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Numerical approximations
of parabolic differential functional equations
with the initial boundary conditions of the Neumann type

by ROMAN CIARSKI (Gdansk)

Abstract. The aim of this paper is to present a numerical approximation for quasi-
linear parabolic differential functional equations with initial boundary conditions of the
Neumann type. The convergence result is proved for a difference scheme with the prop-
erty that the difference operators approximating mixed derivatives depend on the lo-
cal properties of the coefficients of the differential equation. A numerical example is
given.

1. Introduction. We will denote by C(U, V') the class of all continuous
functions w: U — V with U and V being any metric spaces. Let M, «, be
the set of n x n matrices with real elements. For z = (z1,...,z,) € R” and
X € Manv X = [ij];'ikzlv we put

Il = sl + -+ lanl, X = max{ 3l 1 < k< n )

j=1

Writing a vectorial inequality we mean that the same inequality holds for the

corresponding components. Let a > 0, Ry = [0,4+00), and b = (b1,...,by)

€ R"™ be given, where by > 0 for 1 < k < n. Define

E =10,a] x (=b,b), Ey = {0} x [-b,0],
OE = ([0,a] x [-b,0])\ E, E*=EyUEUOE.
Assume that
0= [okjlipe1: E X C(E*,R) = Mpxn, f:ExCE*R)xR" =R

are given functions of the variables (¢, z,w) and (¢, z, w, p) respectively.
We consider a quasilinear differential functional equation with Neumann
initial boundary conditions
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104 R. Ciarski

Oz(t,x) = Z}Z,j:l 0rj(t, 2, 2)Opya, 2(t, ) + f(t, 2, 2, 0:2(L, 7)),
(1) < z2(t,x) = @o(t,x) for (t,z) € Ey,
Oz;2(t,x) = @;(t,x) for (t,z) € OF and x; = b; or x; = —bj,

where ¢g: Eg — R and ¢;: OoF — R,1 < j < n, are given and 0,2 =
(03,2, .., 0g,2).

The difference methods for nonlinear parabolic equations with Neumann
boundary conditions were initiated in the papers by Malec [4]-[6] and We-
glowski [8]. In [1], some general difference operators were introduced and
their stability was investigated. The results of [4]-[6] and [8] do not apply
to quasilinear equations. The difference scheme applied in this paper has
the property that the difference operators approximating the mixed deriva-
tives depend on the local properties of the function p. We give sufficient
conditions for convergence of the difference method for problem (1). The
convergence is proved by consistency and stability arguments. We are in-
terested in the numerical approximation of a classical solution of the above
problem.

The norm of any z € C(E*,R) is defined by
12|+ = max{|z(¢, z)|: (t,2) € E"}.
We will need the norm
l|z||: = max{|z(0,2)|: 0 < 0 <tand (,x) € E*}.

For t € [0,a] we write Hy = [0,t] X [—b,b]. We assume that problem (1) is
of Volterra type, that is, if ¢t € [0,a] and 2,z € C(E*,R) and z(0) = z(0)
for 0 € H; then f(t,x,2,q) = f(t,z,%,q) and o;(t,x,2) = ok;(t,x,Z) for
x €[-b,b], g e R" and j,k=1,...,n.

2. Difference functional equations. Let N and Z be the sets of nat-
ural numbers and integers respectively. For x,7 € R", z = (z1,...,Ty),
T = (Z1,...,Tpn), we put x xT = (x1T1,...,TnTy). We define a mesh on
the set E* in the following way. Suppose that h = (hg,h’) € Rf”, where
R = (h1,...,hy) are the steps of the mesh. Denote by A the set of all
h = (hg, k') such that there exist Ny = (Np1, ..., Npp) € Z™ with Nyxh' = b.
For h € A we write ||h|| = ho+h1+ -+ hyp and ||W|| = hy + -+ hy. Tt is
required that A # () and that there exists a sequence {19} in A such that
lim; o A9 = 0.

