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Abstract. In this paper, we are interested in multiple positive solutions for the Kirch-
hoff type problem {

−(a+ b
	
Ω
|∇u|2 dx)∆u = u5 + λu

q−1

|x|β in Ω,

u = 0 on ∂Ω,

where Ω ⊂ R3 is a smooth bounded domain, 0 ∈ Ω, 1 < q < 2, λ is a positive parameter
and β satisfies some inequalities. We obtain the existence of a positive ground state solution
and multiple positive solutions via the Nehari manifold method.

1. Introduction and main results. This paper concerns the positive
solutions of the following Kirchhoff type equation:

(1.1)

−
(
a+ b

�

Ω

|∇u|2 dx
)
∆u = u5 + λ

uq−1

|x|β
in Ω,

u = 0 on ∂Ω,

where Ω is a smooth bounded domain in R3, a, b > 0, 0 ∈ Ω, λ > 0 is a real
parameter, 1 < q < 2 and 0 ≤ β < 2.

Indeed, (1.1) has its origin in the theory of nonlinear vibration. For exam-
ple, the following equation describes the nonlinear vibration of a stretched
string:

ρ
∂2u

∂t2
−
(
ρ0
h

+
E

2L

L�

0

(
∂u

∂x

)2

dx

)
∂2u

∂x2
= 0,

where ρ, ρ0, h, E, L are constants, which have the following meaning: ρ is
the mass density, ρ0 is the initial tension, h represents the area of the cross-
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section, E is the Young modulus of the material, and L is the length of
the string. The above equation is the first model taking into account the
change of the axial tension along the string which is caused by the change
of its length during the vibration. It is noteworthy that the model contains

a nonlocal term
	L
0 (∂u∂x)2 dx; the above nonlocal equation was first proposed

by Kirchhoff in 1876 [13]. In the recent years, the existence and multiplicity
of solutions to the Kirchhoff type problem

(1.2)

−
(
a+ b

�

Ω

|∇u|2 dx
)
∆u = h(x, u) in Ω,

u = 0 on ∂Ω,

has been extensively studied, and some important and interesting results
have been found. For example, in [2, 4, 6, 7, 14, 18, 19, 22, 26, 27], the
existence of positive solutions has been established by variational meth-
ods. The existence of sign-changing solutions for problem (1.2) has been
studied via invariant sets of the descent flow (see [20, 21, 28]). If Ω is an
unbounded domain, [15–16, 23] established the existence of weak solutions
and [12, 24] studied the existence of infinitely many solutions. Recently,
there are some papers on the Kirchhoff type problem involving the critical
growth (see [1, 9–11, 16, 22, 26] and the references therein).

More recently, Chen et al. [6] considered the Kirchhoff type problem

(1.3)

−
(
a+ b

�

Ω

|∇u|2 dx
)
∆u = f(x)up−2u+ λg(x)|u|q−2u in Ω,

u = 0 on ∂Ω,

assuming that 1 < q < 2 < p < 6 and the sign-changing weight functions
f, g ∈ C(Ω) satisfy

(h1) f+ = max{f, 0} 6= 0.
(h2) g+ = max{g, 0} 6= 0.

We report here one of the main results of [6] for the reader’s convenience.

Theorem A (see [6]). Suppose Ω is a bounded domain in R3 with smooth
boundary, 1 < q < 2, 4 < p < 6 and (h1), (h2) hold. Then there exists a
positive constant λ0(a) > 0 such that for each a > 0 and λ ∈ (0, λ0(a)),
problem (1.3) has at least two positive solutions.

Thus, motivated by [6], in equation (1.3), suppose 1 < q < 2, p = 6,

f(x) ≡ 1, g(x) = 1/|x|β; an interesting question now is whether the existence
and multiplicity of positive solutions can be established for such Kirchhoff
type problems involving critical and singular nonlinearities. We will give a
positive answer by applying the Nehari manifold method.



Kirchhoff type problems 271

Throughout this paper, we use the following notation:

• The space H1
0 (Ω) is equipped with the norm ‖u‖ = (

	
Ω |∇u|

2 dx)1/2,

the norm in Lp(Ω) is denoted by |u|p = (
	
Ω |u|

p dx)1/p.
• u+(x) = max{u(x), 0}, u−(x) = max{−u(x), 0}.
• C,C0, C1, C2, . . . denote various positive constants, which may vary

from line to line.
• Let S be the best Sobolev constant, that is,

(1.4) S := inf
u∈D1,2(R3)\{0}

	
R3 |∇u|2 dx

(
	
R3 |u|6 dx)1/3

.

The energy functional corresponding to problem (1.1) is given by

Iλ(u) =
a

2
‖u‖2 +

b

4
‖u‖4 − 1

6

�

Ω

(u+)6 dx− λ

q

�

Ω

(u+)q

|x|β
dx.

A function u is called a weak solution of problem (1.1) if u ∈ H1
0 (Ω) and for

all ϕ ∈ H1
0 (Ω) we have

(a+ b‖u‖2)
�

Ω

(∇u,∇ϕ) dx−
�

Ω

(u+)5ϕdx− λ
�

Ω

(u+)q−1

|x|β
ϕdx = 0.

Let R0 > 0 be a constant such that Ω ⊂ B(0, R0), where B(0, R0) =
{x ∈ R3 : |x| < R0}. By Hölder’s inequality and (1.4), for all u ∈ H1

0 (Ω),
1 < q < 2, 0 ≤ β < 2, we get

(1.5)
�

Ω

(u+)q

|x|β
dx

≤
�

Ω

|u|q

|x|β
dx ≤

( �
Ω

|u|q·
6
q dx

) q
6

( �

Ω

1

|x|
6β
6−q

dx

) 6−q
6

≤ S−q/2‖u‖q
( �

Ω

1

|x|
6β
6−q

dx

) 6−q
6

≤ S−q/2‖u‖q
( �

B(0,R0)

1

|x|
6β
6−q

dx

) 6−q
6

≤ S−q/2‖u‖q
(R0�

0

r2

r
6β
6−q

dr

) 6−q
6

=
6− q

18− 3q − 6β
R

(6−2β−q)/2
0 S−q/2‖u‖q.

