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A boundary cross theorem
for separately holomorphic functions

by PETER PFLUG and VIET-ANH NGUYEN (Oldenburg)

Abstract. Let D C C™ and G C C™ be pseudoconvex domains, let A (resp. B) be an
open subset of the boundary D (resp. G) and let X be the 2-fold cross ((DUA) x B)U
(A x (BUG)). Suppose in addition that the domain D (resp. G) is locally C? smooth on
A (resp. B). We shall determine the “envelope of holomorphy” X of X in the sense that
any function continuous on X and separately holomorphic on (A x G) (D x B) extends
to a function continuous on X and holomorphic on the interior of X. A generalization of
this result to N-fold crosses is also given.

1. Introduction and statement of the main results. In order to
recall here the classical cross theorem and to state our results, we need to
introduce some notation and terminology. In fact, we keep the main notation
from the book by Jarnicki and the first author [6] and from the survey article
by Sadullaev [16].

1.1. Plurisubharmonic measures. Let 2 C C™ be an open set. For any
function u defined on {2, let

u(z), z € £2,
u(z) == 4 limsup u(w), =z € 0.

WEN, w—z

For a set A C 2 put
hago :=sup{u:u e PSH(2), u<1on 2, u<0on A},

where PSH({2) denotes the set of all functions plurisubharmonic on f2.
We first suppose that {2 is bounded. Then the plurisubharmonic measure
of A relative to {2 is given by

(1.1) w(z, A, Q) =" o(2), z€RUA,
where ©* denotes the upper semicontinuous regularization of a function .
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From now on let {2 be an arbitrary (not necessarily bounded) open set
and we shall be concerned with the following two cases.

Case I: A C 2. In this case, we define the plurisubharmonic measure
of A relative to {2 as follows:

w(- A, 2) = klir& hjzlﬂﬂk,ﬂk’

where (§2;)72 , is a sequence of relatively compact open sets {2, C 2,41 € 2
with (Jyo 2 = 2. Observe that the definition is independent of the ex-
hausting sequence (£2;)22 ;. Moreover, w(-, A, 2) € PSH(12).

Cask II: A is an open subset of 9f2. We suppose in addition that (2 is

locally C? smooth on A (i.e. for any ¢ € A, there exist an open neighborhood
U = U¢ of ¢ in C" and a real function ¢ = g € C?(U) such that 2N U =

{z € U:p(z) <0} and do(¢) # 0).
In this case, the plurisubharmonic measure of A relative to §2is a function
on {2 U A given by

w(z, A, Q)= klim w(z, Ak, ), z€ NUA,

where the function w(-, Ag, £2) is given by (1.1) and (§2;)72, is a sequence
of relatively compact open sets 2, € C" and (Ay)32, is a sequence of open
subsets of A such that
(i) 2, C Qk—}—l and UZO:1 2, = (2,
(ii) Ap C Agyq and Ap C 002 N OS2 and UZO:1 A = A;
(iii) for any ¢ € A there is an open neighborhood V' = V; of ¢ in C"
such that V N 2 =V N (2, for some k.

In Section 3, we shall prove that the definition is independent of the ex-
hausting sequences (§2;)7°; and (Ay)72, chosen. Moreover, w(-, A, 2)|o €
PSH(2).

1.2. C’ro_ss and separate holomorphicity. Let N € N, N > 2, and let
0 # A; € D; C C", where Dj is a domain, j = 1,..., N. We define an
N-fold cross X, its interior X° and a new set A as

X:X(Al,...,AN;Dl,...,DN)
N
= UA1><~-><Aj_1X(DjUAj)XAj.HXH-XAN
j=1

C Cn1+“'+nN — (CTL’
XO:XO(Al,...,AN;Dl,...,DN)

N
= UA1><'--><AJ;1XDjXAjJrlX'--XAN,
J=1

A=A x---x Apn.
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In particular, if A; C D;j, j=1,...,N, then X = X°. Moreover put
N

w(z) = Zw(zj,Aj,Dj), z=(z1,...,2N) € (D1UA]) x---x (DyUAN).
j=1

For an N-fold cross X := X(A41,...,An;D1,...,Dn) let
X:={z2=(21,...,28) € (D1 UA]) x -+ x (Dy U Ay) : w(z) < 1}.
Then the set of all interior points of X is given by
Xo:={z=(z,...,2n8) €Dy x --- x Dy 1 w(2) < 1}.

We say that a function f : X — C is separately holomorphic on X°, and

write f € Og(X°), if forany j € {1,..., N} and (a/,a") € (A1 x---xA;j_1) %

(Ajy1 x -+ x Ay) the function f(a',-,a")|p, is holomorphic on Dj.
Finally, throughout the paper, the notation |f|5s stands for sup,, | f|.

1.3. Motivations for our work. We are now able to formulate what we
will cite in what follows as the classical cross theorem.

THEOREM 1 (Alehyane & Zeriahi [1]). Let Dj C C" be a pseudoconvex
domain and A; C Dj a locally pluriregular subset, j = 1,...,N. Then for

any f € Os(X), there is a unique fe O()?) such that f: f on X.

There is a long list of papers dealing with this theorem under various
assumptions. For a historical discussion, see the survey article [14].

The question naturally arises how the situation changes when the sets A;
live on the boundary 0D;, j =1,...,N.

The first results in this direction were obtained by Malgrange—Zerner
[17], Komatsu [10] and Druzkowski [2], but only for some special crosses.
Recently, Gonchar [3, 4] has proved the following remarkable more general
theorem.

THEOREM 2. Let D; C C be a Jordan domain and let ) # A; be an open
subset of the boundary 0D;, j =1,...,N. Then for any f € C(X)N Os(X°)
there is a unique fe C()?) N (9()?0) such that ]?: f on X. Moreover, if
|flx < oo then

(1.2) PG < A D158, 2 e X,

It should be observed that under the hypothesis of Theorem 2 one has
X C X. We remark that Gonchar’s original formulation is slightly different.
However, his proof still works for this new formulation.

The main purpose of this work is to generalize Gonchar’s theorem to
higher dimensions.
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1.4. The main result. We are now ready to state the main result.

MAIN THEOREM. Let D; C C"% be a pseudoconver domain and let
0 # Aj be an open subset of 0Dj, j = 1,...,N. Suppose in addition that

each domain Dj is locally C? smooth on Aj,j=1,...,N. Then X C X and
for any f € C(X) N Os(X°), there is a unique f € C(X) N O(X®) such that
f=f on X. Moreover, if |f|x < oo then

(1.3) PG < IFI D159, 2 e X,

We now give a short outline of the proof. The main idea is to com-
bine Gonchar’s theorem and the classical cross theorem with the slicing
method. More precisely, with each domain D; we shall associate a family
of C? smooth planar domains which are, roughly speaking, the intersection
of an open tubular neighborhood of A; in D; U A; with the family of com-
plex lines normal to A; parameterized by A;. One important property of
this family is that the harmonic measures for its domains depend, in some
sense, continuously on the parameter of A;. Another important property is
that there is a relation between the plurisubharmonic measure of D; and
the harmonic measure of the domains in the above family. Applying Gon-
char’s theorem and the slicing method, we shall find an extension f such
that f is holomorphic on a subdomain of each domain in this family. The
two important properties mentioned above, combined with a variant of the
classical cross theorem, will allow us to propagate the holomorphicity from
those one-dimensional subdomains to the desired envelope of holomorphy.

The paper is organized as follows.

We begin Section 2 by collecting some background of potential theory
and some classical results. Next we establish a uniform estimate for the
Poisson kernels which will play an important role in the proof of the Main
Theorem.

Based on the results of Section 2, Section 3 develops necessary estimates
for the plurisubharmonic measures that will be used later in Section 5.

Section 4 provides the first step of the proof. More precisely, we will
consider the mixed situation where there is at least one j such that A;
is inside D;. Moreover, we will establish some quantitative versions of the
classical cross theorem.

Section 5 establishes the Main Theorem in the case of a 2-fold cross.

The complete proof of the Main Theorem will be given in Section 6
together with some concluding remarks and open questions.

Acknowledgments. The paper was written while the second author
was visiting the Carl von Ossietzky Universitat Oldenburg being supported
by the Alexander von Humboldt Foundation. He wishes to express his grat-
itude to these organizations.
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2. Auxiliary results

2.1. Harmonic measure for a planar domain. We recall some classical
facts from the book of Ransford [15]. Let D be a proper subdomain of
CU{oo} such that the boundary dD (with respect to CU{oc0}) is nonpolar.
Let Pp be the Poisson projection of D, and A a Borel subset of 9D. Consider
the bounded function

1, (€0D\A,

Lopra(Q) = {0 CeA

By Theorem 4.3.3 of [15], the harmonic measure of the set 0D \ A (or
equivalently h 4 p) is exactly the Perron solution of the generalized Dirichlet
problem with boundary data 1sp\ 4. In other words,

(2.1) ha,p = Ppllop\al.

2.2. A uniqueness theorem and the Two-Constant Theorem. The follow-
ing uniqueness theorem is very useful.

THEOREM 2.1 (see [5]). Let D C C™ be a domain such that D is locally
C! smooth on some open set U of OD. If a set E C DUU has a positive
(2n — 1)-dimensional Hausdorff measure, then, for f € C(DUU) N O(D),
f =0 on E implies f = 0.