Nodal points are defined by:

t(Z) = ihOv x(m) =mxh= (mlhl) s ymnhn) = (ajgml)v . ,x(mn))a

where (i,m) € Z'*". Obviously there exists N, € N such that N,ho < a
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< (Ng + 1)hg. Let
Ryt = {(tD,2™): (i,m) € Z'}
and
Ey=EnR™™  0E,=0ENR"™,
Eon=EyN R, Ef = E, U Eop, U O Ey,.
For z: E} — R we write
20m) = (1@ (M),
The norm of any z: E; — R is defined by
I2lln = max{]z™]: (¢@,2) € Ej}.
For any (9 we will need the norm
12]|ps = max{|z"™|: 0 < r <iand (¢, z™) € E}}.
Let
B, ={(t",2™) e E,: 0<i< N, —1}
and denote by F(£},R) the set of all functions w: E} — R. Suppose that

On = [Qhkj];ﬁk:l: E],—L X S(E27R) - MnXTL7 fh: E],—L X S(E;—;)R) X Rn - R)
von: Eon =R, pjn: OB, — R, j=1,...,n,
are given functions. We will approximate solutions of problem (1) by means
of solutions of a difference equation with initial boundary condition of Neu-
mann type. To do that, for every (t(),2(™) € 9yE), we define
AM = fa = (aq,...,a,): aj € {0,1} if $§-mj) =bj,
aj € {0, -1} if 2™ = —p;,

(myj)
b < bj,

and [l = 1 or o]l =2, 1< j < n},

OéjZOif—bj<.%'

where ||af| = |a1]| + - - + |an|, and
OB = {9,z 0 < i < N, (9, (™) € 9yE), and a € A™)},
Ef' = 0E U E,.
Now we consider the difference problem

(2) 502(i7m) = Z Oh-kj (t(Z)’ l,(m)’ Z)(Sl(gi)z(%m) + fh (t(l)v x(m)v 2, 52(177”))
kj=1
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with Neumann boundary conditions
(3) 20 = o on By,
n

(4) z,(LZ’era) — zlsz’m_a) =2 Z ajhjgoy.’,:n) on &E), for a € A™

j=1
Let us notice that (t@, 2(m+®)) € 9B and (tW,2(m=)) € E,.

Let e; € R™ be the standard unit vectors. The difference operators do,

6= (61,...,0p), 0o and 62 = [0k;]7 =1 are defined in the following way:

(5) 50z(i7m) — hi [z(’i'f‘l,m) _ Z(i’m)]’
0

% [Z(i,m+€j) _ Z(i7m_ej)], 1< .] < n,
J

(7) 6£2)Z(i,m) _ 5+6];Z(i,m)7

(6) 90 =

(8) 5,§j)z<’ m) = [5+5*z(i’m) + 5_5._2(””)] if Qh.kj(t(i),x(m),z) >0,

9)  o220m) = [5+5*z<m>+5 820 if g (190,20, 2) < 0,

where
. 1 . , , 1, .
5;2(2,7”) — ” [zlbmter) _ ,(m)) 51;2(1,"1) — o [2(Bm) — Zlim=er)]
There exists exactly one solution uy: E* — R of problem (2)—(4). Let the
operator Fj, be defined by

(10)  Fplz Z 0 (1D, 2™ 2) 5520 4 f (1D ()5 52 0m)y,
k,j=1

Our purpose is to examine the relation between the solution uy, of (2)-(4)
and a function vy: E;LH — R satisfying the condition

(11) [G00s™ — Fi[un] ™| < y(h) on Ej,
(12) |v,(f’ m) _ wgl,;" | < 70(h) on Eg.p,

(13) U}(li,m+a) . (i;m—a) _QZQJ ]30 h )<C Hh/” on ath,
where
790 A= Ry, limag(h) =0, limy(h) =0, Cyp€Ry, a€A™.

The function vy, satisfying the above relations is considered to be an approx-
imate solution of problem (2)—(4).



