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On in�nitesimal automorphisms of foliated manifoldsby Jan Kurek (Lublin) and Włodzimierz M. Mikulski (Kraków)
Abstrat. Let F : Fol → FM be a produt preserving bundle funtor on the ate-gory Fol of foliated manifolds (M,F) without singularities and leaf respeting maps. Wedesribe all natural operators C transforming in�nitesimal automorphisms X ∈ X (M,F)of foliated manifolds (M,F) into vetor �elds C(X) ∈ X (F (M,F)) on F (M,F).Introdution. The lass of produt preserving bundle funtors on theategory Fol of foliated manifolds without singularities and their leaf re-speting maps is a wide lass of bundle funtors. For example, the normalbundle funtor N : Fol → FM sending foliated manifolds (M,F) to theirnormal bundles N(M,F) and leaf respeting maps f : (M1,F1)→ (M2,F2)to the indued maps N(f) : N(M1,F1)→ N(M2,F2) is produt preserving.More generally, for any Weil algebra A the bundle funtor Ã : Fol → FMof transverse A-points sending foliated manifolds (M,F) to their bundles

Ã(M,F) of transverse A-points in the sense of [5℄ and leaf respeting maps f :

(M1,F1) → (M2,F2) to the indued maps Ã(f) : Ã(M1,F1) → Ã(M2,F2)is produt preserving. Also, the usual Weil bundle funtor TA :Mf → FMon manifolds an be onsidered as the produt preserving bundle funtor
TA : Fol → FM satisfying TA(M,F) = TAM for any foliated manifold
(M,F). In partiular, the tangent bundle funtor on manifolds an be on-sidered as the produt preserving bundle funtor T : Fol → FM satisfying
T (M,F) = TM for any foliated manifold (M,F). In [3℄, the seond au-thor desribed all produt preserving bundle funtors on the ategory Fol interms of Weil algebra homomorphisms. He dedued
Theorem A ([3℄). There is a bijetion between the isomorphism lassesof produt preserving bundle funtors on Fol and the isomorphism lasses ofWeil algebra homomorphisms.2000 Mathematis Subjet Classi�ation: 58A05, 58A20.Key words and phrases: foliated manifolds, (produt preserving) bundle funtors, nat-ural operators, vetor �elds, in�nitesimal automorphisms of foliated manifolds.[1℄ © Instytut Matematyzny PAN, 2007
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Theorem B ([3℄). Given two produt preserving bundle funtors on Folthere is a bijetion between natural transformations of them and morphismsof the orresponding Weil algebra homomorphisms.Let (M,F) be a foliated manifold (a Fol-objet). A vetor �eld X on

M is alled an in�nitesimal automorphism of (M,F) if its �ow Exp(tX) isformed by loal Fol-isomorphisms. We denote by X (M,F) the Lie algebraof in�nitesimal automorphisms of (M,F).Let F : Fol → FM be a produt preserving bundle funtor. Let µ :
A → B be the Weil algebra homomorphism orresponding to F : Fol →
FM (Theorem A). In this paper we study the problem how an in�nites-imal automorphism X ∈ X (M,F) an indue anonially a vetor �eld
C(X) ∈ X (F (M,F)) on F (M,F). This problem is re�eted in the on-ept of natural operators C : X (M,F) → X (F (M,F)) in the sense of [2℄.(X is an in�nitesimal automorphism of F if its �ow preserves F , or equiv-alently, [X,Y ] is tangent to F for any vetor �eld Y tangent to F .) In thepresent note we expliitly desribe all natural operators C in question. Morepreisely, we have the �ow operator transforming any in�nitesimal auto-morphism X ∈ X (M,F) into a vetor �eld FX ∈ X (F (M,F)) with the�ow Exp(tFX) := F (Exp(tX)). Given a ∈ A one an de�ne anoniallyan a�nor af(a) : TF (M,F) → TF (M,F) on F (M,F) (see Setion 5).Any derivation D ∈ Der(µ) = Lie(Aut(µ)) of µ yields the orrespondingone-parameter group Dt : µ → µ of automorphisms of µ. Then (see The-orem B) we have the orresponding �ow Dt : F (M,F) → F (M,F) whihde�nes op(D) ∈ X (F (M,F)). Our main result an be stated as follows.
Theorem C. Let F : Fol → FM be a produt preserving bundle fun-tor. Let µ : A → B be the Weil algebra homomorphism orresponding to F .Let p ≥ 1 and q ≥ 1 be integers. Let Folp,q be the subategory of foliated

