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De�nable strati�
ation satisfyingthe Whitney property with exponent 1by Beata Kocel-Cynk (Kraków)Abstra
t. We prove that for a �nite 
olle
tion of sets A1, . . . , As ⊂ R
k+n de�nable inan o-minimal stru
ture there exists a 
ompatible de�nable strati�
ation su
h that for anystratum the �bers of its proje
tion onto R

k satisfy the Whitney property with exponent 1.Introdu
tion. K. Kurdyka proved (in [4℄) that for any lo
ally �nitefamily of subanalyti
 sets in R
n there exists a subanalyti
 strati�
ation of R

n
ompatible with every element of the family and su
h that all strata satisfythe Whitney property with exponent 1. The aim of our note is to prove aversion with parameter of the above theorem for an o-minimal stru
ture on
(R, +, ·).Theorem 1. Let S be an o-minimal stru
ture on (R, +, ·) and let
A1, . . . , As ⊂ R

k+n be de�nable sets in S. Then there exists a �nite de�nablestrati�
ation of R
k+n 
ompatible with the sets A1, . . . , As and su
h that forany stratum Q of this strati�
ation and any point y ∈ π(Q) the �ber Qy is(in some 
oordinate system in R

n) a de�nable 
ell satisfying the Whitneyproperty with exponent 1 (and 
oe�
ient depending only on n).In the proofs we shall use properties of the 
losure of a de�nable 
ell andextensions of de�nable fun
tions to the boundary.1. Basi
 properties of o-minimal stru
tures. In this se
tion we
olle
t some basi
 properties of o-minimal stru
tures on (R, +, ·), 
ru
ial forfurther 
onsiderations. Let us start with some de�nitions.Definition 1 ([2℄). A stru
ture S on R 
onsists of a 
olle
tion Sn ofsubsets of R
n, for ea
h n ∈ N, su
h that(1) Sn is a boolean algebra of subsets of R

n,2000 Mathemati
s Subje
t Classi�
ation: 14P15, 32B20.Key words and phrases: Whitney property, de�nable sets, o-minimal stru
ture.[155℄ 
© Instytut Matematy
zny PAN, 2007



156 B. Ko
el-Cynk(2) Sn 
ontains the diagonals {(x1, . . . , xn) ∈ R
n : xi = xj} for 1 ≤ i <

j ≤ n,(3) if A ∈ Sn, then A × R and R × A belong to Sn+1,(4) if A ∈ Sn+1, then π(A) ∈ Sn, where π : R
n+1 → R

n is the proje
tionon the �rst n 
oordinates.We say that a set A ⊂ R
n is de�nable i� A ∈ Sn. A fun
tion f : A → R

mwith A ⊂ R
n is 
alled de�nable i� its graph is de�nable.Definition 2 ([2℄). A stru
ture S on R is o-minimal i�(1) {(x, y) : x < y} ∈ S2 and {a} ∈ S1 for ea
h a ∈ R,(2) ea
h set in S1 is a �nite union of intervals (a, b), −∞ ≤ a < b ≤ +∞,and points {a}.A stru
ture on (R, +, ·) is a stru
ture on R 
ontaining the graphs of bothaddition and multipli
ation.2. Cell de
omposition and strati�
ationDefinition 3 ([1℄). Cells in R

n are de�nable sets de�ned in the followingindu
tive way:(1) The 
ells in R
1 are exa
tly points and open intervals,(2) Let C ⊂ R

n be a 
ell and let f, g : C → R be 
ontinuous de�nablefun
tions su
h that f < g on C. Then
(f, g) := {(x, r) ∈ C × R : f(x) < r < g(x)}is a 
ell in R
n+1. Also, given a 
ontinuous de�nable fun
tion f : C →

R on a 
ell C in R
n, the graph

Γ (f) = {(x, r) ∈ C × R : r = f(x)}and the sets
{(x, r) ∈ C × R : f(x) < r}, {(x, r) ∈ C × R : r < f(x)}, C × Rare 
ells in R

n+1.Definition 4 ([1℄). A 
ell de
omposition of R
n is a partition of R

n into�nitely many 
ells de�ned in the following indu
tive way:(1) A de
omposition of R
1 is a 
olle
tion of open intervals and points ofthe following form:

