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On decomposition of pairs of commuting isometries

by ZBIGNIEW BURDAK (Krakéw)

Abstract. A review of known decompositions of pairs of isometries is given. A new,
finer decomposition and its properties are presented.

1. Introduction. Let H be a complex Hilbert space. Let Hy be a sub-
space of H. Then Py, is the orthogonal projection on Hy. Denote by L(H)
the algebra of all bounded linear operators on H. Recall that an isome-
try S € L(H) is called a unilateral shift if there is a wandering subspace
W which generates H (i.e. S"W L S™W for any distinct n,m > 0 and
H=@,-,5"W). Note that W = ker S*. The subspace Hy reduces S (or
is reducing for S) if Hy and HOL are invariant for S. Recall Wold’s classical
result [8]:

THEOREM 1.1. Let S € L(H) be an isometry. There is a unique decom-
position
H=H,® H;

into orthogonal subspaces reducing S such that S|m, is a unitary operator
and S|m, s a unilateral shift. Moreover

Hy=()S"H, Hi=@)5" (kerS*). m

n>0 n>0

Let S1,S52 € L(H) be commuting isometries (we will keep this notation
throughout the paper). We always call them a pair of isometries. A natural
extension of Wold’s result to a pair of commuting isometries would be a
decomposition of the Hilbert space into four subspaces which reduce each
of the operators 51,52 either to a unitary operator or to a unilateral shift.
Such a decomposition has been proved for pairs of doubly commuting oper-
ators by M. Slocinski [6]. It does not exist if the isometries just commute.
For a commuting semigroup of isometries I. Suciu [7] showed the existence
of a decomposition into three parts: a maximal subspace where each oper-
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ator is unitary, a totally non-unitary subspace and a strange subspace. This
result shows that in the case of a pair of commuting isometries, the totally
non-unitary subspace is a subspace where the operators are doubly com-
muting unilateral shifts. The case of commuting isometries has also been
investigated by Popovici. He found the maximal reducing subspace where
the operators doubly commute and the Stocinski theorem can be applied.
Moreover, he decomposed the orthogonal complement of that subspace into
a modified bi-shift subspace and an evanescent subspace.

In the present paper we continue the investigation of decompositions
for commuting pairs of isometries. The evanescent subspace is decomposed
according to the existence of “wandering vectors”. We also give some prop-
erties of the parts of the resulting decomposition.

2. The known decompositions. Let G be a subsemigroup of an
abelian group such that G N —G = {0}. Recall ([7]) that {T,},eq C L(H)
is a semigroup of isometries it To = I, Ty, 14, = Ty, Ty, for gi1,92 € G and
Ty is an isometry for g € G. Since G is an abelian semigroup, the isometries
commute. A semigroup {7} }4cc of isometries is called quasi-unitary if the
set

U mimH
f—9¢G
is linearly dense in H. A quasi-unitary semigroup is called strange if there
is no non-zero subspace reducing each isometry to a unitary operator. A
semigroup of isometries is called totally non-unitary if there is no non-trivial
subspace which reduces the semigroup to a quasi-unitary semigroup.

THEOREM 2.1 (Suciu [7]). Let {Ty}gec be a semigroup of isometries
on H. There is a unique decomposition

H=H,% H,® H;
such that H, Hs, Hy reduce T, for g € G and

o {Ty|H,}geq is a semigroup of unitary operators,
o {T,|H.}geq is a strange semigroup,
° {Tg’Ht}geg 18 a totally non-unitary semigroup. m

Having a pair S, .52 of commuting isometries we obtain a semigroup of
isometries by setting T{,, ., := S7'S5" for (n,m) € (Z;U{0})?. As a corollary
of the above theorem we obtain the existence of a maximal subspace Hy, of H
such that S1|m,, S2|m, are unitary operators. In [1] it was proved that this
subspace is precisely the unitary subspace of the Wold decomposition for
the product isometry S1S2 (i.e. Hy = (V;5¢(S152) H). The decomposition
theorem below proved by Stocinski [6] additionally decomposes the strange
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subspace into two reducing subspaces. Note that the theorem is true only for
pairs of doubly commuting isometries. Recall that isometries S1, .52 doubly
commute if 5152 = 5251 and S7S2 = 5257

THEOREM 2.2 (Slocinski [6]). Suppose S1,S2 is a pair of doubly com-
muting isometries on H. There is a unique decomposition

H = Huu @ Hus @ Hsu @ HSS7
where Hyy, Hys, Hsu, Hgs are reducing subspaces for S1 and So such that
e SilH,ys S2|m,, are unitary operators,
e Si|m,. is a unitary operator, Sa|m., is a unilateral shift,

e Si|H., s a unilateral shift, Sa|m., is a unitary operator,
o Si|H., S2|H,, are unilateral shifts. m

The following relations hold between the subspaces considered by Sto-
cinski and Suciu:

Hy = Hyw, Hs=Hus® Hsy, Hy= Hss.
The general case has been investigated by Popovici. Set
(1) Ky :=(\kerSiS5,  Ky:=)kerS;5],
i>0 i>0
and recall the following definition from [4].

