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The effect of rational maps on polynomial maps

by PIERRETTE CASSOU-NoGUES (Talence)

Abstract. We describe the polynomials P € Clz,y] such that P(1/v", Ajo™ +
Ao + 4 Apy_™mTD 4 V" k) € Clv,w]. As applications we give new ex-
amples of bad field generators and examples of families of polynomials with smooth and
irreducible fibers.

Let P(x,y) € C[z,y]. Suppose that [1,a,0] is a point at infinity of P.
Then there exist rational maps

¢:C*\{v=0} = C* (v,w) > (z,y),
r=1/v%  y=wo/v* +wi /o 4+ .+ w/v*TE,
with 6 € N and « € Z such that
Qi(v,w) =Po¢p—teClv,uw|.

For example, if P(x,y) = 22443, then P(1/v3, —1/v?>+wv*)—t = —t+3w—
3w?vl+w3v!?, and if P(x,y) = 22y+z, one has P(1/v, —v+wv?)—t = —t+w
and P(wv,1/v?) —t = —t + w? + wv. Let us write

Qi(v,w) = —t + go(w) + q1(w)v + ... + gn(w)v™.

One says that the polynomial P is not good if there exists a map ¢ such that
qo is zero or has degree strictly greater than one. In this case, the critical
values at infinity of P are the roots of the discriminant of go(w) —t if go # 0,
and 0 otherwise. The polynomial P(z,y) = 2%y + z is not good and 0 is a
critical value at infinity.

The study of these polynomials is very important. In particular, the
generically rational polynomials which are not of simple type, the polyno-
mials with only smooth and irreducible fibers which are not variables, po-
tential counterexamples to the jacobian conjecture, are to be found among
non-good polynomials.
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22 P. Cassou-Nogues

In order to better understand the polynomial P, we will study the poly-
nomial @). It often happens that the polynomial () is very simple. Moreover,
one can reconstruct P from Q.

In this article we will study the map ¢ given by

r=1/0"  y=Aw" + A 4 . A" MY pnmRy

where n, m, k are natural numbers such that £ < n. We show how to recog-
nize polynomials P such that Po ¢ = @Q € C[v,w] and also the polynomials
@ which have this property. This is inspired by Peretz [P], who studied
the case n = 1. We will also give some applications of the main theorem.
More applications will be the aim of forthcoming papers, in particular to
study generically rational polynomials and polynomials with smooth and
irreducible fibers.

I began this work at the University of Melbourne. I want to thank the
members of the Maths Department for their warm hospitality.

I also want to thank the organizers of POLY99 for inviting me to this
very nice conference.

I. MAIN THEOREM

THEOREM 1. Let n,m,k be natural integers such that k < n and let
P(z,y) € Clz,y]. Let p(z,y) = 2™ty — Aja™ 2 — ... — A,,_1. Then the
following assertions are equivalent:

(i) P(1/v", Ayv™ + ...+ Ay o™= 4ymm=ky) € Clo, w),

(ii) P(x,y) € Cly,zy, 2%y — Ay, ..., 2" ty—Aja™ 2 — .. — A _ox, . ..
ooy wlip(a,y)i L] where (hi,7;) Tuns through

N = {(hi, ) e N? |1<r;<n, 0<h; <n-—k, (n—k)r;—nh; >0}.
THEOREM 2. (i) If one of the assertions of Theorem 1 is true, let
P(1/0™, A" + ..+ Ay 10" MY "Ry = Q (v, w),

then Q(v,w) is in C[... o(=Rri=nhigri A oo R, L A+
oo A=Y nm=kyl where (hy, ;) Tuns through N.

