo(z,w) := lim f(z,d,) forallzeU.

We first check that f1 and fo are well defined. Indeed, it suffices to verify
this for fi since the same argument also applies to fa. Let (c},)52,; C C be
another sequence such that lim, . ¢}, = z and the sequence (f(c},,"))5
converges uniformly on compact subsets of V. Since for all b € B,

nh—>Holo f(cna b) = f(zv b) = nh—>Holo f(C;’m b)7

and since B is a set of unicity for holomorphic functions on V, our claim
follows.
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One next verifies that f; = fo on A x B. Indeed, let z € A, w € B and
let (cp)02, C C, (dn)s2; C D be as above. Then clearly, we have

fl('z’w) = nh_{gof(cnvdn) = f2(zaw)'

We are now able to define a function .]?OD X(A,B;U,V)by f=fron AxV
and f = fo on U X B. Tt follows from the construction of f; and f, that
f € O(X(A4,B;U,V)).

One next checks that f: f on X. Indeed, since for each a € A, f(a,-)
and f(a, -) are holomorphic, it suffices to verify that f(a, d) = f(a,d). But
the latter equality follows easily from the definition of fi and the hypothesis.

Finally, one applies the classical Cross Theorem (see for instance [7], [1])
to f € Os(X(A, B;U,V)); thus the existence of f follows. The unicity of f
is also clear. =m

LEMMA 4.4 (Rothstein type theorem, cf. [8]). Let f € O(EP x E?). As-
sume that A C EP is such that for all open subsets U C EP, ANU is of Baire
category II. Let G C C? be a domain such that E1 C G and assume that for
all a € A, the function f(a,-) extends meromorphically to f(a,-) € M(G).
Then for any relatively compact subdomain GcC G, there are an open dense
set A C EP and a function f € M(£2), where 2 := EP x E1U A x G, such
that f = f on EP x E1.

Sketch of proof. (1) The case where G := Ag(R) (R > 1). Argue as in
the proof of Rothstein’s theorem given in [10].

(2) The general case. Fix an a € EP and r > 0. Let B denote the set
of all b € G such that there exist 0 < 7, < r, an open _dense subset A, of
Agy(ry) and f, € M(Ap x Ap(rp)) such that fp(a, ) = f(a,-) on Ay(ry) for
all a € AN Ay.

Obviously, B is open. Using case (1) and the hypothesis on A, one can
show that B is closed in GG. Thus B = G. Moreover, one can also show that if
AyNAy # ¢ and Ab(rb)ﬂAb/ (T’b/) =+ (), then fo :jb/ on (AbﬂAb/) X (Ab(rb)ﬂ
Ay (ry)). Therefore, using the hypothesis that G is relatively compact, we
see that for any a € EP and any r > 0, there is an open set A, C Aq(r) and
far € M(Agr % G) such that fo,(a, ) = f( -) on G for all o € ANAg,.

Finally, let A := [J,¢ B, r>0 Aa,r. This open set is clearly dense in EP.
By gluing the functions f,, together, we obtain the desired meromorphic

extension fe M(£2); so the proof of the lemma is complete. m

5. Proof of Theorem D. We will only give the proof of Theorem D
for the case where f is separately meromorphic. Since the case where f is
separately holomorphic is quite similar and in some sense simpler, it is left
to the reader.
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Proof of (ii). Put

(5.1) Aj = {z; € Dj :inten; S(z5,-) =0} for j=1,2.
By Lemma 4.1, D; \ A;j is of Baire category I. For a; € A; (j = 1,2), let

f(ay,-) (resp. f(-,a2)) denote the meromorphic extension of f(aj,-) (resp.
f(-;a2)) to Do (resp. to Dy).

Let U C Di1, V C Dy be arbitrary open sets. For a relatively compact
pseudoconvex subdomain V' of V and for a positive number K, let Q%é K

f(ay,-) € O(V)). By (5.1) and the hypothesis, a countable number of the
Q%/’ 5 cover A; NU. Since the latter set is of Baire category II, we can choose
V, K1 such that the closure Q%& K, contains a polydisc A; C U and Q%/, K, N4
is of Baire category II in A;.

For a relatively compact pseudoconvex subdomain U of A; and for a
positive number K, we denote by QQU,K the set of ay € Ay NV such that

supy | f(+,a2)| < K (and thus f(-,a2) € O(U)). By (5.1) and the hypothesis,
a countable number of the Q2U x cover Ay N V. Since the latter set is of

denote the set of a; € Ay NU such that supy ]f/(a,/)\ < K (and thus

Baire category II, we can choose U, Ky such that % contains a polydisc
Ay C V and C)QU’K2 N As is of Baire category I in As.