Furthermore, assume that un ⇀ u in H1
0 (Ω) and consider an arbitrary

subsequence of {un}, still denoted by {un}. By the Lebesgue dominated
convergence theorem,

(1.6) lim
n→∞

�

Ω

(u+n )q

|x|β
dx =

�

Ω

(u+)q

|x|β
dx.
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Set

(1.7)

T =
6− q

18− 3q − 6β
R

(6−2β−q)/2
0 S−q/2,

T1 =
1

T

(
2− q

4

)(2−q)/4( 4aS

6− q

)(6−q)/4
,

T2 =
aq

T (6− q)

(
2− q
6− q

aS3

)(2−q)/4
.

Now our main results are as follows:

Theorem 1.1. Assume 1 < q < 2 and 0 ≤ β < 2. Then there exists
λ∗ > 0 such that for any λ ∈ (0, λ∗), problem (1.1) has a positive ground
state solution.

Theorem 1.2. Assume 1 < q < 2 and 3− q ≤ β < 2. Then there exists
λ∗∗ > 0 such that for any λ ∈ (0, λ∗∗), problem (1.1) has at least two positive
solutions, and one of the solutions is a positive ground state solution.

Remark 1.3. Ambrosetti et al. [3] has studied the existence and mul-
tiplicity of positive solutions for problem (1.3) with a = 1, b = 0, f(x) =
g(x) = 1 and p = 6. When b > 0, f(x) = g(x) = 1 and p = 6, (1.3) reduces
to a Kirchhoff type problem with concave-convex nonlinearities. However, in
that case, to the best of our knowledge, there are no results on multiplicity
of positive solutions. The reason is that, in view of b > 0, type problem
becomes more complicated than in the case b = 0, namely, it is difficult to
estimate the critical value level.

Remark 1.4. It is of importance to obtain multiple positive solutions
for problem (1.1) when 3 − q ≤ β < 2. If β = 0 in (1.1), Figueiredo et
al. [10] have obtained infinitely many solutions for (1.1), and the energy
functional value level is negative, but they could not get multiple positive
solutions. In this paper, the typical difficulty is the lack of compactness of
the embedding H1

0 (Ω) ↪→ L6(Ω). We overcome the difficulty by using the
concentration-compactness principle.

This work is organized as follows. In the next section we present some
preliminary results. In Section 3, we give the proofs of Theorems 1.1 and 1.2.

2. Some preliminary results. As Iλ is not bounded below on H1
0 (Ω),

we will work on the Nehari manifold

Nλ = {u ∈ H1
0 (Ω)\{0} : 〈I ′λ(u), u〉 = 0}.

Note that Nλ contains all nonzero solutions of problem (1.1). Moreover,
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u ∈ Nλ if and only if

a‖u‖2 + b‖u‖4 −
�

Ω

(u+)6 dx− λ
�

Ω

(u+)q

|x|β
dx = 0.

We split Nλ into three parts:

N+
λ =

{
u ∈ Nλ : (2− q)a‖u‖2 + (4− q)b‖u‖4 − (6− q)

�

Ω

(u+)6 dx > 0
}
,

N 0
λ =

{
u ∈ Nλ : (2− q)a‖u‖2 + (4− q)b‖u‖4 − (6− q)

�

Ω

(u+)6 dx = 0
}
,

N−λ =
{
u ∈ Nλ : (2− q)a‖u‖2 + (4− q)b‖u‖4 − (6− q)

�

Ω

(u+)6 dx < 0
}
.

Lemma 2.1.

(i) If λ ∈ (0, T1) (T1 is as in (1.7)), then N±λ 6= ∅.
(ii) If λ ∈

(
0, 6−q

2(4−q)T1
)
, then N 0

λ = ∅.

Proof. (i) Let u ∈ H1
0 (Ω) \ {0}, and define Φ,Φ1 ∈ C(R+,R) by

Φ(t) = at−4‖u‖2 + bt−2‖u‖4 − λtq−6
�

Ω

(u+)q

|x|β
dx,

Φ1(t) = at−4‖u‖2 − λtq−6
�

Ω

(u+)q

|x|β
dx.

Then

Φ′1(t) = −4at−5‖u‖2 − λ(q − 6)tq−7
�

Ω

(u+)q

|x|β
dx.

Solving Φ′1(t) = 0, we obtain

tmax =

[λ(6− q)
	
Ω

(u+)q

|x|β dx

4a‖u‖2

]1/(2−q)
.

Easy computations show that Φ′1(t) > 0 for all 0 < t < tmax and Φ′1(t) < 0
for all t > tmax. Thus Φ1(t) attains its maximum at tmax, that is,

Φ1(tmax) =
2− q

4

[
4a

6− q

] 6−q
2−q ‖u‖

2(6−q)
2−q(

λ
	
Ω

(u+)q

|x|β dx
) 4

2−q
.

Note that
	
Ω(u+)6 dx ≤

	
Ω u

6 dx. Then from (1.5) one gets

Φ(tmax)−
�

Ω

(u+)6 dx ≥ Φ1(tmax)−
�

Ω

(u+)6 dx

>
2− q

4

[
4a

6− q

] 6−q
2−q ‖u‖

2(6−q)
2−q(

λ
	
Ω

(u+)q

|x|β dx
) 4

2−q
−

�

Ω

u6 dx
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≥
{

2− q
4

[
4a

6− q

] 6−q
2−q
(

1

λT

) 4
2−q
(
‖u‖2

|u|26

) 6−q
2−q
− 1

}
|u|66

≥
{

2− q
4

[
4aS

6− q

] 6−q
2−q
(

1

λT

) 4
2−q
− 1

}
|u|66 > 0,

where the last inequality holds for every 0 < λ < T1. It follows that there
exist two positive numbers denoted by t± such that 0 < t+ = t+(u) <
tmax < t− = t−(u), t+u ∈ N+

λ and t−u ∈ N−λ .

(ii) For contradiction, suppose that there exists u0 6= 0 such that u0 ∈N 0
λ .

It follows that

a‖u0‖2 + b‖u0‖4 =
�

Ω

(u+0 )6 dx+ λ
�

Ω

(u+0 )q

|x|β
dx,(2.1)

4a‖u0‖2 + 2b‖u0‖4 = λ(6− q)
�

Ω

(u+0 )q

|x|β
dx.(2.2)

These imply that

(2.3) λ
�

Ω

(u+0 )q

|x|β
dx =

2a

4− q
‖u0‖2 +

2

4− q

�

Ω

(u+0 )6 dx >
2a

4− q
‖u0‖2.