{(−∞, a1), (a1, a2), . . . , (ak, +∞), {a1}, . . . , {ak}}.(2) A de
omposition of R
n+1 is a �nite partition of R

n+1 into 
ells Asu
h that the set of proje
tions π(A) is a de
omposition of R
n, where

π : R
n+1 → R

n is the proje
tion on the �rst n 
oordinates.



Strati�
ation satisfying Whitney property 157In a similar way we de�ne a Ck 
ell and Ck 
ell de
omposition, by requiringthat the fun
tions in part (2) of De�nition 3 are Ck fun
tions.Proposition 2 ([2℄). Any o-minimal stru
ture S on (R, +, .) admits C1
ell de
ompositions , i.e.:(1) If A1, . . . , Ak ⊂ R
n are de�nable sets then there exists a C1 
ell de-
omposition of R

n 
ompatible with A1, . . . , Ak.(2) For ea
h de�nable fun
tion f : A → R with A ⊂ R
n there exists a 
ellde
omposition of R

n partitioning A and su
h that for every C ⊂ Ain the de
omposition the restri
tion f |C : C → R is a C1 fun
tion.Remark 3. Every o-minimal stru
ture on (R, +, ·) admits Ck 
ell de-
ompositions (for any positive integer k), i.e. the above proposition holdswith C1 repla
ed by Ck.Definition 5. We 
all a de�nable subset of R
n whi
h is a Ck submani-fold of R

n a de�nable Ck stratum in R
n.A de�nable Ck strati�
ation of R

n is a �nite partition of R
n into de�nable

Ck strata satisfying the following boundary 
ondition: for any two strata S, Tof the partition, if S ∩ ∂T 6= ∅ then S ⊂ ∂T .Definition 6. A set T de�nable in an o-minimal stru
ture satis�es theWhitney property with exponent α (
f. [5℄) if there exists a positive 
onstant
C su
h that any points p and q in T 
an be joined by a de�nable 
urve γwith length(γ) ≤ C|p − q|α.3. Angle between linear subspa
esDefinition 7. The angle between a linear subspa
e X and a line P in
R

n is the number
δ(P, X) = inf{sin(P, S) : S a line in X}where sin(P, S) denotes the sine of the angle between the lines P and S.The angle between linear subspa
es X and Y in R

n is the number
δ(Y, X) := sup{δ(P, X) : P a line in Y }.If Y = 0 we put δ(0, X) = 0.Remark 4 ([4℄).(1) If dimX = dim Y then δ(X, Y ) = δ(Y, X).(2) If dimX ≤ dim Y ≤ dim Z then δ(Z, X) ≤ δ(Z, Y ) + δ(Y, X).(3) Let G(k, m) be the Grassmannian of k-dimensional subspa
es in R

m.The mapping G(k, m) × G(k, m) ∋ (X, Y ) 7→ δ(X, Y ) ∈ R is 
ontin-uous and semialgebrai
.
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el-Cynk(4) For any α > 0 there exists M > 0 su
h that if δ(P, X) > α for somelinear hyperplane X and a line P then X is the graph of a linearmap φ : P⊥ → P satisfying ‖φ‖ ≤ M .Lemma 5 ([4, Lem. 3℄). For any nonnegative integers r, n there exist
ε, m > 0 su
h that for any hyperplanes X1, . . . , Xr in R

n there exists a line
P su
h that for any hyperplanes Y1, . . . , Yr satisfying δ(Xi, Yi) < ε we have
δ(P, Yi) > m.4. Closure of a 
ell. The 
losure of a de�nable 
ell is also de�nable.In this se
tion we shall give a des
ription of the 
losure of a 
ell. We shall
onsider separately 
ells of graph and band types.Example 6. Consider the following 
ell of graph type in R

