ANNALES
POLONICI MATHEMATICI
110.1 (2014)

Existence of mild solutions for fractional evolution equations
with nonlocal initial conditions

by PENGYU CHEN, YONGXIANG L1 and QIANG L1 (Lanzhou)

Abstract. This paper discusses the existence of mild solutions for a class of semilin-
ear fractional evolution equations with nonlocal initial conditions in an arbitrary Banach
space. We assume that the linear part generates an equicontinuous semigroup, and the
nonlinear part satisfies noncompactness measure conditions and appropriate growth con-
ditions. An example to illustrate the applications of the abstract result is also given.

1. Introduction. In this paper, we discuss the nonlocal Cauchy prob-
lem

(1.1) cDu(t) + Au(t) = f(t,u(t)), teJ=[0,1],

(1.2) u(0) = crulty) + uo,
k=1

where DY is the Caputo fractional derivative of order 0 < ¢ < 1, —A :
D(A) ¢ E — FE is the infinitesimal generator of a uniformly bounded
equicontinuous Cp-semigroup T'(t) (t > 0) on E, f : J x E — E is given
function satisfying some assumptions, ug is an element of the Banach space
E,0<t; <---<t,<1,peEN, ¢ are real numbers, ¢ #0, k=1,...,p.

Since it has been demonstrated that differential equations involving frac-
tional derivatives in time yield more realistic descriptions of many phenom-
ena in nature than those of integer order in time, the study of fractional
differential equations has become an object of extensive study during recent
years (see [1], [8], [I1], [14], [I7]-[19], [25], [26], [29], [30] and the references
therein).

On the other hand, nonlocal initial conditions can be applied in physics
with better effect than the classical initial condition u(0) = ug. For example,
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in [I0], Deng used the nonlocal condition to describe the diffusion
phenomenon of a small amount of gas in a transparent tube. In this case,
condition allows additional measurements at t;, kK = 1,...,p, which is
more precise than the measurement just at ¢ = 0. In [7], Byszewski pointed
out that if ¢, # 0, k = 1,..., p, then the results can be applied in kinematics
to determine the location evolution ¢ — wu(t) of a physical object for which
we do not know the positions u(0), u(t1),...,u(t,), but we know that the
nonlocal condition holds. The importance of nonlocal conditions have
also been discussed in [3]-[6], [15], [21]-[23], [27], [28].

In some articles, fractional evolution equations with nonlocal initial con-
ditions were treated under the hypothesis that the semigroup 7'(¢) (¢ > 0)
generated by —A is compact, i.e., the operator T'(t) is compact for any
t > 0 (see Zhou and Jiao [29] and [30], Wang et al. [20] and Diagana et al.
[11]). In applications, these results are very convenient for partial differential
equations with compact resolvent. However, to the best of our knowledge,
no works yet exist for fractional nonlocal problems with noncompact semi-
group. In this paper, we are interested in the case where —A generates a
uniformly bounded equicontinuous semigroup. Under suitable noncompact-
ness measure conditions and growth conditions on the nonlinear term f,
we prove the existence of mild solutions for the fractional nonlocal problem

@D @,

2. Preliminaries. Let E be a Banach space with norm || - ||. We denote
by C(J, E) the Banach space of all continuous F-valued functions on the
interval J with the norm ||ul|c = max;e s |u(t)|| and by L*(J, E') the Banach
space of all F-valued Bochner integrable functions defined on J with the
norm |Jully = §, [lu(t)]| dt.

DEFINITION 2.1 ([18]). The fractional integral of order ¢ > 0 with lower
limit O for a function f is defined as

11f(t) = Fiq)

where I'(+) is the Euler gamma function.

(t—s)7Lf(s)ds, t>0,

O e

DEFINITION 2.2 ([18]). The Caputo fractional derivative of order ¢ > 0
with the lower limit 0 for a function f is defined as

t

1
— =) M) ds, t>0,0<n—-1<qg<n.
o (A0 <n-l<q

If f is an abstract function with values in F, then the integrals appearing
in Definitions 2.1 and 2.2 are taken in Bochner’s sense.

Dif(t) =
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For u € E, define two operators 7 (¢) (¢ > 0) and S(t) (¢t > 0) by

T(t)u = S hq(s)T(t?s)uds, S(t)u=gq S shq(s)T(t%s)uds,
0 0
where
hq(s) = 771q Z(—s)”ll—‘(niil) sin(nmq), s € (0,00),
n=1

is a function of Wright type defined on (0, 00) which satisfies

he(s) >0, s€(0,00), | hg(s)ds=1,
0
and
T oo r(1+v)
(S)S hq(S)dS:W’ UG[O,I]

Let M = sup;c(o o) I7(¢)l| £(1), where L(E) stands for the Banach space
of all bounded linear operators on E. The following lemma follows from the
results in [12] and [13].