Parabolic differential functional equations 107

AssuMPTION H]pp, fr]. The functions gp,: E} x F(E},R) — Myxy, and
fn: B} X §(E;,R) x R" — R satisfy the following conditions:

(i) there exists L € Ry such that
llon(t?, 2™ w) — o4 (tD, 2™, W) || < Lljw — @|p.i,
(D, 2w, p) = fa (8D, 20 7, p)| < Lijw — @ ns,
(ii) the derivative Op fr, = (Op, fn, - - -, Op, f1) exists on E} x F(E;, R) xR"
and Op fp(t,z,w, ) € C(R",R").
THEOREM 1. Suppose that Assumption H|oyp, fr] holds and
(i) h e A and

n n

1 1
(14) 1—2ho ) 72 Ohki(Q) + ho > 7 leni (@) 20,
k=1 'k k=1 K%
J#k
1 | 1
(15) o NEOEDY 7 |0n1j (Q)] — 3 O fn(P)| >0, 1<k<mn,
j=1 "
J#k

where Q = (t,z,w) € B} x§(E;,R) and P = (t,z,w,p) € B} x F(E},R) xR",
(ii) up: Ef' — R is the solution of problem (2)—(4),
(iii) vp: B, — R satisfies relations (11)—(13),
(iv) there exists co € Ry such that
520 ™ | < ¢y on By for 1< k,j<n,

(v) there exists C € Ry such that ||W||> < Chy.

Under these assumptions we have

im im La efa —1
(16) \u ) _ ( ' )\ < 70(h)eL + B(h) 7 on Ej,
if L>0, and
(17) fug ™ — 07| < qo(h) + ar(h) o By

if L =0, where L = L(1 + ncy) and

Proof. Let I': Ej — R, I'n.p: Eo, — R and I'p.p: OgEp, — R be defined
by

dovy, ™ = Bylon] ) + I on B
v,(j’m) _ SD(im) F(i’m) on Ey.p,

U;(li’m+a) Z m) =2 Z Q; J(png:n + Fg}f”) on & Ey, for o € A™
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Then
I <o) on By with Jim () =0,

’F Zm)‘ < Y0 h) on EO-h Wlth }ILII%’Y()(}L) = 0’
5571 < CollWI - on G0,
The function ¢, = up, — vy, satisfies the difference functional equation

(18) 50551“” ZQhk] ), z(m)] )5(2) s

k=1
F D 20 g Su, Gy — f (6D 207 gy S, ) 4 AT,

where

n

(19)  APF™ = > lonai (D, 20 up) — o (t(i)7x(m)7vh)]5g)v;(f ™
k,j=1

+ LD, 20y, 5uy ) — f (8D, 20 vy, S0y, G — T
on Ej and
(20) elimte) = glbm=e) g plim)
on OpEj . Let us deal with €5, on Ej first. Write
0™ = (k) V< ko j <y ok (80, 20, up) > 0},
1 = {(k, ) 1< ko <y ke # Gy onag (89,20, up) < 0.

From (5) and the mean value theorem, we can rewrite (18) as

el = ) 4 py Z onae (1D, 20 Ly )5l

+ ho Z gh.kj(t('),x(m),uh)ég)ag ™)

(k,g)el(l ™)
tho D onkg (H, 2wy )5 e
(k,j)el™™
(z mter) ;Li,m—ek) (im)
+h028pkfh o + hody ™.