Proof. The only nontrivial case is that £/ C U. In this case by taking the
intersection of D with a bundle of complex lines and applying the classical
one-dimensional boundary uniqueness theorem of Privalov, one may find a
set £’ C D close to E such that E’ has a positive 2n-dimensional Hausdorff
measure and f = 0 on E’. This completes the proof. m

The following Two-Constant Theorem for plurisubharmonic functions
will play a vital role in this paper.

THEOREM 2.2. If u is a plurisubharmonic function in a bounded open
set D CC" and u < M on D and u < m on some subset A of D, then

u(z) <m(l —w(z,A,D))+ Mw(z,A,D), =z¢cD.

Proof. This follows immediately from the definition of w(-, A, D) given
in Subsection 1.1. m

2.3. Uniform estimate for the Poisson kernels of a family of C?> smooth
domains. In what follows we fix an integer N > 2 and let dist(-,-) denote
the Euclidean distance and B(a,r) (a € RY r > 0) the Euclidean ball of
center a and radius r. We say that a domain D C R is C? smooth if D is
bounded and admits a defining function o € C2(R") such that do(z) # 0 for
all z € 9D. Let Pp denote its Poisson kernel. The following result is due to
N. Kerzman (see [8] and [11]).
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THEOREM 2.3. Let D C RY be a C? smooth domain that satisfies

diam(D) := sup |z —y| < M for some constant M.
z,yeD

Then

(1) there is a positive number r = r(D) such that for each y € 0D there
are balls B(cy,7) C D and B(¢,,r) C RN \ D that satisfy

B(¢,,r)ND={y}, Bley,,r)N(RY\ D)= {y};
(2) there is a constant C'" which depends only on N,r, and M such that

, x€D, yedD.

Proof. This theorem is implicitly proved in Lemmas 8.2.3-8.2.5 and
Proposition 8.2.6 of Krantz [11]. We only mention here that Kerzman’s
idea is to compare the Green function and the Poisson kernel for D with
the corresponding functions for the internally and externally tangent balls
B(cy,r) and B(¢y,r) (and also for their complement). =

Now we reformulate Kerzman’s theorem in order to obtain a uniform
upper bound for the Poisson kernels of a family of domains which depend,
in some sense, continuously on a parameter.

COROLLARY 2.4. Let (Dy)acr be a family of C? smooth domains in RY
indezed by a set I. Suppose that

(1) there is a constant M such that for all o € I,
diam(D,) < M;

(2) there is a positive number r such that for each « EI, y € 0D, there
are balls B(cya,7) C Do and B(¢yqa,7) C RN \ D, that satisfy

B(cya,r) N Dy = {y}, B(cya,r) N (RN \ Do) = {y}.
Then there exists a constant C such that

Pp. (2.y) < C dist(x,0D,)

w—yN x € Dy, y€ 0Dy, a €l

Proof. This follows immediately from Theorem 2.3. =

We conclude this section with an example of a family of C? smooth
domains satisfying the hypothesis of Corollary 2.4.

Let D be a domain in C™ which is locally C? smooth on an open neighbor-
hood of a point P € dD. Let TS (resp. T%) denote the complex (resp. real)
tangent hyperplane to 0D at P, and 7 (resp. WC) the orthogonal projection
from C" onto TH (resp. T'S). By an affine transformation, we may suppose
without loss of generality that P = 0, T's = {21 = 0} and T8 = {Re z; = 0}.
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Moreover, there are an open neighborhood U of the origin and a function
0 € C?(U) such that

(2.2) 0(0)=0, dp(0)=(1,0,...,0), UND={o<0}.

For any domain V C U and any Q := (0, 2') = (0, 22, ..., 2,) € TS, consider
the planar domain

(2.3) Vo :=env(VN{(t,2):teC}),

where env(G) denotes the smallest simply connected domain containing (a
given planar domain) G, in other words, env(G) is obtained from G by
adding all its holes.

PROPOSITION 2.5. Under the above hypotheses and notation, there are
open neighborhoods Uy of P in Tjg, Us of P in TE and Uz of P in C" and
a C? smooth subdomain V C D such that

(1) Uy =U;NTE;

(2) OV N aD is an open neighborhood of P in 0D and in OV, and m is

one-to-one from AV N 0D onto an open neighborhood of Us;

(3) (Vo)geu, is a family of C smooth planar simply connected domains

which satisfies (1) and (2) of Corollary 2.4 and Vo C D;
(4) there is a constant C such that for all Q € Uy, z € Vg NUs and
¢ € 0V NAD satisfying ©(¢) = 7(2),

dist(z,0Vg) < Cdist(z,0D), dist(z, () < Cdist(z,0D);

in other words, the quantities dist(z,0Vyg), dist(z, () and dist(z,0D)
are equivalent.

Proof. Since D is locally C? smooth on an open neighborhood of P €
0D, a geometric argument (see [11, p. 325]) shows that there is an r > 0
such that the sphere OB is internally tangent to D at P, where B :=
B((-r,0,...,0),r).

Consider the following defining function for B:

o142 42+ |2 =2
(24)  oz) = OIAUAET T

r

A straightforward computation shows that |d¢| = 1 on dB. Next fix a radial
function ¥ € Cy(C™) such that 0 < ¢ < 1,9(z) =1 for 2| <1 and (z) =0
for |z| > 2. Since dp(0) = d¢(0), we may choose g such that 0 < g < r/4
and
(2.5) (do—do)(2) < 1/, |2] < 2=0.
Now define for any 0 < ¢ < &g,

(2'6) 1/15(2) = ¢(Z/8), Q¢ ::Qb"_?pa(g_@é)'

z = (z1 +iy1,2’) € C".
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Observe that p-(z) = o(z) for |z| < e and p-(2) = ¢(2) for |z| > 2e. Moreover
using (2.5)—(2.6) and the identities o(0) = ¢(0) and dp(0) = d¢(0), we have
for |z] < 2e,

[(do= — d9)(2)| < Ye(2)[(do — do)(2)] + [dipe(2)] - [(2 — ¢)(2)]
< 1 N C'e?
=3 P
where C’ is a constant. Therefore there exists e; > 0 such that for all
0<e<eq,

(2.7) |(do- — dd)(2)] < 1/4,  [2] < 2e.

For any 0 < & < min{eg, 1} define

(2.8) Vii={2€C":p.(2) <0}

and let V' be the connected component of V' satisfying P € V. Then (2.7)
implies that |do-(z)| > 1/2 for |z| < 2e. Since 0 < ¢ < 1 and p:(z) = ¢(2)

for |z| > 2¢, we deduce from (2.6) that V is a C? smooth subdomain of D.
Now let

Us:=B(0,¢), Uy:=UsNTx, U :=UsNTS.

Then by (2.4)-(2.6), we see that (1) and (2) are satisfied when ¢ in (2.8) is
sufficiently small.

We next turn to (3). Fix Q € Uy and z € 0V. Then there are two cases.
If |z| < 2¢, then by (2.7),

lzg+7] 1 1
|dz, 0¢| > |z, @] — |doe — do| > . 1 > T
If |z| > 2¢, then by (2.6),
21+
’dZ1QE’ = |dz1¢| = % > 0.

Thus for any Q = (0,2') € Uy the set VN {(t,2) : t € C} is a C? smooth
planar region contained in D. Since for sufficiently small € > 0, 9D N Us is
a graph over TE, a geometric argument shows that Vg is also a C? smooth
planar simply connected region contained in D. We see that one may assume
that Vg is a domain.

To complete the proof of (3) we still need to check that the family
(V@)geu, satisfies (1) and (2) of Corollary 2.4. Indeed, let og be the re-
striction of ¢ to the complex line containing Vg. Clearly, the Hessian dng
depends continuously on ) € U;. This, combined with the geometric fact
proved in [11, p. 325], implies the remaining assertion of (3).

It remains to establish (4). Also by [11, p. 325], when € > 0 in (2.8) is
sufficiently small, for any z € Us N D there are unique 6 € 9D and a point
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n € 9V such that
|z — 0] = dist(z,0D), |z —n|=dist(z,0Vp).

Let ngy (resp. n,) be the inward unit normal vector to 9D (resp. 0V() at
(resp. n). Then a geometric argument shows that the orthogonal projection
of the real line containing n, onto Vi passes through z. Since @ is close
to P, the angles between the vectors z —n and n, and between n, and
ng are arbitrarily small when ¢ in (2.8) is sufficiently small. Thus the angle
between z —1 and z — 0 is arbitrarily small. Since |do(0)| = 1 and ¢ € C?(U),
it follows that
2= 0] < |z —n| < Clz 0]
for some constant C, which proves that dist(z, 0Vg) < Cdist(z,0D).

The second estimate of (4) can be proved in exactly the same way. This
completes the proof. m

3. Estimates for the plurisubharmonic measures. In this section
we apply the result of the previous one to establish some inequalities con-
cerning plurisubharmonic measures. These estimates will be crucial for the
proof of the Main Theorem.

PROPOSITION 3.1. Let D be a bounded planar domain with C* smooth
boundary. Then there is a constant C' such that for any finite union A of
open connected arcs on 0D,

dist(z,0D)
dist(z,0D \ A)?’
Proof. By Theorem 2.3 we know that there is a constant C’ such that

w(z,A,D)<C ze DUA.

dist D
Pp(z,y) <C' 1|S$(f7j|2 ), xeD, yedD.
This, combined with identity (2.1), implies that
dist D
seap e | TEE o),

D\ A
where do is the Lebesgue measure on 0D. We easily see that the right side
of the latter estimate is dominated by

dist(z,0D)
dist(z,0D\ A)2" "
Observe that as in Theorem 2.3 and Corollary 2.4, the constant C' in
Proposition 3.1 depends only on o(0D \ A), diam(D) and the radius r(D).