(ii) Conversely, if Q(v,w) is in C[...,o=Rri=rhigri A 0" 4
vk, A+ Ao D v~k then setting

p Ry
and
Azv™ + ...+ Am_lv”(mfg) + (=2 =k, x2y — Az — Ao,
Agv™ + ..o+ A,y o2 grm=) =k, xy — Aq
one gets a polynomial P(x,y) € Clx,y] such that
P(1/o™, Ajo"™ + ...+ Apy_ 10" MY Ry € Clo, w].
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One has to prove that in Theorem 1, (i) implies (ii). The rest is easy.
We use R. Peretz’ ideas [P]. Let P(x,y) € Clx,y] satisfy condition (i) of

Theorem 1,
z,y) = Zai,j:z:iyj_
Let
T,y) = Z a; jx'y’ and P_( Z aijz'y.
0<i<s 0<j<i
Then
Py (1/0™, Ajo™ + ..+ Ao o™ gnm k)

= Z CLLj'l)n(j_i) (A1 4+ ...+ Am,ﬂ)n(m_m + vn(m—l)—kw)j'
0<i<j

It follows that
Py (1/o™, A" 4 ..+ Ay 10" 4" Ey) € Clo, w).
Moreover,
z,y) = Z a; ja'y’ = Z a; j(zy) 'y’ "
0<i<j 0<i<j

Then Py (z,y) € Cly, xy]. Since P and P, satisfy condition (i), so does P_.
Moreover,

P*(]'/Una Al + ...+ Amfl’l)n(m_l) + Unm—k;w)
= Z CLLJ‘U"(j—i) (Al + ..+ Amilvn(m—z) + ’Un(m_l)_kw)j

0<j<i

J .

_ J
0<j<i 11=0

X A{*llvn(j*i)Jrnll (As + ... _{_Am_lvn(mf?)) +Un(m72)7kw)l1

> w3 5 (0 ()

0<j<i 1,=0

XA{fll Al'm 2— lm 1 n(j ’L+l1+ Jrlm 2)+(n k)lm 1wlm_1'

m—1

Since P_ satisfies condition (i), one has n(j—i+l1+...4+ln—2)+(n—k)lmn—1
> 0. Let

Q—(v,w) = P_(l/vn“Al +..+ Am_lvn(mfl) _|_Unmfkw)‘
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j l'm—2 .
I—
Q_(v,w) = Z ai,jz... Z (g)(lm 2)
ni/(nm—k)<j<i 11=0 lm—1=0 m—1
XA{_ll Alm f lm 1 TL(] ’L+l1+ +lm 2)+(n k)lm 1wlm,1

where the [;’s satisfy n(j —i+ 11 + ... + lpm—2) + (n — k)1 > 0. Write
Q- (v,w) = QL (v,w) + Q* (v, w) such that

QL (v,w) = > @i,

ni/(nmfk)<j<i

m—3 j—l lm—3—lm—2
$3 Z <> ( )Al Al
=0 m 2

n(]71+l1+...+lm,2)

1n 2

y Z <m 2>Am 2—lm—1 (n k)l — 1ptm—1

7n1 =0

where the summation over [;, i € {1,...m —2}, is taken for j —i+1; +...+
lym—o >0, and

J lin—3
Q%(va): Z aiij"' Z

ni/(nm—k)<j<i 11=0 lm—2=0

,j lm—3 lm—2
X > () (o))
lm—12(n/(n=k))(i—j—li—...~lm—2)

X A{_ll Alm—S*lm—Q

m—2

l7 — _l L — | —1 — _ m—
XAm:L—f m 1vn(1 i+l 4l 2)(1)" kw)lm 1

where the summation is over the I;’s, i € {1,...,m — 2}, such that j —
i+l + .o+l < 0. In Q% (v,w), replace v™" by x and v Fw by
™y — A2 — . — A,,_1 = p(x,y). One gets a polynomial
1n 3
Play)= > aiy Z >
ni/(nm—k)<j<i 11=0 lm—2=0
% Z j o lm73 lm72
o l lm72 lmfl
Ilm—12(n/(n=k))(i—j—l1—...—lm—2)
XA'{_ZI . A’l’;{n S le QAT:;L f lm lxl _] l1 . l-m_gp(l, y) m— 1

the sum being taken over the [;’s, i € {1,...,m — 2}, such that j —i +
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ll+...+lm,2 < 0. But lm,1 > (n/(n—k))(z’—j—h—...—lm,g) >
1—j7—11—...—l_o. Write
i—j—ll—...—lm,gz(n—k)q—l—h

with h < n —k, and l,,—1 = ng + r. One has nh < (n — k)r. Then

g (g )t = (@ p(, )" 2" (e, )

If » < n, the pair (h,r) is in N. If » > n, we write 2"p(x,y)" = 2p(z, y)" x
p(z,y)"~". Then P?(x,y) € Cly, zy, 2%y — Az, ..., 2™ ly—Ajg™ 2 —.. . —
Aoz, ..., x"p(z,y)™,...] where (h;,r;) runs through N.

