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Existence and asymptotic behavior of positive solutions for
elliptic systems with nonstandard growth conditions

by HoNGHUI YIN (Nanjing and Huaian) and ZUODONG YANG (Nanjing)

Abstract. Our main purpose is to establish the existence of a positive solution of

the system

—Apyu = F(z,u,v), x €2,

—Ayyv = H(z,u,v), x € L2,

u=v=0, x € 012,
where 2 C RY is a bounded domain with C? boundary, F(z,u,v) = A" [g(z)a(u) +
f@)], H(z,u,v) = M@ [g(x)b(v) + h(u)], A > 0 is a parameter, p(z),¢(x) are func-
tions which satisfy some conditions, and —A,yu = —div(|Vu[P™"2Vu) is called the
p(z)-Laplacian. We give existence results and consider the asymptotic behavior of so-
lutions near the boundary. We do not assume any symmetry conditions on the sys-
tem.

1. Introduction. In this paper, our main purpose is to establish the
existence of a positive solution of the system

—Appyu = F(z,u,v), x €2,
(1.1) —Ayyv = H(z,u,0), =€ 92,
u=v=0, T € 012,

where 2 ¢ RY is a bounded domain with C? boundary, F(z,u,v) =
X g(@)a(u) + F@)], Hlz,u,v) = A@g(2)b(v) + hu)] and p(-),q(*) €
C(£2) are positive functions; the operator —A, ) u = —div(|Vu|P®)=2Vy)
is called the p(z)-Laplacian and the corresponding equation is called a vari-
able exponent equation.

The study of differential equations and variational problems with non-
standard p(z)-growth conditions is a new and interesting topic. It arises
from nonlinear elasticity theory, electro-rheological fluids, etc. (see [R], [Z7]).
Many results have already been obtained on this kind of problems (for ex-

p(z)

2010 Mathematics Subject Classification: Primary 35J25; Secondary 35J60.
Key words and phrases: positive solution, p(x)-Laplacian, asymptotic behavior, sub-
supersolution.

DOI: 10.4064/ap104-3-6 [293] © Instytut Matematyczny PAN, 2012



294 H. H. Yin and Z. D. Yang

ample [AMI1], [AM2], [E'1], [FZ1], [FZ2], [EZ], [FWW], [H]). For regularity of
weak solutions to differential equations with nonstandard p(x)-growth con-
ditions, we refer to [AMI], [AM2], [F1],[FZ1], [FZ2]. For existence results
for elliptic systems with variable exponents, we refer to [FWW], [H], [Z1],
[Z2].

For the special case p(x) = p (a constant), (1.1) becomes the well known
p-Laplacian system, considered in many papers (see [C], [HS], [YY] and
the references therein). We point out that elliptic equations involving the
p(z)-Laplacian are not trivial generalizations of similar problems studied
in the constant case since the p(z)-Laplacian operator is nonhomogeneous,
and some techniques for constant exponent problems, like the Lagrange
Multiplier Theorem, are invalid. Another issue is that, if {2 is bounded,
then the Rayleigh quotient

o ﬁ|Vu]p($) dx

A

inf

O ewt P anoy Vo sy lulP@ de

is zero in general, and is positive only under some special conditions (see
[EZZ]). The fact that the first eigenvalue A, > 0 and the existence of the first
eigenfunction are very important in the study of p-Laplacian problems (see
[C], [HS], [Y]). There are also other difficulties in discussing the existence
and asymptotic behavior of solutions of variable exponent problems.

In [HS], the authors studied the existence of positive weak solutions to
the problem

(1.2) —Apv = Ag(u), x€ 2,

Under the condition

M 1/(p—1)

(1.3) T [9(3)_]1 ) _o, wM>o,
s—00 sp

they proved the existence of positive solutions for problem (1.2).

In [C], the author considered the existence and nonexistence of positive
weak solutions to the p-Laplacian problem

—Apu = Au*v7, x € {2,
(1.4) ~ A = P,z e,
u=v=0, x € 0f2.

