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On uniqueness of algebroid functions with shared values in
some angular domains

by NAN WU and Zu XING XUAN (Beijing)

Abstract. We investigate the uniqueness of transcendental algebroid functions with
shared values in some angular domains instead of the whole complex plane C. We obtain
two theorems which are counterparts of results for meromorphic functions obtained by
Zheng.

1. Introduction and main results. We assume that the readers are
familiar with the standard notations and fundamental results of Nevanlinna
theory in the unit disk A = {z : |z| < 1} and in the complex plane C
(see [2,[16]). An a € C is called an IM (ignoring multiplicities) shared value
in X C C of two v-valued algebroid functions f(z) and g(z) if f(z) = a if
and only if g(z) = a in X. He [3] proved that f(z) = g(z) if two v-valued
algebroid functions f(z) and g(z) have 4v + 1 distinct IM shared values in
X =C.

Zheng [22] was the first to consider the uniqueness of meromorphic func-
tions with shared values in a proper subset of C. After Zheng’s work, many
researchers have investigated the uniqueness of meromorphic functions in
angular domains: Lin, Mori and Tohge [5], Lin, Mori and Yi [6], Liu and
Sun [7], Mao and Liu [9]. In 2010, Liu and Sun [§] studied the uniqueness
of algebroid functions in an angular domain.

In this paper, we consider the uniqueness of v-valued algebroid functions
with shared values in ¢ angular domains. Our results extend some uniqueness
theorems of [22] for meromorphic functions to algebroid functions.

Before stating the results, we give some notations and definitions. Let
w = w(z) be the v-valued algebroid function defined by an irreducible equa-
tion
(1.1) F(z,w) == Ag(2)w” + Ay (2)w” + -+ A,(2) =0,
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where A,(z),...,Ap(z) are analytic functions without any common zeros.
Let A = (Ap,...,A)) and s = (1,0,...,0). For any a € C, denote @ =
(a”,a*~1,...,1). Then
1A = (Aol + [Ar]? + - + A2,
H&»H — { (’a’2V+ |a’21’72+"'+ ’a‘2+1)1/27 a # 0o,
1, a = 0.
Since F(z,w) is irreducible, we have F(z,a) = A(z)-@ # 0, where F(z,00) =
Ao(z). Set
log™ 2 = max{0,log z}.

2 e i N
C o 1A al)

. do
|F(rei? a) ’

_ 18” n(t,0, F(z,a)) —n(0,0, F(z,a)) dt +n(0,0, F(z,a))logr,
0

t

T(r,d@, A) = m(r,d,A) + N(r,a, A),
where n(t,0, F(z,a)) is the number of roots of the equation F(z,a) = 0
in the disk {z : |z|] < t}, counting multiplicities. Throughout, n(¢, a, w(z))
denotes the number of roots of w(z) = a in the disk {z : |z| < ¢}, counting
multiplicities. Following G. Valiron, we define the characteristic function of
w(z) as

27
— 1 0
T(r,w) = e (S) log Jmax |Aj(re™)|db.

By Yang’s result [I5], we get the relation between T'(r,w) and T(r, @, A):

—,

|T(r,d, A) — vT(r,w)| = O(1).

The counting function of roots of w(z) — a is defined as

N(r,a,w) = %N(r, 0, F(z,a)).

Put
N N(r,0, F
d(a,w)=1-— limsupM =1 — limsup (T”—(Z_fa)).
rooo  T(r,w) r—00 T(r,d,A)

The value a is called a Nevanlinna deficient value of w if d(a,w) > 0. The
order and lower order of w(z) are defined as
log T'(r, w)

logT
Aw) = lim sup M, p(w) := liminf —————+=.
r—00 logr r—00 log r
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Give a subset Y C C, let n(r,Y,w = a) denote the number of roots of
w(z) —ain Y N{z : |z| < r}, counting multiplicities. Define the counting
function of a-points of w(z) in Y as

1in@tY,w=

N Yw=a)= 1[I0 =0
14
0

We consider ¢ pairs {o;, 5} of real numbers satisfying
(12) _7T§a1<61§"'§aq<ﬁq§7ra
and define w = maxj<j<¢{m/(8i — i) }.

Now we state our results.