By (7)-(9) and regrouping terms, the function ¢, satisfies on Ej, the recursive
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equation

ELZJrlm) ( (i,m +h026(1m+ek (i,m) -}-hoZSlm er) )(2

fho X ) oo pn

k.j
(k,])el(l ™)
Fho 3 g D) g
(kj)er™
where
. "1 .
AU =1 —2hg " = onekr (7, 2™ )
k=1"k
+ho Y "y |0n g (E7, 20 )
k=1 kT
ik

i,m 1 % m
B,g’ ) — ﬁ@h-kk(t()azﬂ( ),Uh)

™ up)| +

1
h h ’Qhkj ’ Qhk pkfh( )
J#k’

i,m 1 3 m
C,ﬁ’ ) = h—QQh-kk(t(),w( ) up,)
k

1 D (m 1
=2 g Jonag (0™ ) = o By (),
j=1 "

ik
(im) _ L (4 m)
Dk,j Qhkhj . (t y L 7uh)|'

Let wy and wy, be given by

22) ! = max{|e\"™]: (t0),2™) € Ef 0 ([—70,tD] x R™)},

0<i<N,,
(23) &' = max{|e\"™]: (t0),20™) € EF' N ([—70,tP] x R™)},
0<i<N,.

With this notation A (see (19)) can be estimated as follows:

(24) 1A <GP L + ne) +v(h)  on Ej.

109
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We conclude from (12), (20), (21) and (24) that the functions wy and @y,
satisfy the recursive inequalities

(25) Wit < <’>(1 + Lho) + hoy(h),
(26) 5 < i + /hohoC,.C,
for 0 <i< N, —1 and

(27) W < yo(h).

Consider the difference equations

n““) = ~<i>(1 + Eho) + fm(h),

for 0 <i < N, — 1 with the initial condition
77(0) = WO(h)v
and its solutions
W;(LO) = 0(h),
nh = v(h) + Vho hoCy C’
' o N N i—1 o
1t = 40(R)(1 + Lho)' + ho[(1 + Lho)v/ho CoC + (1)) S (1 + Lho)d,
j=0
for 1 <4 < N,. Thus
ei‘l -1

n) < yo(h)e™ + [(1+ Lho)v/ho CoC + ()] 7
It follows from (25)—(27) that

(Z) <17,(1) for 0 <i < N,.

This gives (16), (17) and Theorem 1 is proved. m

3. Difference method for the mixed problem. We will need an
interpolating operator T}: F(E},R) — C(E,R). Let
S+ = {é.: (glv"'vgn): 5] = {0’1} for 0 <J gn}
Let z € F(E;,R). For every (t,x) € E there is (t®),2(™) € Ej, such that
(D xm+D)y € B! where m+1 = (my+1,...,my+1) and t0) < ¢ < 0+
(M < g < p(m+1) | Qe
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t—¢@ i o — MmN\ & 2 — pm)\ 1€
(Th2)(t,x) = e Zz(ﬂ, +£)< - )(1_ - >

§ESY

— (va+§) - 1_7
() () (=)

§ESL

where

_pm\1-¢ 1 z; — 2N 16
x X 7 j
-2 ) =)
< W ) -:1< h; )

In the above formulas we adopt the convention that 0° = 1. For hgN, <t <a
we put

(Thz)(t,x) = (Thz)(hoNg, ).
LEMMA 2. Suppose that
(i) z(t,-): [=b,b] = R is of class C* for t € [0,a] and 2z, = 2|z,
(ii) d2 € Ry is such that on E*,
(28 |0z, 2(, )| < dy forjk=1,....n,

)
(iii) there exists ¢ € Ry such that ho < ¢||h'||?,
(iv) there is L € Ry such that

(29) ’Z(twr)_z(zaw)‘ SL|t_f|
Then
(30) | Thzn — 2| e < CollW|,

where Cy = dy 4 2L and ||I'|| = h1 + - - + hn.