Recently, in [Y], the authors considered the existence of positive solutions
to the following quasilinear elliptic system in a bounded domain 2 ¢ RV:
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—Apu = Ng(x)a(u) + f(v)], =€ 12,
(1.5) —Aqv = 0[g1(x)b(v) + h(u)], =z € 12,
u=0=wv, x € 012,

where A, 0 > 0 are parameters and g(z), g1(x) may be negative near 0f2.

We note that in order to obtain existence results, the first eigenfunction
of —A, is used to construct a subsolution for problems (1.2), (1.4) and
(1.5). But for variable exponent problems, the first eigenvalue and the first
eigenfunction of —A, ) may not exist. Even if the first eigenfunction of
—A(y) exists, because of the nonhomogeneity of —A,,, we still may not
be able to construct a subsolution of a variable exponent problem from the
first eigenfunction. In many cases, radial symmetry conditions are effective
when dealing with variable exponent problems (see [FWW], [FZZ2], [Z2],
[Z4] and references therein). In [Z1], [Z2] and [Z6], with a condition similar to
(1.3), the author discussed the existence of positive solutions of the following
problems:

—Apyu=Af(v), x€
(1.6) —Apyv = Ag(u), =€ £,
u=v=0, T € 012,
and
—Apyu = W@ f(v), z € R,
(17) _Ap(m)v = )\p(m)g(u)’ T € {2,
u=v=0, x € 91.

Similarly to (1.5), we will also consider problem (1.1) when F(x,u,v) =
Ag(z)a(u)+ f(v)], H(z,u,v) = Mg(z)b(v) + h(u)], i.e. the following system:
—Ap@yu = Mg(@)a(u) + f(v)], z €

(1.8) —Ayyv = Ag()b(v) + h(u)], =€ 2,
u=1v=0, x € 012.

It is well known that (1.8) is equal to (1.1) if p(z) = p = ¢(x) (a constant),
but for general functions p(x), ¢(z), (1.8) is not equal to (1.1) even if p(x) =
q(z). We call (1.1) and (1.8) of (p(x),q(x))-type and refer to (1.6), (1.7)
as (p(x),p(x))-type. There are some differences between the existence of
positive solutions of (1.1) and (1.8), and there are some differences between
the existence of positive solutions for (p(z), ¢(z))-type and (p(z), p(z))-type.

Motivated by the above results, we study problem (1.1) and (1.8) in
this paper. Our aim is to establish the existence and asymptotic behavior
of positive weak solutions for problem (1.1) and (1.8) without radial sym-

metry conditions. We prove the existence of positive weak solutions by the
sub-supersolution method. Since in problems (1.2) and (1.4), F' and H are
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independent of the variable z, the systems are homogeneous. Our results
partially generalize those of [AM2], [HS|, [Y], [Z1], [Z2], [Z6].

The paper is organized as follows. In Section 2, we recall some facts
that will be needed in the paper. In Section 3, we consider the existence of
positive solutions of (1.1) and (1.8). We will discuss the asymptotic behavior
of positive solutions of problem (1.1) and (1.8) in the fourth section. In the
fifth section, we give an example.

2. Notation and preliminaries. In order to deal with the p(x)-Lapla-
cian problem, we need some results on the spaces LP(®)(£2), WP(*) () and
properties of the p(x)-Laplacian (see [FZ1], [KRI, [R], [S]). For any f(-) €
C(02), we write

fr=maxf(z), f~ =minf(z)

zes? ze(?
Let

L@ () = {u ’ u is a measurable real-valued function,

S lu(z)|P®) dx < oo}
n

We can introduce a norm on LP(®)(£2) by

|

n

p(z)
[l () = inf {)\ >0 “;)

dx < 1},

and (LP®)(02),] - |p(z)) becomes a Banach space, which we call a variable
exponent Lebesgue space.
The space W1P(*) () is defined by