(p + q)-dimensional manifolds with p-dimensional leaves and their leaf re-speting loal di�eomorphisms. Any Folp,q-natural operator C transformingin�nitesimal automorphisms X ∈ X (M,F) of Folp,q-objets into vetor �elds
C(X) ∈ X (F (M,F)) on F (M,F) is of the form

C(X) = af(a) ◦ FX + op(D)for some unique a ∈ A and D ∈ Der(µ).We remark that Theorem C is a generalization of the well known resultby I. Kolá° ([1℄) on natural operators lifting vetor �elds from manifolds toprodut preserving bundles over manifolds.All manifolds are assumed to be �nite-dimensional. All manifolds andmaps are assumed to be smooth, i.e. of lass C∞. All foliations are assumedto be without singularities.



In�nitesimal automorphisms of foliated manifolds 31. Produt preserving bundle funtors on foliated manifolds.For the reader's onveniene we ite (without proofs) some fats from [3℄.We start from the following de�nitions (see e.g. [2℄).Let F : Fol → FM be a ovariant funtor. Let BFM : FM → Mf bethe base funtor and BFol : Fol→Mf be the forgetful funtor.A bundle funtor on Fol is a funtor F as above satisfying:(i) (Base preservation) BFM ◦F = BFol. Hene the indued projetionsform a funtor transformation π : F → BFol.(ii) (Loalization) For every inlusion i(U,F|U) : (U,F|U)→ (M,F) of anopen subset, F (U,F|U) is the restrition π−1(U) of π : F (M,F)→
M over U and Fi(U,F|U) is the inlusion π−1(U)→ F (M,F).Given two bundle funtors F1, F2 on Fol, by a natural transformation

ν : F1 → F2 we shall mean a system of base preserving �bered maps ν :
F1(M,F)→ F2(M,F) for every foliated manifold (M,F) satisfying F2f◦ν =
ν ◦ F1f for every Fol-morphism f .A bundle funtor F on Fol is produt preserving if for any produt pro-jetions (M1,F1)

pr1←− (M1,F1) × (M2,F2)
pr2−→ (M2,F2) (in the ategory

Fol), F (M1,F1)
Fpr1←− F ((M1,F1) × (M2,F2))

Fpr2−→ F (M2,F2) are produtprojetions in the ategory FM. In other words, F ((M1,F1)× (M2,F2)) =
F (M1,F1)× F (M2,F2) modulo (F pr1, F pr2).Some examples of produt preserving bundle funtors on Fol have beenmentioned above. Now, we present the most general example of suh a funtor.Let A be an assoiative algebra over the �eld R with unit 1. The algebra
A is alled aWeil algebra if it is ommutative, of �nite dimension over R, andif it admits a unique maximal ideal A of odimension 1 suh that Ah+1 = 0for some non-negative integer h.Let µ : A → B be a homomorphism of Weil algebras. We are going toonstrut a produt preserving bundle funtor Tµ : Fol→ FM.
Example 1 ([3℄). For a foliated manifold (M,F) and x ∈ M we de-note the algebra of germs at x of smooth maps M → R by C∞

x (M), andthe algebra of germs at x of smooth maps M → R onstant on leaves by
C∞

x (M,F). Let Tµ
x (M,F) be the set of pairs (ϕ, ψ) of algebra homomor-phisms ϕ : C∞

x (M,F)→ A and ψ : C∞
x (M)→ B suh that

(∗) ψ(uv) = µ(ϕ(u))ψ(v)for any u ∈ C∞
x (M,F) and any v ∈ C∞

x (M). Let us de�ne Tµ(M,F) =⋃
x∈M Tµ

x (M,F). Then the obvious projetion π : Tµ(M,F) → M is asmooth bundle. More preisely, for an adapted hart (x1, . . . , xq, y1, . . . , yp)on (M,F), where F is p-dimensional and M is p+ q-dimensional, we have aset of indued oordinates (x̃1, . . . , x̃q, ỹ1, . . . , ỹp) : Tµ(M,F)|U → Aq × Bp



4 J. Kurek and W. M. Mikulskisuh that x̃i(ϕ) = ϕ([xi]x) ∈ A and ỹj(ψ) = ψ([yj]x) ∈ B for any (ϕ, ψ) ∈
Tµ

x (M,F), x ∈M . (Condition (∗) implies that (ϕ, ψ) ∈ Tµ
x (M,F) is uniquelydetermined by its indued oordinates). Every Fol-map f : (M1,F1) →