THEOREM 1.1. Let f(z) and g(z) be v-valued transcendental algebroid
functions and let f(z) be of finite lower order u and such that for some
a€C, d0=90(a, f)>0. For q pairs {a;, B;} of real numbers satisfying (1.2)

and
q

(1.3) 0< Z(aiﬂ Bi) < — arcsm \/ 0 g1 =T+ aq,

i=1
where 0 = max{w, u}, assume that f(z) and g(z) have 4v + 1 distinct IM
shared values in X = ngl{z cay <argz < Bt If w < A(f), then f(z) =
9(2).

If we remove the condition u(f) < oo in Theorem then we have the
following theorem.

THEOREM 1.2. Let f(z) and g(z) be v-valued algebroid functions such
that for some a € C, § = 0(a, f) > 0. Assume that for q rays argz = «;
(1 < j <q) satisfying

—T<a << oy <, Qg1 = a1 + 2,
f(2) and g(2) have 4v + 1 distinct IM shared values in X = C\JI_,{z :
argz = a;}. If

(1.4) max{aﬁ:r_aj:lgqu} < \(f),

then f(z) = g(2).

REMARK 1.3. We mention that the total linear measure of flare angles
of angular domains X = Jj_,{2 : a; < argz < f;} in Theorem is less
than 27 under the condition ((1.3). This indicates that the uniqueness of
algebroid functions we study in this paper is different from the case of C.

2. Lemmas. The following result was proved in [20] for a meromorphic
function.
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LEMMA 2.1. Let f(z) be an algebroid function in C of finite lower order
0 < p< oo andorder < A <oo. Then for any positive number 3 satisfying
p < B <X and any set E of finite logarithmic measure, i.e., {, t=1dt < oo,
there exists a sequence {rn} of positive numbers such that

(1) rp ¢ E, limy, o0 1 /1 = 00;

(2) liminf,, oo log T(rp, f)/logr, > B;

(3) T(t, f) < (1 +o(1))(2t/rn)PT(rn/2, f), t € [rn/n,nry];

(4) T(t, f)/tP=en < 2PFT(ry f) /P 1 <t < nirp, 5 = [logn] 2.

Since the characteristic function T'(r, f) of an algebroid function f(z) is
also a non-decreasing, positive and continuous function defined in (0, o), we
can derive Lemma[2.1] directly from [20]. A sequence {r,} satisfying (1)—(4)
in Lemma [2.] is called a sequence of Pdlya peaks of order § outside E. For
r >0 and a € C, define

A(re?)| lla] _ 1
E — 6105+ : > T .
(ra) = {10 LRSI > =20

The following result is a special version of the main result of Krytov [4]
and Yang [15].

LeEmMA 2.2 ([, 15]). Let f(z) be a v-valued algebroid function in C
of finite lower order p and order 0 < A < oo and for some a € C, § =
d(a, f) > 0. Then for any sequence {rp} of Pdlya peaks of order o > 0,
where u < o < X, we have

(2.1) lim inf meas E(r,,a) > min{27, (4/0) arcsin/6/2},
n—oo
where meas denotes Lebesgue measure.

Lemma was proved in [4, [I5] for Pélya peaks of order u. By the same
argument, one can derive it for Pélya peaks of order ¢ with u < o < A.

LEMMA 2.3. Let f(z) be the v-valued algebroid function determined by
in the complex plane. Assume that X C C is an open simply connected
domain in C, and uw = u(z) is a conformal mapping from X onto the unit
disk. Then f(z(u)) is a v-valued algebroid function defined in the unit disk.

Lemma was proved by the first author [12 [I1]. For completeness, we
repeat the proof.

Proof. 1t is obvious that f(z(u)) is an algebroid function determined by
the equation
F(z(u),w):=Ag(z(u))w” + Ay (z(u))w” ™ 4 -+ A, (2(u)) = 0.
The fact that A;(z) (¢ = 0,...,v) are entire functions implies that