On the one hand, since ‖u0‖2 > S|u0|26 for u0 ∈ N 0
λ , using (1.5) we get

Θ := T
4

2−qS
− 6−q

2−q
‖u0‖

2(6−q)
2−q(	

Ω
(u+0 )q

|x|β dx
) 4

2−q
−

�

Ω

(u+0 )6 dx

> T
4

2−qS
− 6−q

2−q
(S|u0|26)

6−q
2−q

T
4

2−q |u0|
8

2−q
6

−
�

Ω

(u+0 )6 dx

=
�

Ω

|u0|6 dx−
�

Ω

(u+0 )6 dx ≥ 0.

On the other hand, by (2.3),

Θ = T
4

2−qS
− 6−q

2−qλ
4

2−q
‖u0‖

2(6−q)
2−q(

λ
	
Ω

(u+0 )q

|x|β dx
) 4

2−q
−

�

Ω

(u+0 )6 dx

≤ T
4

2−qS
− 6−q

2−qλ
4

2−q
‖u0‖

2(6−q)
2−q(

2a
4−q
) 4

2−q ‖u0‖
8

2−q

= T
4

2−qS
− 6−q

2−qλ
4

2−q

(
4− q

2a

) 4
2−q
‖u0‖2 −

�

Ω

(u+0 )6 dx.
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Since u0 ∈ N 0
λ , the above equals

T
4

2−qS
− 6−q

2−qλ
4

2−q

(
4− q

2a

) 4
2−q
‖u0‖2 −

a(2− q)
6− q

‖u0‖2 −
b(4− q)

6− q
‖u0‖4

=
a(2−q)

6− q
‖u0‖2

[
T

4
2−qS

− 6−q
2−qλ

4
2−q

(
4−q
2a

) 4
2−q 6− q

a(2−q)
− 1

]
− b(4−q)

6− q
‖u0‖4

< 0

when λ < 6−q
2(4−q)T1, which is a contradiction.

Lemma 2.2. Iλ is coercive and bounded below on Nλ.

Proof. If u ∈ Nλ, then by (1.5) we get

Iλ(u) =
a

2
‖u‖2 +

b

4
‖u‖4 − 1

6

�

Ω

(u+)6 dx− λ

q

�

Ω

(u+)q

|x|β
dx

=
a

3
‖u‖2 +

b

12
‖u‖4 − λ

(
1

q
− 1

6

) �

Ω

(u+)q

|x|β
dx

≥ a

3
‖u‖2 +

b

12
‖u‖4 − λ

(
1

q
− 1

6

)
T‖u‖q.

Since 1 < q < 2, the conclusion follows.

We remark that by Lemma 2.1 we have Nλ = N+
λ ∪ N

−
λ for all λ in(

0, 6−q
2(4−q)T1

)
. Moreover, we know that N+

λ and N−λ are nonempty, and by

Lemma 2.2 we may define

αλ = inf
u∈Nλ

Iλ(u), α+
λ = inf

u∈N+
λ

Iλ(u), α−λ = inf
u∈N−λ

Iλ(u).

Lemma 2.3.

(i) αλ ≤ α+
λ < 0.

(ii) If λ ∈ (0, T2) (T2 is given in (1.7)), then α−λ >
a
6

(2−q
6−qS

3a
)1/2

.

Proof. (i) Suppose u ∈ N+
λ . Then

(2.4)
�

Ω

(u+)6 dx <
2− q
6− q

a‖u‖2 +
4− q
6− q

b‖u‖4.

It follows from (2.4) that

Iλ(u) =
a

2
‖u‖2 +

b

4
‖u‖4 − 1

6

�

Ω

(u+)6 dx− λ

q

�

Ω

(u+)q

|x|β
dx

=

(
1

2
− 1

q

)
a‖u‖2 +

(
1

4
− 1

q

)
b‖u‖4 +

(
1

q
− 1

6

) �

Ω

(u+)6 dx



276 C. Y. Lei et al.

<

(
a

2
− 1

q

)
a‖u‖2 +

(
1

4
− 1

q

)
b‖u‖4

+

(
1

q
− 1

6

)(
2− q
6− q

a‖u‖2 +
4− q
6− q

b‖u‖4
)

=
1

3

(
1− 2

q

)
a‖u‖2 +

1

3

(
1

4
− 1

q

)
b‖u‖4 < 0.

By the definitions of αλ and α+
λ , we obtain αλ ≤ α+

λ < 0.

(ii) Suppose u ∈ N−λ . Then

�

Ω

(u+)6 dx >
2− q
6− q

a‖u‖2 +
4− q
6− q

b‖u‖4.

According to (1.4) and
	
Ω(u+)6 dx ≤

	
Ω |u|

6 dx, we get

S−3‖u‖6 ≥
�

Ω

(u+)6 dx >
2− q
6− q

a‖u‖2 +
4− q
6− q

b‖u‖4

≥ 2− q
6− q

a‖u‖2,

and consequently

(2.5) ‖u‖ ≥
(

2− q
6− q

S3a

)1/4

.

Assume λ ∈ (0, T2). Then from u ∈ N−λ and (2.5) one obtains

Iλ(u) =
a

2
‖u‖2 +

b

4
‖u‖4 − 1

6

�

Ω

(u+)6 dx− λ

q

�

Ω

(u+)q

|x|β
dx

=
a

2
‖u‖2 +

b

4
‖u‖4− 1

6

(
a‖u‖2 + b‖u‖4−λ

�

Ω

(u+)q

|x|β
dx

)
− λ

q

�

Ω

(u+)q

|x|β
dx

≥ a

3
‖u‖2 −

(
1

q
− 1

6

)
λT‖u‖q

= ‖u‖q
{
a

3
‖u‖2−q −

(
1

q
− 1

6

)
λT

}
≥ a

6

(
2− q
6− q

S3a

)1/2

.