W () = (u e 10() | [Val € IHO(2),
and can be equipped with the norm
lull = Julp@) + Vi),  Yue WHPE ().
We denote by Wol’p(m)(ﬂ) the closure of C$°(£2) in W'P() (), and call

it a variable exponent Sobolev space. From [FZ1], we know that LP(*)(£2),
WP@)(2) and WO1 P (I)(Q) are separable, reflexive and uniformly convex
Banach spaces.
We define
(L(u),v) = S IVuP®=2VuVodes, Vu,ve Wol’p(m)(ﬂ);
Q

then L : Wol’p(gc)(ﬂ) — (Wol’p(x)(ﬂ))* is a continuous, bounded and strictly
monotone operator, and it is a homeomorphism (see [FZ, Theorem 3.1]).
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DEFINITION 2.1. (1) (u,v) € (WgP'™ (2), Wy ") (12)) is called a (weak)
solution of problem (1.1) if it satisfies

S |Vu[PP2VuVe de = SF z,u,v)pde,
Q Q
S |Vo|!®) =27y V) de = SH x,u, ) dr,
2 2

for any (i2,9) € (Wy ™ (2), W57 (2)).

(2) (u,v) € (WHPE@) (), WLQ( )(£2)) is called a subsolution (resp. a su-
persolution) of problem (1.1) if (u,v) < (>) (0,0) on 92 and

S |Vu[P@=2vuVede < (>) S F(x,u,v)pdx,
2
V|2V oV do < (>) | H( )
[0}

T, u,v)Ydr,

D=

for any (p,v) € (Wy "' (62), Wy "(£2)) with ¢, 9 > 0.
Define A : WLP@ () — (WP (02))* by

(Au, @) = [ (IVuD2VuV e + m(z, u)p) do
(0]

for u € WP@) (), ¢ € Wol’p(w)(ﬁ), where m(x,u) is continuous on 2 x R,
m(x,-) is increasing, and

[m(z, )] <

with p*(z) = 5= (f)) if p(z) < N and p*(z) = oo if p(x) > N. Hereafter, we
use C; to denote positive constants. It is easy to check that A is a continuous

bounded mapping. From [Z5], we have the following lemma.

LEMMA 2.2 (Comparison Principle). Let u,v € WhP(®)(Q). If Au — Av
<0 in (Wol’p(m)(ﬁ))* and u < v on 02 (i.e. (u—v)t € Wol’p(x)(ﬁ)), then
u<wv a.e. in §2.

The following conditions will be required in our results:

(D1) 22 c RY is an open bounded domain with C? boundary 012;
(D2) p(-),q() € CH(R) and 1 <p~ <p*, 1< ¢ <qT;
(D3) g € C(£2) is nonnegative;
(D4) f,heC([0,00)) are nondecreasing, lim .o f(5) =00, lim, 00 h(5)
= o0 and )
o LG LIG)) KD N Y VA
s—00 sp™—1

(a combined sublinear effect at 0o);
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(D5) a,b € C(]0,00)) are nonnegative, nondecreasing, and
b
im 2 _o w28 o,

s—oo0 gp~—1 o s—o0 g4~ —1

3. Existence of positive solutions. From now on, we will denote by
d(x) the distance of x € 2 to the boundary of 2. Since 912 is C? regular,
there exists a constant § > 0 small enough such that d(-) € C?(9352) and
|Vd(x)| = 1, where 0.2 = {z € 2] d(x) < €}.

We now define

(&d(z), d(x) < 4,
d(z) _Ll
&+ | §<25—t> Cdt, §<d(z) <26,
(@) = 5 0
25 2
€6+ | §<25(5_t> dt, 26 < d(a).
1)

Since 4 is small enough, we have 0 < v1(-) € C1(02).
We consider the problem

{ _Ap(cc)w(x) =p, €42,
w =0, x € 012,
and have the following results.