DEFINITION 2.3. A pair of isometries S1, S is called a weak bi-shift if
S1lK,s S2| Ky, and the product isometry S;S2 are shifts.

Observe that if a pair of isometries Sp,S52 doubly commute then
K; = ker S} for ¢ = 1,2, and a weak bi-shift is precisely a pair of doubly
commuting shifts. By [2] for any pair of isometries there is a space H includ-
ing H and unitary operators Uy, Us on H such that S; = U;|y for i = 1,2.
The space H can be chosen minimal among all having this property. Then
Uf|nen, Us|nen is called a dual pair of isometries to S1,S2, and the space
H o H a dual space to H.

THEOREM 2.4 (Popovici). For any pair of commuting isometries S1,.S2
on H there is a unique decomposition

H - Huu @ Hus @ Hsu @ HWS
such that Hyy,, Hys, Hgy, Hyws reduce S1 and Sy and

e SilH,,» S2|H,, are unitary operators,

o Si|H,. s a unitary operator, Sa|m,. is a unilateral shift,
o Si|H., s a unilateral shift, Sa|m., is a unitary operator,
® S1|Hyer S2|Hys i @ weak bi-shift.
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Moreover, the subspace Hygs can be uniquely decomposed as
st = Hss @ Hm 2] H67
where Hys, Hy, He reduce S1 and Sy and

o Hg is a maximal subspace such that the restrictions Si|m.. and Sa2|m,
are doubly commuting unilateral shifts,

e Hy, is a maximal subspace such that a pair of isometries dual to S1|m,,,
Salm,, is a doubly commuting pair of unilateral shifts,

e Ho:=Hys© (Hss ® Hy). w

The above subspaces can be described in the following way:

(2) Huu — m (SlsQ)nHa

n>0
(3)  He=@ss( ) srK),
n>0 m>0
(4 Ha=@sr( N s5E),
n>0 m>0
(5) He= @B STS5'(K1nKa),
n,m>0
(6) Hpy = B (S, S) ™ (Hy N H Nker (5152)),

(m,n)ez2\(Z-)2

where H! is the subspace of the Wold decomposition for the single isometry
S; where S; is a unitary operator, and

STSy  form >0,n >0,

(S1, S2)mm) = ¢ §imlgn for m < 0, n >0,

S;ln‘S{” form>0,n <0.
All the subspaces considered except Hy, and H, are denoted as in the Sto-
cinski theorem. They are in fact the same subspaces in the case of doubly
commuting isometries. Moreover for any pair of commuting isometries the
orthogonal sum Hy, ® Hyus ® Hey @ Hys is a maximal reducing subspace where

the isometries doubly commute. Comparing the Popovici and Suciu results,
we easily get Hy, = Hyy. We also have the following

COROLLARY 2.5. Let S1, S be a pair of commuting isometries. The sub-
space Hy of the Suciu decomposition is equal to the subspace Hgs of the
Popovici decomposition.

Proof. Put G := (Zy U {0})?® and T(,,,) = SPSF". According to
the proof of existence of a maximal totally non-unitary subspace (see [7]),
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H; = ®feG TyN, where N = (Uf—ggG T}‘TgH)J'. It can be proved that

N = ﬂ ker (T7T,)" = ﬂ ker (T TY).
F—9¢G f—g9¢G
Then
N = N ker S;" S3m Gk SL
(k) —(n,m)&(24U{0})?
= ﬂ ker §7m R gl=m 0 ﬂ ker S3mLSRm 0 ﬂ ker Sk gzm=l
n>k, m<l m>l,n<k n>k, m>l
Since ker S}S% C ker SikjSé for i >0, j > 1, we have
N= (] kerSSy™n (] kerS;Si™"
n>k, m<l m>l,n<k
N ﬂ ker §n—k gzm=l
n>k,m>l
= [\ ker S8 N (| ker S55; N (] ker Si'Sy’
i>0 i>0 ij>1
= K1 N KyNker S7S5 = K1 N Ko.
Since G = (Z4 U {0})? and T(, .,y = S7'SY?, it follows that N = K; N K>
and we obtain
Hy =P T,(N) = &y SPSI(K, N Ky),
geG (n,m)€(Z4+U{0})2
which finishes the proof. =

By this theorem and H,, = H, the strange part in the case of a pair of
commuting isometries decomposes into four orthogonal subspaces reducing
both isometries S, Ss:

Hs = Hus @Hsu @Hm @Hev

where H, is called the evanescent subspace.