Now we come back to

Qw = > ay

ni/(nmfk)<j<i

Iy
()

11=0
n(J71+l1+..-+lm—2)

2 7n 2~ l'm 1 (n k‘)l—m 1 lm—l

m 1= =0

the summation being taken over the [;’s, i € {1,...,m — 2}, such that
j—it+lhL+...+lp_o>0. Then

Qw = > ay

ni/(nm—k)<j<i

B O

11=0

Un(]fz+l1+...+lm_2)(Am_1 + ,Unfkw)lm_z’

the summation being taken over the l;’s, i € {1,. — 2}, such that

j—i+h+...+lp_2>0. Agamwespthl(vw) Q ( w)+ Q" (v, w)
Where

Qlil(va w) = Z aj,j

ni/(nm—k)<j<i

A L
X zj: Z_ (?) <Zm4>Ag1'—zl L Abm=a—ine

lm73
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lm73 l
) Gt § <m—3)

ln—
Im—2=0 m=2

lm—37lm—2 lm, —k lm7
X AS 2 (A g 0" w) 2,

the sum being taken over the l;, i € {1,...,m — 3}, such that j —i +1; +
...+1ly_3 >0, and

J ln—a
Q1—72<’U7w) - Z @i,j Z e Z

ni/(nm—k)<j<i 11=0 lin—3=0
. l s
. l lm72
l7n—227'_.]_l1_“‘_l’m—3

j—1 s =lm—2, n(j—itli+...4lm_ —k Nl —
XA VAT 2prl—ithtetlm—z) (g | 4y Ryp)lm-2

the summation being taken over the l;, ¢ € {1,...,m — 2}, such that j —i+
li+...+1n_3 <0.Replace v™" by x and A4,,,_1 +oFw by p(z,y)+ Am-1.
Then

vn(]71+l1++lm,2)(Am_1 + ,U’nfkw)lmfz

= xi_j_ll_“'_lm*(a;m_zy T Am,g)lm”.
We write
xl_]_ll_ _l7n—3 (l‘m_Qy — .. = Ami )lrn—2
— p(x’ y)z_]_ll__lrn—S(l;m_zy _ = Am_z)lnL—Q_(i_j_ll_--'_l'rn—S)‘

Step by step, the result follows.

REMARK. In the case where n = 1, D. Wright [W] studied Spec(A) for
A =Cly,zy,z%y — Az, ..., 2™ty — Aja™ 2 — . — Ay oz, ...,

xmy — Al.f(}mil — ... Am_lfI,'].

II. APPLICATIONS

1. First we will study a simple case of a map ¢ which is already famous.
Let us consider the map

¢:C*\{v=0} —C? (v,w)— (1/0% —0v? +v3w).
Applying Theorem 1, one knows that @ = P o ¢ € C[v,w] is equivalent to
P(z,y) € Cly, zy, z(zy + 1)?] and Q(v,w) € Clw?, vw, v3w — v?]. One goes
from @ to P replacing w? by z(zy + 1)2, vw by 2y + 1 and v3w — v? by y.
This map occurs in two well known examples.
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(a) Briangon’s example. Briangon’s example [ACL]| is the first known
one of a polynomial with smooth and irreducible fibers. It is defined by

s=xy+1, p=sr+1, u=s>+y,
f=p*u+aips+ags+t

with ap = —1/3 and a; = —5/3. Let us consider f depending on the param-
eters ag and a1. One sees that s, ps and p?u belong to Cly, zy, z(zy + 1)2].
Then f1(v,w) = f(1/v2, —v? + v3w) € C[v, w] and

fi(v,w) = v3w+ (3w? — v+ (ayw +apw + 3w® —2w)v+w* —w? +t+a;w?