LEMMA 2.3. The operators T(t) (t > 0) and S(t) (t > 0) have the
following properties:

(1) For any fizedt > 0, T(t) and S(t) are bounded linear operators, i.e.,
for anyu € E,
qM

[T @)ull < Mllull, — [|S@)ull < m!\UH-

(2) For everyu € E, t— T(t)u and t — S(t)u are continuous functions
from [0, 00) into E.

(3) T(t) (t>0) and S(t) (t > 0) are strongly continuous, which means
that for allu € E and 0 < t' <" <1, we have

1T u— T )ul| >0 and St )u—SE)ull =0 ast’ =t

Throughout this paper, we assume that
- 1
2.1 cpl < —.
(21) >l < 37
Thus, || Y0_; T (t)|| < M >V_; |ex| < 1. By the operator spectral theo-
rem, we know that the operator
P ~1

(2.2) B:= (I -y ckT(tk)>

k=1



16 P. Y. Chen et al.

exists, is bounded and D(B) = E. Furthermore, by Neumann’s formula, B
can be expressed as

00 p

(2.3) 5= (Do aTmn)"
n=0 k=1
Therefore
o0 p n 1
2 8= o) = oo

1
< .
I Mzz:1 |ck|
DEFINITION 2.4. A function u € C(J, E) is said to be a mild solution of

the problem (|1.1)—(1.2)) if it satisfies
tr

P
(2.5)  w(t) =T(t)Bug+ Z kT (t)B S (tr — 8)7 1S (ty — ) f(s,u(s)) ds

k=1 0

+\(t = 5)T'S(t — 5) f(s,u(s)) ds.
0

Since no confusion can occur, we denote by a(-) the Kuratowski measure
of noncompactness on both F and C(J, E). For the details of the definition
and properties of the measure of noncompactness, we refer to the mono-
graphs [2] and [9].

The following lemmas will be used in the proofs of our main results.

LEMMA 2.5 ([2]). Let E be a Banach space, and D C C(J, E) be bounded
and equicontinuous set. Then a(D(t)) is continuous on J, and

a(D) = max a(D(t)) = a(D(J)).

LEMMA 2.6 ([I6]). Let E be a Banach space, and D = {u,} C C(J, E)
be a bounded and countable set. Then a(D(t)) is Lebesgue integrable on J,
and

a({ funt) dt ‘ ne N}) < 2{a(D(t))dt.
J J

LeMmA 2.7 ([20]). Let E be a Banach space, and D C E be bounded.
Then there exists a countable set Dy C D such that a(D) < 2a(Dy).

Proof. We give the proof for the convenience of the reader. Without loss
of generality, we assume that o(D) > 0. Let r,, = (1 — 1/2")a(D); then
0 < r, < a(D). Choose acgn) € D; then D \ B(l‘gn),’l“n/2) # ): indeed,
it D CB (asgn),rn /2), then by the definition of noncompactness measure,
a(D) < ry, which is a contradiction.
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Choose xgn) € D\ B(azgn),rn/Q); then similarly, D \ (B(xgn ,Tn/2) U
B({L‘2 ,rn/2)) # (. Therefore, we can choose xé " e D \ (B (xl 77’”/2)
B(:U2 ,rn/2)) Continuing, We obtain a sequence {:ck | k=1,2,...} such
that z{"), € D\ UL, B@™,7,/2), k = 1,2,.... Let D, = {«{") | k =
1,2,...}. Combining this w1th the definition of noncompactness measure,
we find that a(D,) > r,/2. Let Dy = |J;2| Dy; then Dy is a countable
set. Since a(Dy) > a(D,,) > r,/2 — a(D)/2(n — o), we conclude that
a(D) < 2a(Dg). =

LeEmMMA 2.8 ([9]). Let E be a Banach space, D C E be a bounded closed
and conver subset, and Q) : D — D be condensing. Then ) has a fized point
in D.

LEMMA 2.9. For o € (0,1] and 0 < a < b, we have
la® — b7 < (b—a)’.
For any R > 0, let
Pr={ueC(JE)||u®)] <R teJ}
then 2r is a bounded closed and convex set in C(J, E).

3. Main result. To state the main result, we introduce the following
hypotheses:

(H1) f:JxE — Eissuch that f(-,u) is measurable for all u € E, f(t,)
is continuous for each t € J, and there exist a constant ¢; € [0, q)
and a function m € LY9(J,R*) such that || f(¢,u)| < m(t) for all
uc FEandtelJ.

(H2) There exists a constant L > 0 with

I'(1+q) (- M3 [exl)
4M
such that for any bounded D C E,

a(f(t,D)) < L(a(D)) for any t e J.

