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Siciak’s extremal function via Bernstein and Markov
constants for compact sets in CV
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Dedicated to Professor Jozef Siciak
on the occasion of his 80th birthday

Abstract. The paper is concerned with the best constants in the Bernstein and
Markov inequalities on a compact set E C CV. We give some basic properties of these
constants and we prove that two extremal-like functions defined in terms of the Bern-
stein constants are plurisubharmonic and very close to the Siciak extremal function 5.
Moreover, we show that one of these extremal-like functions is equal to @g if E is a
nonpluripolar set with lim,— e Mn(E)l/ " =1 where

(0.1) My (E) = sup |||lgrad Pll| ; /[ Pl &,

the supremum is taken over all polynomials P of N variables of total degree at most n
and || - ||g is the uniform norm on E. The above condition is fulfilled e.g. for all regular
(in the sense of the continuity of the pluricomplex Green function) compact sets in CcV.

1. Introduction. Let P,(CY) with v = (v1,...,vy) € NY (Ng =
{0,1,2,...}) be a vector space of polynomials P = P(zy,...,zy) with com-
plex coefficients of degree at most v; with respect to z; (i =1,..., N).

For a,v € N(J)V we define the (a,v) Bernstein constant for a compact set
E c CVN at a point w € CN by setting
[ DYP(w)]

1Pl e
where ||P||g := max{|P(z)| : z € E'}. The constant
|1 D“P|| &

1P|z
is called the (o, v) Markov constant for E (see e.g. [Gol, [To|, [BC]). In the
same manner we can define M,(la)(w) = M,(La)(E, w) and M,(La)(E) for n € Ny

M (w) = M)(E,w) := sup{ . P e P, (CN), P|E;7é()}

M(E) = sup{ : P eP,(CN), P|E§é0}
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by replacing in the definition of M) (w) and M,Ea)(E) the set P, (C") by the
space Py, (CN) of all polynomials of total degree not greater than n. Since the
Bernstein constants depend on a point w € CV, the quantities M,Ea) (E,w),
Méa)(E, w) will sometimes be called the Bernstein functions.

The constants MT(ZO‘)(E,w), Mlga)(E,w) and Méa)(E), My(a)(E) are di-
rectly connected with the Bernstein and Markov inequalities widely investi-

gated owing to their relations to approximation and constructive theory of
functions (e.g. [P12], [BoMi|, [JoWa], [RaSch]). An important case is when

log M, (E
(1.1) po(E) := lim sup log M (E) < 00
n—00 logn

where M, (F) is given by (0.1). A compact set E satisfying (|1.1)) is said to
be a Markov set and pg(E) is called the Markov exponent of E (see [BaPl]).
The Markov constants (MV(O‘) (E))VGNéV are associated with the Chebyshev
constant (if & = v) and consequently, with the transfinite diameter of FE
(see |Zal). The Bernstein functions (Mflo)(E, w))nen, are strictly related to
the Siciak extremal function, because
[P(w)]

1/n
Fp(w) :=sup{ e, P|E$é0} = sup (M. w)) "

where N = {1,2,...} and D°P := P (for basic properties of & see e.g. [Sil],
[Si2]). We prove that also (MT(LQ) (E,w)), and (Mlga)(E, w)), with o # 0 are
very close to the Siciak extremal function (see Theorem 3.1 and Corollaries
3.4 and 3.5 below). It may be worth reminding the reader that log @5 is equal
to the pluricomplex Green function Vg of the set E with pole at infinity (for
definition and background see [KI]). If Vi is Holder continuous with exponent
sg then E is a Markov set with po(F) < 1/sg.

The exact values of the Bernstein and Markov constants have been found
for a few sets only. V. Markov made a very detailed investigation and discov-
ered in 1892 a precise but intricate formula for Mf(lk)([—l, 1], w), w € [-1,1].
He described these constants using the Zolotarev and Chebyshev polynomi-
als (see e.g. [Sh]). Finally, he proved that

n?n? —1]...[n% — (k- 1)?]
1-3-...-(2k—=1)
where T),(z) = cos(narccosx) is the nth Chebyshev polynomial (for £ = 1
this was proved by A. Markov in 1889). Moreover, thanks to the alternation
theorem, we can show that M,(Lk)([—l, 1], w) = ]T,(lk) (w)| for w € R\ (—1,1).
The exact values of (Mflk)(E,w))km are also known for £ = {z € C :
|z| < r} with » > 0, because by the Bernstein inequality, one can ob-

(t2)  MP(-L1)=7P01) =
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tain MT(Lk)(E,w) = nllw|”*/((n — k)r™) for |w| > r and thus My(Lk)(E) =
n!/((n — k)!7¥). Due to a result of Baran [Bal, we can give an example in a
multivariate space: if f is a fixed norm in RY and F = {x ¢ RV : f(z) <1}
then M. (E) = n?f(a) for any o with |a| = 1.