Ao(z(u)), ..., Ay(2(u)) are analytic functions. As Ag(z),...,A,(z) have
no common zeros, Ag(z(u)),..., A, (2(u)) have no common zeros either:
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if w = wy were a common zero, then z(up) would be a common zero
of Ap(z),...,Ay(2). Since F(z,w) is irreducible, so is F(z(u),w), because
if F(z(u),w) = Fi(u,w)Fs(u,w), then F(z,w) = Fi(u(z),w)Fs(u(z),w),

a contradiction. m

LEMMA 2.4 ([I7]). The transformation

_ (Zefigo)ﬂ/(ﬁfo‘) — 1
(2.2) ((2) = (ze—ib0)r/(B—a) 4 1

maps the angle X = {z:a<argz <} (0<a<p <271, 0<f—a<2n)
conformally onto the unit disk {¢ : |¢| < 1}, and maps z = €% to ¢ = 0.
Under the transformation (2.2), the image of Xo(r) ={z:1 < |z| <r, a+e
<argz < f—c} (0<e<(8—a)/2) is contained in the disk {¢ : |¢| < h},
where

(0o = (a+5)/2)

)

B —a«
On the other hand, the inverse image of the disk {C : |(| <t} (t < 1) in the
z-plane is contained in X N{z:|z| < p}, where

5 \ (B-a)/m
p= (1—75) -

Moreover, for (| < h, we have
B—a(l—h (B—a)/m ) B—a 2 1+(B—a)/m
- < < _c
(550 ko= (i |
where z(C) is the inverse of transformation (2.2).

LeMMA 2.5 ([10]). Let f(z) be a v-valued algebroid function in the unit

disk and let a; € C (i = 1,...,q) be q (> 2v) distinct complex numbers.
Then

q
(q—2v)T(r, f) SZNT%, +O(10g(1_7“)71+10gT(r’f))

except for v in a set F C (0,1) with §dr/(1—r) < co.

Lemma is usually called the second fundamental theorem for alge-
broid functions in the unit disk.

By using the Poisson—Jensen formula for meromorphic functions, the
first author [I1, [12] established an estimate of the logarithmic module

log™ ”"4}()” ”)“L” Applying the Boutroux—Cartan Theorem, we will modify

that result. The proof is essentially the same and it is included here only for
completeness.
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LEMMA 2.6. Let f(&) be the v-valued algebroid function determined by
(1.1 in the unit disk. Then, for any z = re® ¢ (v), 0 <r < R < 1, we have

(2.3)  log* ‘ﬁf Z)HJI)C’bH
<tog’ (v-+ )2 + SERECR r(m, )+ 0(1),

where () denotes several disks, the total sum of whose diameters does not
exceed 4eh.

Proof. For any z = re’?, 0 < r < R < 1, there exists an integer 0 < k =
k, < v such that
max |A;(2)] = [Ax(2)]-

0<I<v
Then
IAG)|l 1] (v + )2 Ax ()| lla|
2.4 logt == < log™
24 F(a) F(ea)
Ar(2)| |la]l
<logt(v+1 1/2—Hog ’
v+ TGl
=log® (v 4+ 1)/2 + log* Fo. Ar(z ))

Notice that Ag(§) and F(&,a) are entire functions, and ||@|| is a constant
number, so

is a meromorphic function. Set R = (r+ R)/2. We apply the Poisson-Jensen
formula to the meromorphic function Ag(&)||@||/F (&, a) to get

— 2 - id — 2 2
o AN LT AR al| R 0
F(z,a) 2 F(Re,a) | R2 —2Rrcos( — ¢) + 12
M ~ —
R?> -0
t=1 R(z —by)
Using the inequality 12—y < E”, we obtain

R2—2Rr cos(0—¢)+r2 — R—r

Ap(2)a]
Fk’(z,a) =

| Aw(Rei?) ]

= 2m
1
log™ — @ S log™
F(Rei%, a)

T 2T R—7r

0

2

L Ryr o |Au(Re?)] ] 2R
= og —ng)Jr log| ——
QWR—’HS) [F(Re'?, a) tz:; -
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In view of |A(Re')| < || A(Re™®)]|, we have

N = M
Ac@lal)  BEr g g 243 log
t=1

2.5 log™
( ) & F(z7a> R—7r

z — bt '
According to the Boutroux—Cartan Theorem, for z ¢ (), we deduce that

M o~ ~

2R)M 2
Zlog’ i < Mlo g( R)
=1 z = b Ht 1z =0

h
By the definition of N(R,0, F(z,a)), we derive that
w(a ) < NEOFEa)  NROF(Ea)R 2R op o g
log R — log R R—R R
Therefore, for z ¢ (v),
IA(2)]| Jla|
2.6 logJr
(2:6) (=)
< 10g+(u + 1)1/2 + Mm(& a, Z) + WN(R’ a, _))
R—r R—r
4 L = 2log(2R/h) Lo
< + 1/2 o - 7
<log™(v+1) +R_Tm(R,a7A)+ fra— N(R,a,A)
4
<log (v -+ 12 4 2RI iy gy 4 o).