Lemma 2.4. For every u ∈ Nλ, there exist ε > 0 and a continuously
differentiable function f = f(w) > 0, w ∈ H1

0 (Ω), ‖w‖ < ε, satisfying

f(0) = 1, f(w)(u+ w) ∈ Nλ, ∀w ∈ H1
0 (Ω), ‖w‖ < ε.
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Proof. For u ∈ Nλ, define F : R×H1
0 (Ω)→ R by

F (t, w) = t2−qa
�

Ω

|∇(u+ w)|2 dx+ t4−qb
( �
Ω

|∇(u+ w)|2 dx
)2

− t6−q
�

Ω

((u+ w)+)6 dx− λ
�

Ω

(u+)q

|x|β
dx.

Since u ∈ Nλ, it is easily seen that F (1, 0) = 0 and

Ft(1, 0) = (2− q)a‖u‖2 + (4− q)b‖u‖4 − (6− q)
�

Ω

(u+)6 dx.

As u 6= 0, Lemma 2.1 shows that Ft(1, 0) 6= 0. Thus, we can apply the im-
plicit function theorem at the point (0, 1) to obtain ε > 0 and a continuously
differentiable function f : B(0, ε) ⊂ H1

0 (Ω) → R+ as in the conclusion of
the lemma.

Lemma 2.5. For every u ∈ N−λ , there exist ε > 0 and a continuously

differentiable function f̃ = f̃(v) > 0, v ∈ H1
0 (Ω), ‖v‖ < ε, satisfying

f̃(0) = 1, f̃(v)(u+ v) ∈ N−λ , ∀v ∈ H1
0 (Ω), ‖v‖ < ε.

Proof. Similar to the argument in Lemma 2.4, for u ∈ N−λ , define a

function F̃ : R×H1
0 (Ω)→ R by

F̃ (t, v) = t2−qa
�

Ω

|∇(u+ v)|2 dx+ t4−qb
( �
Ω

|∇(u+ v)|2 dx
)2

− t6−q
�

Ω

((u+ v)+)6 dx− λ
�

Ω

(u+)q

|x|β
dx.

As u ∈ N−λ , we get F̃ (1, 0) = 0 and F̃t(1, 0) < 0. Therefore, we can apply
the implicit function theorem at (0, 1) to get the result.

Lemma 2.6. If {un} ⊂ Nλ is a minimizing sequence of Iλ, then for any
ϕ ∈ H1

0 (Ω),

(2.6) 〈I ′λ(un), ϕ〉 =
|f ′n(0)| ‖un‖+ ‖ϕ‖

n
.

Proof. By Lemma 2.2, Iλ is coercive on Nλ. Then by Ekeland’s varia-
tional principle [8], there exists a minimizing sequence {un} ⊂ Nλ for Iλ
such that

(2.7) Iλ(un) < αλ +
1

n
, Iλ(v)− Iλ(un) ≥ − 1

n
‖v − un‖, ∀v ∈ Nλ.

Obviously, Lemma 2.2 shows that {un} is bounded in H1
0 (Ω). So there exist
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a subsequence (still denoted {un}) and u∗ in H1
0 (Ω) such that

un ⇀ u∗ weakly in H1
0 (Ω),

un → u∗ strongly in Lp(Ω) (1 ≤ p < 6),

un(x)→ u∗(x) a.e. in Ω.

Pick t > 0 small enough and ϕ ∈ H1
0 (Ω), and set u = un, w =

tϕ ∈ H1
0 (Ω). By Lemma 2.4 there exists fn(t) = fn(tϕ) satisfying fn(0) = 1,

fn(t)(un + tϕ) ∈ Nλ. Note that

(2.8) a‖un‖2 + b‖un‖4 −
�

Ω

(u+n )6 dx− λ
�

Ω

(u+n )q

|x|β
dx = 0.

Then (2.7) implies that

1

n
[|fn(t)− 1| · ‖un‖+ tfn(t)‖ϕ‖t] ≥ 1

n
‖fn(t)(un + tϕ)− un‖(2.9)

≥ Iλ(un)− Iλ[fn(t)(un + tϕ)]

and

Iλ(un)− Iλ[fn(t)(un + tϕ)]

=
1− f2n(t)

2
a‖un‖2 +

1− f4n(t)

4
b‖un‖4

+
f6n(t)−1

6

�

Ω

((un+ tϕ)+)6 dx+ λ
f qn(t)− 1

q

�

Ω

((un+ tϕ)+)q

|x|β
dx

+
f2n(t)

2

(
a+

f2n(t)

2
b(‖un‖2 +‖un+ tϕ‖2)

)(
‖un‖2−‖un + tϕ‖2

)
+

1

6

( �

Ω

((un + tϕ)+)6 dx−
�

Ω

(u+n )6 dx

)
+
λ

q

�

Ω

((un + tϕ)+)q − (u+n )q

|x|β
dx.

Combining this with (2.8) and (2.9), dividing by t and letting t → 0, we
obtain

|f ′n(0)| ‖un‖+ ‖ϕ‖
n

≥ −f ′n(0)a‖un‖2 + f ′n(0)b‖un‖4 + f ′n(0)
�

Ω

(u+n )6 dx+ λf ′n(0)
�

Ω

(u+n )q

|x|β
dx

− (a+ b‖un‖2)
�

Ω

(∇un,∇ϕ) dx+
�

Ω

(u+n )5ϕdx+ λ
�

Ω

(u+n )q−1

|x|β
ϕdx
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= −(a+ b‖un‖2)
�

Ω

(∇un,∇ϕ) dx+
�

Ω

(u+n )5ϕdx+ λ
�

Ω

(u+n )q−1ϕ

|x|β
dx

= −(a+ b‖un‖2)
�

Ω

(∇un,∇ϕ) dx+
�

Ω

(u+n )5ϕdx+ λ
�

Ω

(u+n )q−1ϕ

|x|β
dx.

Hence, we deduce that

|f ′n(0)| ‖un‖+ ‖ϕ‖
n

≤ (a+ b‖un‖2)
�

Ω

(∇un,∇ϕ) dx(2.10)

−
�

Ω

(u+n )5ϕdx− λ
�

Ω

(u+n )q−1ϕ

|x|β
dx

= 〈I ′λ(un), ϕ〉

for any ϕ ∈ H1
0 (Ω). As (2.10) also holds for −ϕ, we see that (2.6) holds.