3:
Q = {(x, y, z) : 0 < x < 1, 0 < y < 1, z = x/y}.The 
losure Q of Q is not a graph, its �ber over any point from the 
losureof the proje
tion of π(Q) = [0, 1]2 di�erent from (0, 0) 
onsists of one point,whereas the �ber over (0, 0) is the half-line [0,∞).We shall show that for any 
ell of graph type the set of points over whi
hthe �ber of the 
losure is in�nite has small dimension.Lemma 7. Let f : Q → R be a 
ontinuous de�nable fun
tion de�ned ona 
ell of dimension d in R

n. There is a de�nable set Z ⊂ ∂Q of dimension
≤ d − 2 su
h that f has a 
ontinuous extension to Q \ Z.Proof. Let Z := {x ∈ ∂Q : limy→x, y∈Q f(y) does not exist}. To provethat dim Z ≤ d − 2, assume to the 
ontrary that Z 
ontains a 
ell W ofdimension d − 1. The boundary of the graph of f has dimension smallerthan d, so the set of points in the 
losure of Q for whi
h the �ber of the 
losureof the graph is in�nite (i.e. the fun
tion has in�nitely many a

umulationpoints) has dimension smaller than d − 1.Using the 
ell de
omposition we may assume that at any x ∈ Z thefun
tion f has �nitely many a

umulation points and that the de�nablefun
tions lim supy→x, y∈Q f(y) and lim infy→x, y∈Q f(y) are 
ontinuous on Z.Fix x0 ∈ Z and set a = lim supy→x0, y∈Q f(y), b = lim infy→x0, y∈Q f(y).There exist numbers c ∈ (a, b) and e > 0 su
h that |f(y) − c| > e in aneighborhood of x0 in Q. Let Q1 ⊂ Q be a 
ell su
h that Q1 is a neighborhoodof x0 in Q and |f(x) − c| > e on Q1. This 
ontradi
ts the 
onne
tednessof Q1.If

Q = {(x, xn) ∈ R
n−1 × R : x ∈ Q1, f(x) < xn < g(x)}is a 
ell of band type then

Q = Q ∪ graph f ∪ graph g ∪ (Q ∩ (∂Q1 × R)).



Strati�
ation satisfying Whitney property 159The 
ell Q is �bounded from below and above� by 
ells of graph type,
graph g and graph f , whi
h we shall 
all the top and bottom de
ks of Q. The
losure Q of Q is bounded by the 
losures of the top and bottom de
ks.In the 
ase of 
ells of band type with only one de
k or without a de
k the
losure is des
ribed similarly.Lemma 8. Under the assumptions of Theorem 1, for any ε > 0 thereexists a 
ell de
omposition T of R

k × R
n 
ompatible with A1, . . . , As andsatisfying the following 
onditions:(1) for any 
ell Q ∈ T su
h that dim Qy = n − 1 and any points

(x′, y′), (x′′, y′′) ∈ Q we have
δ(Tx′Qy′ , Tx′′Qy′′) < ε,(2) for any 
ell Q ∈ T su
h that dim Qy = n for some y ∈ πQ thereexist 
ells B1, . . . , Bp ∈ T (p ≤ 2n) su
h that dim (Bi)y = n − 1,

(Bi)y ⊂ Qy \ Qy and the set ∂Qy \ ⋃
(Bi)y is a �nite union of 
ellsof dimension ≤ n − 2.Proof. We use indu
tion on n.There exists a 
ell de
omposition of R

k ×R
n 
ompatible with A1, . . . , Asand su
h that the 
orresponding de
omposition of R

k × R
n−1 satis�es theassertion of the lemma. Consequently, 
ondition (1) holds for any 
ell of bandtype. For any 
ell Q ⊂ R

k ×R
n su
h that dimQy = n−1 and Qy is of graphtype 
onsider the map

Q ∋ (x, y) 7→ TxQy ∈ G(n − 1, n).Sin
e this map is de�nable we 
an assume, after re�ning the de
ompositionin R
k×R