PROPOSITION 3.2. Let D C C" be a bounded open set and let A be an
open subset of D such that D is locally C?> smooth on A. Then for any set
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K € A, there is a constant C' = Cg such that
w(z,A,D) < Cdist(z,K), ze€DUA.
In particular, w(-, A, D) =0 on A.

Proof. Since w(-,A,D) < w(-,B,G) if B C A and G C D, by a com-
pactness argument and Proposition 2.5 we may suppose that K € A is the
intersection of A and a sufficiently small ball U centered at P, and D is a
C? smooth domain such that Proposition 2.5 is applicable. Namely, keeping
the notation of (2.2) and (2.3), we assume that P =0 € C" and (Vg)gev, is
a family of C? smooth planar simply connected domains satisfying (1) and
(2) of Corollary 2.4.

Observe that it suffices to prove the proposition for the case where z is
sufficiently close to K. Now let @ := 7(z) and note that z € Dg. Then
Proposition 2.5(4) gives a constant C’ such that
(3.1) dist(z, K) < dist(z, 0Vg) < C'dist(z, K).

Combining Propositions 2.5, 3.1 and the remark following the proof of
Proposition 3.1, we see that there is a constant C” such that
(3.2) w(z, AN Vg, Vo) < C"dist(z, K N aVy).
Next observe that for any u € PSH(D) with u < 1 on D and u < 0 on A,
by the very definition,
u(z) <w(z, AN Vg, Vo).

Combined with (3.1) and (3.2), this implies that

w(z,A, D) < C'C" dist(z, K),
which completes the proof of the desired estimate. The identity w(-, A, D)
= 0 on A follows immediately from this estimate. m

The next result tells us that the definition of the plurisubharmonic mea-
sure given in Case II of Subsection 1.1 is independent of the choices made.

PROPOSITION 3.3. Let D C C™ be an open set and let A be an open
subset of 0D such that D is locally C* smooth on A. Then there is a function
w(+, A, D) plurisubharmonic in D with the following property:

Let (Dy)72, be a sequence of relatively compact open sets Dy € C" and
(Ar)32, a sequence of open subsets of A such that

(i) D, C Dk+1 and UZOZI D, =D,
(ii) A C Axyq and A, C 0D NODy and Uzozl A = A;
(ili) for any ¢ € A there is an open neighborhood V. = Vi of ¢ in C"
such that VN D =V N Dy for some k.

Then
w(-,A,D) = lim w(-, Ax,Dr) on D.

k—o0
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Proof. First observe that such sequences (Dy)7°, and (Ag)32, always
exist. For example, one may take Dy := DN B(0,k) and Ay := AN B(0,k),
k € N. Let (D)2, and (A4})%2, be some other sequences which satisfy
(i)—(iii). It is easy to see that the limits of decreasing sequences

w:= lim w(-, Ag, D) and o' := lim w(-, A}, Dy,)
k—oo k—oo
exist and define two plurisubharmonic functions in D.

Fix k and let ¢ be any point in Ay and K be any compact neighborhood
of ¢ in Ag. By (i)—(iii), there are an integer N and a bounded open neigh-
borhood U of K in C" such that UN A C A, and U N D], = U N D for any
n > N. Therefore, applying Proposition 3.2 to the open set D N U, we find
a constant C such that

w(z, A, D)) <w(z,UNAUND)<Cdist(z,K), zeUnND, n>N.
This implies that
v (¢) := limsup '(w) = 0.
weD, w—(
Thus @' = 0 on A, and therefore w(+, Ak, Di) > u’. This implies that u > u’.
Similarly, one gets u’ > u. Hence u = u/ and the proof is finished. =

One should mention that in view of Proposition 3.3, Proposition 3.2
still holds when D is an arbitrary (not necessarily bounded) open set. An
immediate consequence of Proposition 3.3 is the following result.

PROPOSITION 3.4. Let D C C™ be an open set and let A be an open sub-
set of dD such that D is locally C* smooth on A. Let (Ay)32., be a sequence
of open subsets of 0D such that Ay, /" A as k /" co. Then

klim w(-,Ax, D) =w(-,A,D) on D.

Proof. 1t suffices to take (Dy)72, with Dy = D, and apply Proposition

33. =

ProroSITION 3.5. Let D C C™ be an open set and let A be an open
subset of 0D such that D is locally C*> smooth on A. Then for any § > 0,
there is an open subset Ty of D such that

(1) T51 C T52 for 0 < 01 < d9;
(2) Ts U A is an open neighborhood of A in AU D;
(3) w(z,A,D) — 6 <w(z,T5,D) <w(z,A,D) for z € D;
(4) supyp, dist(-, A) < 4.
Proof. Fix a sequence (Ay)32, of open subsets of A such that
(i) A € Ak+1 C A;
(ii) Ay / Aask / oc;
(iii) Ay consists of a finite number of open connected components.
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By Propositions 3.2 and 3.3, for any k there is a constant Cy > 1 such that

(3.3) w(z, A, D) < Cdist(z, Ag).
For § > 0 consider the following open subset of D:
(3.4) Ts :={z € D : Cy dist(z, Ax) < ¢ for some k € N}

In view of (3.3)—(3.4) and (i)—(iii), statements (1) and (2) are proved. More-
over
w(z, A, D) <6, dist(z,4) <6, z¢€Ts,
which implies that w(-, A, D) —§ < w(-,T5,D) on D.
On the other hand, from (2) and the definition of plurisubharmonic mea-
sures, we deduce that w(-,T5,D) < w(-,A,D) on D. Hence the proof is
complete. m

The rest of this section is devoted to some applications of the previous

results.

PrOPOSITION 3.6. Let D C C" and G C C™ be two domains and let
A (resp. B) be an open subset of 0D (resp. OG) such that D (resp. G)
is locally C2% smooth on A (resp. B). Put X := X(A,B;D,G) and X° :=
X°(A, B; D,G). Then
(1) for any finite subset M C XO, there are open sets T C D, S C G
and 0 < e <1 such that
M C {(z,w) € D x G :w(z,T,D) +w(w,S,G) <1—¢c} C X°
(2) the open set X° is connected;
(3) X CX.
Proof. Fix € > 0 such that
w(z, A, D)+ w(w,B,G) <1—-2¢, (z,w) € M.
Applying Proposition 3.5, we find two open sets T' C D, S C G of the form
(3.4) such that
lw(z,A,D) —w(z,T,D)| <e/2, z€D,
lw(w, B,G) —w(w,S,G)| <e/2, weAQG.
Therefore,
M C {(z,w) € D x G :w(z,T,D)+ww,S,G) <1—¢c} C X°,
which yields (1). R
To prove (2) let (z1,wq) and (22, ws) be two arbitrary points in X°. Put

M = {(z1,w1), (22, w2)}. By (1) there are open sets T C D, S C G and
0 < e < 1 such that

M C{(z,w) € DX G:w(z,T,D)+ww,S,G) <1—c}c X°
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Since the middle set above is connected (see, for example, Lemma 4 in [7]),
the conclusion of (2) follows.

Statement (3) holds by Proposition 3.2 and the remark following the
proof of Proposition 3.3. =

The next result tells us that the open set X° is still connected in the

following mixed situation.

ProrosiTiON 3.7. Let D C C" and G C C™ be two domains, let
A C D and let B be an open subset of 0G. Assume that A is locally
pluriregular and G is locally C* smooth on B. Let X := X(A, B; D,G) and

X°:=X°(A,B;D,G). Then

(1) for any finite subset M C )?0, there are an open set S C G and
0 < e <1 such that

M C {(z,w) € D x G :w(z,A,D) +w(w,S,G) <1—¢} C X°
(2) the open set X° is connected;
(3) X C X.
Proof. Proceed as in the proof of Proposition 3.6 with obvious changes. =

The last result of this section studies the level sets of plurisubharmonic
measures.

PROPOSITION 3.8. Let D C C™ be an open set and let A be an open
subset of 0D such that D is locally C* smooth on A. For any 0 < e < 1 let

D.:={z€D:w(z,A,D)<1—¢}.

Then
(1) we have
A D
hH(l)W(',A’DE) ZW(,A,D) on D, w('aAvDE) = W(fijg) on Deg;
e— —

(2) if z € D satisfies w(z,A, D) < 1, then, for any 0 < ¢ < 1 —
w(z, A, D), the connected component of D, which contains z is locally
C? smooth on a nonempty open subset of A;

(3) for any 0 < g9 < 1, there is an open neighborhood U of A in DU A
such that for all e <1 — gq there exists exactly one connected com-
ponent of D, containing UND and satisfying w(-, A, D;) < g9 on U.

Proof. For k € N let Ay := A. It suffices to check that the sequences
(Dyk)iey and (Ag)72 y have properties (i)—(iii) of Proposition 3.3 for a
sufficiently large positive integer IN. Observe that the only nontrivial point
is (iii), which however follows immediately from Proposition 3.2. Hence the
first identity of (1) is proved. To verify the second, observe that w(-, A, D¢) >
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w(-,A,D)/(1—¢) on D, by the very definition. On the other hand, consider
the function
. max{w(z, A, D), (1 —e)w(z, A, D)}, z€ D,

u() _{w(z,A,D), z€ D\ D..
Clearly, u € PSH(D) and v < 1 on D. By Proposition 3.2, u = 0 on A.
Thus v < w(-, A, D), which completes the proof of the second identity of (1).