3. New results

3.1. Examples. The evanescent subspace H, considered by Popovici has
not been characterized. Let us consider a few examples of pairs of isometries
on H such that H = H,. Recall that K1, Ky are the subspaces given by (1).
An easy consequence of (3)—(5) may be helpful.

COROLLARY 3.1. If K1 = Ky = {0} then Hy, = Hys = Hgs = {0}.

EXAMPLE 3.2. Fixn,m € Z; and take a pair 5", 5™, where S is a com-
pletely non-unitary isometry (i.e. (),~,S5"H = {0}). Hence the isometries
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S™ 8™ are completely non-unitary. Therefore Hy, = {0} and by (6) we
have H,, = {0}. By Corollary 3.1 we get Hy, = Hys = Hgs = {0}. Hence
H = H,. Note that in this example there are k, [ such that S¥ = S..

Recall from [5] that J C Z? is called a diagram (in Z?) if for any g €
(Z, U{0})? and any j € J the element g + j belongs to J.

EXAMPLE 3.3. Let us fix a diagram J in Z? and orthonormal vectors
{€ij} @i jyes in a complex Hilbert space. We can define a new Hilbert space

and isometries
S1(eij) = €14, S2(eij) = €iji1.
The properties of isometries given in this example depend on the dia-

gram J. Some examples in this paper are obtained by specifying J. The
following one shows that the converse of Corollary 3.1 is not true.

EXAMPLE 3.4 ([3]). Let J = (Z+U{0})?\(0,0) in Example 3.3. We have
K| = EBZ’EZ+ (Ceo’l' and K9 = ®j€Z+ (Cej’o. But K1 N Ky = {0} By (5) we
have Hgs = {0}. The operators S, Sy are unilateral shifts so Hys = Hgy =
Hyy = {0}. Moreover H} = H2 = {0} implies H! N H2 Nker (5152)* = {0}
and using (6) we get Hy, = {0}. So H = He.

Let G be a semigroup and {T}scc be a semigroup of isometries on H.
A vector x € H is called a wandering vector (for a given semigroup of
isometries) if (T, x,Ty,xz) = 0 for any distinct g1, g2 € G. In Example 3.4
each e;; is a wandering vector for the semigroup T(, ,,) = S753", where
(n,m) € Zy. Hence there is no relation like that in Example 3.2. These two
examples show two quite different types of pairs of isometries. Now consider
the next example, similar to Example 3.4, but having K1 = Ko = {0}.

EXAMPLE 3.5. Let J = {(i,4) € (Z)? : j > —i} in Example 3.3. Then
K; = Ky = {0}. By similar arguments to those in Example 3.4 we obtain
H = H..

3.2. New spaces. Let S be a subset of H. Denote by (S) the smallest
closed linear subspace containing S. Then for any z € H we have (z) = Cz.
For every z € H we define

(7)) H(z):= {8832 :i.j > 0}),
(8) Ki(x):= ) ker (S1|p) S5, Ko(x):= () ker (S2|p ()" ST
n>0 n>0

LEMMA 3.6. For any = € He there are y,z € H(x) such that H(z) =
H(z)® H(y) and K1(z) N Ka(z) = (z), Ki(y) N Ka(y) = {0}. Moreover the
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vector z is either zero or the orthogonal projection of x on ker (S1|g(z))* N
ker (S2|H(r))*

Proof. Let * € He. Define w := Ppx, where F' = ker (S1|g(y))* N
ker (Sa|r(y))*. Note that

9) F L SiS{(H(x)) fori,j>0,i+j>1.

Therefore if w = 0 then F' = {0}. Since K;(x) N Ka(x) C F, taking y = x,
z = 0 we finish the proof for w = 0.

Now consider the case w # 0. We can assume that ||w|] = 1. Let
u € F. The projection of u on the space orthogonal to (w) is (I — P,))u =
u — (u, w)w. Since u,w € F, we have (I — P,y)u € F as well. Hence by (9),
(I = Ppyy)u, StSlx) = 0 for (k,1) # (0,0), while for (k,I) = (0,0) we
have 0 = ((I - P<w>)u, w) = ((I - P<w>)u, PF:E) = (PF(I - P<w>)u, ﬂj‘) =
(I = Puyy)u, ). Thus (I — Pry)u L H(z) s0 0 = (I — Pyy)u = u— (u, w)w
and u = (u,w)w. Since u was an arbitrary vector in F this proves the in-
clusion F' C (w). Hence also K1(z) N Ka(z) C (w). If K;j(x) N Ka(x) = {0}
then taking z = 0, y = « we finish the proof.