n−1, that 
ondition (1) holds for any 
ell Q su
h that dimQy = n−1and Qy is of graph type.Fix a 
ell Q su
h that Qy is an open 
ell. Clearly Q is of band type, so
Q = {(y, x) ∈ Q1 × R : f(y, x1, . . . , xn−1) < xn < g(y, x1, . . . , xn−1)}where Q1 is the proje
tion of Q onto R

k × R
n−1.By Lemma 7 there exists a de�nable subset Z ⊂ ∂Q1 su
h that for any ywe have dimZy < n − 2 and the fun
tions f(y, ·) and g(y, ·) extend 
ontin-uously to (∂Q1 \Z)y. After re�ning we may assume that the de
ompositionof R

k × R
n−1 is 
ompatible with Q1, Q1 and Z and satis�es the assertionsof the lemma.We have 
onstru
ted a 
ell de
omposition of R

k × R
n su
h that

• for any 
ell Q of this de
omposition su
h that Qy is of graph typeand dimQy = n − 1 
ondition (1) holds,
• for any 
ell Q su
h that Qy is open,

Q = {(y, x) ∈ Q1×R : f(y, x1, . . . , xn−1) < xn < g(y, x1, . . . , xn−1)},
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el-Cynkthere exist de�nable 
ells B̃1, . . . , B̃p su
h that (B̃i)y ⊂ ∂(Q1)y and
(∂Q1)y \

⋃
(B̃i)y is a union of 
ells of dimension < n−2 and the fun
-tions f(y, ·), g(y, ·) have 
ontinuous extensions f̃(y, ·), g̃(y, ·) onto

(Q1)y ∪
⋃

(B̃i)y.Put
Bi = {(y, x) ∈ R

k × R
n : (y, x1, . . . , xn−1) ∈ B̃i,

f̃(y, x1, . . . , xn−1) < xn < g̃(y, x1, . . . , xn−1)}for i = 1, . . . , p, and
Bp+1 = graph f, Bp+2 = graph g.Clearly (B1)y, . . . , (Bp+2)y are 
ells of dimension n − 1, and p + 2 ≤ 2n.We now show that dim(∂Qy \

⋃
(B̃i)y) < n − 1. Assume that ∂Qy \

⋃
(B̃i)y
ontains a 
ell C of dimension n − 1; we 
an assume (after re�ning thede
omposition) that C is a 
ell of the de
omposition. If C ⊂ (Bp+1)y ∪

(Bp+2)y then by Lemma 7 we would get C ⊂ (Bp+1)y or C ⊂ (Bp+2)y,
ontrary to our assumptions. Consequently, C ∩
(
(Bp+1)y ∪ (Bp+2)y

)
= ∅.This means that the proje
tion of C onto R

n−1 is 
ontained in one of thesets (B̃i)y, i = 1, . . . , p. But then C ⊂ (Bi)y ∪ graph g̃|(B̃i)y ∪ graph f̃ |(B̃i)y,whi
h 
ontradi
ts the 
hoi
e of C.Lemma 9. Let A ⊂ R
k × R

n be a de�nable set and let d := maxdimAy.For any ε > 0 there exists a 
ell de
omposition T of R
k × R

n 
ompatiblewith A su
h that for any 
ell Q of T satisfying dim Qy = d and any points
(x′, y′), (x′′, y′′) ∈ Q we have

δ(Tx′Qy′ , Tx′′Qy′′) < ε.Proof. The proof is similar to the proof of (1) in Lemma 8.5. Proof of Theorem 1. We shall prove the theorem using indu
tionon n. Sin
e in R every 
ell is a point, segment, half-line or line, the theoremis obvious for n = 1.We shall 
onstru
t a sequen
e Ti of de�nable strati�
ations 
ompatiblewith sets A1, . . . , As and su
h that for ea
h stratum Q ∈ Ti with dimQ >
n+k− i and any point y ∈ π(Q) the �ber Qy is a 
ell satisfying the Whitneyproperty with exponent 1. We 
an take as T0 any de�nable strati�
ation
ompatible with A1, . . . , As. Then Ti+1 is 
onstru
ted by re�nement of stratafrom Ti of dimension at most n + k − i.Using Lemmata 8 and 9 it is enough to prove that for any 
ell Q satisfyingthe assertions of the lemma there are subsets Q1, . . . , Qr ⊂ Q su
h that
dim(Q \⋃