In order to prove Theorem 1.1, we need the following result, which is the
main lemma in this paper.

LEMMA 2.7. Let f(z) be the v-valued algebroid function of finite lower
order u < oo in C determined by , and let g(z) be a v-valued algebroid
function. Assume that f(z) and g(z) have 4v + 1 distinct IM shared values
inX ={z:ra<agz<f}(0<a<pf<2r0<f—a<2r) and
f(2) # g(2). If for any € satisfying 0 < & < (8 — «)/10, there exists a set
2 C («,B) such that meas(2N(a+e¢,8 —¢)) =k >0, then there exists at
least one point ¢ € 2N (a+¢,8 —¢€) such that for all v off a set E of finite
logarithmic measure, we have

L [IA(re®)]|| @] . o
—\F(re“ﬁ, I = O(r“log 7’) w = o

Proof. Let a; € C (j =1,...,4v + 1) be 4v + 1 distinct IM shared
values in X of f(z) and g(z). By Lemmas and f(2()),9(z(¢)) are
v-valued algebroid functions in the unit disk, where z(() is the inverse of the
transformation in , and a; € C (j=1,...,4v+1) are 4v+1 distinct IM
shared values of f(2(¢)) and g(2(¢)) in the unit disk. By applying Lemma[2.5]

(2.7) log



70 N. Wu and Z. X. Xuan

where R(h,*) = log(1 — h)~! +1logT(h,*), h ¢ F, and F is a set such that
{pdh/(1 —h) < oo, so that
(2.8) 2vT(h, f(2(C))

) = R(h, f(2(¢)
This implies that R(h, f(2(¢))) = R(h,g(2(¢))). We also have the same
formula (2.8)) with f(z(¢)) and ¢(z2(¢)) interchanged, and combining the

two formulas, we obtain
2vT (R, g(2(C))) — R(h, 9(2(¢))) < T(h, f(2(¢)))

< T'(h,9(2(¢))) + R(h, g(2(C)))-
Hence

(29) T f() =0(log 5 ). neF

where F' is the set described in Lemma satisfying (. dh/(1 — h) < oc.
Set

(2.10) E:{T;hzl

3

A(f — )

r ¥ he F},
where € > 0 is small enough. Put

(=((re) (ate<p<B-o),
£
h=1— ——r"%,
(2.11) (B — )
£
W=1-——1r“¢F,
B *
where ¢ = ((z) is the mapping described in Lemma Combining ([2.10))
with (2.11]), we can see that if A’ ¢ F, then r ¢ E and F is a set of finite

logarithmic measure, because

dr 1. dh
S72551—h

< Q.
r
E F

Next we apply (2.3]) to estimate the logarithmic module:

e al L A
8 R, 8 F((0)a)]
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We now adapt a line of reasoning used by Zhang and Wu [13], [17, 18], [19].

According to Lemma X is mapped onto the unit disk {|¢| < 1} and
z = e/@tP)/2 is mapped to ¢ = 0. The image of X.(r) = {z:1 < |2| < 7,
a+e < argz < f—e} in the (-plane must be contained in the disk {|{| < h},
where

he1— _° ,—7/(B=a)
-«

On the other hand, the inverse image of the disk |(| < (h 4 1)/2 in the
z-plane is contained in X N {|z| < r1}, where

_ <‘1(5—00)(5a)/w

3

r.

In addition, for |{| < (h+1)/2,

W (8-a)/
@1y P20 (pts) <)

The transformation
2
2.13 = = —
(2.13) §=80)=173¢
maps the disks || < (14 h)/2 and || < h to the unit disk |£] < 1 and the
disk |¢] < 7, respectively, where
(2.14) 7 =2h/(1+h).