(3.1)

LEMMA 3.1 (see [F2]). If p is a large enough positive parameter and w
is the unique solution of (3.1), then for any v € (0,1), there exist positive
constants Cg, Cy such that

1 1
Copv™ 17 < maxw(z) < Capiv 1.
zes?

Proof. By computation, we have
—@-1(VpVd) Iné + Ad),  d(w) < 6,

P22 ]

—Apzyvi(z) = 2p(@)=1)_,
(1‘)—1 26 — d p——1
x &P , 0 <d(z) <294,

J
0, 26 <d(x).

It is easy to see that for any v € (0,1), there exists a positive constant
C = C(4,12,p,v) independent of £ such that

|—Ap@yui(z)] < ceP@—14v ge. on 1.

If we let CeP@)—1+v — %u, then vy(z) is a subsolution of (3.1). By the
definition of vy (z) and Lemma 2.1, there exists a positive constant C3 such
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that

1
&0 = Cyprt—1+v < maxv;(x) < maxw(x).
TEef? TEef?

The right hand inequality can be obtained from Lemma 2.1 of [F2]. m
Now we have the following result.

THEOREM 3.2. If (D1)—-(D5) hold, then problem (1.1) has a positive so-
lution when A is sufficiently large.

Proof. According to the sub-supersolution method for p(x)-Laplacian
equations (see [F2]), we only need to construct a positive subsolution (¢1, ¢2)
and a supersolution (z1,22) of (1.1) such that ¢; < z; and ¢ < 2. Then
there exists a positive solution (u,v) of (1.1) satisfying ¢1 < u < 23 and
P2 < v < 2.

STEP 1. We construct a subsolution of (1.1). By (D3)—(D5), there exists
an M > 2 such that

a(u)g(z) + f(v) 21, blv)g(x) + h(u) > 1
when u,v > M — 1 and z € (2.
Let 0 = (In M) /k. For k large enough, we have o € (0,0), and we denote

ekd@) _ 1, d(z) < o,
d(x) ]
T -1+ S ke’w(%t)p 1dt, o <d(z) <24,
26 _2
20 —t \p -1
-1 ho 2 <
\ +§ke (25_J> dt, 26 < d(z),
and
kd(w) _ 1, d(z) < o,
d(z) 2
ekr — 1+ S kekg(25_t>q 1dt, o <d(z) <29,
25 _2
20 —t \a -1
ko ko <
e 1+ S ke (25 - 0) dt, 20 < d(z).

It is easy to see that ¢y, ¢ € C'(£2). Denote
o min{ infp(z) — 1 inf g(z) — 1 1}
A(sup [Vp(x)| +1)" 4(sup V()| + 1) |
= [f(0) + [R(0)| + [a(M — 1) + b(M — 1)] max g(z) + 1.

TES?
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By computation, we have

(3'2) - Ap(ac)¢1
k() ypla) 1 [p(x) 1

+<d( )+1“k’“>vp( )Vd(x) + = ] d(z) < o,

2(p(z) — 1) 20 —d
{(25—0)(19——1) ; 25—(;

x[(lnkek”<§§_d> )Vp( )Vd(x)—l—Ad(x)}}

2p(2)=1) _4

25 — —
x (keko)p(@)—1 0=dy) v , o <d(z)<20,
20 — o
0, 20 < d(z).
Hence, for k sufficiently large, we have
(3.3) ~Apmydr < —kPPa,  d(z) <o
Let A = 557k Then km)a > A\P() 3. g0
(34)  —Aymdr < —NB <N a(gn)g(@) + f(¢2)],  d(z) <o

Since d(-) € C%(935£2) and p(-) € C1(£2), there exists C5 > 0 such that

2p(@)=1)
_ eka px)-1({ T — d pm -l 2(]?(.%') — 1)
Rl =) ey

o ket (1) Y ptor it + aa)] |
< Cs(ker @1 k.