THEOREM 3.1. If the hypotheses (H1) and (H2) are satisfied, then the
problem (1.1)—(L.2)) has a mild solution.

Proof. We consider the operator F' on C(J, E) defined by

L <

(3.1) (Fu)(t) =T (t)Buo+ Z cxT(H)B S(tk —5)77IS(ty, — 8) f(s,u(s)) ds
k=1 0

+ (= 9)7 'St = 5)f(s,uls)) ds, te€J.
0
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By direct calculation, we find that F' is well defined. From Definition 2.4, it
is easy to see that the fixed points of F' are the mild solutions of problem
f. In the following, we will prove that F' has a fixed point by
applying Sadovskii’s famous fixed point theorem.

First, we prove that F' is continuous on C(J, E'). To this end, let {u,}22,
C C(J,E) be a sequence such that lim, ,ooun, = uw in C(J,E). By the
continuity of f with respect to the second variable, for each s € J we have
limy, 00 f(8,un(s)) = f(s,u(s)). Therefore,
(3.2) sup || f(s,un(s)) — f(s,u(s))]| =0 asn— oo.

sed

On the other hand, for ¢t € J, we have
[(Fun)(t) — (Fu)(@)]|

< MZi:ﬂCH qM
T1-MY el I(1+q)
t

tg

Ytk = )T (s,un(s)) = (s uls))] ds

0

qM -
g ) 0 I ) Sl
M

< F(l + q)(l _ MZZ:l |Ck’) ?615) ||f(8a un(s)) - f(s,u(s))H,

which implies that
M
)~ (Pl < = 3 o S 1 G umlo) =T ulo))

From (3.2)), we infer that
|(Fup) — (Fu)|lc -0 asn — oo.

That is, F is continuous on C(J, E).
Next, we prove that there exists a positive constant Ry such that F'({2g,)
C 2R, In fact, choose

M gN 1—q '
RO - |: uo|| + ( ) ;
L= M35 ekl ol rl+g\e—a

where N = |[m|| ;1/4, g 1)- For any u € £2g,, we have

I(Fu) (@)l < MBI - Juoll + MY lex]

k=1
<IBl 7 g e = 9 G uoDas
gM | .
) (O I e ds
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o Mu MYl
ST MY fel T MY ol

1 1-q1
Hq( (1= )50 ds) "l

1-q1
= ds) Il /a1 o

M gN (1—q1>1_q1]
< ugl| + = Rp.
1= M35 el {H ol I'l+qg\q—a ’

Therefore, F(2r,) C 2g,.
Now, we demonstrate that F'({2g,) is equicontinuous. For any u € 2g,
and 0 <t; <t <1, we get

(Fu) (tg) — (FU) (tl) = T(tQ)BUO — T(tl)BUQ

+ g:ck(mz) - T(tl))Btg(tk = 5)TS(tk — 5)f (s, u(s)) ds
. g (12— 5)718 (s — 5)f (s, u(s)) ds

. (g) (2 — )" — (11 — )7 )8t — 8) (s, u(s)) ds

. § (1 — )7 (S(ts — 5) — S(tr — ) (s u(s)) ds

=L +1L+ I3+ 14+ Is.

It is obvious that
5
|(Fu)(t) — (Fu)(t)] < S 11
i=1

Now, we only need to check |[;|] — 0 independently of u € 2g, when
to > t1,t=1,...,5.

By Lemma 2.3(3), || [1]| — 0 as t2 — ¢1.

By Lemma 2.3, , the Holder inequality, and the equicontinuity of
the semigroup 7'(t) (t > 0), we have

MSY el IB b _
s I B 4 ot s [ 7(02) ~ T (1)

0

2]} <
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aMN Y7 el |IBJ (1= a1\
<TGt ) Tt -Twl
— 0 asty — 1.

For I3, by Lemma 2.3 and the Holder inequality,
gMN(t — )7 (1—q
I'(l+q)

For 14, by elementary computation, using Lemmas 2.3 and 2.9 and the
Holder inequality,

3]l <

1-q1
) —0 asty — 1.

qM

I'l+yq)

M — —
| 14]] < ﬁ (S) (t1—8)T = (ta—8)T )m(s)ds <

_1 1-
% < S ((tl —5)7 = (ta — S)q_l) T ds) " ml[ 170 (0,t1]
0

t1
qgMN ( a-1 l—q1
< tl—slql—tg—slql ds)
Pt g () (=9 = =)
1-¢1 a—a1 a—ay _
qMN (1—Q1> =g ,1-q Tl l-a
< t —t, M+ (ta—t1
I'l+g¢\q—a (t ( )
_ 1-q1
< _IMN (1 q1> (2t — 1)1
I'l+g¢\q—a

—0 asty —t.