Let ¢(&) be the inverse of the mapping in (2.13]). Then according to (2.12)),
we have 1/2 < [('(¢)] < 1. If 2(§) = 2(¢(€)), we have, for |¢] < 1,

_ (8-a)/m |
ise) s cF©

(2.15)

r

cB-a (4(5 — a>>1+(ﬁ_a)/nrl+w/(ﬁ—a)‘
T €

Evidently the image I'¢(c, 3,7) in the {-plane of the circular arc I'(o, §8,7)

in the z-plane under the mappings and is orthogonal to the

circle |{] = 2/(1 + h), while the image arc in the {-plane of the circular arc

I'(a+¢,8 —¢g,r) in the z-plane is contained in the disk {|¢| < 7}. Putting

- i(a+p)/2
50 1+ hC(Te )7
we obtain §y € I'¢(a + ¢, —¢,7). The linear transformation
(2.16) z=xz(f) = £%

C1-§y¢
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maps I¢(a, B,7) to a straight line segment I';(cv, 5,7) passing through the
origin z = 0. On the other hand, the inverse of (2.16)) is expressed as
¢ =&(z). When |z| < 1,

1-— 2
S22 <1<

Letting € > 0 be small enough, we have
1— & > r /(B0

Writing z(xz) = 2(¢(¢(z))), and combining the above with (2.15), when
|z| < 1, we have

Boa/ & \BT NG
(217)  —- (4(5-@) (T> < [2(2)]
< 2B

— ) <4(5 — a)>1+(ﬁ_a)/wrl+2ﬂ/(ﬁ—a)‘
(3

™

We define a set E,(r) in the z-plane as
E.(r)={re¥:pen(a+eB—e)}
Let E¢(r) and E,(r) be the images of E.(r) in the {-plane and the 2-plane,

respectively. Evidently, Fe¢(r) C I'e(a+¢e,8—¢,r), Ex(r) C Iy(a, B,7), and
it follows that

ar< |l = | IZ(@)]]de]

E.(r) Ex(r)
B . 1+(B—a)/m
. 2(8 — a) (4(ﬁ a)) P27/ (5-0) eag B, (1)

T g

and
1+(B—a)/m
KT €

2.18 meas E, (r) > roene.
(2.18) ()2(6—a)<4(ﬁ—04)>

Let G(§) = f(2(¢(§))). Then G(§) is a v-valued algebroid function in {¢ :
€] < 1}. Let (7)¢ be the non-Euclidean exceptional disks with regard to
the n(1,a,G) points and the number H, and let (), be their images in the
xz-plane. We take

=27/ (5—0)

1 KT € L+(B=a)/m
H:8e%5—®<45—m>

The sum of the non-Euclidean radii is less than or equal to 2eH. Since a non-
Fuclidean disk is also a Euclidean disk, with its non-Euclidean radius larger
than or equal to its Euclidean radius, and since I';(a, 8,7) is a segment, it
follows from that there is a point x1 € E,(r) \ (7). If & is the image
of x1, then & € E¢(r) \ (7)e. Let (7)¢ be the inverse image of ()¢ in the
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¢-plane, and let ¢; be the inverse image of &;. Then (; € E¢(r)\(7)¢, where

E¢(r) is the image of E,(r) and (v)¢ are the non-Euclidean exceptional

circles with regard to the n((1+h)/2,a, f(2(¢))) points and the number H.

Let 21 = z(¢1) be the inverse image of (; in the z-plane. Then z; € E,(r).
For R= (3+h)/4, 7 =h and ; € E¢(r)\ (7)¢, Lemma [2.6) gives

219) 1ot AN _ s IAGGD)I ]
249108 TG 1 PG, a)
4+ 2log(2/H
2008 (1, 4a(0)) + O1).
For r ¢ E, we infer from that b’ = (h + 3)/4 ¢ F. Then combining
with (2.19), we have

+ G| lla]
|F'(z1,a)|

<logt(v+1)"2 +

(2.20)  log

4 4 2
1_h0<log T h) [4+210gH].

Noticing that h =1 — Bfar*“’ and applying the expression on H, we have
+ IACz)] lla]
|F(z1,a)|

Thus (2.7)) follows from the existence of ¢, which is deduced from the fact
that 21 € E;(r). m

<logt(v+1)Y/2 +

log <log* (v + 1)Y2 + 0% log?r).