By (1), w(z,A,D.) < 1forall 0 <e<1—w(z,A,D). This proves (2).

For (3) it suffices to show that every ( € A has a neighborhood U in
D U A with the required properties. By Proposition 3.2 one may find an
open neighborhood U of ¢ such that for some constant C',

w(-,A,D) < Cidist(z,UNA) <ey onUND.
This shows that Y N D C D;_.,. We now choose a relatively compact neigh-

borhood U of ¢ such that U € U. Then applying Proposition 3.2 and shrink-
ing U if necessary, we also have

w(-, A, Di_g,) < Codist(z,A) <egg onUND,

which completes the proof of the last assertion. =

4. A mixed cross theorem and two quantitative cross theorems.
The main result of this section is the following mixed cross theorem.

THEOREM 4.1. Let D C C™ be a bounded pseudoconvex domain, G C C™
a domain, A C D, and B C 0G. Assume that A is a locally plurireqular
relatively compact subset of D and A =g, Ay with Ay, locally pluriregular
and compact; assume moreover that B is an open subset of 0G such that G
is locally C? smooth on B. Let X := X(A, B; D,G), X° := X°(A,B;D,G),
X = X(A,B;D,G), and X° = XO(A,B;D, G).

Let Cs(X) be the space of all functions defined on X such that

(i) f is locally bounded on X;

(ii) for any z € A, f(z,-) € C(GU B).
Then R N R

(1) for any f € Cs(X) N O(X°) there is a unique f € C(X) N O(X°)

such that f: f on X;
(2) if, moreover, there is a set B' C OG such that

(i") f is locally bounded on A x (G U B'),
(it") for any z € A, f(z,-) e C(GU B’),
(iii') w(-, B,G) e C(GU B,

then [ extends continuously to every point (z,n) € XN (D x B).

A remark is in order. Under the hypothesis of Theorem 4.1, it follows
from Proposition 3.7(3) that X C X.
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Proof. First we prove (1). We argue as in the proof of Theorem 3.5.1
in [6]. For completeness, we give a sketch. Fix an f € C5(X) N Og(X°).

STEP I: Reduction to the case where D is strongly pseudoconvezr, A is
a locally pluriregular compact subset of D and |f| is bounded on X.

One proceeds as in the first and second step of the proof in [6]. More
precisely, let (G);2, be an exhausting sequence for G with properties (i)—
(iii) of Proposition 3 3 (with B instead of A). Let By := B N 0G}. Since D
is a domain of holomorphy, we may find an exhausting sequence (D)2,
of relatively compact, strongly pseudoconvex subdomains of D with Ay C
D, 7 D.

By reduction assumption, for each k there exists an fk ecC (X(Ak,Bk;
Dy, Gg)) N (’)(XO(A/C,B;C; Dy, Gy)) such that ﬁ = f on X(Ayg, By; D, Gy).

By Theorem 2.1 and Proposition 3.7 and since fyi1 = fr = f on

X(Ag, By; Dy, Gi), one can show that fk+1 = fr = f on X(Ak, By; Dy, Gy).
On the other hand, by Proposition 3.3, X(Ak, Bk, Dy, Gk) / X as k /oo,
Therefore, we may glue f;, together to obtain f € C (X) N O(X®) such that
f fk = f on X(Ag, Bx; Dk, Gi). Thus f f on X. The uniqueness of f
follows from Theorem 2.1 and Proposition 3.7. This completes Step I.

STEP II: The case where D is strongly pseudoconvexr, A is a locally
plurireqular compact subset of D and |f| <1 on X.

The key observation is that we are still able to apply the classical method
of doubly orthogonal bases of Bergman type (see for example [12], [13] for
a systematic study of this method).

Next one observes that Lemma 3.5.10 of [6] is still valid in the present
context. Look at Step 3 in that proof. In what follows, we will use the
notation from [6].

Let p:= pia,p, Ho := L2(D), Hy := the closure of Hy|s in L?(A, n) and
let (bg)p2, be the basis from Lemma 3.5.10 in [6], v; = ||bk| Hy, k € N,
and v, /" oo. For any w € B, we have f(-,w) € Hy and f(-,w)|4 € H;.
Hence

(4.1) ch )bk

where

(4.2) ex(w)

<
o

| £(z,w)bi(2) ddon(2) = | f(z,w)bp(2) dp(z), k€N
D A

Since |f| <1on X and f € Cs(X)NOs(X), applying Lebesgue’s Dominated
Convergence Theorem, we see that the formula
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(4.3) c(w) : Sf(z,w)mdu(z), w€GUB, keN,
A

defines a bounded function which is holomorphic in G. Moreover, from (4.2)—
(4.3) it follows that

(4.4) lim ¢ (w) =c(n) =c(n), neB.
weG, w—n

Thus ¢, € C(GU B)NO(G).
Observe that as in [6], using (4.2)—(4.4), we obtain the following esti-
mates:

log €| _ \/p(A)

< , keN,
log v, log v,
log |¢; log \/ Agyn (D
lim sup 08 [2(n)| < 8 2n(D) -1, neB, keN
weG, won 10g Uk log v,

This shows that for any € > 0, there is an N such that for all £ > NV,

log [cy|

(4.5) <w(,B,G)+e—1 ondG.

log v,
Take a compact K € D, let a > maxy hZ’D, and let € > 0 be so small
that a + 2¢ < 1. Consider the open set

Gk ={weG:w(,B,G) <1—a-—2}.
By (4.5) there is a constant C’(K) such that

(4.6) I3kl < (KB < O (K, k> L
Now we wish to show that
(4.7) > en(w)be(z)

k=1

converges locally uniformly in Xe. Indeed, by (4.6) and Lemma 3.5.10 in [6],

Dkl llbellin < C' (K *C(K, a)vg
k=1 k=1

(o.9]
< C(K)C(K,0)) v,° < o,

k=1
which gives the normal convergence on K X G . Moreover, B C Gk by
Proposition 3.2. Therefore, the previous argument also shows that the series
in (4.7) converges normally on K x (G U B). Since the compact set K € D
and € > 0 are arbitrary, the series in (4.7) converges uniformly on compact
subsets of X. Let f be its sum. Then obviously f € C(X) N O(X°). From
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(4.1), (4.4) and (4.7) it follows that

]/”\: f onDxB.
Consequently, an application of Theorem 2.1 shows that f: f on X. This
proves (1).

We now turn to (2) using the proof of (1). Observe that by (4.3) and
(i")-(ii"), ¢ € C(GU B') N O(G). Next fix n € B’ and z € D. We use
hypothesis (iii’) to choose € > 0 and a compact neighborhood K of z such
that K x (Gx U{n}) is a neighborhood of (z,7) in X N (D x B'). The rest
of the proof goes essentially along the same lines as that of (1). m

The last two results of this section give quantitative versions of the clas-
sical cross theorem (cf. Theorem 1).

THEOREM 4.2. Let D C C" and G C C™ be bounded domains and
let A C D and B C G be locally plurireqular sets. Assume that D is
pseudoconvex and A is of the form A = |Jpo, Ax with Ay compact. Let

X = X(4,B;D,G) and _ X := X(A,B;D,G). Then for any f € O4(X)
there is a unique f € 0O(X ) such that f = f on X. Moreover, if |f|x < oo
then

1 JA,D ,B,G ,A,D B,G
(48)  |J(zw)| < |fllgeg™ T BO pREAPIAREE T ( w) € X,
Proof. We proceed in two steps.
STEP 1: Proof of the equality ‘ﬂx =|flx.
Suppose that there is (zo,wp) € X such that |f(z0,wo)| > |f|x. Put

o := f(z0,wp) and consider the function
1
f(z,w) —a’
Clearly, g € O(X). Hence by Theorem 3.5.1 of [6], there is exactly one
geOoX ) with g = g on X. Therefore, by (4.9) we have g(f —a) =1 on X.

Thus g(f —a)=1on X.In particular,
0 = §(20,wo)(f(20,wo) — ) = 1,
which is a contradiction. Hence |f| ¢ < |flx. The opposite inequality is

(4.9

~—

g(z,w) := (z,w) € X.

trivial since X ¢ X (see, for example, [6]).
STEP 2: Proof of inequality (4.8).
Fix now (2o, wo) € X. For every n € B, we have

‘f(C?TI)‘S’f’AXB7 CGA, |f(z777)‘§’f’X; zeD.

Therefore, the Two-Constant Theorem (Theorem 2.2) implies that

—w(z,A, w(z,A,
4.10)  [f(zn)] < et e, 2 e D, e B



254 P. Pflug and Viét-Anh Nguyén

Consider the function f(zo,-) € O(G,), where
Gy ={weG:ww,B,G) <1—w(z0,A,D)}.
Observe that | f(zo, e, < [flx and
w(w, B,G4,) = w(w,B,G)/(1 —w(z0, 4, D)).