For k sufficiently large and A = ﬁk, we have

Cs(keP)P@ =1 n | < \P@),
When o < d(z) < 26, we have ¢1,¢p2 > M — 1. Thus

(35)  —Aymdr < Wa(ér)g(w) + f(d2)], o < d(z) <23,
Obviously
(3.6) —Apyd1 =0 < W [a(d1)g(x) + f(g2)], 26 < d().

From (3.4)—(3.6), we obtain
(3.7) —Ayyd1 < W a(p1)g(x) + f(#2)]  a.e. on L2.
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Similarly, for k sufficiently large and A = ﬁk, we have
(3.8) Aymyd2 < XN [b(d2)g(z) + h(¢1)]  ae. on €.
From (3.7) and (3.8), we can see that (¢1, ¢2) is a subsolution of (1.1).

STEP 2. We construct a supersolution of (1.1). Now we consider the
problem

—Ap(x)zl = )\p+T], x € {2,
(3.9) ~Agyz2 =227 h(w), @€,
z1 =22 =0, x € 012,

where w = max, . 21(z) and 7 is a positive constant. We will show that
(21, z2) is a supersolution of (1.1).
For any ¢ € W) () with ¢ > 0, we have

(3.10) S V2 PP 2V 2 Ve de = S N g da,
19 17

(3.11) | V20|12V 2y Vo da = S XY h(w) e d.
17

From Lemma 3.1, we know that w is large when 7 is large, and by (D3)—(D5),
we have

o F1CHXT BT 4 a(s) max, o) _

5—00 sp -1

Then when 7 is large enough, by Lemma 3.1, we obtain

1\ !
(3.12) AP > <w> Z)xp+{f[04(2)\q+h(w))q -1+ a(w )magg(x)}
C4 zEeS?
Since f,a are nondecreasing functions, from (3.10) and (3.12), and using
Lemma 3.1 again, we have

S V21 [P®) 2V 2 Vo da
2

{ FICH(2X" h(w)) 71 + a(w w)max g(r) | o dr

L,abL,a

Ap(”") () + f(z2)]p da.

Since h is nondecreasmg7 by Lemma 3.1 we have

(3.13) | AT h(w)pde > | AT h(z1)p da.
02 2
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From (D4) and (D5), when 7 large enough,
1
(3.14) B[C4(2X9 h(w)) T 1] max g(z) < h(w).
zEes?
From (3.11), (3.13), (3.14) and Lemma 3.1, we obtain

S |V 2|9®) 2V 2,V p da:

2
é}x { [C4 (207 h(w ))q—*—l]?e%g(x)ﬂq*h(zl)}@dx
> S i () + h(z1)]p de.

Thus, (z1,29) is a supersolutlon of (1.1).

STEP 3. We show ¢1 < z1 and ¢9 < z9. In the definition of v (x), let
2
¢ = = (maxei(2) + max |Vor (2))).
ze(? €S2

From the proof of Lemma 3.1, we know that when 7 is large enough,
v(z) < z1(z), e

So if we prove

$1(z) <wvi(z), =€,

the proof will be completed.
Obviously,

$1(x) < 21;163%%(90) <wvi(z), d(x)>4.

Since ¢1 — v € C(9512), there exists xg € 95(2 such that
¢1(z0) — v1(z0) = mf%[sbl(ﬂf) —v1(x)].

x€0s
If ¢1(x0) —vi(xo) > 0, then 0 < d(zp) < J, so we have
(3.15) Voi(xo) — Vi (xo) = 0.
By the definition of vy (z) and &,

Vui(z)| =& > Vo (z)|, 0<d(z) <.
This contradicts (3.15), so

max [¢1(z) — vi(x)] <0,
€512
ie.
o1(x) <wvi(z), 0<d(z)<o.
Consequently,
o1(x) <wvi(xz), z€.
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Thus
$1(z) < z1(x), xe€ .