(M2,F2) indues a �bered map Tµf : Tµ(M1,F1)→ Tµ(M2,F2) overing fsuh that Tµf(ϕ, ψ) = (ϕ, ψ) for any (ϕ, ψ) ∈ Tµ
x (M1,F1), x ∈ M1, where

ϕ : C∞
f(x)(M2,F2)→ A is de�ned by ϕ(u) = ϕ(u◦f) and ψ : C∞

f(x)(M2)→ Bis de�ned by ψ(v) = ψ(v ◦ f), u ∈ C∞
f(x)(M2,F2), v ∈ C∞

f(x)(M). If inadapted oordinates a foliated map is of the form f : R
q × R

p → R
q × R

p,
f(xi, yj) = (f1(xi), f2(xi, yj)) for some f1 : R

q → R
q and f2 : R

q×R
p → R

p,then in the orresponding indued oordinates Tµf : Aq × Bp → Aq × Bp,
Tµ(ai, bj) = (TAf1(ai), TBf2(µ(ai), bj)), where TA :Mf → FM is the Weilfuntor [2℄. The orrespondene Tµ : Fol → FM is a produt preservingbundle funtor. It is alled the produt preserving bundle funtor on Folorresponding to the Weil algebra homomorphism µ.
Remark 1. Let us observe that given a p-dimensional foliation F ona p + q-dimensional manifold M the bundle Tµ(M,F) admits a anonial

pdimRB-dimensional foliation Fµ π-related to F . In the indued oordinatesthe leaves of Fµ are of the form {a} ×Bp ⊂ Aq ×Bp.Let F : Fol → FM be a produt preserving bundle funtor. We aregoing to onstrut a Weil algebra homomorphism µF : AF → BF .
Example 2 ([3℄). We put AF = F (R,F ′) and BF = F (R,F ′′), where

F ′ is the 0-dimensional foliation on R and F ′′ is the foliation on R with oneleaf R. The sum mappings are given by +AF = F (+) : AF × AF → AFand +BF = F (+) : BF × BF → BF , where + : R × R → R is the summap treated as the respetive Fol-morphisms. Similarly, the multipliationsof AF and BF are obtained by applying F to the multipliation of R beingrespetive Fol-morphisms. The zero maps and the unity maps are obtainedby applying F to the zero map and the unity map of R. The homomorphism
µF : AF → BF is F (idR) : F (R,F ′) → F (R,F ′′), where idR is the identitymap of R treated as the appropriate Fol-morphism. *For example, the Weil algebra homomorphism orresponding to the nor-mal bundle funtor N : Fol→ FM (see Introdution) is the unique algebrahomomorphism κD : D → R, where D = R × R is the Weil algebra ofdual numbers ((a, b) + (c, d) = (a + c, b + d), (a, b)(c, d) = (ac, ad + bc) for
(a, b), (c, d) ∈ D). The Weil algebra homomorphism orresponding to thebundle funtor Ã : Fol → FM of transverse A-points (mentioned in Intro-dution) is the unique algebra homomorphism κA : A → R. The Weil alge-bra homomorphism orresponding to the produt preserving bundle funtor
TA : Fol → FM of A-near points (see Introdution) is the identity map
idA : A→ A.



In�nitesimal automorphisms of foliated manifolds 5The following lassi�ation proposition shows that any produt preserv-ing bundle funtor on Fol is equivalent to some produt preserving bundlefuntor as in Example 1.Proposition 1 ([3℄). Let F : Fol → FM be a produt preserving bun-dle funtor. Let µF : AF → BF be the orresponding Weil algebra ho-momorphism. Then we have an expliitly onstruted natural equivalene
ΘF : F ∼= TµF .More preisely, the equivalene ΘF : F (M,F) → TµF

(M,F) is the fol-lowing. Given a point y ∈ Fx(M,F), x ∈ M , we de�ne ΘF (y) = (ϕy, ψy),where ϕy : C∞
x (M,F) → AF , ψy : C∞

x (M) → BF , ϕy([f ]x) = Ff(y),
ψy([g]x) = Fg(y) for [f ]x ∈ C∞

x (M,F) and [g]x ∈ C∞
x (M), where f and gare treated as the orresponding Fol-morphisms. Using the respetive def-initions, ΘF (y) ∈ TµF

x (M,F). In [3℄, it is proved that ΘF : F (M,F) →

TµF

(M,F) is a di�eomorphism.
Remark 2. Let F : Fol→ FM be a produt preserving bundle funtor.By Proposition 1 we have the anonial di�eomorphism ΘF : F (M,F) →

