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On existence of a unique generalized solution to systems of
elliptic PDEs at resonance

by TIANTIAN QIAO (Qingdao and Harbin), WEIGUO L1 (Qingdao),
Kar Liu (Nanjing) and BoyiING Wu (Harbin)

Abstract. The Dirichlet boundary value problem for systems of elliptic partial dif-
ferential equations at resonance is studied. The existence of a unique generalized solution
is proved using a new min-max principle and a global inversion theorem.

1. Introduction. In this paper, we consider the following Dirichlet
boundary value problem:

(1.1) Lu+ g(x,u) = h(z), zin 2, w=0, xondf2,

where {2 C R" is a bounded domain with smooth boundary, g : 2 x R™ —
R™ is continuous and continuously differentiable with respect to wu, and
h € L*(02).

By a global inversion theorem and a non-variational version of the min-
max principle, the existence of a unique generalized solution to has
been proved for L = A in |QL]. The main contribution of this paper is that
the existence of a unique solution of (1.1) at resonance can be derived for
much more general operators L.

Let £2 C R” be a bounded domain with boundary 942 of class C?, and
L be a second order differential operator of the form

L1U1
Lauz ~x~ 0 [ ), 0p
Lu= : s Lk@zzzawz<al] (.Z')axj), k:1,...,m,
. =1 j=1
Ltm
where the operators Lg, Kk = 1,...,m, are assumed to be strongly elliptic
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and symmetric, i.e.,
VRSN TEEUND 9 WIEORS % WS
i=1 j=1 i=1 j=1
for all z € 2 and all ¢ € R™\ {0}.
In this paper, we suppose that al(-;?) € CY(£2) and

Ay ... 0
Ay = (agf))nm ERV™ A= c Rrmxnm.
0 ... A,
It is easy to see that A, k = 1,...,m, are symmetric matrices. Thus, A is
also symmetric. Moreover, L, k = 1,...,m, induce a self-adjoint differential

operator in L?({2) with domain H}(£2) N H?(£2). Let 0 < )\gk) < )\;k) < -
be all different eigenvalues of the eigenvalue problem —Lip = Ay in {2 with
e=0o0n 0, k=1,...,m (see, e.g., Gilbarg and Trudinger [GT]).

Now, we first introduce the following two lemmas which play an impor-
tant role in this paper. Their detailed proofs are omitted; the interested
readers are referred to [L1J, [LL, L2} L],

LeEmMA 1.1 ([L1, LL]). Let X and Y be two closed subspaces of a real
Hilbert space H, and H = X ®Y . Suppose that T : H — H is a C* mapping.
If there exist continuous functions «, 5 : [0,00) — (0,00) such that

(1.2) (T (u)v, v) < —a(||ul)]o]?,
(1.3) (T (w)w, w) > B(||ul)|[wl|?,
(1.4) (T (u)v,w) = (v, T (u)w),
forallue Hyve X, weY, and

(1.5) S min{a(s), 5(s)} ds = oo,

1
then T is a diffeomorphism from H onto H.

Lemma 1.2 ([L2LL]). Let H be a vector space such that H = Z &Y for
some subspaces Y and Z. If Z is finite-dimensional and X is a subspace of
H such that X NY = {0} and dim X =dim Z, then H=X &Y.

2. Existence of unique solution. To show the existence of a unique
solution to equation (1.1), we assume throughout this section that the fol-
lowing condition holds.

(C) 9g(z,u)/0u is symmetric and there exist continuous functions
a,f : [0,00) — (0,00) and constant symmetric m X m matrices
B; and Bs such that
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dg(x,u
(2.1 Bi+a(u)r < 28 < g, s,
on R™ x R™ and the eigenvalues of By and By are )\5\2 and )\5\2 L1
k=1,...,m, respectively. Here )\5\12 and )\5\2 41 are two consecutive
eigenvalues of —Lyp = Ap in 2 with o =0on 92, k=1,....m
Moreover
oo
(2.2) S min{a(s), 5(s)} ds =

1

For convenience, we introduce the following notations:

If f,g € L?(02), let

SIS e e = |5 el
Qk=1i=1 j=1 o 2h=1
o=\ Tgde, |IfIF = /" fda,
0 9]
m n n (k)auk 8Uk
= e+ 3yl
2 _ T Shule (k) Oy Oug
|| _(Sz[u (m)u(x)+;;]1 Qg o 3:@} dx.

By (1.1), we have
(2.3) Blu,v] — (g(x,u),v)o = —(h(z),v)0, Vv & Hi(£).

MAIN THEOREM 2.1. If g(x,u) satisfies condition (C) for all u € R™,
x € R", then there exists a unique generalized solution to equation (1.1) for

every h € L?(£2).

Proof. By the Riesz representation theorem and the above assumptions,
we can define a mapping T'(u) : H}(£2) — HE(£2) as follows:

(2.4) (T'(uw),v) = Blu,v] = (g(z,u), v)o.
Obviously, T'(u) is continuously differentiable for all u € H}(£2) and
(2.5) (T'(u)w,v) = Blw,v] — S ol (z )W (x) dx.