Moreover, by Lemma 2.4, there exists a constant C > 0 such that |f ′n(0)| ≤C
for all n ∈ N. Therefore, letting n→∞ in (2.6) we get

(2.11)
(
a+b lim

n→∞
‖un‖2

) �

Ω

(∇u∗,∇ϕ) dx=
�

Ω

(u+∗ )5ϕdx+λ
�

Ω

(u+∗ )q−1ϕ

|x|β
dx

for all ϕ ∈ H1
0 (Ω). This completes the proof of Lemma 2.6.

We define

Λ =
abS3

4
+
b3S6

24
+

(b2S4 + 4aS)3/2

24
.

Lemma 2.7. Assume 1 < q < 2 and 0 ≤ β < 2, and let {un} ⊂ N−λ be
a minimizing sequence for Iλ with

α−λ < Λ−Dλ2/(2−q) where D =

(
(4− q)

4q
T

)2/(2−q)(2q

a

)q/(2−q)
.

Then there exists u ∈ H1
0 (Ω) such that un → u in L6(Ω).

Proof. We have

(2.12) Iλ(un)→ α−λ as n→∞.

By Lemma 2.2, {un} is bounded in H1
0 (Ω). Passing to a subsequence if

necessary, there exists u ∈ H1
0 (Ω) such that

un ⇀ u weakly in H1
0 (Ω),

un → u strongly in Lp(Ω) (1 ≤ p < 6),

un(x)→ u(x) a.e. in Ω.

Furthermore, by the concentration-compactness principle (see [17]), there
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exists a subsequence, still denoted by {un}, such that

|∇un|2 ⇀ dµ ≥ ‖u‖2 +
∑
j∈J

µjδxj , |un|66 → dν = |u|66 +
∑
j∈J

νjδxj ,

where J is an at most countable index set, δxj is the Dirac mass at xj , and
xj ∈ Ω is in the support of µ, ν. Moreover,

(2.13) µj , νj ≥ 0, µj ≥ Sν1/3j .

For any ε > 0 small, let ψε,j(x) be a smooth cut-off function centered at xj
such that 0 ≤ ψε,j(x) ≤ 1,

ψε,j(x) = 1 in B(xj , ε/2), ψε,j(x) = 0 in B(xj , ε), |∇ψε,j(x)| ≤ 4/ε.

By (1.4), we have∣∣∣∣ �
Ω

(u+n )q−1

|x|β
ψε,j(x)un dx

∣∣∣∣
≤

�

B(xj ,ε)

(u+n )q

|x|β
dx ≤

( �

B(xj ,ε)

|un|q·
6
q dx

) q
6

( �

B(xj ,ε)

1

|x|
6β
6−q

dx

) 6−q
6

≤ S−q/2‖un‖q
( �

B(xj ,ε)

1

|x− xj |
6β
6−q

dx

) 6−q
6

= S−q/2‖un‖q
(ε�

0

r2

r
6β
6−q

dr

) 6−q
6

= S−q/2‖un‖q
(ε�

0

1

r
6β
6−q−2

dr

) 6−q
6

= S−q/2
(

6− q
18−3q−6β

) 6−q
6

‖un‖qε
6−2β−q

2 .

Since {un} is bounded in H1
0 (Ω), it follows that

lim
ε→0

lim
n→∞

�

Ω

(u+n )q−1

|x|β
ψε,j(x)un dx = 0.

By Hölder’s inequality, we have
�

Ω

|∇(ψε,j(x)un)|2 dx =
�

Ω

|un∇ψε,j(x) + ψε,j(x)∇un|2 dx

≤ 16

ε2

�

B(xj ,ε)

|un|2 dx+
8

ε

�

B(xj ,ε)

un|∇un| dx+ ‖un‖2
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≤ 16

ε2

( �
Ω

|un|6 dx
)1/3( �

B(xj ,ε)

1 dx
)2/3

+ ‖un‖2 +
8

ε
‖un‖2

( �

B(xj ,ε)

u2n dx
)1/2

≤ 16

ε2
C1‖un‖2ε2 + ‖un‖2 +

8

ε
C2‖un‖3ε = (16C1 + 1)‖un‖2 + 8C2‖un‖3,

where C1, C2 are positive constants. Since {f ′n(0)} and {un} are bounded in
H1

0 (Ω), one gets

lim
n→∞

|f ′n(0)| ‖un‖+ ‖ψε,j(x)un‖
n

= 0,

so that

lim
ε→0

lim
n→∞

|f ′n(0)| ‖un‖+ ‖ψε,j(x)un‖
n

= 0.

Setting ϕ = ψε,j(x)un in (2.6), and taking ε→ 0, one gets

0 = lim
ε→0

lim
n→∞

〈I ′λ(un), ψε,j(x)un〉

= lim
ε→0

lim
n→∞

{
(a+ b‖un‖2)

�

Ω

(∇un,∇(ψε,j(x)un)) dx

−
�

Ω

(u+n )5ψε,j(x)un dx− λ
�

Ω

(u+n )q−1

|x|β
ψε,j(x)un dx

}
=
(
a+ b

�

Ω

dµ
) �

Ω

ψε,j dµ−
�

Ω

ψε,j dν,

so that

νj = (a+ bµj)µj .

By (2.13) we deduce that

(2.14) ν
2/3
j ≥ aS + bS2ν

1/3
j , or νj = µj = 0.

Let X = ν
1/3
j . It follows from (2.14) that

X2 ≥ aS + bS2X,

which means that

X ≥ bS2 +
√
b2S4 + 4aS

2
,

so that

µj ≥ SX ≥
bS3 +

√
b2S6 + 4aS3

2
=: K.