Proof. Let (t,x) € E and (i,m) be such that t©) < t < t(0*1) and
(M < gz < 2(m+D) Then

(31) (Thz)(ta*r) - Z(t,l‘)

_ (m)\ & _ (m)\ 1€
: r— r—x ;
— § Z(z,m+§) (T) <1 _ T) _ Z(L‘( )’ :B)

§esy
t —t@ i1 im z — xm\ ¢ z —zm\17¢
+ ( e ) Z [liFLm+e) _ oG, +£)]<T> (1 — T)
£esy
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It is easy to prove by induction that
_ pm)\ & — pm)\1-¢
r—x r—x
o B
§ESY
and
_ pm)\ & — pm)\1-¢
r—x r—x m
(33) > <T> (1_T> Eehy = mp — 2™
£esy

Thus, it is easily seen that

t —t® itlm im z— M\ ¢ z—pm\17¢
(34) '( - >Z[z(+1, +§)_z(,+£)]< - ><1_ - >

0 §eSt
< 12|
and
(35) 2(t9), 2) — 2(t,2)| < Le||W/||*.
Finally, by the Taylor formula, (28), (32) and (33) we obtain
(36) | D 2t (#ﬂl‘%@)l 5—z<t“%w> < dy||1||*.

£est
From (31) and (34)—(36) we get
(Thz)(t,2) = 2(t,2)| < do||W'||* +2L€||0')1%,
which implies assertion (30). =
AssuMPTION HJp, f]. Suppose that

(i) 0: E' x C(E,R) — Myxy and f: E x C(E,R) x R™ — R are contin-
uous,
(ii) there exists L € R such that

lo(t, z,w) — o(t,z,w)|| < Lflw —wl|s,
|f(t,x,w,p) - f(t’wivpﬂ < LHU) - w”tv

(iii) Opf = (Op, f, ..., 0p, f) exists on Ex C(E,R) xR™ and 0, f(t, z,w, )
e C(R™,R").

Now we will approximate the solution of the functional differential prob-
lem (1) by the solution of the difference problem

(37) ozt

= Z Oh-kj (t(Z) ’ ':U(m) ’ Thz)(sl(gi)z(z’m) + fh (t(l)v x(m)’ Thz7 52(177”))
kyj=1
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with the initial Neumann boundary conditions
(38) 26m) = 8™ on By,

(39) Z](li,m+a) . —9 Z Oé] j(p(l ,m)

for (t®,z(™)) € 9y E), and a € A™
Let {2 be an open set such that E* C (2.

THEOREM 3. Suppose that assumption Hlp, f] holds and

(i) he A and
1—2hg En igkk(t x w)+h0 En L |Qk (t x w)] >0,
hi B - h h; J
k=1 k,j=1

n J#k

Z gultr,w) = 3 - o (b2, w)] - 3 [0, £ (1.7, w,p)| 2 0

hk Okk €T, w = h] Okj\l, T, W 2 'Di , L, w,p)| = Y,
Jj#k

1<k <n,

(ii) there exists c, € Ry such that hy, < cihj for 1 <k,j <mn,
(iii) there exist C,¢ € Ry such that C|I||* < ho < ¢|W|?,
(iv) up: Bt — R is a solution of (37)—(39),

)

(v) v: 2 — Ris a solution of (1) on E* and vy, = v|gs, 0j.n = @jlogEy,s
1<j<n,

(vi) there ezists yp: A — Ry such that

(40)  lee™ — el < () on By, limyo(h) =0,
(vii) v(-, ) is of class C1 and v(t,-) is of class C3.

Then there is n: A — Ry such that on Ejy,

(41) fu ™ = o™ < (), Jim n(h) = 0.

Proof. We apply Theorem 1. Write

;Li,m) _ 50v£¢,m) _ Z ij(t(i)7x(m)jThvh)élg)U}(Z ;m)
k,j 1
(42) — f(t9, 2™ Ty, 60,™),

i,m i,m+a i,m—a i,m
i(z ) vé )_vi(z )0_220@ J¢§h)'
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We see at once that on Ej,

w}(Lz,m) _ 5 (z,m) _9 ,U(t(i) (m))

+ Z 01 (19, 0™ v) — gy (19, (™) Tj,0,)]6 12 v ™
7] 1
+ Z 01y (0, 2, 0) (92, 0™ — 62 u{™)
7] 1
+ £, 2,0, 0508, 20) = £(1O, 2, Ton, 00t 1))
T FED, 207 Tyop, 8,0(t@, 20)) — £(tD, ™ Ty, 505™),