Consequently, using (4.10) and applying the Two-Constant Theorem to the
function f(zo,-), we obtain (4.8) for (zg,wp). =

THEOREM 4.3. Let D C C" and G C C™ be domains and let A (resp. B)
be an open subset of OD (resp. OG). Suppose in addition that D (resp. G
is locally C? smooth on A (resp. B) and D is pseudoconvez Put X =
X(4,B;D,G), X := X(A,B;D,G) and X° := X°(A,B;D,G). Then for
any f € C()A() N O(XO),

—w(z,A,D)—w(w,B,G w(z,A,D)+w(w,B,G -
(411) |f(zw)| < |fllgeg DB pREAPIARES - w) € X,

Proof. Fix (zg,wp) € )?, € > 0 and § > 0. By Proposition 3.5 one may
find an open set T5 C D such that

(4.12) w(z,A, D) — 6 <w(z,T5,D) <w(z,A,D), z€D.

By Proposition 3.3 there is a (not necessarily pseudoconvex) bounded sub-
domain G of G such that G5 € G U B, Gy is locally C? smooth on the open
subset 0Gs N B of B and

(4.13) 0 < w(wy, dGs N B,Gs) — w(wop, B,G) < 6.

Since f € C()?), there is an open subset As of T such that AU As is an
open neighborhood of A in AU D and

(4.14) lfz,w)| < |flx +&, 2z€ As, weGs.
It is also clear from (4.12) and the above properties of A that
(4.15) w(z,A5,D) — 6 <w(z,Ts5,D) <w(z,A5,D), z€D.

Let Dgs be a strongly pseudoconvex subdomain of D such that Ds € D
and

(4.16) 0 < w(z0,As N Ds, Ds) — w(zp, As, D) < 6.

Since Gj is locally C? smooth on the open subset 9Gs N B of B and f €
C(X), one may find an open subset Bs of G5 such that B U Bs is an open
neighborhood of 0G5 N B in (0Gs N B) U G§ and

(4.17) |f(z,w)| <|flx +e, z€ Ds, we Bs.
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By taking the intersection of Bs with the open level set given by Proposition
3.5 for the open set G, one may assume that

(4.18) w(w,0Gs N B,Gs) —§ < w(w, Bs, Gs)
<w(w,0GsN B,Gs), w € Gs.
Consider the crosses
X5 := X(As N Dg, Bs; D5, Gs), X5 := X(A; N D, By; D, Gs).
By Theorem 1, there is an f5 € (9()?5) such that f5 = f on Xj.

If one chooses § such that 0 < 100 < 1 —w(z9, A, D) —w(wo, B, G), then
it follows from (4.12), (4.13), (4.15), (4.16) and (4.18) that

(z0,wo) € {(z,w) € Dg x Hy :
w(z,As N Dg, Ds) + w(w, Bs, Hs) <1 =56} C )?5,
where Hj is the connected component of G§ containing wg.

We recall that fs = f on Xj. Therefore, f(z9,wo) = f5(20,wo). Conse-
quently, from Theorem 4.2, (4.14) and (4.17) we deduce that |f(zo,wo)| <
|flx+e. Since e > 0 and (20, wo) € X are arbitrary, it follows that Iflg < If].
The opposite inequality is trivial as X C X by Proposition 3.6(3). Thus we
have shown that |f|¢ = [f].

Therefore, arguing as in Step 2 of Theorem 4.2 and applying the second
identity of Proposition 3.8(1), we obtain (4.11). =

5. Proof of the Main Theorem for N = 2. In this section we simplify
the notation and rephrase the Main Theorem for the case N = 2 as follows.

THEOREM 5.1. Let D C C" and G C C™ be pseudoconvex domains
and let A (resp. B) be an open subset of 0D (resp. 0G). Suppose in ad-
dition that D (resp. G) is locally C*> smooth on A (resp. B). Put X =

X(A,B;D,G), X° = X°(4,B;D,G), X = X(A,B;D,G) and X° :=
XO(A B;D G) Then for any f € C(X) N Os(X°), there is a unique f €
C(X)NO(X®) such that f = f on X. Moreover,

1-w(z,A,D)—w(w,B,G),| pw(z,A,D)+w(w,B,G T
(51)  [Few) < |flg DB AP ED G € X

Proof. We proceed in several steps. First observe that by Theorem 2.1
and Proposition 3.6(3), the function f is uniquely determined (if it exists).

STEP 1: Reduction to the case where D and G are bounded pseudoconvez
domains.

Proof of Step 1. Fix any sequences (D)2, (resp. (G)52 ) of bounded
pseudoconvex subdomains of D (resp. G) such that (Dy)32, and (A4;)32,
(resp. (G)3, and (By)g2 ) satisfy (i)—(iii) of Proposition 3.3, where A, :=
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ANAODy and Gy := BN OGy. Let
Xk = X(Ak,Bk,Dk,Gk) cX

and note that X\k / X by Proposition 3.3.

Let f € C(X)NOs(X°). Clearly, f € C(Xj). Therefore, by the reduction
assumption, for each k there exists an f; € C(Xk) N (’)(XO) with f, = f
on X. By Theorem 2.1 and Proposmon 3.6, fk+1 = fk on Xk Therefore,
gluing the fi’s, we obtain an f € C(X )ﬁ (’)(XO) with f = f on X. To
reduce estimate (5.1) to the case where D and G are bounded pseudoconvex
domains, we proceed in the same way as above. This completes Step 1. =

From now on we assume that the hypothesis of Step 1 is fulfilled.

We introduce a new terminology. A subset A of an open subset A of
0D is said to be a ball in A with center ¢ and radius r if A = B({,r)N A
for a point ¢ € A and a positive number r satisfying 2r < dist(¢,0A).
Moreover, for a ball A in A and a number 0 < A < 2, AA denotes the open
set B(¢, Ar) N oD.

STEP 2: Keep the hypothesis of Theorem 5.1 and assume in addition
that G is a Jordan planar simply connected domain. Then the following
local version of Theorem 5.1 holds:

For any P € A, there is a ball A in A with center P such that for any
f € C(X) N Oy(X°), there is a unique f € C(X.4) N O()?;’l) with f = f on
X 4, where

X4:=X(AB;D,G), Xi:=X(AB;D,G), X%:=X°(AB;D,G).

Proof of Step 2. First, we apply Proposition 2.5 to the domain D which
is locally C2 smooth on an open neighborhood of P in 9D. Consequently,
there is an open neighborhood U of P satisfying (2.2) such that Proposition
2.5 is applicable there. Below, U, Uy, Us, 7€, 7, V and Vo have the same
meaning as in Proposition 2.5. Now we can fix a ball A of A,

(5.2) A:=ANB(Pr),
where the radius r is so small that 24 € A, 24 € 9(UND) NV, 2A € Us
and 7¢(2A4) € Uy.

For any § small enough, by Proposition 3.5 we may find an open subset
Ts of U N D such that

w(z,A,D) =8 < w(z,T5,D) < w(z, A, D), z€D,

(5:3) supdist(-,.4) < 8, 7C(Ts) € Uy.

Ts
A geometric argument based on Proposition 2.5 and definition (5.2) shows
that one may find dy > 0 small enough such that for any z € D U A with
dist(z,2A4) < dp, we have z € Us and there is a unique @, € U; such that
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z € Vg, . Moreover, by Proposition 2.5(4) we have
(5.4) dist (z,BVQZ N g.A) < Ch dist(z,.A)

for any z € DU A with dist(z,.A) < dg. On the other hand, combining
Corollary 2.4 and Propositions 2.5 and 3.1, we get

(5.5) w2, Vo, N 24, Vo) < Cs dist <z,aVQz n 2A>,

where C, C5 are constants independent of z € D U A with dist(z,.4) < do.
For each @ € 7%(2A), we apply Gonchar’s Theorem (Theorem 2) to
f € C(X(0VgN2A, B; Vg, G)) N O4(X°(8Vg N 2A, B; Vi, G)) to obtain fq €
C(X(VoN2A, B; Vi, G)) NO(X(8Vo N2A, B; Vg, G)) such that fo = f on
X(0Vg N2A, B; Vg, G).
Gluing the family ( fQ)Qeﬂ(C(Q A)» We obtain an extension function f de-
fined on the set

(5.6)  Xa:={(z,w) € (DU2A) x (GUB):3Q € 7°(2A4), z € Vg
and w(z,0Vg, N2A4,Vy,) +w(w, B,G) < 1},
which is not necessarily open; moreover
(5.7) f=f onX(A BTy, G).
By (5.3)-(5.5) we obtain a ¢y small enough such that for 0 < § < do,
(5.8)  w(z,0Vp, N2A,Vy,) < C1Cadist(z, A) < C1C26 <1, 2z €Ts.

Therefore, by (5.6), (5.8) and Theorem 2 for 0 < § < 61 := min{do, 1/2C1C>}
and z € Ty, f(z,-) is holomorphic on the open set

(5.9) Gs ={weG:w(w,B,G) <1—2C1C}.

We need the following

LEMMA 5.2. For any ((o,wo) € A x (G U B), there are an open neigh-
borhood U of Co in DU A and an open neighborhood V of wo in G'U B such
that U x V C X4 and | flyxy < co.

Proof of Lemma 5.2. Fix ({p,wp) € A x (GU B). Let

1 —w(wg, B,G)
3
and choose an open neighborhood V of wg in G U B such that

(5.11) w(w,B,G) <w(wy, B,G) +¢, we.

(5.10) £ =
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Moreover, by (5.4) and (5.5) choose an open neighborhood U of (p in DU A
such that

(5.12) w(z, Vg, N2A,Vg,) <e, z€l.

Next, by Proposition 3.3, we may find a subdomain G¢ of G such that
wo € G¢, G° C G U B and G¢ is locally C? smooth on the open subset
B. :=0GNJG* of B, B. € B and

(5.13) w(wo, B, G) < w(wp, Be, G°) < w(wy, B,G) + ¢
By shrinking V if necessary, we may assume that
(5.14) w(w, Be, G°) < w(wp, Be,G%) +¢, we.