The following lemma is crucial to Theorem 1.2, as it is a generalization of
Edrei [I]. The proof has been given by the first author [11]; for completeness
we repeat it here.

LEMMA 2.8. Let f(z) be the v-valued algebroid function determined by
(1.1) with 6 = d(a, f) > 0 for some a € C. Then, given € > 0, we have
1

E
meas E(r,a) > T<(r. ) log 1]

ré¢F,

where

_ , IAre®)| @l _ 6
E(r,a) = {9 € [-m,7) : log™ W > ZT(’/’, f)},

and F' is a set of positive real numbers of finite logarithmic measure depend-
mg on €.

Proof. Let {b;} be the sequence of roots of f(z) = a, and also the se-
quence of roots of F'(z,a) =0 (we assume that {|b;|} is non-decreasing and
that the multiplicities of roots have been taken into account by suitable
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repetitions of elements). Let
I i= (b — 1/22, |be| + 1/12).
If r > 0 and r ¢ J;2, It, then combining (2.4) with (2.5)), we have (r < R)

L 1A llall

R+r >
2.21 1 . —_—
B2 e ) ="

<log"(v+1)"2 + o—m(R,d, 4)
+ n(R)[log 2R + 2logn(R)],
where n(R) denotes the number of roots of F((z,a) = 0 in |z| < R. Setting
R' — R= R —r, we deduce
K n(t) n
N(R',0,F(z,a)) = N(R,0,F(z,a)) = | ot >
R

Substituting the above into (2.21)), we derive

(R) R —r
R’ 2

A (80 = /
VO o ayn 2 e g
2R'N(R',0, F(z,a))
+ R —r
<log* (v +1)Y/2

4v R , 3 1 /
+ R’—rT(R’f)[<1+210g2> —l—ilogR +

log

/

2R
[logQR'—i—ﬂog(R/ N(R’,O,F(z,a)))]

/

R —r

—i—logT(R’,f)].

If r is large enough, say larger than some 7y, we obtain

A’ 10 g R/ 2
222 1o IR < A (G5 ) og T 1y 0 T, ),

where A is a positive constant depending on v, for r > ro, r ¢ |JI;. For
r > rg, the function

V(r)=I[T(r, f)logT(r, f)]logr

is positive, continuous and non-decreasing to infinity. Hence, for any n > 0,
according to Borel’s lemma, we have

V(r(l + mgxlf(r))) <VI(r),

except possibly for values of r > ry which belong to an exceptional set £(n)
of finite logarithmic measure. Taking, in (2.22]),

1
/: 1 -
. ( +1ogV<r>)’



Uniqueness of algebroid functions 75

we obtain

+ [ACe?)|llal
F(re?, 0)

provided r is sufficiently large and r ¢ £(n) U J, I;. It is easy to see that

the set £(n) U |, Iy is of finite logarithmic measure. For r ¢ &£(n) U |, I,
consider the set

(2.23) log < VT ()

+ [ACe?) | fla] _ 1

E = - 1 . a,A)y.

{0 € [—m,m) : log F(re?, a)] > 2m(r,a, )}
Then

T A(re®)|| |1 m(r, @, 4)

2 d,A) < \log™ H—.d@ 2r———-

7Tm(’r7 a’7 ) — g Og |F(Te’9,a)| + ™ 2 )

mm(r, @, A) < V¥?1(r) meas E.

If r is sufficiently large, we have

mir,d, A) > ST0,,8) = 570, 1) + 0(1) > ST(r, ),
E C E(r,a).
Therefore,
/2T, §)

eas K (r,a) > .
meas B0 4) > o, llos T(r, £)]1 727 10g 27 7

Taking n = €/3, we obtain the result. =

3. Proof of Theorem The idea of the proof comes from [21, 22].
Suppose the theorem is not true, i.e. A(f) > w. We consider the following
two cases.