Next we show that µj ≥ (bS3 +
√
b2S6 + 4aS3)/2 is impossible, therefore

the set J is empty. Assume the contrary: there exists some j0 ∈ J such
that µj0 ≥ (bS3 +

√
b2S6 + 4aS3)/2. By (2.12), (1.6), (1.5) and Young’s
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inequality, we obtain

(2.15) α−λ = lim
n→∞

Iλ(un)

= lim
n→∞

{
Iλ(un)− 1

4

(
a‖un‖2 + b‖un‖4 −

�

Ω

(u+n )6 dx− λ
�

Ω

(u+n )q

|x|β
dx

)}
≥ lim

n→∞

{(
1

2
− 1

4

)
a‖un‖2 + b

(
1

4
− 1

4

)
‖un‖4

+

(
1

4
− 1

6

) �

Ω

u6n dx− λ
(

1

q
− 1

4

) �

Ω

|un|q

|x|β
dx

}
≥
(

1

2
− 1

4

)
a
(
‖u‖2 +

∑
j∈J

µj

)
+ b

(
1

4
− 1

4

)(
‖u‖2 +

∑
j∈J

µj

)2
+

(
1

4
− 1

6

)( �
Ω

u6 dx+
∑
j∈J

νj

)
− λ
(

1

q
− 1

4

) �

Ω

|u|q

|x|β
dx

≥
(

1

2
− 1

4

)
aµj0 +

(
1

4
− 1

4

)
bµ2j0 +

(
1

4
− 1

6

)
νj0 +

a

4
‖u‖2−λ

(
1

q
− 1

4

)
T‖u‖q

≥
(

1

2
− 1

4

)
aK +

(
1

4
− 1

4

)
bK2 +

(
1

4
− 1

6

)
K3

S3
−Dλ

2
2−q

≥ a

2
K +

b

4
K2 − K3

6S3
− 1

4

(
aK + bK2 − K3

S3

)
−Dλ

2
2−q ,

where D =
( (4−q)

4q T
)2/(2−q)(2q

a

)q/(2−q)
. We claim that

(2.16)
a

2
K +

b

4
K2 − K3

6S3
= Λ.

Indeed,
a

2
K =

abS3 + a
√
b2S6 + 4aS3

4
and

(bS3 +
√
b2S6 + 4aS3)2 = 2b2S6 + 4aS3 + 2bS3

√
b2S6 + 4aS3.

So

(bS3 +
√
b2S6 + 4aS3)3 = 12abS6 + 4b3S9 + (4b2S6 + 4aS3)

√
b2S6 + 4aS3.

Hence

K3

6S3
=

12abS3 + 4b3S6 + (4b2S3 + 4a)
√
b2S6 + 4aS3

48
and

a

2
K +

b

4
K2 =

8abS3 + 2b3S6 + (4a+ 2b2S3)
√
b2S6 + 4aS3

16
.
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Therefore,

a

2
K +

b

4
K2 − K3

6S3
=
abS3

4
+
b3S6

24
+

(4a+ b2S3)
√
b2S6 + 4aS3

24
= Λ.

An easy computation yields

(2.17) aK + bK2 − K3

S3
= 0.

Therefore, by (2.15)–(2.17), we get Λ − Dλ2/(2−q) ≤ α−λ < Λ − Dλ2/(2−q).
This is a contradiction. Hence J is empty, thus

	
Ω u

6
n dx →

	
Ω u

6 dx as
n→∞. This completes the proof of Lemma 2.7.

It is well known that the extremal function

U(x) =
31/4

(1 + |x|2)1/2

solves

−∆u = u5 in R3,

and |∇U |2L2(R3) = |U |6L6(R3) = S3/2. Let η ∈ C∞0 (Ω) be a cut-off function

such that 0 ≤ η ≤ 1, |∇η| ≤ C and η(x) = 1 for |x| < 2R, and η(x) = 0 for
|x| > 3R. We define

uε(x) = ε−1/2η(x)U

(
x

ε

)
=

(3ε2)1/4η(x)

(ε2 + |x|2)1/2
.

It is known (see [25, Lemma 1.46], [5]) that

(2.18)

{
|uε|66 = |U |6L6(R3) +O(ε3) = S3/2 +O(ε3),

‖uε‖2 = |∇U |2L2(R3) +O(ε) = S3/2 +O(ε).

In much the same way as in [26] we can deduce

(2.19)


‖uε‖4 = |∇U |4L2(R3) +O(ε) = S3 +O(ε),

‖uε‖6 = |∇U |6L2(R3) +O(ε) = S9/2 +O(ε),

‖uε‖8 = |∇U |8L2(R3) +O(ε) = S6 +O(ε),

‖uε‖12 = |∇U |12L2(R3) +O(ε) = S9 +O(ε).

Lemma 2.8. Assume 1 < q < 2 and 3 − q ≤ β < 2. Then there exists
ū ∈ H1

0 (Ω) such that

sup
t≥0

Iλ(tū) < Λ−Dλ2/(2−q),

where D is given in Lemma 2.7. In particular,

α−λ < Λ−Dλ2/(2−q).
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Proof. We claim that there exist tε > 0 and positive constants t0, T1,
independent of ε, λ, such that supt≥0 Iλ(tuε) = Iλ(tεuε) and

(2.20) 0 < t0 ≤ tε ≤ T1 <∞.
In fact, since limt→∞ Iλ(tuε) = −∞, there exists tε > 0 such that

(2.21) Iλ(tεuε) = sup
t≥0

Iλ(tεuε) and
dIλ(tεuε)

dt

∣∣∣∣
t=tε

= 0.

It follows from (2.21) that

tεa‖uε‖2 + t3εb‖uε‖4 − t5ε
�

Ω

u6ε dx− λtq−1ε

�

Ω

uqε
|x|β

dx = 0,(2.22)

a‖uε‖2 + 3t2εb‖uε‖4 − 5t4ε

�

Ω

u6ε dx− λ(q − 1)tq−2ε

�

Ω

uqε
|x|β

dx < 0.(2.23)

Combining (2.22) and (2.23) implies that

(2.24) (2− q)tεa‖uε‖2 + (4− q)t3εb‖uε‖4 < (6− q)t5ε
�

Ω

u6ε dx.

On the one hand, we can calculate easily from (2.24) that tε is bounded
below, that is, there exists a positive constant t0 > 0 (independent of ε, λ)
such that 0 < t0 ≤ tε.

On the other hand, it follows from (2.22) that

a‖uε‖2

t2ε
+ b‖uε‖2 = t2ε

�

Ω

u6ε dx+
λ

t4−qε

�

Ω

uqε
|x|β

dx,

so tε is bounded above for all ε > 0 small enough. Thus (2.20) is true.

We set Iλ(tεuε) = A(tεuε)− λB(tεuε), where

A(tεuε) =
a

2
t2ε‖uε‖2 +

b

4
t4ε‖uε‖4 −

t6ε
6

�

Ω

u6ε dx, B(tεuε) =
1

q
tqε

�

Ω

uqε
|x|β

dx.

Firstly, we claim that there exists a positive constant C3 (independent
of ε, λ) such that

(2.25) A(tεuε) ≤ Λ+ C3ε.