TµF

(M,F) for any foliated manifold (M,F). It is known that TµF

(M,F)admits the foliation FµF (see Remark 1). Then F (M,F) admits the foliation
FF = (ΘF )−1FµF . Hene F has values in the ategory Fol. Therefore we anompose two produt preserving bundle funtors on Fol. This ompositionis again a produt preserving bundle funtor on Fol.The following proposition shows that any Weil algebra homomorphismis isomorphi to the Weil algebra homomorphism orresponding to someprodut preserving bundle funtor on Fol.Proposition 2 ([3℄). Let µ : A→ B be a Weil algebra homomorphism.Let F =Tµ. Then we have an expliitly onstruted isomorphism Oµ :µ∼=µFof Weil algebra homomorphisms.We reall that a morphism µ1 → µ2 of Weil algebra homomorphisms
µ1 : A1 → B1 and µ2 : A2 → B2 is a pair η of Weil algebra homomorphisms
η1 : A1 → A2 and η2 : B1 → B2 suh that η2 ◦ µ1 = µ2 ◦ η1.More preisely, Oµ : µ → µF is the pair of Weil algebra isomor-phisms Oµ

1 : A ∼= Tµ(R,F ′)→ F (M,F ′) = AF and Oµ
2 : B ∼= Tµ(R,F ′′)→

F (R,F ′′) = BF , where ∼= is the indued oordinates x̃ and ỹ (see Example 1)respetively.Let F1, F2 : Fol → FM be produt preserving bundle funtors. Let
µF1 : AF1 → BF1 and µF2 : AF2 → BF2 be the orresponding Weil algebrahomomorphisms. Let ν : F1 → F2 be a natural transformation.
Example 3 ([3℄). De�ne a morphism ην = (ην

1 , η
ν
2 ) : µF1 → µF2 of Weilalgebra homomorphisms by ην

1 = ν(R,F ′) : AF1 → AF2 and ην
2 = ν(R,F ′′) :
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BF1 → BF2 . If ν is an isomorphism, then so is ην . We all ην the morphismof Weil algebra homomorphisms orresponding to ν.Let µ1 : A1 → B1 and µ2 : A2 → B2 be Weil algebra homomorphisms.Let η = (η1, η2) : µ1 → µ2 be a morphism of Weil algebra homomorphisms.
Example 4 ([3℄). Given a Fol-objet (M,F) de�ne a base preserving�bered map νη : Tµ1(M,F) → Tµ2(M,F) by νη(ϕ, ψ) = (η1 ◦ ϕ, η2 ◦ ψ),

(ϕ, ψ) ∈ Tµ1

x (M,F), x ∈ M . The family νη : Tµ1 → Tµ2 is a naturaltransformation. If η is an isomorphism, then so is νη. We all νη the naturaltransformation orresponding to ν.Summing up we have the following objet lassi�ation theorem orre-sponding to Theorem A.Theorem 1 ([3℄). The orrespondene F 7→ µF indues a bijetive orre-spondene between the equivalene lasses of produt preserving bundle fun-tors on Fol and the equivalene lasses of Weil algebra homomorphisms. Theinverse orrespondene is indued by the orrespondene µ 7→ Tµ.Let F1 and F2 be two produt preserving bundle funtors on Fol. Let
µF1 : AF1 → BF1 and µF2 : AF2 → BF2 be the orresponding Weil algebrahomomorphisms.Lemma 1 ([3℄). Let η = (η1, η2) : µF1 → µF2 be a morphism of Weilalgebra homomorphisms. Let ν [η] : F1 → F2 be a natural transformationgiven by the omposition F1

ΘF1

−−→ TµF1 νη

−→ TµF2
(ΘF2 )−1

−−→ F2, where ΘF isas in Proposition 1 and νη is desribed in Example 4. Then ν = ν [η] is theunique natural transformation F1 → F2 suh that ην = η, where ην is as inExample 3.Summing up we have the following morphism lassi�ation theorem or-responding to Theorem B.Theorem 2 ([3℄). Let F1 and F2 be two produt preserving bundle fun-tors on Fol. The orrespondene ν 7→ ην is a bijetion between natural trans-formations F1 → F2 and morphisms µF1 → µF2 of the orresponding Weilalgebra homomorphisms. The inverse orrespondene is η 7→ ν [η] (where ν [η]is de�ned in Lemma 1).Let F1 and F2 be produt preserving bundle funtors on Fol. Aordingto Remark 2, the omposition F1 ◦ F2 is again a produt preserving bundlefuntor on Fol. Let µF1 , µF2 and µF1◦F2 be the orresponding Weil algebrahomomorphisms. Using the tensor produt we get the Weil algebra homo-morphism µF1 ⊗ µF2 .Proposition 3 ([3℄). µF1◦F2 = µF1 ⊗ µF2 .