Assume Kj(z) N Ky(z) = (w). Decompose © = x,, + v, where z,, :=
Pr(y)z. Since w € H(z) the vectors @y, v belong to H(x) as well. Moreover,
w L v and by (9) we also have w L R(Si|g(y)) for i = 1,2 and thus
w L H(v). Note also that v L H(w) by definition. Since w € K;(z) N Ka(x),
by the following calculation we obtain H(w) L H(v):

(ST Shw, STS5v)

Sk=ngl=my, vy =0 for k>n,l>m,
(S 2
(S;Sffnw, S’;”*l*lv) = (0, S;”fl*lv) =0 fork>n,l<m,
(w,S?_kS;”_lv) =0 fork<n,l<m,

(S SLmw, ST 1) = (0,87 ) =0 fork<mn,l>m.

Since x € H(w) @ H(v) C H(x), we have H(x) = H(w) & H(v). On the
other hand, by the definition H(w), H(v) are Si,S2 invariant. Therefore,
both are reducing for S1|g(x), S2| g (x)- Thus (S1]p ()" = (S1lH@)) | H ) and
(S2lH(w))" = (S2lm(2))"|H(v)- Hence Ki(v) N Ky (v) = Ki(x) N Ka(z) N H(v)
= {0}. The same arguments show that K;(w) N Ka(w) = (w). Therefore
taking y = v and z = w we finish the proof. =

Although the evanescent subspace H, does not contain any non-zero sub-
space reducing the isometries to a doubly commuting pair, we can look for
invariant subspaces where the restrictions of the isometries doubly commute.
If both restrictions were unitary, the subspace would be not only invariant
but also reducing. This is impossible. The following proposition helps us find
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an invariant subspace where the restrictions are doubly commuting unilat-
eral shifts.

PROPOSITION 3.7. Let S1,S2 be a pair of commuting isometries on H.
Let x € H. There is a vector z such that H(z) is a mazimal subspace of
H(z) which reduces S1|p (), S2|m(z) to doubly commuting unilateral shifts.
Moreover, S1|p (), S2|H(z) are doubly commuting unilateral shifts on H(x)
if and only if (S}SY'x, SFSLx) =0 for any (n,m) # (k,1).

Proof. By the proof of Lemma 3.6, K;(x) N Ka(z) = (z), where z = 0
or z is the orthogonal projection of x onto ker (S1|m,)* Nker (S2|x,)*. Then
H(z) = D, ;>0 5153 (K1 (x)NK2(x)), which, by (5), is a maximal subspace
of H(x) reducing S1|g(z), 2| (z) to doubly commuting unilateral shifts.

By similar arguments, for the second part of the theorem, it is enough
to show that the condition (ST'S'x, SFSLx) = 0 for any (n,m) # (k,1) is
equivalent to Kj(z) N Ky(z) = (z). Assume K;(x) N Ko(x) = (x). We can
rewrite (SFShx, SI*Spx) = 0 as either (SiSjx,x) = 0 or (Siz,Sx) = 0,
where i := |k — m| and j := |l — n|. Note that (n,m) # (k,l) implies
(i,7) # (0,0). Since x € Kq(x), for i > 0 we have either (Sifngx,S’fx) =
(S71824,0) = 0 or ($7'x,87S%) = (877'2,0) = 0, and similarly for
i = 0,7 > 0. Conversely, if (SFSLz, ST"SPx) = 0 for any non-negative
(k,1) # (m,n), then (STS%QU,S{ZSTQU) = (S%a:,S?HSg”a:) = 0. Since n,m
are arbitrary, S{ng 1 H(z), so (5’1|H(x))*ng = 0. Similarly we can prove
that (SQ’H(x))*Si:L' =0. =

Let us make a few observations.

REMARK 3.8. Let x € H and z € H(x). Consider three conditions:

(1) Ki(z) N Ka(z) = (2),

(2) (StSLz, S7'SHz) = 0 for any (n,m) # (k,1), n,m, k,1 >0,

(3) K1(2) 1 Ka(2) = (2).