Indeed, let

h(t) =
a

2
t2‖uε‖2 +

b

4
t4‖uε‖4 −

t6

6

�

Ω

u6ε dx.

Since limt→∞ h(t) = −∞, h(0) = 0 and limt→0+ h(t) > 0, it follows that
supt≥0 h(t) is attained at Tε > 0, that is,

h′(t)|Tε = aTε‖uε‖2 + bT 3
ε ‖uε‖4 − T 5

ε

�

Ω

u6ε dx = 0.
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Observe that

T 4
ε

�

Ω

u6ε dx− a‖uε‖2 − bT 2
ε ‖uε‖4 = 0,

so

Tε =

(b‖uε‖4 +
√
b2‖uε‖8 + 4a‖uε‖2

	
Ω u

6
ε dx

2
	
Ω u

6
ε dx

)1/2

.

Since h(t) is increasing in [0, Tε], by (2.18) and (2.19) we get

A(tεuε) ≤ h(Tε)

=
ab‖uε‖6

4
	
Ω u

6
ε dx

+
b3‖uε‖12

24(
	
Ω u

6
ε dx)2

+
(b2‖uε‖8 + 4a‖uε‖2

	
Ω u

6
ε dx)3/2

24(
	
Ω u

6
ε dx)2

=
ab(S9/2 +O(ε))

4(S3/2 +O(ε3))
+

b3(S9 +O(ε))

24(S3/2 +O(ε3))2

+
[b2(S6 +O(ε)) + 4a(S3/2 +O(ε))(S3/2 +O(ε3))]3/2

24(S3/2 +O(ε3))2

=
abS3

4
+
b3S6

24
+

(b2S6 + 4aS3)3/2

24S3
+O(ε)

=
abS3

4
+
b3S6

24
+

(b2S4 + 4aS)3/2

24
+O(ε) = Λ+O(ε).

Therefore, there exists C3 > 0 (independent of ε, λ) such that (2.25) holds.

We now estimate B(tεuε). By the definition of uε and (2.20), in addition,
let 0 < ε < ρ1 < 2R. We have

B(tεuε) = tqε

�

Ω

|uε|q

|x|β
dx(2.26)

≥ tq0(3ε
2)q/4

�

|x|<ρ1

|x|−β

(ε2 + |x|2)q/2
dx+ tq0

�

|x|≥ρ1

|vε|q

|x|β
dx

≥ tq03
q/4εq/2

ρ1�

0

r2

rβ(ε2 + r2)q/2
dr

= tq03
q/4ε(6−q−2β)/2

ρ1ε−1�

0

r2

rβ(1 + r2)q/2
dr

= tq03
q/4ε(6−q−2β)/2

1�

0

r2

rβ(1 + r2)q/2
dr

+ tq03
q/4ε(6−q−2β)/2

ρ1ε−1�

1

r2

rβ(1 + r2)q/2
dr.
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From (2.26), we get

�

Ω

|uε|q

|x|β
dx ≥


Cε(6−q−2β)/2, q > 3− β,

Cε(6−q−2β)/2|ln ε|, q = 3− β,

Cεq/2, q < 3− β.

Case β > 3 − q. Then q > 3 − β, so there exists a constant C4 > 0
(independent of ε, λ) such that

(2.27) B(tεuε) ≥ C4ε
(6−q−2β)/2.

Noting that 1 < q < 2 and 3− q < β < 2, it follows that (6− q − 2β)/2 < 1

and 6−2q−2β
2−q < 0. Let ε = λ2/(2−q) and λ < λ0 =

(
C3

C4+D

) 2−q
2q+2β−6 . Then

C3ε− C4λε
(6−q−2β)/2 = C3λ

2/(2−q) − C4λ
8−2q−2β

2−q

= λ2/(2−q)(C3 − C4λ
6−2q−2β

2−q )

< −Dλ2/(2−q).
Therefore, the combination of (2.25) and (2.27) implies that

Iλ(tεuε) = A(tεuε)− λB(tεuε)

≤ Λ+ C3ε− C4λε
(6−q−2β)/2

≤ Λ−Dλ2/(2−q).
Case β = 3 − q. Then there exists a constant C5 > 0 (independent

of ε, λ) such that

(2.28) B(tεuε) ≥ C5ε
(6−q−2β)/2|ln ε|.

Let ε = λ2/(2−q), λ < λ̃0 = min{1, e−(C3+D)/C6}, where C6 = 2C5
2−q , so that

C3ε− C5λε
(6−q−2β)/2|ln ε| = C3λ

2/(2−q) − 2C5

2− q
λ

8−2q−2β
2−q |lnλ|

= λ2/(2−q)(C3 − C6λ
6−2q−2β

2−q |lnλ|)
= λ2/(2−q)(C3 − C6|lnλ|) < −Dλ2/(2−q).

It follows from (2.25) and (2.28) that

Iλ(tεuε) = A(tεuε)− λB(tεuε) ≤ Λ+ C3ε− C5λε
(6−q−2β)/2|ln ε|

≤ Λ−Dλ2/(2−q).
This completes the proof of Lemma 2.8.

3. Proofs of the theorems

Proof of Theorem 1.1. There exists a constant δ > 0 such that
Λ − Dλ2/(2−q) > 0 for λ < δ. Set λ∗ = min

{ 6−q
2(4−q)T1, T2, δ

}
. Then Lem-
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mas 2.1–2.4, 2.6, 2.7 hold for all 0 < λ < λ∗. By Lemma 2.6, there exists a
minimizing sequence {un} ⊂ Nλ of Iλ, obviously bounded in H1

0 (Ω); going if
necessary to a subsequence, still denoted by {un}, there exists uλ ∈ H1

0 (Ω)
such that 

un ⇀ uλ weakly in H1
0 (Ω),

un → uλ strongly in Ls(Ω), 1 ≤ s < 6,

un(x)→ uλ(x) a.e. in Ω,

as n→∞. Now we will prove that uλ is a positive ground state solution of
problem (1.1).

First, we prove that uλ is a positive solution of (1.1). Indeed, by Lem-
ma 2.6, for all ϕ ∈ H1

0 (Ω),(
a+ b lim

n→∞
‖un‖2

) �

Ω

(∇uλ,∇ϕ) dx−
�

Ω

(u+λ )5ϕdx− λ
�

Ω

(u+λ )q−1ϕ

|x|β
dx = 0.