In�nitesimal automorphisms of foliated manifolds 7Corollary 1 ([3℄). We have the isomorphism F1 ◦ F2
∼= F2 ◦ F1 orre-sponding to the exhange isomorphism of tensor produts.Corollary 2. Let F : Fol → FM be a produt preserving bundlefuntor. Let T : Fol → FM be the tangent bundle funtor. For any Fol-objet (M,F) we have the Fol-natural isomorphism ν(M,F) : F (T (M,F))→

T (F (M,F)) (see Corollary 1) satisfying the �ow property
πT (F (M,F)) ◦ ν(M,F) = FπT (M,F),where πT (F (M,F)) : T (F (M,F)) → F (M,F) and πT (M,F) : T (M,F) →

(M,F) are the projetions of the tangent bundles (with the respetive folia-tions as in Remark 2).2. The Lie algebra of Aut(µ). Consider a Weil algebra homomorphism
µ : A → B. We note that the group Aut(µ) of all automorphisms of µ is alosed (and hene Lie) subgroup in GL(A)×GL(B).We have the Lie algebra

Der(µ) = {D = (D1, D2) ∈ Der(A)×Der(B) | D2 ◦ µ = µ ◦D1}of derivations of µ. It is a subalgebra in the produt Der(A)×Der(B) of theLie algebras Der(A) and Der(B) of derivations of A and B. A derivationof A is a linear map D1 : A → A suh that D1(ab) = D1(a)b + aD1(b) forall a, b ∈ A. The braket of the Lie algebra Der(A) is given standardly by
[D1, D

′
1] = D1 ◦D′

1 −D
′
1 ◦D1.Proposition 4 ([4℄). Lie(Aut(µ)) = Der(µ).Proof. By [2℄, Lie(Aut(A)) = Der(A). Clearly, (D1, D2) ∈ Aut(µ) i�

D1 ∈ Aut(A), D2 ∈ Aut(B) and µ ◦D1 = D2 ◦ µ.3. Natural automorphisms of F|Folp,q
→ FM into itself. In thissetion we prove the following result.Proposition 5. Let F : Fol → FM be a produt preserving bundlefuntor and µ : A→ B be its algebra homomorphism. Let p ≥ 1 and q ≥ 1 beintegers. Every natural automorphism ν of F|Folp,q

an be extended uniquelyto a natural automorphism of F . In partiular , Aut(F|Folp,q
) = Aut(µ).Proof. Let x1, . . . , xq, y1, . . . , yp be the adapted oordinates on the stan-dard Folp,q-objet (M0,F0) = (Rq × R

p, {{a} × R
p}a∈Rq).Consider a natural automorphism ν of F|Folp,q
into itself. Sine F is prod-ut preserving, F (M0,F0) = Aq×Bp. By the Folp,q-naturality, ν is uniquelydetermined by ν = ν(M0,F0) : Aq ×Bp → Aq ×Bp. Write

ν(a1, . . . , aq, aq+1, . . . , aq+p) = (ν1(a1, . . . , aq+p), . . . , ν
q+p(a1, . . . , aq+p))for a1, . . . , aq ∈ A and aq+1, . . . , aq+p ∈ B.



8 J. Kurek and W. M. MikulskiBy the invariane of ν with respet to the Folp,q-morphisms (τ1x
1, . . . ,

τqx
q, τq+1y

1, . . . , τq+py
p) for τ1, . . . , τq+p ∈ R+ we get the homogeneity on-ditions τjνj(a1, . . . , aq+p) = νj(τ1a1, . . . , τq+paq+p) for j = 1, . . . , q + p andany a1, . . . , aq ∈ A, aq+1, . . . , aq+p ∈ B and any τ1, . . . , τq+p ∈ R+. This typeof homogeneity implies that νj depends linearly only on aj beause of thehomogeneous funtion theorem ([2℄).Using permutations of adapted oordinates we dedue that ν = σ×· · ·×