Now let K := max{K1, Ka2}, A:= ANU, C := Q%/yKﬂU, B := AyN Ay,
D .= Q%;K N Ay. Then it is easy to see that A=C = U and B = D = As.
Moreover, all other hypotheses of Lemma 4.3 are satisfied. Consequently, an
application of this lemma gives the following.

Let U C D1, V C Dg be arbitrary open sets. Then there are a polydisc
Ay(r) CU xV and a function f € O(Aq(r)) such that f = f on (T\S)N
Aqg(r).

Write a = (a1,a2) € D1 X Ds. Since the set A; N Ay, (r) is of Baire
category II, by replacing A, () with a smaller polydisc we see that this set
satisfies the hypothesis of Lemma 4.4. Consequently, an application of that
lemma gives f! € M(Aq, (r) x 22) and f? € M(§21 x Aay (7)) which coincide
with f on (T'\ S) N Ay(r). Moreover, one sees that the function fy;) given
by

fuy = floon Ay, (1) x £2, fuy = 2 on 21 x Ag,(r),
is well defined, meromorphic on the cross X1y = X(Aq, (1), Agy (7); £21, $22),
and fL{,V = f on (T\ S) N Xuy.

Using Remark 4.2, one can also prove the following. If U’ € Dy, V' C
Dy are arbitrary open sets and fi ) is the corresponding meromorphic
function defined on the corresponding cross X, yr, then fiy = fyryr on
Xuy N Xy yr.
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Let A; = Uycqo, ven, Qe (r) for j = 1,2, It is clear that A; is an
open dense set in {2;. Then gluing all f1; ) together, we obtain a function ]?
meromorphic on X := X(A1, Ag; (21, {2) satisfying f=fon (T'\S)nX.
Finally, one applies Theorem 1.3 of [4] to £, and the conclusion of (ii) follows.

Proof of (i). In what follows, X5 will denote the group of permutations
of {1,..., M}. Moreover, for any o € X); and under the hypothesis and in
the notation of Lemma 4.1, we define

S = {ZU VA S} and (27 .= 90(1) X ... X QU(M),

where
g

z ZZ(ZU(l),...,ZU(M)), ZzE€EN=0 X...x 2.

If in the statement of Lemma 4.1, one replaces S by S7 and {2 by (29,
then one obtains S7, S7(ag(n)); - - - 97 (Ax(3); - - s Ae(y)- The proof will be
divided into three steps.

STEP 1: N = 2. By (ii), for each pair of relatively compact pseudoconvex
subdomains £2; C D; (j = 1,2) we obtain a polydisc Ag, o, C 21 x {25 and
a function fo, 0, € O(Agn, o,) such that f = fo, 0, on (A, 0, NT)\S. A
routine identity argument shows that any two functions fp, o, coincide on
the intersection of their domains of definition. Gluing fp, o,, we obtain the

desired function f € O(J A 21,02

STEP 2: N = 3. Consider the following elements of X3:

(1 2 3) (1 23>

o1 1= , o9 1= ,
21 3 1 2 3

<1 2 3) (1 23)

g3 = s g4 i— .
3 21 3 1 2

Fix any subdomain (2; X {22 x {23 C D and pick any az € §7* N §72.
Then by the definition, 21\ S7(a3) (resp. 22\ S?2(a3)) is of Baire category
Lin (21 (resp. {29).

Also, for any a1 € S9! (a3) N 873, we have int S(a1, -, a3) = 0 and the set
2\ {ag € 25 :int S(ay, az,-) = 0} is of Baire category 1.

Similarly, for any ag € S72(a3) NS74, we have int S(-, az, ag) = () and the
set 1\ {a1 € 1 : int S(ay, az, ) = 0} is of Baire category I.

Thus f is well defined on the union X of the following two subsets of
Ql X 92 X {ag}:

(5.2) {(2’1,2’2,&3) i 21 € S9! (ag) NS, z € 503(21) n s (ag)},
(53) {(2’1,2’2,@3) 129 € 572 (ag) N 804, z1 € 504(2’2) n st (ag)}.
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Observe that by the definition in Lemma 4.1, 21 \ (574(22) NS (a3)) (resp.
25\ (893(z1) N S2(a3))) is of Baire category I in (2 (resp. {22). By virtue
of (5.2)-(5.3), the same conclusion also holds for the fibers X (z1,-,a3) and
X (-, z2,a3), z1 € S7'(a3) NS (resp. z2 € S72(az) N S74).