It is easily seen that there is v: A — R, such that
e <Ak on Ej, lima(h) = 0.
Now on JFE}, we have
é.(zm . (zm+a)_ (i,m—a) _2Zaj ]Spjh

By the Taylor formula we get

(i,m+a) _ , (G,m—a) (’Lm
v 2 oz] 2N

_ i) @%h 0045 3 oty
j=1 k,j=1

1 n
+ G Z ajakozlhjhkhlag(g )m,m (P)
k=1

. n . 1 &
- |:U(z’m) - Zozjhjaxjv(z’m) + 3 Z ajozkhjhkagék (@m)
j=1 k=1

1 n
_ 6 Z ajakalhjhkhlaé zk:pl :| B ZZQJ JQD
j7k7l:1

1 n
=3 > ajoparhihphi [05), 4 0(P) — 0%, v(Q)]
k=1

and finally

K(zm ’ < CZJ,‘ Z ajakalhjhkhl‘ < d~3||h,||3’
7,k,0=1
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where Elvg € R,. Thus, all the assumptions of Theorem 1 are satisfied and
assertion (41) follows from (16), (17). =

Now we give an error estimate for the method (37)—(39).

THEOREM 4. Suppose that assumption Hlp, f] holds and
(i) h € A and

n n
1 1
k=1 k,j=1
J#k
Lt w) = Y 2 lows (b, 0)] = 2 0y Flt, 2, 0,9)] 2 0
— r,w)— — i r, W)l — = xr,w
hk Qkk & j:1 hj Qk] & 2 Pk P 7p - Y
Gk 1<k<n,

(ii) there exists ¢, € Ry such that hy, < cihj for 1 <k,j <mn,
(iii) there exist C,¢ € Ry such that C~Y|W||* < ho < &||W|%,
(iv) up: B — R is a solution of (37)~(39),

)

i
(v) v: £2 — R is a solution of (1) on E* and vy, = v|g;, @jn = ¢jlooE,,
1<j<n,
(vi) there ezists yo: A — R such that
(43)  leb ™ =@l I < q0(h)  on Egp,  lim (k) =0,

(vii) v|g is of class C*,
(viii) there exists d € - Ry such that ||0pf(t, z,w,p)|| < d,
(ix) there exist dy,dy € Ry such that on (2,

100 (t, 7). |0s,0,0(t, )| < doy |01 L v(t,2)| < du,

mzzjzkzl
1<i,j,k,1<n.
Then there is A € Ry such that on Ej,

(44) ™ — ™| < Ao (R)el + Al |? %
if L>0, and
(45) ™ = o™ < 20(R) + a AW
if L =0, where L = L(1 + ndy).
Proof. We apply Theorem 1. Write
(46) ;Li’m) = 50v£i’m) Z Ok ( t( Thvh)5,(3)v}(f m)

k.j=1
—f(t(i),l’( ),Thvh,évh(”m)).
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As in the proof of Theorem 1 we can rewrite (46) as

w}(Li’m) = 50v,(li’m) — &gv(t(i), m(m))

+ > [ow (t9, 2™ v) — ij(t(i)vx(m)vThvh)]é(Q) )
kjfl

+ Z 01 (¢, 2™ ) [0, v — 50} )

k,j=1
+ f( v, Opv(t () x(m)))—f(t(i),x(m),Thvh,&Ev(t(i),x(m)))
+ f( ™) Tyon, Op v(t (@) x(m))) - f(t(i),m(m),Thvh,5v,gi’m)).

There are 7“7 d2 € R+ such that
5(2)v(z,m) < d2 on Eh 1<k, 1<n
’ kj ) »J )
i(t,x,v <~7 ODEXRH1</€'<7L.
|Qk‘]( <y )| 9 >R,

From the Taylor formula we obtain

Dr0(t®,2™) = dovy™| < T da < 5 o2 |
and
, im). .~ 701 :
Oy, vt 2™) = S0 ™| < d4||h’||2<ﬁ +5 c*> for 1 < k,j < n.