σ×̺×· · ·×̺ : Aq×Bp → Aq×Bp for σ = ν1 : A→ A and ̺ = νq+1 : B → B.We prove that (σ, ̺) ∈ Aut(µ).
Step 1: ̺ is an algebra isomorphism. We know that ̺ is R-linear. Usingthe invariane of ν with respet to the loal Folp,q-morphism (x1, . . . , xq,

y1 + (y1)2, y2, . . . , yp) we derive that ̺(b+ b2) = ̺(b) + (̺(b))2, i.e. ̺(b2) =
(̺(b))2 for any b ∈ B. Then ̺((b1 + b2)

2) = (̺(b1 + b2))
2, i.e. ̺(b1b2) =

̺(b1)̺(b2) for any b1, b2 ∈ B. So, ̺ is multipliative. Using the invariane of
ν with respet to the Folp,q-map (x1, . . . , xq, y1 + 1, y2, . . . , yp) we derivethat ̺(b+ 1) = ̺(b) + 1, i.e. ̺(1) = 1. These fats show that ̺ is an algebrahomomorphism. Sine η is an isomorphism, so is ̺.
Step 2: σ is an algebra homomorphism. The proof is quite similar toStep 1. (Now, we use the Folp,q-map (x1 + (x1)2, x1, . . . , xq, y1, . . . , yp).)
Step 3: ̺ ◦ µ = µ ◦ σ. We use the invariane of ν with respet to the

Folp,q-map ϕ = (x1, . . . , xq, y1 + x1, y2, . . . , yp). Then
(σ(a), 0, . . . , 0, µ(σ(a)), 0, . . . , 0) = Fϕ ◦ ν(a, 0, . . . , 0, 0, . . . , 0)

= ν ◦ Fϕ(a, 0, . . . , 0, 0, . . . , 0)

= (σ(a), 0, . . . , 0, ̺(µ(a)), 0, . . . , 0).Hene ̺(µ(a)) = µ(σ(a)) for a ∈ A.We have proved that η = (σ, ̺) ∈ Aut(µ). By Theorem 2 we have thenatural transformation ν [η] : F → F orresponding to η. Clearly, ν is therestrition of ν [η]. If ν̃ : F → F is another suh transformation, then ν̃ = ν [η]beause ν̃ oinides with ν on Ap ×Bq.4. Canonial vetor �elds on produt preserving bundles overfoliated manifolds. Let F : Fol → FM be a produt preserving bundlefuntor and let µ : A→ B be its orresponding Weil algebra homomorphism.Let p ≥ 1 and q ≥ 1 be integers.A Folp,q-anonial vetor �eld on F|Folp,q
is a family of vetor �elds V =

VF (M,F) on F (M,F) for any Folp,q-objet (M,F) suh that for any Folp,q-objets (M1,F1) and (M2,F2) and any Folp,q-map ϕ : (M1,F1)→ (M2,F2)the vetor �elds V on F (M1,F1) and V on F (M2,F2) are Fϕ-related.We have the following example of anonial vetor �elds on F|Folp,q
.
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Example 5 (The operators op(D)). Let D ∈ Der(µ) = Lie(Aut(µ))be an element from the Lie algebra of the Lie group of all automorphismsof µ (see Proposition 2). Let Dt be the one-parameter subgroup in Aut(µ)orresponding toD. By Theorem 2 we have the orresponding one-parametersubgroup Dt of natural equivalenes of F . So, for every Folp,q-objet (M,F)we have the �ow Dt on F (M,F). This �ow de�nes a vetor �eld op(D) on

F (M,F). Clearly, op(D) is anonial.For example, let F = N : Folp,q → FM be the normal bundle funtor. Aswe mentioned, the Weil algebra homomorphism µ orresponding to N is theunique algebra homomorphism κD : D→ R, where D = R×R is the algebraof dual numbers, (a, b)+(c, d) = (a+c, b+d), (a, b)(c, d) = (ac, ad+bc). Then(it is easy to see that) Aut(κD) = {(idR×τ idR, idR) | τ ∈ R\{0}} ∼= R\{0}.Then Der(κD) ∼= R. For D = 1 ∈ R = Der(κD), the one-parameter grouporresponding to D = 1 is Dt = (idR× exp(t) idR, idR) ∈ Aut(κD). Then
op(D) = L is the Liouville vetor �eld on the vetor bundle N(M,F) for anyfoliated manifold (M,F) (here L(v) = [v+tv] ∈ TvNx(M,F) ⊂ TvN(M,F),
v ∈ Nx(M,F), x ∈M).Proposition 6. Let F : Fol → FM be a produt preserving bundlefuntor and µ : A → B be its Weil algebra homomorphism. Let p ≥ 1 and
q ≥ 1 be integers. Every Folp,q-anonial vetor �eld V on F|Folp,q