Since f € C(X) and 24 € A, by shrinking U if necessary, we may find a
constant M such that

(5.15) ’ﬂ2A><G5 <M, must <M.

Consequently, for each @ € 7€(2.4) we can apply Gonchar’s Theorem (The-
orem 2) to f € C(X(0Vp N2A, B:; Vi, G%)) N Os(X°(0Vg N 2A, B:; Vi, G%))
to obtain the inequality |f| < M on

X5 = {(z,w) € (DU2A) x (G°UB.):3Q € 1°(2A4), z € Vg
and w(z,0Vg, N2A4,Vy,) +w(w, B;,G%) < 1},
On the other hand, using (5.6) and (5.11)—(5.14), we see that
UxVcCXycCXa
Hence muxv < M, which completes the proof of the lemma. =
Now for any 0 < § < &1, we can apply Theorem 4.1 to the function
f € C(X(Ts, B; D, Gs)) N Os(X°(Ts, B; D, Gy))
to obtain f5 € C(X(Ty, B; D, G5)) N O(X°(Ts, B; D, Gys)) such that
(5.16) fs=Ff onX(Ts, B;D,Gy).

We are now in a position to define the des1red extension function f
Indeed, one glues ( f5)0<5<51 together to obtain f in the following way:

(5.17) fi= %ii)%fg on X(A,B;D,G)\ (A x (GU B)).

One now checks that the limit (5.17) exists and has all the required proper-
ties. This is an immediate consequence of

LEMMA 5.3. For any (2,w) € X(A, B; D,G)\ (A x (G U B)) let 02w be

the unique positive number 0 which satisfies
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2C1C%0
1-6
Then f(z,w) = f(;(z,w) for all 0 <& < 0, 4.

(5.18) 5+

=1-w(z,A,D)—w(w,B,Qq).

Proof of Lemma 5.3. Fix (29, wo) € X(A, B; D,G)\ (Ax (GUB)). Then
by (5.3), (5.18) and the second identity of Proposition 3.8(1), for all 0 <
0 < Oz9,w0>

(ZO) wO) € X(T(S? B; D, G(S)
Therefore, for any 0 < &’ < 0 < 82wy, (20, wo) is in the set
(5.19) X(Ty, B; D, Gy) NX(T5, B; D, Gy).

Let Hs be the connected component of G containing wgy. Let By be the
largest open subset of B such that Hj is locally C2 smooth on B;. By Propo-
sition 3.8(2), Bs is nonempty and w(w, By, Hs) = w(w, B, Gs) for w € Hy.
On the other hand, using (5.3) and the inclusion Gs C G/, we see that the
set (5.19) contains

(5.20) {(#,w) € D x Hs : w(z,T5,D) + w(w, Bs, Hs) <1 —0}.

By Proposition 3.7 this last open set is connected. Moreover, it contains
(20, wp). In addition by (5.7) and (5.16), one gets

%/:%:f:f OHT(;XB(;.

Applying Theorem 2.1, we deduce that ﬁ;/ = ﬁ; on the domain given by
(5.20). In particular fs(z0,wo) = f5(20,wo). This completes the proof. =

Another consequence of Lemma 5.3 is that fe O(XO(A, B;D,G)). Now
we define by

(5.21) f==f onAx(GUB).

Thus fis well defined on the whole X(.A, B;D,G).

To complete Step 2, it remains to show that f € C(X(A, B;D,d)) and
f=fonX(A B;D,G).

First we prove that f is continuous on D x B. For this let (z0,m0) € DxB.

By Proposition 3.2 there are an open neighborhood U of zg in D and an
open neighborhood V of {y in G U B such that

A= sup (w(z,A4,D)+w(w,B,G)) <1
z€U, weY
Now let § > 0 satisfy § +2C1C30/(1 — 6) < 1—A. Then Lemma 5.3 implies
that f = f5 onl xV. Since from Theorem 4.1 we know that f5 is continuous
on D x B, sois f and moreover f f on D x B. This, combined with (5.21),
implies that f = f on X(A, B; D,G).
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Finally, it remains to check the continuity of ]? on A x (G U B). Fix
(Co,wp) € Ax (GUB)and 0 <e < 1. As f € C(X), by Lemma 5.2 there
are an open connected neighborhood U of {y in D U A, an open connected
neighborhood V of wg in G U B and a constant M such that

1£(Co,wo) — f(Cw)| <%, CeEANU, we,

’ﬂuxv < M/Q.

Moreover, by shrinking I/ and V if necessary, and applying Proposition 3.2,
we may suppose that

sup (w(z, A, D) +w(w,B,G)) < 1
Uxy

Therefore, U xV C X(.A B; D, ). Moreover, by Lemma 5.3 and (5.17), there
is a 0 > 0 such that f f5 f on the nonempty open set (T NU) x V.
Thus

(5.23) f=f onUxV.

By shrinking U/ if necessary, we may suppose that for all z € U, there is
exactly one (, € A such that 7(¢,) = 7(z). By Proposition 2.5(4) we have

zeVg,, ¢GeANnIVy,, dist(z ()~ dist(z,0Vp,).

(5.22)

Therefore, we can apply the Two-Constant Theorem to the function f(, w)—
F(Cyw) € C((8Vo. NU)U(Vo. NU))NO (V. NU), which is, by (5.22), bounded
by M for any z e U, w € V.

Consequently, taking (5.22) and (5.23) into account, we deduce that

’]/C\(Z, w) — f(CZv w)| < 2(1-w(z,0Vo, MU, Vo, NU)) pre(z.0Ve, MU Ve, M)

for all (z,w) € U x V. Thus for (z,w) € (DU.A) x (GU B) sufficiently close
to (Co,wo), by Proposition 3.2 and (5.22) we have

~

1F(z,w) = f(Goswo)l < |f(z,w) = F(Geyw)] + |F (G w) = F(Goswo)l
<eg/24¢e/2=F¢,

which proves the continuity of f at (o, wo).
Hence Step 2 is finished. =

STEP 3: The case where G is a Jordan planar simply connected domain.

Proof of Step 3. Fix a sequence (Aj)72, of open subsets of A such that
A @ Axyq and A /A as k /" co. By Proposition 3.4, X(Ak.,B;D,G) Ve
X(A, B; D, G). Using a routine uniqueness argument (Theorem 2.1 and Pro-
position 3.6) and the gluing procedure, we are reduced to proving that for
any k, there is an f;, € C(X(Ak,B;D,G)) N O(XO(Ak,B;D,G)) satisfying
fr = f on X(Ay, B; D, G).
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Now fix k € N. First we show that one may find a dy > 0 with the

following properties:

For any 0 < § < dg, there are a finite number of open balls (Aj)j-vzl of A

with radius § (N depending on ¢§) such that
. N

(ii) Ujvzl 2A; C Ajy1, where 2.4, is the ball with the same center as A;
but with double radius;

(iii) for each 1 < j < N, Step 2 applies to the open ball 2.4;; more
precisely, Step 2 provides f; € C(Xo4;) NO(X3 A]-) satisfying f; = f
on XQ.AJ';

(iv) for any 0 < § < ¢ there is an open subset T5 of D such that
W(Z,Ak,D)—(SSW(Z,Tg,D)SW(Z,Ak,D), ZGD,
supdist(-, Ag) < r,

Ts
for some 0 < r:=1rs < d;

(v) for any 0 < 0 < dp and z € Ts there is a unique (, € Ujvzl Aj;
such that dist(z, (,) = dist(z,0D) and for any 1 < j < N such that
¢. € A; we have

sup w(t,24;,D) <6,
te[z,¢:]
where [z, (] denotes the real segment connecting z to (..

Indeed, by Step 2 and a compactness argument we see that one may find
0o > 0 such that (i)—(iii) are satisfied.

On the other hand, using Proposition 3.2 we see that there is an r :=r;s
such that

(5.24) w(z,24;,D) < ¢

for all 1 <j < N and z € D with dist(z,.4;) < r.

By examining carefully the proof of Proposition 3.5, we may arrange Ty
in such a way that (iv) holds with the r given above. It is also clear that
when r is sufficiently small, the first assertion of (v) is satisfied, and the
second is an immediate consequence of (5.24).

Thus we have verified properties (i)—(v).

Next fix 0 < § < dg and put

(5.25) Gs:={we G:w(w,B,G) <1-26}.

We define a new function f on (Ty U Ay) x Gy as follows. For any (z,w) €
(T5s U A) x Gs let

(5.26) flz,w) = ]?](z, w)
for any 1 < j < N such that (, € A; (see (v) above).
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First one checks that f is well defined. Indeed, in view of (iv)—(v) and
(5.25), for any (z,w) € (T5UAL) xGj there is j such that (; € A; and (t,w) €
)?2,4]. for t € [z,(.]. Suppose that also (, € A;. Observe that fj = ﬁ =f
on (A; NA;) x G. Therefore, Theorem 2.1 and Proposition 3.6 yield fj = fl
on the connected component of )?2 A; N )22 A4, which is locally C? smooth on
(A;NA;) x Gs. However, we have already shown in the previous paragraph
that (t,w) € )?QAJ. ﬂ)?gAl for t € [z,(.], and clearly ((;,w) € (A;NA;) x G.
Consequently, the above mentioned connected component contains (z,w).
Thus fj(z, w) = fl(z,w), and hence [ is well defined.