By the proof of Lemma 3.6 if K;(z) N Ka(x) # {0} then K;(z) N Ka(x)
= (z), where z is such that Kj(z) N K2(z) = (z). Therefore (1) implies (3)
if Kq(z) N Ka(z) # {0}. However, K1(0) N K2(0) = {0}, which shows the
implication in case Ki(z) N K2(z) = {0}. The equivalence of (2) and (3)
has been shown in the proof of Proposition 3.7. To show that (2) and (3)
do not always imply (1) take 2 € H such that K;(x) N Ka(z) = (vo), where
vg # x. Then z = Sjvg L (vg) for i = 1,2. However, (S}S5z, SFSLz) =
(S8 S0, S¥SLSiv0) = (STSTwg, S¥SLvg) = 0 for any (n,m) # (k,1).

REMARK 3.9. The sets {z: Ki(z) N K2(z) =(2)} and {z: Ki(z) N Ka(2)
# (z)} U {0} are linear manifolds if and only if {z : K;(z) N Ka(2) = (2)}
={0}.
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The set of vectors such that condition (2) of Remark 3.8 holds is S1, S2
invariant. Since conditions (2) and (3) of Remark 3.8 are equivalent the set
{z : K1(2) N K2(2) = (2)} is S1,S2 invariant. Assume there is a non-zero
vector w € {z: K1(2)NK2(z) = (2)}. Then S1w € {z: K1(2)NKs(z) = (2)}.
Since (w+ S1w, S1(w+ S1w)) = (S1w, S1w) = ||w||* # 0 the vector w + Syw
does not satisfy condition (2) of Remark 3.8 for the pairs of integers (0, 0),
(1,0). Consequently, {z : K1(z) N K2(z) = (z)} is not a linear manifold,
unless it is {0}.

The set {z : K1(z) N Ka(z) # (2)} U {0} is a linear manifold if and only
if {z: Ki(2) N Ka(z) = (2)} = {0}. If {z : Ki(2) N Ka(2) = (2)} = {0}
then {z : Ki(2) N K2(z) # (2)} U{0} is the whole space. Conversely, assume
there is w # 0 such that Kj(w) N Ko(w) = (w). Set y1 := w + S;w and
Y2 := w — S;w. We have already shown that y; does not satisfy condition (2)
of Remark 3.8 for the pairs of integers (0,0), (1,0). Hence K1(y1) N Ka(y1)
# (y1). By similar arguments K1 (y2) N K2(y2) # (y2). The equality y; +y2 =
2w implies H(yy +y2) = H(w) and K1(y1 + y2) N K2(y1 + y2) = (y1 + y2)-
The set {z : K1(x) N Ka(z) # (z)} is not a linear manifold either.

The smallest subspace containing {x € He : Ki(x) N Ka(z) = (x)} and
reducing for S1, .52 is denoted by Hgps and called a sub-bi-shift subspace. The
orthogonal complement Hiy, := He © Hgys is called totally non-orthogonal.
Note that Hi,o does not contain any non-zero wandering vector.

3.3. The decomposition theorem. Let us first decompose the operators
given in examples stated in Section 3.1 according to the subspaces intro-
duced in the previous section.

ExaMPLE 3.10. Let S be a totally non-unitary isometry. Fix n,m € Z
and set S7 = 8™, S = S™. It was proved in Example 3.2 that H = H,. There
are k, [ such that S¥x = Sbz for any vector = (e.g. k = m, | = n). Therefore
for any non-zero vector x we have (S¥z,Shz) = ||S*"z| = ||z|| # 0. By
Proposition 3.7 there are no non-zero generators of Hgs. It follows that
Hg,s = {0} and H = Hiypo.

ExaAMPLE 3.11. Take a pair 51,52 of commuting isometries and a
Hilbert space H as in Example 3.4. Each vector e; j satisfies (S¥Shz, S1.S7'x)
= 0 for every (n,m) # (k,l) so by Proposition 3.7, e; ; € Hgs for every
(i,7) € J. Since these vectors generate the whole space, we have He = Hgps
and consequently Hi,, = {0}. In Example 3.4 it was shown that H = H,.
Hence H = Hg.

ExXAMPLE 3.12. Take a pair 57,52 of commuting isometries and a
Hilbert space H as in Example 3.5. Then H = Hg,s and Hi,o = {0} by
the same argument as above.
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We now state the decomposition theorem.

THEOREM 3.13. Let 51,52 be a pair of commuting isometries. Then
there is a unique decomposition

H= Huu @ Hus @ Hsu @ Hss @ Hm @ Hsbs @ thm

where Hyy, Hys, Hew, Hes, Hi, Hshs, Hino are Teducing subspaces for S1 and
Sy and:

e Si|m,,,S2|H,, are unitary operators,

e Si|m,. is a unitary operator, So|m,. is a unilateral shift,

o Si|u,, s a unilateral shift, Sao|m,, is a unitary operator,

o Hg is a mazximal subspace such that the restrictions Si|m.., S2|H., are
doubly commuting unilateral shifts,

e Hy, is a maximal subspace such that a pair of isometries dual to S1|m,,,
Salm,, is a doubly commuting pair of unilateral shifts,

® Hys is a sub-bi-shift subspace,

e Hino is a totally non-orthogonal subspace.