is of theform V = op(D) for some D ∈ Der(µ).Proof. For every Folp,q-objet (M,F) we have some vetor �eld V on
F (M,F) invariant with respet to Folp,q-maps. The �ow Exp(tV ) of V is
Folp,q-invariant. Using Theorem 1 we an easily show that there exists v ∈
F (M,F) suh that F (M,F) is the orbit of U with respet to Folp,q-maps forany open neighborhood U ⊂ F (M,F) of v. This implies that V is omplete.Thus Exp(tV ) orresponds to some one-parameter subgroup in Aut(FFolp,q

).By Proposition 4 and Theorem 2 it orresponds to some D ∈ Der(µ). Then
V = op(D).5. Some anonial a�nors on produt preserving bundle fun-tors. Let F : Fol → FM be a produt preserving bundle funtor and
µ : A→ B be its Weil algebra homomorphism.A Fol-natural a�nor on F is a family of a�nors (tensor �elds of type
(1, 1)) t = tF (M,F) on F (M,F) for any Fol-objet (M,F) suh that for any
Fol-map ϕ : (M1,F1)→ (M2,F2) the tensor �elds t on F (M1,F1) and t on
F (M2,F2) are Fϕ-related.
Example 6. Let (M,F ) be a Fol-objet. By Corollary 2 we have thenatural isomorphism ν(M,F) : F (T (M,F)) → T (F (M,F)) satisfying the�ow property. The �ber multipliation m : R × T (M,F) → T (M,F) anbe treated as a Fol-map, where R is foliated by points and T (M,F) is a



10 J. Kurek and W. M. Mikulskifoliated manifold (see Remark 2). Applying the funtor F we obtain Fm :
FR × F (T (M,F)) → F (T (M,F)). Using the above �ow isomorphism andobserving that FR = A (see Example 2) from Fm we obtain F̃m : A ×
T (F (M,F))→ T (F (M,F)). Thus given a ∈ A we have

af(a) := F̃m(a, ·) : T (F (M,F))→ T (F (M,F)).Using the �ow property of ν(M,F) we observe that af(a) is a Fol-naturala�nor on F .6. Natural operators lifting in�nitesimal automorphisms of foli-ated manifolds to vetor �elds on produt preserving bundles. Let
F : Fol → FM be a produt preserving bundle funtor and µ : A → B beits Weil algebra homomorphism. Let p ≥ 1 and q ≥ 1 be integers.A Folp,q-natural operator C transforming in�nitesimal automorphisms Xof Folp,q-objets (M,F) into vetor �elds C(X) on F (M,F) is a family ofregular Folp,q-invariant operators

C(M,F) : X (M,F)→ X (F (M,F))from the spae X (M,F) of all in�nitesimal automorphisms of (M,F) intothe spae X (F (M,F)) of all vetor �elds on F (M,F) for any Folp,q-objets
(M,F). The Folp,q-invariane means that for any Folp,q-map ϕ : (M1,F1)→
(M2,F2) and any in�nitesimal automorphisms X1 ∈ X (M1,F1) and X2 ∈
X (M2,F2), if X1 and X2 are ϕ-related then C(X1) and C(X2) are Fϕ-related. The regularity means that C transforms smoothly parametrizedfamilies of in�nitesimal automorphisms into smoothly parametrized familiesof vetor �elds.
Example 7 (The �ow operator). Let (M,F) be a Folp,q-objet. LetX ∈

X (M,F). Then the �ow Exp(tX) of X is formed by Folp,q-maps. So we anapply a funtor F : Fol→ FM to Exp(tX) and obtain the �ow F (Exp(tX))on F (M,F). Then we have the vetor �eld FX on F (M,F) orrespondingto the �ow F (Exp(tX)). Clearly, the orrespondene F : X → FX is a
Folp,q-natural operator in question.The main result of this note is the following lassi�ation theorem.Theorem 3. Let F : Fol→ FM be a produt preserving bundle funtorand µ : A → B be its Weil algebra homomorphism. Let p ≥ 1 and q ≥ 1be integers. Any Folp,q-natural operator C transforming in�nitesimal auto-morphisms X ∈ X (M,F) into vetor �elds C(X) ∈ X (F (M,F)) is of theform

C(X) = af(a) ◦ FX + op(D)for some unique a ∈ A and D ∈ Der(µ).