In view of (5.26), it is also clear that

}VE C(<T5 UAk) X G(;) N O(T5 X G(;)

Let ﬁ; be the trace of fon X(Ts, B; D, Gs). Applying Theorem 4.1 to ﬁ; €
C(X(Ts,B; D,Gs)) N O(X°(Ts, B; D, Gs)), we obtain

fs € C(X(Ts, B; D,Gs)) N O(X°(Ts, B; D, Gy))

satisfying ﬁ; =fonDxB.

Finally, one proceeds as at the end of Step 2. Observe that Lemma 5.3
is still valid in the present context. As in formula (5 17), one may glue
( f5)0<5<50 to obtain an extension function f = limgs_,g f5 which is holomor-
phic on X° and continuous on D x B.

Since f € C((T5U Ak) X G(s)) for 0 < § < dp, Lemma 5.3 in the present
context also shows that f € C( (A,B; D, Q)).

Hence Step 3 is complete. u

STEP 4: Under the hypothesis of Theorem 5.1, the following local version
of that theorem holds:

For any P € B, there is a ball B in B with center P such that for any
feC(X)NOs(X®), there is a unique fe C()?B)ﬁ(’)()?g,) with f = f on X,
where

Xz :=X(A,B;D,G), Xg:=X(4,B;D,G), Xg:=X°(AB:D,G).

Proof of Step 4. Using Step 3, we proceed in exactly the same way as
we did in Step 2 using Theorem 2. Therefore we only briefly outline the
proof.

First we apply Proposition 2.5 to the domain G which is locally C?
smooth on an open neighborhood of P € dG. Consequently, there is an open
neighborhood U of P satisfying (2.2) such that Proposition 2.5 is applicable
there. Below, U, Uy, #€, V and Vo have the same meaning as in Proposition
2.5. Now we can fix a ball B := BN B(P,r), with r so small that 28 € B
etc.
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Arguing as in (5.2)—(5.3) we can choose 6y > 0 such that for any 0 <
0 < dp there is an open subset S5 of G satisfying
w(w,B,G)—égw(w,Sg,G) SW(’UJ,B,G), w e G,
(5.27) sup dist(+, B) < 4.

8
Arguing as in (5.4)—(5.8), there is a constant C's such that
(5.28) w(w, Vg, N2B,Vy,) < Csdist(w, B) < C36

for 0 < 6 < g, w € S5 and Q,, := 7&(w).

Lemma 5.2 is still valid in the present context, with obvious changes in
notation. There is only one important difference between Step 2 and the
present step. In Step 2 we applied Gonchar’s Theorem to (5.15), while now
we appeal to Theorem 4.3.

Lemma 5.3 is also valid in the present context, with obvious changes in
notation.

For each Q € 7€(2B), we apply the result of Step 3 to f € C( (A,0Vgon
2B; D, Vg)) N Os(X°(A, 8V N 2B; D, Vi) to obtain fo € C(X(4,dVg N
2B; D, Vp)) N O(X°(A, 8V N 2B; D, Vy)) such that fo = f on X(A, Vg N
2B; D, Vg).

Gluing the family (]?Q)QGWC(QB), we obtain an extension function f de-
fined on

(5.29)  {(z,w) € DxG:3Q € 7¢(2B), w € Vg and
w(z, A, D) 4+ w(w,dVgo N2B,Vy) < 1}.
For 0 < § < §p put
(5.30) Ds :={w(z,A,D) <1—-2C36}.
As in Step 2, taking (5.27)-(5.30) into account we see that
€ C(X(A, S5; D5, G)) N Os(X°(A, S5; D, G)).
Therefore, we can apply Theorem 4.1 to obtain an extension function
fs € C(X(A, 85; Ds, G)) N O(X°(A, S5; D5, G)).
Using (5.17) we may glue (f5)0<5<50 together to obtain the desired f The

rest of the proof follows Step 2, making use of the Two-Constant Theorem
and Lemmas 5.2 and 5.3. This finishes Step 4. =

STEP 5: The general case.

The argument used to go from Step 2 to Step 3 also enables us to go
from Step 4 to Step 5. Consequently, there is an f € C(X ) N O ()?O) such
that f = f on X. It is also clear that f is uniquely determined. Finally,
estimate (5.1) follows immediately from Theorem 4.3.

This completes the last step of the proof. m
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6. Proof of the Main Theorem and concluding remarks. In order
to prove the Main Theorem, we proceed by induction (I) on N > 2. Suppose
the Main Theorem is true for N —1 > 2, and consider an N-fold cross X :=
X(Ay,...,AN; D1,...,Dyn), where Di,..., Dy are pseudoconvex domains
and Ay, ..., Ay are open subsets of D1, ...,0Dy such that D; is locally C?
smooth on A; (1 < j < N). Fix f € C(X) N Os(X°).

We next proceed by induction (II) on the positive integer j (1 < j < N)

such that Dj,..., Dy are Jordan planar domains.

For j = 1, we are reduced to Theorem 2.

Suppose the Main Theorem is true if D;_q,..., Dy are Jordan planar
domains (j > 2), and consider the case where D, ..., Dy are Jordan planar

domains. The proof given below follows essentially the schema of that of
Theorem 5.1. It is divided into three steps.

STEP 1: Reduction to the case where D1,...,D;_1 are bounded pseudo-
conver domains.

Proof of Step 1. We proceed exactly as in Step 1 of Theorem 5.1. =
From now on we assume that the hypothesis of Step 1 is fulfilled.

STEP 2: The following local version of the Main Theorem holds:

For any P € Ay, there is a ball A in Ay with center P such that for
any f € C(X) N Os(X°), there is a unique f € C(X.4) N O()?fjl) with f = f
on X 4, where

XA :X(A,AQ,...,AN;Dl,...,DN),
)?.A :X(A AQ)" aAN;Dlv'”)DN)v
)?A :X(.AAQ,...,AN;Dl,...,DN).

Proof of Step 2. As in Step 2 of the proof of Theorem 5.1 we first apply
Proposition 2.5 to the domain D; which is locally C? smooth on an open
neighborhood of P in D;. Consequently, there is an open neighborhood U
of P satisfying (2.2) such that Proposition 2.5 is applicable there. Again, U,
Uy, 7€, V and Vo have the same meaning as in Proposition 2.5. Now we fix
a ball A:= A; N B(P,r) with r so small that 24 € A; etc.

Arguing as in (5.2)—(5.3) and (5.4)—(5.8), we can choose a dg > 0 and
a constant C' such that for any 0 < § < g there is an open subset T 51 of Dy
satisfying

w(z1,A,D1) = <w(z1, Ty, D1) < w(z1,A4,D1), 21 € Dy,

(6.1) supdist(-, A) < §/C, Tj C U Vo,
7 QenC(24)

and
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(6.2) w(z1,0Vg., N2A, Vg, ) < Cdist(z1, 4) <6

for 0 < < dg, 21 € T(S1 and Q., := 7%(21).
Similarly, for each 2 < k < N there is an open subset Tf of Dy, satisfying
(6.3)  w(zk, A, Dy) — 0 < w(zp, TF, Di) < w(zk, Ag, D), 21, € Dy,
For each Q € 7%(2.4), we apply the induction assumption (II) to
feCX(2ANoVyg, As, ..., AN; Vg, Da,...,Dn))
NO(X°(2AN IV, Aa, ..., AN; Vg, Do, ..., DnN))
to obtain
(6.4) fo€C(X(2ANAVg, As, ..., AN; Vg, Da,...,Dy))
NOX(2AN Vg, Az, ..., An; Vg, Da, ..., D))
such that
(6.5) fo=F onX(ANadVy,As,...,An; Vo, Da,...,Dy).

Gluing the family (fQ)QE,rC(Q A)» We obtain an extension function fdeﬁned
on

(6.6) Z1,...,28) € Dy x -+ x Dy : 3Q € 7%(2A4), 21 € Vo and
Q

N
w(z1,2AN Vo, V) + Y wz, Ar, Di,) < 1}
k=2

which satisfies
(6.7) f=f onX(AAs,...,AN;TL Do, ..., Dy).
For 0 < 6 < §p put
(6.8) Dj:={(29,...,2n8) € Dyx---x Dy : w(za, Ay, Do) +w(22,T§, D3)
4+ +wlen, TY,Dy) <1 — N6}
and
(6.9) DY :={z € Dy: w(z, A, D) <1—-N3§}, 1<EkE<N.

Consequently, in view of (6.1)-(6.4) and (6.6) for any fixed 21 € T} and
0 < & < &, the restriction f(z1,---) is holomorphic on Dj.
On the other hand, for any ay € Ag, by the induction assumption (I) for
an (N — 1)-fold cross, we obtain an extension faQ such that
(610) _]/(\'112 GC(X(Al,Ag,...,AN;Dl,...,DN))
N O(XO(Al,Ag, ...y ANy Dy, ..., Dn))
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and

(6.11) ﬁm(zl,zg,...,zN) :f(Zl,ag,Zg,,...,ZN),
(2’1723,. . .,ZN) S X(Al,Ag, .. .,AN;Dl,Dg,. . .,DN).

Observe that by (6.1)—(6.3), (6.6), and (6.9)—(6.10), for 0 < § < do
and 0g sufficiently small, the domain of definition of f;z (ag € Az) contains
DY x T3 x ---x TN and that of f contains T} x Ay x T3 x --- x TN. Next
we prove that for 0 < § < dg with ¢ sufficiently small, and ay € Ao,

(6.12)  f(z1,02,23, -, 2N) = fan(21, 23, - -, 2N),
<21,23,...,ZN)€T51 XTEX”-XT&N.