One sees that f is a non-good polynomial with critical values ¢ = 0 and
t = (a; — 1)?/4. Tt also has 2 critical points. Let us consider the rational
map ¢1, of degree two,

(CZ \ {1)1 = wl} — (CZ \ {U - 0} i) CZ: (vlvwl) = (’U,’U)) = (J},y),

where ¢ is the automorphism v = v1 — wy, w = w1.
Define fo(v1,w1) = f1 0o. Then

fa(vi,wy) = v:l)’wl — v% + (ap + ay)viwy — aow% +t.

This polynomial is non-degenerate and commode, hence it is tame [B]. It
has no critical values at infinity; its global Milnor number is 5 and can be
computed using Kouchnirenko’s theorem. One singular point is (0, 0), which
lies on v; = wy and is sent to infinity by ¢1, and four others are sent to the
two critical points of f. To get rid of these two critical points one has to put
the four critical points of fs on the line v; = w;. This gives two possible
values ag = —1/3, a; = —=5/3 and a9 = —1/9, a1 = =7/9.

It is easy to see that f = c is an irreducible fiber if and only if f = ¢
is not divisible by a power of x and fy = c is not divisible by a power of
v1 — wi. Then the irreducibility of all the fibers f = c is very easy to check.

Starting with fa, using the automorphism v = v; —w$, w = w, which is
an automorphism of Cl[w?,vjwy,v + viwi], and replacing w? by
z(xy + 1)2, viw; by xy + 1 and viw; — v? by y, one gets a new polyno-
mial of degree 15. Now if we send the critical points of fs to the curve
v1 = w3, we will again get a polynomial with smooth and irreducible fibers.
This can be achieved with ag = —1/4, a; = /3 — 1/4.

The other example we want to discuss is due to Pinchuk.

(b) Pinchuk’s ezample. Pinchuk [Pi] found an example of a map (f,g)
from R? to R? whose jacobian does not vanish in R? and which is not
injective. The two polynomials f and g satisfy

(x) fi= ]‘“(1/1}2,112 —1—11310) € Clv,w], g1 = g}(l/z}2,212 +v3w) € Clv,w).
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Using again the automorphism

one gets
fa =% + 3w + vw,
g2 = — T5w'v® — 2700°w® — Lw (1460w + 75w )v*

— 1w (300w? 4 680)v® — 1w (392w — 24w?)v? + 8wy — w.

The jacobian of the rational map is 1, hence the jacobian of (f2, g2) is also a
sum of squares. But the two polynomials fo and g, have a critical point at
the origin (because they belong to Clw?, vw, v? + v3w]), thus their jacobian
vanishes at the origin. This proves two things: first we will never get a
jacobian equal to 1 starting with a map satisfying (), and, as the jacobian of
(f2, g2) always vanishes, there exists a real sequence (x, yx) going to infinity
such that the jacobian of (f, g) goes to 0 as k — oo. This is compatible with
Conjecture 2 of [CM].

REMARK. Peretz, as well as Wright, uses the ring Cly, zy, x>y-+z] instead
of Cly,zy, x(xy + 1)?] which is contained in the previous one. In fact, the
ring which appears in Theorem 1 is contained in the ring A = Cly, zy, 2%y —
Az, .. 2y — Aye™t — ... — A,,_17] studied by Peretz and Wright, for
which Wright [W] settled Conjecture 3.2, which says that there is no pair of
polynomials in this ring with non-zero constant jacobian. Wright proved the
conjecture in the case where A is non-zero. There are non-good polynomials
which are not contained in any of the rings studied by Wright. An example
is Jan’s polynomial [J]:

f=ax(xy® + 1) + y(2?y + 1)® — 21%)° + 4oy + 622y
+ 19232 + 82%y% + 362°y% + 3427y* + 162%°.