Let U; C £2; (j = 1,2) be an arbitrary open subset. If A := Ay (r)
is a polydisc, then we denote by AA the polydisc Ay(Ar) for all A > 0.
Repeating the Baire category argument already used in the proof of part (ii),
one can show that there are a positive number K, polydiscs A; C U;, and
subsets Qiﬁ,lx& of §9'(a3) N 8% (resp. Qgﬁ,lx& of S92(a3) N S§7*) such that

Q]uhu2 = A, qul,UQ is of Baire category II, and supya, |f(a1,-,a3)] < K

(vesp. supya, | (-, a2, a3)| < K) for a; € Q, 4,-

Therefore, by applying Lemma 4.2, we obtain a function fu; = fu, t6,a5 €
O(A; x Ag) which extends f(-, -, a3) to Ay x Ag x {as} for all az € S NS?2.

Now let U; C £2; (j = 1,2,3) be an arbitrary open subset. Since the set
25\ (87 N 892) is of Baire category I, by using the previous discussion we
can employ the Baire category argument already used in the proof of (ii).
Consequently, there are a positive number K, polydiscs A; C U;, and subsets
le o s of §71N &892 such that Q%ﬁ Uolls = As, Q2341 Us s 1S of Baire category
I, and supyp, won, | fas (- )| < K for az € QZLMZ%.

By changing the role of 1,2, 3 and by taking smaller polydiscs, we obtain
in the same way subsets Qi{l wotts C A (j = 1,2) with similar properties.

For j € {1,2,3} consider the following subsets of T":

Tj :={a = (a1,a2,a3) :

ar € Ak, a) € Al, a; € Q{A,UQ,Ug’ {k,l,j} = {1,2,3} and
either intcn S(-, ag, a;) = 0 or intcr S(ag, -, aj) = 0}.
One next proves that
(5.4) fla) = fo;(a, @), a€ T UTLUTs.

Indeed, let a = (a1,a2,a3) € Ty with int S(-,a2,a3) = 0. In view of (5.2),
we can choose a sequence (21)5%; — a1 and for every n > 1 a sequence
(29™)%°_ 1 — ag such that (27,25, a3) € X for all n,m € N. Clearly,
F(21 257" as) = fag (27, 257"). Therefore,

f(a’) = Y}l_)n;o f(Z?, ag, (13) = 7}1_{1010”}1_1}100 f(z?a Z;Lm? CL3) = fag(a17 CLQ).

Now, we wish to glue the three functions f,,; (j = 1,2, 3) together. Since
the family {fo; : a; € QLLMQMS} is normal, we define an extension f; of
fo; (7 =1,2,3) to A:= Ay x Ay x Az as follows.

Let {j,k,l} € {1,2,3} and for z = (21, 29,23) € A, choose a sequence
"o, C QZJAMQM?) such that lim, . a z;j and the sequence (fj;)

(aj n=1

n —

J

[eS)
n=1
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converges uniformly on compact subsets of Ay x 4;. We let
(5.5) fi(2) = lim_fon(ag, ai'),

for any sequence ((ay,af’,a}))p2; CTj — z as n — oo.
Let us first check that the functions f; are well defined. Indeed, this will
follow from the estimate

(5.6) ]faj(ak,al) _fbj(bkabl)‘ < CK’CL—b‘,

a = (ak, ap, aj), b= (bk, bl, bj) c T]
Here C' is a constant that depends only on A. It now remains to prove
(5.6) for example in the case j = 3. To do this, let z = (21,29, 23),w =
(w1, wa,w3) € Ts. Then by (5.2) and (5.3), one can choose a1,a} € Ay and
as € Ay such that

(5.7) (a1, as,23), (a}, a2, 23) € Ta N T3,
' |z — (a1, a9,23)] < 2|z —w|, |w— (a},as,23)| <2|z—w|.
Write
|f3(2) = fa(w)| < [f3(2) — fs(a1, a2, z3)|
+ | f3(ay, az, z3) — fa(w)| + | f2(a1, az, 23) — fa(ai, az, 23)|.

Since SuPyA,xan, [fosl < K, sUDga,son, [fus] < K and supyp, wong |fas|
< K, applying Schwarz’s lemma to each term on the right side of the latter
estimate and using (5.7) we obtain the desired estimate (5.6).

From the construction (5.5) above, f;(-,-,2j) € O(A; x 4A;). Moreover,
a routine identity argument using (5.2) and (5.3) shows that f; = fo = f3.
Finally, define

Jntoan(2) = fi(2) = fo(2) = fo(z), 2 € A
then ]CZ\/{LZ/{Q,Ug extends f holomorphically from 77 U To U T3 to A. Again
an identity argument as in (5.4) shows that ﬁ,l,u%u?, =fon (TNA)\S.
Gluing ]?Z/{LZ/{Z’Z,[S for all Uy,Us,Us together we obtain the desired extension
function f Hence the proof is complete in this case.
STEP 3: N > 4. The general case uses induction on N. Since the proof is

very similar to the case N = 3 making use of Lemmas 4.1 and 4.3 and using
the inductive hypothesis for N — 1, we leave the details to the reader. m
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