From Lemma 3.1, we can see that w is large enough when 7 is large enough,
and so h(w) is large enough. Similarly,

P2(z) < 22(x), w €2 m
For problem (1.8), we have the following result.
THEOREM 3.3. Suppose (D1)—(D5) hold. If

: <1
25?0 25,00

and
(316)  ( sup (p(z) = 1), inf p()) N ( sup (g(x) 1), inf q(z)) #0.
=r10) €02 =t 10) €02

then problem (1.8) has a positive solution when X is sufficiently large.

Proof. Since oscyepn p(x),0sczca0 q(x) < 1, by the continuity of p(z),
q(x), without loss of generality, we may assume that osc, 55 p(z) < 1 and
08¢, 5,72 4(x) < 1. Then

sup_(p(w) —1), inf_p(x)) #0
2CD3502 €352

and

sup_(g(x) 1), inf_q(x)) #0.

2€03582 TED3582

By (3.16) and the continuity of p(x), ¢(x), for § small enough we have

r= ( sup (p(z) — 1), iﬁp(lﬂ

€035 02 TE€D352
N ( sup (gla) = 1), inf_g(x)) 0.
©€D35 92 x€035 6?2

Now for any v € I' and A > 0, there exists a £ € R such that k7 = A.
Then the estimates k"o > A3, ki@a > A3, Cs(keb?)P@-TInk < X
and Cs5(ke®?)?®)~1nk < X can be satisfied simultaneously when X is large
enough.
By the argument of Theorem 3.2, (¢1, ¢2) is also a subsolution of (1.8).
Consider the problem

—Ap)21 = A1, x € {2,
(3.17) —Aq(x)ZQ = 2)\h(w), x € {2,
z1 =22 =0, x € 012

When 7 is large enough, the solution (z1, z2) of (3.17) is a supersolution of
(1.8).
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By the same argument of Theorem 3.2 (Step 3), we have
¢1(z) < z1(2),  ¢o(z) < 22(z), z€. m
REMARK 3.4. We note that if we replace (D3) with

(D3") g € C(£2) and ¢ is nonnegative away from 012,
and take
B =1£O) + [R(O)] + [a(M = 1) + b(M — )] max|g(z)| + 1
xe
in the proof of Theorem 3.2, then the conclusions of Theorems 3.2 and 3.3
still hold. Since we do not assume any sign-changing conditions on f(0) or
h(0), in our system (1.1) or (1.8), F'(x,0,0) or H(z,0,0) could be negative
for some z € (2. In fact, it is usually assumed that F'(x,u,v), H(z,u,v) are
nonnegative (see [ACRI, [YY], [Z1]) and it is well known that the study of
positive solutions with a sign-changing weight is mathematically challenging

(see [L], [OSS], [Y]).

REMARK 3.5. From Corollary 5 in [Y], we note that when p(z) = ¢q(z) =
p (a constant), then problem (1.5) has at least one positive solution when
A = 0 is large enough. Thus, our results partially generalize those in [Y].

4. Asymptotic behavior of positive solutions. In this section, we
will discuss the asymptotic behavior of positive solutions near the boundary.
We establish the following theorems.

THEOREM 4.1. Under conditions (D1)—(D5), if (u,v) is a solution of
(1.1) which has been obtained in Theorem 3.2, then for any v € (0,1), there
exist positive constants Cg, C7 such that

(A1) CoMd(x) < ulz) < CxP )7 1 (d(x))”,

1 1
(42)  CoMd(x) < v(z) < C{2XT RCL (W )7 1]} 1 (d(x))",
as d(x) — 0, where 0 is a large constant satisfying (3.12).