2. Bad field generators. A field generator is a polynomial whose
generic fiber is rational (a generically rational polynomial). If f is a field
generator, there exist g € C(z,y) such that C(f,g9) = C(z,y). One says
that f is a bad field generator if there does not exist g € C[xz,y] such that
C(f,g9) = C(x,y). One can recognize that a polynomial f is a bad field gen-
erator by the fact that the generic fiber is rational and for any rational map
¢ such that Q@ = f o ¢ € Clv,w],

Q(v,w) = qo(w) + qr(w)v + ... + gn(w)v",

the polynomial ¢y has degree strictly greater than 1 if it is not zero. Until
now, two examples of bad field generators have been known. The first one
was discovered by Jan [J]; its degree is 25. Later Russell [R] found an example
of degree 21 and showed that this is the lowest possible degree. Let us build
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new examples, based on Russell’s. Start with
Q(v,w) = w? + v?w? + vw + t.

Then Q € Clw?, vw, —v3 + v*w]. Consider the two automorphisms of this
ring w = wy —vi,v = vy (we get Q1) and w; = wa, v = Vo +w§+3k. Let Qo
be the compositum. Now if we replace —v3 +v3ws by y, vows by xy — 1 and
wj by z(ry—1)3, we get a polynomial f which is a bad field generator. (The
case k = 0 is Russell’s polynomial.) To see this, it is useful to look at the
splice diagrams at infinity of the fibers of the polynomials occurring here.
Splice diagrams are explained in [N]; they give a picture of the branches at
infinity of a curve. The splice diagram at infinity of the generic fiber of Q) is

GG
2
®

The splice diagram at infinity of the generic fiber of @ is
GO
2
®

The splice diagram at infinity of the generic fiber of Q4 is

@ @

which shows that the polynomial f is a bad field generator.

3. Families of polynomials with smooth and irreducible fibers.
In [ACL] one can find infinitely many polynomials with smooth and irre-
ducible fibers. But no family of such polynomials is presented there. Now
we give examples of such families.
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Let us first find a family in degree 9. We start with
f=0%w+ a1v + Ayow + Asw + Agw?® +t

where a; and Az are non-zero. The polynomial f is commode and non-
degenerate, we have p = 3. We will put the three critical points on the line
v = w + ag. This is easy to do, because the critical points satisfy

(1) (2U+A1)(U2+A1’U—|—A2) —2a1A43 =0,
(2) 2A3w + v* + Ajv + Ay = 0.
If all the critical points are on the line v = w + a9, all the roots of P :=
(2v+A1)(v2+Ajv+As) —2a1 Az are roots of Q := 2A3(v—az)+v%+A1v+As.

If P=@Q1Q with @1 dividing @), the condition is satisfied. In fact, it is the
only possibility which ensures a; non-zero. We get

a; = —1614%, Al = —2a9 — 4A3, Ay = CL% + 4as Az — 8A§
Now we consider fi(v,w) = f(v—w — az,w) and
F(':Ca y) = fl(l/xa 952?/ - CLle)-

Then the polynomial F' is a polynomial of degree 9 with smooth and irre-
ducible fibers:

F = a5y3 + 48252 A2 + (—3A3y* + 768y A3)x?
+ (4096 AS + 2y% — 96 A3y)a® + (40y A2 — T68A3)x?
+ (12843 — 4Azy)z — 16A3ay +y — 64A3.
One notices that F' only depends on As.
Now one can also put the critical points on the curve v = w? + w + as.
It is easier because now the condition is that the polynomial P divides the
polynomial @ = (v? + Ajv + A2)? — 2A35(v? + A1v + Az) + 4A4%a3. One
gets a; = 443, Ay = —2as, As = 2a3A3 + a3. Now we consider f;(v,w) =
f(v—w? —w—az,w) and

F(z,y) = fi(1/z, 2%y — a1x).
The polynomial F' is of degree 15 with smooth and irreducible fibers:
F =205 — 202%* A3 4 (160y° A2 4 2y*)2®
+ (—32y° A3 — 640y% A3)x" + (y® + 192y% A3 + 1280y A3)a"
+ (2y® — 512y A3 — 12y% A3 — 1024 A3)2°
+ (48y A2 — 19y* Az + 512A43)x* + (56y A3 — 6443 4 2y%)x®
+ (—10yAs — 48A43)x* + 8A3z + 4a2A43 + y.

Again it only depends on A3. More examples of polynomials satisfying The-
orem 1 can be found in [CN].
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