Indeed, by (6.5) and (6.11) and by applying the induction assumptlon (I) to

fa2 and the induction assumption (II) to fQ for any Q € 7¢(2.A4) we know
that

f(21,a2,23,...,2]\[) :fQ(Zl,CLQ,Z?,,.--,ZN) :f(Zl,CLQ,Zg,...,ZN)
:]/(\'(12(21,23,...72’]\[),
21 GAQ@VQ, as € A, (23,...,2’]\1) EX(Ag,...,AN;Dg,...,DN).

This proves (6.12). Consequently, we can define a new function f:; on X(Tg,
Ay x T3 x -+ x T{; D}, Df) as follows:

s 1 /
(6.13) 7 f on Ty x Dj,
Jar on T} x {ag} XT3 x - x TN, ag € As.

We need the following lemmas:

LEMMA 6.1.
(1) f:; is locally bounded on X(T}, A, ><_T(§3 x -+ x TN: D}, Df);
(2) f5 is locally bounded on T5 (DSU(D5NX(Az, ..., An; D2, ..., Dn)))

and f(;(zl, ) € C(D§U (D’ NX(Ag,...,An; D2, ..., Dy))) for any
zZ1 € T(Sl.

Proof of Lemma 6.1. 1t follows the lines of that of Lemma 5.2. There-
fore, we only indicate a crucial difference: in Lemma 5.2 we appeal to Gon-

char’s Theorem, while in the present lemma we apply the induction hypoth-
esis (II). m

LEMMA 6.2. Let Do be a bounded open set and let As be an open subset
of 0Dy such that Dy is locally C? smooth on As. Let T C Dy, € C™, Dy, a
domain and T* locally plurireqular, k =3,...,N, N > 3. Put
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D = {z’:(ZQ,...,zN)6D2><---><DN:

N
ZQ,AQ,DQ +Zw Zk,T Dk <1}
k=3
Then

N
w(Z' Ay x T% x -+ x TN D) = w(z3, Ay, Da) + Y w(zp,, T, Dy).
k=3

Proof of Lemma 6.2. We argue as in the proof of Lemma 3(b) in [7]
making use of Proposition 3.8(1). m

We now come back to the proof of the Main Theorem. Applying Lemma
6.2 and Proposition 3.8(1), we see that

(6.14)  w(2, Ay x T3 x --- x T}, Df)

1

N
= 1—N5< (22, A2, D7) +k23w ZmT(s,Dk)

for any 2’ € Dj.
To summarize what has been done so far: for any 0 < § < dp sufficiently
small, we obtain, by Lemma 6.1(1), a function f5 defined on a mixed cross,

f5 € Cs(X(T}, Ay x T x -+~ x TN : D}, D))
NOL(XO(T, Ay x T x --- x TN, D}, D).

Applying Theorem 4.1 to f(g we obtain an extension function f(g of f(; such
that

(6.15)  fs € C(X(T}, Ay x T2 x --- x TN; D}, D}))
NOXO(TY, Ay x T x --- x TY: D}, D).

In view of (6.4)-(6.9) and (6.13)-(6.15) and by Lemma 6.1(2), we can
apply Theorem 4.1(2) to conclude that f(s can be continuously extended to
(6.16) Js € C(Xs),
where
(6.17)  Xs:=X(T}, Ay x T x --- x TN; D}, Df)

UR(TL, Ay x T8 x - - x TN: DY, DY) N (D} x X(As, ..., An: Da, ..., Dy))).

~

We are now in a position to define the desired extension function f.
Indeed, one glues (f5)o<s<s, together to obtain f in the following way:

(6.18) fi= %in%ﬁ; on X4\ (AxX(Ag,...,An:Ds,...,Dy)).
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One has to check that the limit exists and has all the required properties.
This is an immediate consequence of
LEMMA 6.3. For any
z = (Zl,...,ZN) GXA\(.AXX(AQ,...,AN;DQ,...,DN))
let 5, be the unique positive number & which satisfies

N
2NG
g = L wEn A DY) = ) w(zk, Ak, Dy).

k=2

(6.19) 5+

Then f(z) = f(;(z) for all0 < § < 0,.

Proof of Lemma 6.3. Fix 2Y = (29,...,2%) € X4 \ (A x X(Ag,..., An;
Dy, ...,Dy)). Then by (6.1)—(6.3) and (6.14)—(6.18) and the second identity
of Proposition 3.8(1), for all 0 < § < §,0, we have z° € X;. In particular,
Uo<scs, X5 = Xa\ (Ax X(Az, ..., An; D2, ..., D))

Therefore, for any 0 < &' < § < 0,0, 2¥ is in the set

X(; N )/55/.
Let H; be the connected component of D} containing (29, ...,23). Let Bs
be the largest open subset of B such that Hj is locally C? smooth on Bs.
By (6.1)-(6.3) and (6.19) and arguing as in the proof of Lemma 5.3, we see
that the above intersection contains
(6.20) {2z = (21,7") € D} x Hs : w(z1, Ty, D}) + w(2', Bs, Hs) <1 —5}.

By Proposition 3.7 this open set is connected. Moreover, it contains z°. In
addition we deduce from (6.17) that

J/c:;/:ﬁg:f:f ODT(%/XB(S/.
Theorem 2.1 shows that ﬁ;/ = f(g on the domain given by (6.20). In particular
fs:(2) = f5(2°). This completes the proof. =
An immediate consequence of Lemma 6.3 is that f € O()A(j) Now we
define f to be f on A x X(Asg,...,An;Da,...,Dy). Thus f is well defined
on the whole X 4 and
(6.21) fecC(Dy xX(A,...,An; Ds, ..., Dy)).

To complete Step 2, it remains to show that fe C()A(A) and f: fon X 4.
For this purpose we do the following trick.
We replace Dy by D; (j =2,...,N) and proceed as above. For example,

if we replace Dy by Ds, then we obtain a new extension function ]? such
that by (6.21),

(6.22) f EC(DQ><X(Al,Ag...,AN;Dl,Dg,...,DN)).
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Next, using identities (6.12), (6.13), (6.16) and (6.18) and applying Theo-

P

rem 2, we see that the values of f and f can be uniquely determined on
T} x T? x -+ x T} from the value of f on A x Ay x --- x Ay for any
sufficiently small § > 0. Thus

f:f onT(;lefx--~><TéV.

Hence ]? = f on X A since X A is a domain by Proposition 3.6. There-
fore, in view of (6.21), (6.22) and similar conclusions with D; replaced by
Ds, ..., Dy, we conclude that

FeC(XA\(AxAyx - x Ay)).
Therefore, Step 2 will be finished if we can prove that ]? is continuous on
Ax Ay x - x An.

To do this fix @ = (a1,...,an) € A x Ay X --- x Ay and € > 0. Next,
we apply Proposition 2.5 to each domain D; which is locally C? smooth on
an open neighborhood of aj, j = 1,..., N. Consequently, there is an open
neighborhood U7 of a; satisfying (2.2) such that Proposition 2.5 is applicable
there. Below, U7, Ui, 7C3, VI and Vé have the same meaning for a; as have
U, Uy, 7%, V and Vg for P in Proposition 2.5.

Since f € C(X), by shrinking U/ if necessary, we may assume without
loss of generality that

(6.23)  |f(Q) = f(n)] <e/2,
CneXANUY, AnU?,. . AnnUN;DiNnUY, ..., DynUN).
Let 2 = (21,...,2n) € Ul x --- x UN and put Q; := 757 (2;). Then, by
the hypothesis on f, we may apply Theorem 2 to
fEC(X(AﬂaVé)l,AQOOVQ22,...,ANﬂaVéVN;Vél,...,VéVN))
NOX(ANIVy,, A2 NOVE,, ..., AN NIV sV, ... V).

Consequently, taking into account (6.23) and the above construction of f,
we deduce that

F(2) = Q) <e/2,
CEX(ANIVY,, A2 N OV, ..., AN NIV sV, VL)
Hence, fixing any ¢ as above and applying (6.23) again, we get

~ o~

1f(2) = fla)l < [f(2) = F(OI+1F(Q) = fla)l <e/2+¢e/2 <e,

which proves the continuity of f at a. Hence the remaining assertion of
Step 2 is proved.
Thus the inductive proofs (I) and (IT) are complete in this second step. =

STEP 3: The general case.
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The argument used to go from Step 2 to Step 3 in the proof of Theo-
rem 5 also enables us to go from Step 2 to Step 3 in the present context.
Consequently, there is an f € C()?) N OS(JA(O) such that f = f on X. It
is also clear that fis uniquely determined. Finally, it remains to establish
estimate (1.3). We have already proved the existence and uniqueness of the
Main Theorem. Using this result we argue as in the proof of Theorem 4.2
to obtain (1.3). This completes the last step of the proof.

Hence the Main Theorem is proved. =

We conclude this paper with a remark and an open question.

1. It seems to be of interest to establish the Main Theorem under weaker
assumptions than the continuity of f, the smoothness of D; on Aj;, the
regularity of the set A;, j = 1,..., N, etc. We postpone this issue to an
ongoing work.

2. Does the Main Theorem still hold if we only assume that A; is of
positive (2n; — 1)-Hausdorff measure, j =1,...,N?
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