The space Hgg is a maximal sub-bi-shift subspace. However, the sub-
space Hg is also generated by wandering vectors. The following example
shows that Hy, can also be generated by wandering vectors.

EXAMPLE 3.14. Let J = {(i,j) € Z : i > 0 or j > 0} in Example 3.3.
Since the operators are unilateral shifts, Hy, = Hys = Hg, = {0}. Since
K1 =, .9Ceon and Ky = @, Cep o, we have K1 N Ky = {0}. Conse-
quently, Hgs = {0}. The dual space is H= Ga(ij)eZ% Ce;,; and a dual pair
of isometries is N N

Si(eij) = €1, Sa(eij) = eij-1.
Therefore, as the dual isometries are doubly commuting unilateral shifts, the

pair S1, 52 is a modified bi-shift. Moreover, each vector e; ; is a wandering
vector.

The space Hgps is @ maximal subspace, among subspaces of He, generated
by wandering vectors. The maximal totally non-orthogonal subspace Hiyo
is a maximal reducing subspace, among subspaces of He, not containing any
wandering vector. If S is the identity then there is no wandering vector,
while the whole space is decomposed as H = H, @ Hys. Therefore the space
Hiyo is not always a maximal reducing subspace in H not containing any
wandering vector.

3.4. Properties of the decomposing subspaces. Examples 3.11 and 3.12
show that Hg,s can be further non-trivially decomposed into subspaces re-
ducing for Sp, S2: the subspace containing (K7 U K3) N He, and the subspace
orthogonal to both K; for ¢ = 1, 2. The subspace containing (K7 U K2) N He
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in Example 3.11 is the whole space while in Example 3.12 the whole space
is orthogonal to (K7 U K2) N He.

The following lemma helps us find out whether a given reducing subspace
is orthogonal to the space K; given by (1) for i = 1,2.

LEMMA 3.15. Let S1, 59 be a pair of isometries on H = Hy ® Hs, where

Hy, Hy are reducing for S1,Sa. The subspaces K; given by (1) are orthogonal
to Hy if and only if K; N Hy = {0} fori=1,2.

Proof. One implication is trivial. For the converse, assume K; N H;
= {0} for i = 1,2. It is enough to show that Py, K; C K; for i = 1,2.
We show this for K7i; the proof for K5 is analogous. Consider a vector
v € Kj and its decomposition v = v1 D vo € H1 & Hy. For any n we
have 0 = S7S5v = STST (v1 @ v2) = ST (SFv1 & SFve) = S7SFv1 + S7SGFvs.
Since H1, Hy are orthogonal and 51, Sa reducing, we have S7.55v; L STS55vs.
Hence 0 = S} S5v1® 5755 v and consequently 0 = S7S5v; = S7S5v2. There-
fore Py, K1 C K. =

THEOREM 3.16. Let S1,S2 be a pair of commuting isometries on H such
that H = Hgps @ Hino. Then Hino C {z: Kq1(x) N Ky(z) = {0}}. Moreover
K; C Hys fori=1,2.

Proof. The inclusion Hipo C {z : Ki(x) N K2(z) = {0}} is a consequence
of Lemma 3.6 and orthogonality of Hino to {z : Ki(x) N Ka(z) = (z)}. For
the second part of the theorem, note that by Lemma 3.15, it is enough to
show K; N Hypo = {0} for ¢ = 1,2. Let y € Hypo N Ky. By Proposition 3.7
since y € Hino there are (n,m) # (k,1) such that (S¥Shy, SPSTy) # 0.
We may assume that k = 0. Since y € K we have 0 = (S7Shy, S1.S5"v) =
(Séy,SiHSQ”U) for any v € Hino and 7 > 0. Since y € Hipo we can take
v = y to obtain (Shy,Sit1Syy) = 0 for any i > 0. On the other hand,
(Sky, S1STy) # 0. Therefore n # i + 1 for any ¢ > 0, so n cannot be
positive. Hence n = 0 and so (SLy, Sy'y) # O. We conclude that for any
y € K1 N Hiyo either there is j > 1 such that (y, S3y) # 0, or y = 0. Consider
({S3y +j > 0}). Since ({S3y : j > 1}) C ({S3y : j > 0}) C K1 N Hino, the
vector yp (=Y — P<{S%-y:j21}>y belongs to K1 N Hipo. Expanding