i Qi) < dimQ and for any point y ∈ π(Qi) the �ber (Qi)y is a 
ellsatisfying the Whitney property with exponent 1.
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Case I. If dimQy = n (i.e. Qy is an open 
ell in R

n) then there exist
ells B1, . . . , Bp (p ≤ 2n) su
h that
• for any points (x′, y′), (x′′, y′′) ∈ Bi we have

δ(Tx′(Bi)y′ , Tx′′(Bi)y′′) < ε,

• dim (Bi)y = n − 1,
• ∂Qy \

⋃
(Bi)y is a �nite sum of 
ells of dimension ≤ n − 2.By Lemma 5 there exists a line L in R

n su
h that for any point (x, y) ∈ Q wehave δ(L, Tx(Bi)y) > α, where i = 1, . . . , p, and α is a 
onstant dependingonly on n. Changing 
oordinates in R
n we 
an assume that L is the xn-axis.Every 
ell (Bi)y is lo
ally the graph of a de�nable fun
tion with derivativebounded by a 
onstant Mn depending only on n.Using 
ell de
omposition and the indu
tive hypothesis we get a 
ell de-
omposition C of R

k × R
n 
ompatible with Q and Bi su
h that the indu
edde
omposition C1 of R

k × R
n−1 satis�es the assertion of the theorem. Let

C̃ be a 
ell de
omposition of R
k × R

n given by the 
ell de
omposition C1 of
R

k × R
n−1 and the sets Bi (this means that for any 
ell of C̃ its proje
tionis an element of C1, and ea
h 
ell of graph type is a subset of some Bi).For any 
ell K ∈ C̃ of graph type su
h that dimKy = n − 1 we have

Ky ⊂ (Bi)y for some i, and so Ky is the graph of a fun
tion with derivativebounded by the 
onstant Mn and de�ned on some 
ell in R
n−1 satisfying theWhitney property with exponent 1 and 
oe�
ient Ln := Ln−1

√
1 + M2

n−1depending only on n.Consequently, ea
h 
ell K ∈ C̃ satis�es the Whitney property with expo-nent 1 and 
oe�
ient depending only on n be
ause its proje
tion and de
kssatisfy the Whitney property.Let Q1, . . . , Qr be 
ells of the de
omposition C̃ su
h that dim (Qi)y = nand Qi ∩ Q 6= ∅. Clearly dim(Qy \
⋃

i(Qi)y) ≤ n − 1 and (Qi)y satis�es theWhitney property with exponent 1 and 
oe�
ient depending only on n. Sin
e
∂Qy \

⋃
(Bj)y is a �nite sum of 
ells of dimension ≤ n − 2 and Qi ∩ Bj = ∅we get Qi ⊂ Q.

Case II. If d = dimQy < n then there exists a line L in R
n su
h that

δ(L, TxQy) ≥ 1 − ε for any (x, y) ∈ Q. After a 
hange of variables in R
n we
an assume that L = (x1 = · · · = xn−1 = 0). Then every Qy is the graphof a C1 fun
tion with derivative bounded by an arbitrarily small positive
onstant (depending on ε) de�ned on the set Q̃y, where Q̃ is the proje
tionof Q onto R

k × R
n−1.Applying the indu
tive hypothesis we 
an �nd Q̃1, . . . , Q̃r ⊂ Q̃ whi
hare de�nable 
ells satisfying the Whitney property with exponent 1 and
oe�
ient depending only on d, and su
h that dim(Q̃ \ ⋃

i Q̃i) < dim Q̃.Now, put Qi = Q ∩ (Q̃i × R).
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