Set limn→∞ ‖un‖ = l. Then

(3.1) (a+ bl2)
�

Ω

(∇uλ,∇ϕ) dx =
�

Ω

(u+λ )5ϕdx+ λ
�

Ω

(u+λ )q−1ϕ

|x|β
dx.

Taking the test function ϕ = uλ in (3.1) yields

(3.2) (a+ bl2)‖uλ‖2 −
�

Ω

(u+λ )6 dx− λ
�

Ω

(u+λ )q

|x|β
dx = 0.

The fact that un ∈ Nλ implies that

(a+ b‖un‖2)‖un‖2 −
�

Ω

(u+n )6 dx− λ
�

Ω

(u+n )q

|x|β
dx = 0.

As αλ < 0 < Λ−Dλ2/(2−q), by Lemma 2.7 and (1.6) one has

(3.3) (a+ bl2)l2 −
�

Ω

(u+λ )6 dx− λ
�

Ω

(u+λ )q

|x|β
dx = 0.

It follows from (3.2) and (3.3) that ‖uλ‖ = l, so un → uλ in H1
0 (Ω), and uλ

is a solution of problem (1.1), that is,

(3.4) (a+ b‖uλ‖2)
�

Ω

(∇uλ,∇ϕ) dx =
�

Ω

(u+λ )5ϕdx+ λ
�

Ω

(u+λ )q−1ϕ

|x|β
dx

for all ϕ ∈ H1
0 (Ω). Taking the test function ϕ = u−λ in (3.4), we get ‖u−λ ‖ = 0,

so uλ ≥ 0. Furthermore, note that uλ ∈ Nλ (uλ is a nontrivial solution of
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problem (1.1)) and αλ < 0 (by Lemma 2.3), so(
1

q
− 1

6

) �

Ω

uqλ
|x|β

dx =
a

3
‖uλ‖2 +

b

12
‖uλ‖4 − Iλ(uλ)

≥ a

3
‖uλ‖2 +

b

12
‖uλ‖4 − αλ > 0,

which implies that uλ 6≡ 0. Therefore, by the strong maximum principle,
uλ > 0 in Ω. Furthermore, by Lemma 2.7 and (1.6), we have

(3.5) αλ = lim
n→∞

Iλ(un) = Iλ(uλ).

Next, we want to show that uλ ∈ N+
λ and Iλ(uλ) = α+

λ . We first prove

that uλ ∈ N+
λ . On the contrary, assume that uλ ∈ N−λ (N 0

λ = ∅ for

λ ∈ (0, 6−q
2(4−q)T1)). By Lemma 2.1, there exist 0 < t+ < tmax < t− = 1

such that t+u ∈ N+
λ , t−u ∈ N−λ and

αλ < Iλ(t+uλ) < Iλ(t−uλ) = Iλ(uλ) = αλ,

which is a contradiction. Hence, uλ ∈ N+
λ . By the definition of α+

λ , we obtain
α+
λ ≤ Iλ(uλ). It follows from Lemma 2.3(i) and (3.5) that

Iλ(uλ) = α+
λ = αλ < 0.

From the above arguments, uλ is a positive ground state solution of problem
(1.1). This completes the proof of Theorem 1.1.

Proof of Theorem 1.2. Set λ∗∗ = min{λ∗, λ0, λ̃0}. Then Lemmas 2.1–2.8
hold for all 0 < λ < λ∗. By Theorem 1.1, uλ ∈ N+

λ is a positive ground state
solution of (1.1). Now, we shall verify that (1.1) has another solution vλ,
and vλ ∈ N−λ with Iλ(vλ) > 0.

Since Iλ is also coercive onN−λ , Ekeland’s variational principle applied to
the minimization problem α−λ = infv∈N−λ

Iλ(v) yields a minimizing sequence

{vn} ⊂ N−λ for Iλ with the following properties:

(i) Iλ(vn) < α−λ + 1/n,
(ii) Iλ(u) ≥ Iλ(vn)− (1/n)‖u− vn‖ for all u ∈ N−λ .

Since {vn} is bounded in H1
0 (Ω), passing to a subsequence if necessary, there

exists vλ ∈ H1
0 (Ω) such that
vn ⇀ vλ weakly in H1

0 (Ω),

vn → vλ strongly in Ls(Ω), 1 ≤ s ≤ 6,

vn(x)→ vλ(x) a.e. in Ω,
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as n → ∞. Now we will prove that vλ is a positive solution of (1.1). As in
the proof of Theorem 1.1, we get vn → vλ in H1

0 (Ω), and vλ is a nonnegative
solution of (1.1).

Now, we prove that vλ > 0 in Ω. Since vn ∈ N−λ , we have

a(2− q)‖vn‖2 ≤ (6− q)
�

Ω

(v+n )6 dx− b(4− q)‖vn‖4

≤ (6− q)
�

Ω

|vn|6 dx < (6− q)S−3‖vn‖6,

so that

(3.6) ‖vn‖ >
(
a(2− q)S3

6− q

)1/4

.

As vn → vλ in H1
0 (Ω), (3.6) implies that vλ 6≡ 0. Therefore, the strong

maximum principle implies that vλ > 0 in Ω.
Next, we prove that vλ ∈ N−λ ; it suffices to show that N−λ is closed.
Indeed, by Lemmas 2.7 and 2.8, for {vn} ⊂ N−λ , we have

lim
n→∞

�

Ω

(v+n )6 dx =
�

Ω

v6λ dx.

By the definition of N−λ ,

(2− q)a‖vn‖2 + (4− q)b‖vn‖4 − (6− q)
�

Ω

(v+n )6 dx < 0,

thus
(2− q)a‖vλ‖2 + (4− q)b‖vλ‖4 − (6− q)

�

Ω

v6λ dx ≤ 0,

which implies that vλ ∈ N 0
λ ∪N

−
λ . If N−λ is not closed, then vλ ∈ N 0

λ , and by
Lemma 2.1 it follows that vλ = 0, which contradicts vλ > 0. Consequently,
vλ ∈ N−λ . Furthermore, by Lemma 2.3,

Iλ(vλ) = lim
n→∞

Iλ(vn) = α−λ > 0.

This completes the proof of Theorem 1.2.
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