. — .
Piisty-2n¥ = 2 2553
jz1
for any £ > 1 we have
0= (y0,559) = (yo, S5y0) + (y(), S§<Zaj55y))
Jj>1

= (o0, S5v0) + >_ @ (w0, 55 y) = (yo, S§v0).
Jj=1
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Since yp € K1 N Hiyo the previous conclusion implies yo = 0. Therefore
y € ({S3y:j > 1}), and consequently ({S5y : j > 0}) = ({S3y : j > 1}).
Using the same arguments for Séy which belongs to K1 NHpo forl =1,2,. ..
we have ({Séy 7 >0} = ({S%y :j > k}) for any k£ > 0. It follows that
for any k > 0 we can represent y = S5(y;) for some y; = >j>0 a;Syy in
K1 N Hiyo. Therefore y € ), S3"(K1). But (), S§"(K1) C Hyy, which
is orthogonal to He = Hipo @ Efsbs. Hence y = 0. .

For completeness recall from [4] the following property of Hy,.

LEMMA 3.17. Let Sy, 52 be a pair of commuting isometries on a Hilbert
space H such that H = Hy,. Then ker ST is orthogonal to ker S5.

Proof. Let Uy,Us € L(H) be the minimal unitary extension of S, Sa.
Set

H:=MHoH, S;:=Ufg fori=12.

Note that S; € L(H). Moreover (S;)*z = PzUz and Sfy = PU}y for = €
H,ye Handi=12 Let 2 € ker (S1)*. Then 0 = (, S1v) = (x,Uiv) =
(Uyx,v) for any v € H. Therefore P;Ujz = 0, and consequently Uyz € H.
Moreover SiUyz = PyUiUyx = Pgz = 0. We have shown Uy (ker (S1)*) C
ker ST, so that ker (S1)* C Uy (ker ST). Conversely, let y € ker ST. Then 0 =
Sty = PuyUfy. Therefore Ufy € H and (S1)*Uyy = PzU1Ujy = Pzy = 0.
Thus ker (S1)* D U{ (ker S7). We have obtained
ker (51)* = U (ker S7).
Since S; and S5 doubly commute, S (ker (S1)*) C ker (S;)*. By the above
equality,
U3 U} (ker S) = U (ker (S1)*) = Sa(ker (S1)*) C ker (S1)* = Uj (ker S7).

Hence applying UsU; to the inclusion Us U7 (ker ST) C U{ (ker ST) we obtain

ker ST C Us(ker S7) = Sa(ker ST7). Consequently, ker S7 is orthogonal to
ker S5. =

Finally, we obtain the following theorem.

THEOREM 3.18. For any pair S1, 59 of commuting isometries on H the
following inclusions hold:

Kl C Hsu@Hss®Hsb57 K2 C HUS®HSS@HSbS‘

Proof. Since K; C ker ST, it is orthogonal to Hy, & Hys. Similarly Ks
is orthogonal to Hy, ® Hgy. By Theorem 3.16, K; 1 Hyy, for i = 1,2. We
need to show K; L Hp, for i = 1,2. By the previous lemma (ker ST N Hy,) L
(ker S5 N Hy,). Hence Ky N Hy C ker ST N Hy C S2(Hp). Therefore for
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any © € K; N Hy and any n > 1 we have SiS§Six = SiSy'a = 0.
Moreover S7S5x = S557x = 0. Therefore Ky N Hy, is S5 invariant. To
show that K is S5 invariant, take any z € K; and integer n > 0. Then
0= S;Syitle = S SHSsa. Since n is arbitrary, Sex € K7, and consequently
K1 N Hy is Sy invariant as intersection of Sy invariant subspaces. We have
shown that K7 N H,, reduces Ss.

Consider the space €,,~, ST (K1 N Hy). Since K1 N Hy, C ker S, the
space @P,,~, ST (K1 N Hy) reduces S; to a unilateral shift. For any = €
K1 N Hy and n > 0 we have S3STz = 5357998520 = S7S5z € ST(K1 N Hy,)
and S2STx = ST Sox € ST (K1 N Hy,). Therefore for any n > 0 the subspace
ST(Ky N Hy,) is reducing for So. Hence @,,~. ST (K1 N Hy,) is reducing for
S1 and S5. Moreover,

ST (K1 N Hy) = 878555 (K1 N Hy) = 8557 S5" (K1 N Hyn) C S557 (K1 N Hy,)

for any i,n > 0. Consequently,

P st (K0 Hu) = () S5( €D St (51 0 Hin) ).

n>0 i>0 n>0

Hence Sy is unitary on @,,~ ST (K1 N Hy,). Since S is a unilateral shift on
D, ST (K1NHy), we have ,,~, ST (K1N Hy) C Hew N Hy, = {0}. Hence
Ky N Hy, = {0} and so K7 L H,, by Lemma 3.15. Similarly we can prove
that Ko 1 Hp,. =

The following theorem helps us find a subspace reducing for isometries
51,592 and orthogonal to the space where S7,.59 are unitary operators.