L A(f) >0 > u(f). By (2.9), we can choose € > 0 such that
(3.1) Z(aiH —Bi+2)+2< arcsin \/d/2,
i=1

where ag1 = 2+, and A(f) > o0+2¢ > p. Lemmagives the existence
of a sequence {r,} ¢ E of Pdlya peaks of order o + 2¢ for f(z), where F is
the set of Lemma Then by Lemma for sufficiently large n, we have

o arcsin \/0/2 — ¢,

since o + 2¢ > 1/2. We can assume (3.2]) holds for all n. Put
q
K = meas(E(rn, a) N U(a,- +e, 6 — 5))
i=1

q

o+ 2¢

(3.2) meas E(r,,a) >



76 N. Wu and Z. X. Xuan
From (3.1) and (3.2)), it follows that
q
K > meas E(r,,a) — meas([—ﬂ, )\ U(ozi +¢e,6i — E))

i=1

q
= meas E(ry,, a) meas(U —&, 41 + 6))

=1

q
= meas E(ry, a Z i1 — Bi +2e) >e>0.
i=1

It is easy to see that there exists i¢ such that for infinitely many n, we have
(3.3) meas(E(rn, a) N (i, + €, Biy —€)) > K/q > £/q.

We can assume (3.3)) holds for all n. Set E, = E(rp,a) N (as, + €, Biy, — €).
By the definition of E(ry,,a), it follows that

log+ | A(rae™)]| @] S T, f)
|F(rpet a)| log 7y,

On the other hand, by (2.7)), there exists a # € E,, such that

4+ A l1a]
|F (e, a)|

Combining (3.4) with (3.5]), we have
T(rp, f) < O(r:io log® 7,)
Thus from (2) of Lemma [2.1| for o + 2, we obtain

log T
o+ 2 < limsupM
n—00 1Og Tn

(3.4)

, VOekE,.

™

3.5 lo S
(3.5) g ——

= O(rﬁiO log2 Tn), Wi, =

Swi, <o+e.

This is impossible.
II. A(f) = p(f). Then o = pu = A(f). By the same argument as in I,
with o 4 2¢ replaced by o = p everywhere, we can derive
max{w, u} =0 <w < A(f).

This is impossible.
Therefore, Theorem [1.1] follows.

4. Proof of Theorem Applying Lemma to f(z) implies the
existence of a sequence {r,} of positive numbers such that r, — oo and
rn ¢ EUF and

(4.1) meas F(ry,a) > T (rms f)llog ] 1%
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where E is the set of Lemma [2.7, and F' the set of Lemma [2.8 Put
1 1
T 2¢+ 1 T%(ry, f)[log ra]FE
Then it follows from that
q

meas (E(rn, a) N U(ai + Eny Qg1 — sn))
i=1

€n

q
> meas E(ry,a) — meas(U(ai + En, g1 — En))
i=1
> (2 + 1)e, — 2ge, = €5 > 0.
Thus there exists a j such that for infinitely many n, we have
(4.2) meas E, > e,/q,

where E,, = E(ry,a) N (0 + &p, 041 — ). We can assume that (4.2)) holds

for all n. Thus it follows from the definition of E(r,a) that

+ A ] o
|F(rpei? a)| 4

On the other hand, as in Lemma [2.7], for each j, there exists a point ¢ € E,,

such that

(4.3) log T(rn, f), VOe€E,.

A(rne™)]| ||| :
4.4 1 + [Alrn : = O(ry log® ry,).
(4.4) 8 R (e, a)] (rn’ log” )

Combining (4.3 with (4.4]) gives
4] w:
ZT(Tm f) < O(rnj 10g2 rn)'
Thus p(f) < w; < 0o, and Theorem follows from Theorem

5. Conclusion. Corresponding to the uniqueness theorems established
for meromorphic functions with shared values in an angular domain [23, [14],
we can establish their counterparts for algebroid functions with shared values
in angular domains. For example, using the methods of Zheng [23], [14] and
of this paper, we can prove the following

THEOREM 5.1. Let f(z), g(z) and a be as in Theorem[L.1] For q pairs

{aj, B} of real numbers satisfying (1.2) and (L.3), assume that f(z) and
g9(2) have 4v distinct IM shared values a; # a (i = 1,...,2v) in X =

U?Zl{z cay <argz < B If w < A(f), then f(z) = g(2).

We can also establish a result similar to Theorem corresponding to
Theorem Finally, we point out that it would be of interest to investigate
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the uniqueness of algebroid functions with shared values in an unbounded
proper subset of the complex plane.
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