For t; =0, 0 < ta < 1, it is easy to see that ||I5|| = 0. For ¢t; > 0 and
€ > 0 small enough, by the equicontinuity of the semigroup 7'(t) (t > 0) we
have

sl < § (0= )T Stz — 5) = St = 8)| - | (s, uls)) ds
0
+ | (=) NIS(t2 — 5) = S(tr = 8)|| - | (s, u(s))l| ds
t1—e
< sup [[S(ta—s)=S(ti—s)| | (1 —s)? " m(s)ds
s€[0,t1—¢€] 0
+ 1% S (t1 — 5)7 tm(s) ds

t1—e
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9—q1
< sup [IS(t2—5) = S(t— )| - Nt " —etoar) 'O
s€[0,t1—¢]

(1—ql>1“” 2qM N <1—q1>1‘q1 —a
X + €
q9—q I'l+g¢)\q¢—a

—0 asty — 1.

As a result, ||(Fu)(t2) — (F'u)(t1)]| tends to zero independently of u € £2g,
as ta — t1, which means that F'({2g,) is equicontinuous.

Next we prove that F': {2, — {2r, is a condensing operator. For any
D C 2g,, by Lemma 2.7, there exists a countable set D1 = {u,,} C D such
that

(3-3) a(F(D)) < 2a(F(D1)).

Since F(Dy) C F(£2g,) is equicontinuous by Lemma 2.5, a(F (D)) =
maxcy a(F(D1)(t)). From (3.)), using Lemma 2.6 and assumption (H2),

we obtain
a(F(D1)(t))

= o({TWBuy + 3" T8 | (1 — 577 S(ts — 5)f(s,a(s)) ds

k=1 0

+S (t—s)1" 1S(t—s)f(s,un(s))ds})
0
2501 lex - 1BllgM?
- I'l+q)

~+

173

V(tk = ) a{f(s,un(s))}) ds

0

= s)" 7 a({f(s,un(s))}) ds

2qM § (t

I'(l+q)
tx

2¢M*L Y70 |ex] —8)1 la(Dy(s)) ds
< F(1+q)(1_MZ£:1 |Ck’) §)(tk ) (Dl( ))d

% § (t — $)7 " a(Dy () ds

< 2ML
T I+ q) (1= M3 fex])
Therefore, from and assumption (H2), we deduce that

4ML
(X(F(D)) < ['(1 + q)(l — MZi:l |Ck’)

+

a(D).

a(D) < a(D).
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Thus, F': {2r, — (2R, is a condensing operator. From Lemma 2.8, we infer
that F' has at least one fixed point in (2g,, which is just a mild solution of

the problem (|1.1)—(1.2)). m

REMARK. Analytic semigroups and differentiable semigroups are equi-
continuous semigroups [24]. In the application to partial differential equa-
tions, such as parabolic and strongly damped wave equations, the corre-
sponding solution semigroups are analytic semigroups. Therefore, Theorem
3.1 in this paper has broad applicability.

4. Anexample. Let 2 C RY (N > 1) beabounded domain with smooth
boundary 012, E = L?(£2). Consider the following fractional parabolic partial
differential equation with nonlocal initial condition:

q
%u(m,t) + A(z, D)u(z,t) = f(z,t,u(z,t), =€ 2,teclJ,
(4.1) D%u(x,t) =0, (x,t) €02 xJ,|a] <m,
p

u(z,0) = Z cru(x, ty) +up(z), =z € 12,
k=1

where 07/0t7 is the Caputo fractional partial derivative of order 0 < ¢ < 1,
Az, D)u = |4 |<2m ta(@)D%u is a strongly elliptic operator, the coefficient
function a,(x) is in C?™(2), J =[0,1], 0 < t; < -+ < t, < 1, ¢, are real
numbers, ¢ # 0, k = 1,....p, f : 2 x J xR — R is continuous, and
there exist a constant ¢ € [0,q) and a function m € L'/%(J,R*) such that
|f(x, t,u(z,t))] < m(t) for all z € 2, u € R and ¢ € J; finally, the partial
derivative f](x,t,u) is continuous on any bounded domain.
We define an operator A by Au = A(z, D)u with domain

D(A) = H>™(0)n HI'(2).

From [24, Theorem 7.2.7], we know that —A generates a uniformly bounded
equicontinuous Co-semigroup T'(t) (¢>0) on E. Let f(t,u(t)) = f(t.u(-,1)),
ug = up(+). Then the problem can be rewritten in the form of (L.1)-
).

Let Y p_ylex| < 1/M, where M = supyco o) IT(t)| (). From the
properties of f, it is easy to see that the hypotheses (H1) and (H2) are
satisfied. By using Theorem 3.1, the problem has a mild solution
we (0,1, I2(2)).
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