THEOREM 3.19. Let Hg be a subspace reducing for S1 and Se and or-
thogonal to Hyy. Then

Hy = @5 S7Sy (Ho Nker S7.95).
n>0
Assume that W is a subspace of ker S7S5. Then €D,y S7'55 (W) reduces
S1,S2 if and only if W is S7,55,S51(1 — S255), Sa(I — S157) invariant.

Proof. The inclusion €p,,~, ST 5% (Ho N ker STS5) C Hy is obvious. For
the reverse inclusion note that Hy, is precisely the subspace of Wold’s de-
composition for the isometry S;1.52 where 5155 is a unitary operator. There-
fore its orthogonal complement is @, -, ST5% (ker S755). Let © € Hy. Then
r = Y ~o5155x,, where x, € ker_Si‘Sg‘ for all n > 0. To prove that
Hy C @, 5SSy (Hy N ker S;S3) it is enough to show that x, € Hy
for all n > 0. For n = 0 we have xg = x — 51557552 € Hp. Assume
that xg,...,z,_1 € Hy. Then Z?:_ol S'{Séa:i € Hy. On the other hand,
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St o SiSha; =z — SPSEST S € Hy. Finally,
n—1

T = SIS (S8 a,) = SIT ;”(Z SiShr; — > S{S;xi) e Hy.
=0 =0

The first part of the theorem has been proved.

For the second part, set L = €D,,~, ST S5 W. Let & € ker S7S5. Since
S3Stx = 0 implies Sfx € ker S§ C ker S§.S3, the space ker S7.S3 is S} invari-
ant. Since S1(I — S255)H C ker S7.S3, it is also invariant for Sy (I — S255).
Similarly we can prove that it is invariant for S5, S2(1 — S157). Assume L
is S1, 52 reducing. Then it is ST, S5, So(I — S157), S1(L — S2.55) invariant.
By the first part of the theorem, W = L Nker S755. Hence W is also ST, S5,
Sa(I — S5157), S1(I — S2.55) invariant.

Conversely, let © € €,,~,STS3W. Then = = -, S5y wy, where
z, € W for any n > 0. Note that D, STSEW is invariant for the product
isometry 5152 and S1xz = 5551S2z. Therefore to show that D, o STSEW
is Sy, Sy reducing it is enough to show that it is S7, S§ invariant. This is a
consequence of the following equalities:

Stx = St ( 3 S?ngn)

n>0
= Stz + Y SPTISP(S1Stan + (I — 5157 )an)
n>1
= Stz + Y STSH(Sizn) + Y STTISyTH(Sa(I — S157)wn)
n>1 n>1
= SPSH(Sian) + > Sy Sy (Sa(I — S157)n).
n>0 n>1

Since the vectors S7x,, S2(I — S157)x, are in W for all n > 0, it follows

Recall that if # € Hyp, then (S7S'z, S¥SLx) # 0 for some (n, m) # (k,1).
This can be restated as (Siz, Séx) # 0 or (S{S%:U,:E) # 0, where i = |n — k|,
j=lm—1|

REMARK 3.20. In Example 3.2 there are ¢,7 > 0 such that i +j5 > 1
and (Six,S3x) # 0 for any x € H, © # 0. The set {z : there are 4,5 > 0

with i + j > 1 such that (Six, S%x) # 0} equals Hiyo \ {0}.
In general the following theorem holds.

THEOREM 3.21. Let S1,S2 be a pair of commuting isometries on H such
that H = Hino. Then

Hino = ({x : there are i,j > 0 with i+ j > 1 such that (Siaz,Sga:) #0}).
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Proof. Let x € HypoNker S§S3. Then (x, S7Syx) = (S;S5a, ST 1Sy L)
= (O,Sfflsghlx) = 0 for n,m > 1. Since x € Hyyo there are 7,5 > 0 such
that (Siz,S3x) # 0. Note that (SiS}Shz,S3S7Svx) = (Siz,Syz) # 0
for any positive n. Therefore, for any n > 0 and any y € ST'S5(Hno N
ker S7.93), there are i,j > 0 such that (Siy,S3y) # 0. By Theorem 3.19
every vector in Hy,, can be represented as an orthogonal sum of vectors
from {z : there are i,j > 0, with i + j > 1 such that (Siz, S;x) # 0}. =
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