In�nitesimal automorphisms of foliated manifolds 11Proof. Let C be an operator in question. Let (M,F) be a Folp,q-objet.Let 0 be the zero in�nitesimal automorphism on (M,F) for any Folp,q-objet.Then C(0) is a Folp,q-anonial vetor �eld on F|Folp,q
. Thus replaing C by

C − C(0) and applying Proposition 6 we an assume that C(0) = 0.Sine any automorphism X on (M,F) with non-vanishing transversalvetor �eld is ∂/∂x1 on (M0,F0) = (Rq × R
p, {{a} × R

p}a∈Rq) in someadapted oordinates, C is uniquely determined by C(̺∂/∂x1) : Aq × Bp →
Aq × Bp, ̺ ∈ R. Using the invariane with respet to the homotheties be-ing Folp,q-morphisms (M0,F0) → (M0,F0) and the homogeneous funtiontheorem ([2℄) and C(0) = 0 we dedue that for any ̺ the map C

(
̺ ∂

∂x1

)
:

Aq × Bp → Aq × Bp is onstant and linearly dependent on ̺. Then usingthe invariane with respet to Folp,q-maps (x1, tx2, . . . , txq, ty1, . . . , typ) for
t 6= 0 we dedue that the map C(̺∂/∂x1) : Aq × Bp → A × {0} × {0} isonstant and linearly dependent on ̺. Hene the vetor spae of all naturaloperators C in question with C(0) = 0 is at most dimRA-dimensional. Butall natural operators af(a)◦F form a dimRA-dimensional vetor spae. Thusthe proof is omplete by a dimension argument.
Remark 3. Let FMq,p be the ategory of �bered manifolds with q-dimensional bases and p-dimensional �bers and their loal �bered di�eomor-phisms. The ategory FMq,p is in an obvious way a subategory in Folp,q.The ategories FMq,p and Folp,q have the same skeleton. Any projetablevetor �eld X on an FMq,p-objet Y is in an obvious way an in�nitesi-mal automorphism of the Folp,q-objet Y . By [3℄, any produt preservingbundle funtor F : FM → FM an be uniquely extended to a produtpreserving bundle funtor F : Fol → FM. In [4℄, J. Tomá² lassi�ed all

FMq,p-natural operators C transforming projetable vetor �elds X on an
FMq,p-objet Y into vetor �elds C(X) on FY for any produt preservingbundle funtor F : FM → FM and dedued the orresponding formula
C(X) = af(a) ◦ FX + op(D). Therefore it seems that Theorem 3 an alsobe dedued from the result of [4℄.7. An appliation to the normal bundle. Let N : Folp,q → FM bethe normal bundle funtor (see Introdution). Its orresponding Weil algebrahomomorphism is the unique algebra homomorphism κD : D → R, where Dis the algebra of dual numbers (see the text after Example 2). It is easily seen(see [2℄) that dimR D = 2 and dimRDer(κD) = 1. Therefore (beause of The-orem 3) the vetor spae of all Folp,q-natural operators transforming in�nites-imal automorphisms X ∈ X (M,F) into vetor �elds C(X) ∈ X (N(M,F))is of dimension 3. On the other hand, given X ∈ X (M,F) we have thefollowing vetor �elds on the (vetor) normal bundle N(M,F):1. The �ow vetor �eld NX of X on N(M,F).



12 J. Kurek and W. M. Mikulski2. The vertial lifting XV of X to N(M,F) de�ned as follows. Given
v ∈ Nx(M,F), x ∈ M , we have [X(x)] ∈ Nx(M,F) = TxM/TxF .Then we put XV (v) := [X(x)] ∈ Nx(M,F) = Tv(Nx(M,F)) ⊂
Tv(N(M,F)).3. The Liouville vetor �eld L on the vetor bundle N(M,F), L(v) =
[v + tv] ∈ Tv(Nx(M,F )), v ∈ Nx(M,F), x ∈M .Thus we have the orresponding natural operators: N , ( )V and L.These operators are linearly independent. So (by a dimension argument)they form a basis in the vetor spae of all Folp,q-natural operators C trans-forming in�nitesimal automorphisms X ∈ X (M,F) into vetor �elds C(X)

∈ X (N(M,F)). Then we haveCorollary 3. Any Folp,q-natural operator C transforming in�nitesimalautomorphisms X ∈ X (M,F) into vetor �elds C(X) on the normal bundle
N(M,F) is of the form

C(X) = aNX + bXV + cLfor some real numbers a, b, c.
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