Q

Invoking the Riesz representation theorem again, there exists a function
d € H}(£2) such that

(2.6) (d,v) = — | " (2)h(2) dx.
2
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By (2.3), we just need to prove that there exists a unique u satisfying

(2.7) T(u) =d.

We assume that ej, e, ..., e, are eigenvectors corresponding to the eigen-

values /\S\l,l),)\%, e ,/\5\7373 of By, and &1,&9,...,&, are eigenvectors corre-

sponding to the eigenvalues )\5\1[3+1, )\5\2,3+1, e )\5\77?3+1 of Bg, with |e;llo =1

and ||&]lo = 1 for all i = 1,...,m. And let Ti(f)(x),Ti(;)(x),... Uk )( ) be

) zl
eigenfunctions of the problem —Lgp = )\Z(»k)

Let

v, x € §2, and p|spn = 0.

NE

X:{UEH&(Q)”U:

be(@)er, bi(z ZZP }

k=1 i=1 j=1
Y:{wEHé(Q)‘w:Zrk( )k, Ti(x Z Zq TS }
k=1 = Nk+1j 1
e )= S ) - S5 ),
k=1 i=1 j=1
where N;, i = 1,...,m, are as in condition (C) and pl(f), qi(f) are constants.
Obviously, H}(2)=Z a Y.
For all v € X and u € H, we have
0
(2.8)  (T'(w)v,v) = Bo,v] - | o7 () gg’; Y o(z) da
2
(NSNS, (0 O Ou 7, 09(@,u)
- Z i ox; ijd S (@) ou () do

m k m m
<3S A By de — {355 bi(a)bs(@)el Bies da — a(ull) |Jvl3
k=1 ? 0i=1j=1
< —a([Jul)v]2-
Since
(2.9) o] = [[v]1Z + Blv,v] = [[v]}2 - (Lv, v)o

< lolf3 +ZA< B2 (x) {ex, ex)o < (1 + M)|v|2,
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where M = maX{)\%z ck=1,...,m}, we have
(210) (1o, v < -0y 2

Similarly, denoting N = max{)\gl\;]zﬂ ck=1,...,m}, we have
(2.11) (T (u)w, w) > %‘Z{f”l) |w]?,  Yw €Y, VYue H.

By the symmetry of B, it is easy to see that
(2.12) (T (u)v,w) = (v, T (u)w).

Let ay(s) = M(+)1 and f1(s) = +)1, then

. min{a(s), B(s

(2.13) d(s) = min{ai(s), Bi(s)} > {N(—g 15( )}
By (2.2), it is easy to see that
(2.14) | 6(s)ds = o0

1

Obviously, X NY = {0} and dimX = dimZ = S5, -

29

;. From

H =7®Y and Lemma 1.2, we get H = X @Y. Thus, T(u) is a diffeo-
morphism from H{(£2) onto itself by Lemma 1.1. Therefore, there exists a
unique u satisfying T'(u) = d, that is, u is the unique generalized solution

o(1.1). m

3. An example. Consider the following coupled partial differential

equations:
0? 0? 5 1
87121 + E)u; + Ju + 3sin? vy (x, y)u; — Fu2
1
+ —In(u; +u2 + /14 (ug + u2)2) = hi(z,y),
(3.1)

0? 82 5 1
8;22 8u2 + U2 + 2 cos? y(x,y)ug — Jut

1
+ 5 In(ur 4 ug 4+ /1 + (w1 +u2)?) = ha(z,y),

for (x,y) € 2 =[0,7] x [0,7] € R?, and u(z,y) = (u1(x,y), us(z,
with boundary conditions u(0,y) = u(m,y) = u(z,0) = (:n ) =
0, h1, ho € L?(£2). Since
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Idg(z,u)
ou
% | 3siny + ! L !
- S11 ——=
2 g (u1 + ug)? 2 21+ (ug + ug)?
L 1 5 1 oot 1 )
— = - COS
27 2/1F (wn + w)? 2 "o T (wn fw)?
we have v = y(x,y). It is easy to see that
5 _1 1 0
21 52 + | 2¢/1F (u1 + u2)? 1
5 3 0 2y/1+ (u1 + uz)?
< 99(z,u) _
<=5 =
6 0 1 . 0
— 2 21+ (u1 + u2)2 1 1
05 0 2 2\/1+ (ur + ug)?

Here, the set of all eigenvalues of L; under the given boundary conditions is
Cy = {2m? + n? : n and m are natural numbers} = {3,6,9,11,12,17,...},
and the set of all eigenvalues of Ly under the given boundary conditions is
Cy = {m? + n? : n and m are natural numbers} = {2,5,8,10,13,17,...}.
The eigenvalues of By are 3 and 2, and the eigenvalues of By are 6 and 5.
Obviously, the integral is divergent, {o” ds/v/1+ 52 = co. If a(s) = V1 + s
and S(s) = 3(1 —1/v/1+ s?), then the conditions of Theorem 2.1 are sat-
isfied. Thus, there exists a unique generalized solution to equation (3.1) for
arbitrary hy(x,y), ha(z,y) € L?(02).

REMARK. It should be highlighted that the existence of a unique gener-

alized solution to our system cannot be deduced from the previously known
results [AP, [BF, [HN, INW. INJ, [L.S].
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