The above estimates and Lemma 2 yield

i,m 1= 1) 7d; Y :
0™ < 2 B + Lo Col ) + rde”h'”Q(E 5 "*)

1 ~~
+ LdyCol|W|* + 5 ddy||W|*  on Ej.

Thus on Ej,
(i) < [1

On OFE), we have

n
et e
’USm a)_v}(Lzm a)_2zaj JQD h ‘<d ||h/||

~ ~ = o7 1
do€ + LdyCo(1 +d2)+rd4n2<12+60*)+ ddg]Hh’H

Thus all the assumptions of Theorem 1 are satisfied and assertions (44),
(45) follow from (16), (17). =

4. Numerical example. For n = 2 we put
E=[0,1] x [-1,1] x [-1,1],
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Let z be the unknown function of the variables (¢, x,y) and consider the
differential integral equation
(47) atz(ta xz, y) = 2($2 + 1)az:pz(ta xz, y) + 2(92 + 1)8yyz(ta xz, y)
(z+1)/2 (y+1)/2
+0mz(tay) || 2(tndedy
(z=1)/2 (y—1)/2

9
+23ela3y® — — eHa?y? (23 4 2) (3 + y) — 12et2y(2® +7)

64
with the initial boundary condition
(48) 2(t,x,y) = 2%y’ for (t,z,y) € Eo

and the Neumann boundary conditions
(49)  Opz(t,x,y) = 3etz®y®  for (t,z,y) € HFE and z =1 or z = —1,
(60)  Oyz(t,z,y) = 3etz®y?  for (t,xz,y) € E and y =1 or y = —1,
where
EO = {0} X [_17 1] X [_17 1]7
dE = (0,1] x [([-1,1] x [-1,1]) \ ((=1,1) x (=1, 1))].
For the above problem we apply the difference method (37)—(39).
The function v(t,z,y) = e'z3y? is a solution of (47)—(50). Let wy:
Ey — R be the solution of the corresponding difference equations and
en = up —v. The values £,,(0.6,20), y*¥)), £,(0.7, 200, y*)), £,(0.8, 20 ),

£,(0.9,20), y*)) are listed in Table 1 for hg = 0.00001, h; = 0.02 and
ho = 0.02.

Table 1

t = 0.6 t@ = 0.7 t =08 =09

Eh Eh Eh Eh
—05 —0.5 6.090-10"%* 8905-107% 1.271-107% 1.789-103
-0.5 0.0 5.040-10"%* 7.290-10* 1.033-107% 1.445.1073
—05 0.5 b5.558-100% 7.838-107% 1.094-107% 1.519-1073
0.0 —-0.5 8419-10~* 1.149-107% 1.553-107% 2.091-1073
0.0 0.0 5.684-10"* 8.048-10"%* 1.120-1073 1.544.1073
0.0 0.5 4275-107% 6.337-107*% 9.139-107* 1.297.1073
0.5 —05 1.425-107% 1.864-10"% 2.436-10"° 3.188-1073
0.5 0.0 7.067-107% 9.815-107% 1.347-107% 1.835-1073
05 05 3.678-107* 5.905-107* 8982-107% 1.326-107°
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Let emax be the largest and epean the mean value of all g, for a given (1),
The values are listed in Table 2.

Table 2

+(®)

Emax Emean

0.0 1.157-107% 6.815-107°
0.1 1.465-107% 1.127-1074
02 1.957-107° 1.843.107*
0.3 2471-107% 2.705-1074
0.4 3.075-1073 3.903-107%
0.5 3.816-1072 5.549-107*
0.6 4.738-1073 7.784.107%
0.7 5.896-1072 1.080-1073
0.8 7.364-107° 1.485-1073
0.9 9.240-107% 2.032-1073
1.0 1.166-10"2 2.777-107°

The computation was performed on a PC computer.
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