Proof. Obviously, when d(x) < o is small enough, there exists Cs > 0
such that

(4.3) w(x), v(z) > ¢1(z) = *@ — 1> CeAd(z).
Define L
v3(z) = k(d(x))”, x €02,

where 0 < ¢ < § is small enough and v € (0, 1) is a constant.
By computation, we have

(44)  —Ayvs(a) = — (k)P D7 v = 1)(p(a) — 1)(d(z) - DEE-D
x (1+1(x)), x€0f2,
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d(z)VpVdInky  d(z)VpVdlInd d(z)Ad
(v = 1)(p(z) — 1) p(z) —1 (v = 1)(p(z) — 1)

1
and it is easy to see that IT(z) — 0 as d(z) — 0. Let x = C4(X\* " n)r -1 /c.
When ¢ is small enough, from (4.4) we have

II(z) =

—Apuyus(a) = RO = W,

Obviously vs(z) > 21(z) when d(x) = 0 or d(z) = ¢ for ¢ small enough.

On the other hand, when max{(1 — v)p™, (1 —v)¢"} < 1, we have v3 €
Whe) (9.02) N Wha®) (9.02). According to Lemma 2.2, we have vs(z) >
z1(z) on O.f2. Thus

(4.5) w(z) < o\ )1 (d(2) as d(z) — 0.

S S
If we let k& = C4{2X\9" h[C4(A\P 5)»~—1]}a =1 /c, then for ¢ small enough we
obtain

— Ayya(@) = K1 > 20 RO, (W )T,
Similarly, we have
(46)  o(@) < CoXT RGOV ) T (d(@))” as d(x) 0.
From (4.3), (4.5) and (4.6), we obtain (4.1) and (4.2). =
Similarly, we have
THEOREM 4.2. Under conditions (D1)—(D5), if (u,v) is a solution of
(1.8) which has been obtained in Theorem 3.3, then for any v € (0, 1), there
exist positive constants Cg, Cy such that
CuAP™ d(x) < ule) < Corn) 7™ (d(@))""
AT d(@) < v(z) < Col2ABCI )7 T} T (d(a))",
as d(x) — 0, where n is a large constant satisfying

= (o) 2 MM + ) maxo),

TES?

where w = max, . z1(x) and 21 satisfies (3.17).

5. An example. We consider the problem
u = N [e"llys o™z e,
(5.1) - v =M@yt L] e 0,
u=v=0, x € 91.
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We assume:
(D6) 0<s<p —1,0<t<qg —1,0<m,nandmn < (p~——1)(¢" —1).

If we set g(z) = e~ 1*l, a(u) = u®, b(v) = vt, f(v) = v™ and h(u) = u™,
then (D3)—(D5) are satisfied. We obtain

THEOREM 5.1. If (D1), (D2) and (D6) hold, then (5.1) has a positive
solution when A is sufficiently large.

THEOREM 5.2. Under conditions (D1), (D2) and (D6), if (u,v) is a
solution of (5.1) which has been obtained in Theorem 5.1, then for any v €
(0,1), there exist positive constants Cg, C7 such that

(2 CoMd(x) < ulx) < GOV )T (d(2))",
1 1
(5:3)  Codd(w) < (@) < Cr{2X [Ca )7 ]} (d(w)),
2™ —D4+mgtpt —pt
as d(x) — 0, where n = X (@ -Dr™-1-0) is a constant and 0 =
max{mn/(qg~ —1),s}.

Proof. According to Theorem 4.1, we only need 7 to satisfy (3.12), i.e.

1 pel + + 1
(5.4) (w) > AP {[04(2)\q wh)a 1" 4+ w® mage*m}.
Cy xef?
We can assume w > 1 and take § = max{mn/(¢~ — 1), s}. Since A is large,

we only need to show that
1 p~—1-6 1
Cy
that is,
+ iy ——
w > Oy {20 [Cy(2AT )a 1] }p 10,
From Lemma 3.1, for any v € (0,1), we have
3N )= < w,
and we only need
I SR S
G [Cu )Ty

(55) > =

Assuming A is large enough, if we let

@2~ —D+matpt —pt
n= A (=1 -1-6)

then (5.5) holds, so (5.4) does. By Theorem 4.1, we obtain (5.2) and (5.3). =

)
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