The paper is organized as follows. In the second section we give some
elementary properties and examples of the Bernstein and Markov constants.
We show that the mapping w +— Mlga)(E,w) (and w M,Sa)(E,w)) is a
plurisubharmonic continuous function in CV. In Section 3 we prove that the
upper regularizations of two extremal-like functions defined by

(1.3) Vel (z) == sup  (MS(E,2)/1
veNY\{0}
and
(1.4) o(2) == lim sup (M) (B, 2))/"
n—oo

are plurisubharmonic in CV and very close to the Siciak extremal function
&g (Theorem 3.1). It is also shown that gpgg} = @ for a large class of sets,
e.g. for Markov sets and for all compacts with continuous pluricomplex Green
function (Corollaries 3.4 and 3.5).

2. Basic properties of Bernstein and Markov constants. We start

with inequalities that give an obvious bound on sup,, M (E,w) with respect
to the Siciak extremal function. Namely, we have

21 ¢Pw) = sup (MOE,w) M < sup  (MO(E,w))V

veNY\{0} veN)\{0}
= dp(w)
and
(2.2) sup  (MO(E,w) Y > sup (M (B, w))/*N = & p(w)'/V.
veNY\{0} keN

From now on, we assume that F is a nonpluripolar compact set. Consider
the linear functional L) : P — D®P(w) defined on the finite-dimensional

vector space P,(CY) with the norm | - ||g. Since L' is bounded and
HL&“) | = M,Ea)(E, w), there exists a polynomial Q € P,(CV) such that
(2.3) M{(B,w) = D*Q(w) and [|Q|lg = 1.

The set of all such polynomials will be denoted by M) (w) =M (B, w)
and its elements will be called extremal polynomials for Mé"‘) (E,w). Anal-
ogously, we define the set M) (w) = Mga)(E ,w) of extremal polynomials

for M,(La)(E, w).
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Observe now that (2.1)) becomes an equality if F is the Cartesian product
of N subsets of C:

ProrOSITION 2.1. If E = E; X --- X En is a nonpluripolar compact set
in CN then for all w = (w1, ...,wy) € CV and a = (a1, ...,an) € NY,
(24)  MO(Bw) = MO (B w) - ME By, wy),

(2.5) MNE) = MIM(Ey) - ... MY (Ey).

1%

Furthermore,

(2.6) 0wy = sup  (MO(B,w) /¥ = &p(w).
veNY\{0}

Proof. For a fixed P € P,(C") we have
821 D(0,a2,...an) p

pep()] = |2 )
< MV (Ey,wi) max [DO0208) Pz s, ... wy)]
z1€F,

< < MEV(Erwn) .. MY (B, wy) || Pl
Consequently, (2.4]) will follow once we take P = Q1 - ... Qn where Q; €
M (Ejw;), 5 = 1,...,N, because M (E,w) > D*P(w)/|Pllz =
gal)(wl) . %N)(wN). From and since

M{™(E) = sup M\ (E,w),
weFE

we can easily deduce (2.5).
By a result of Siciak (see [Si2, 3.17]), we have

@E(w) = max{@El (wl), e 7¢EN (’U)N)}

There is no loss of generality in assuming that &g (w) = @g, (wy). It follows
that

sup (M0 (5, )V > sup (ML) (Er, wi)'/" = @p, (w1) = Dp(w),
veNY\{0} v1EN

which gives (2.6) when combined with (2.1]), and the proof is complete. =

EXAMPLE 2.2. As a consequence of Proposition 2.1 we can obtain some
exact formulas for M{® (E,w) and M (E) for certain sets. To see an ex-
ample, let E be a polydisc of polyradius » = (r1,...,7n) € (0,00)V, ie.

E=Pla,r)={z€C" |5y —ai| <r,..., |25y —an| < ry}. For w e CV
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such that |wy —a1| > r1,..., |lwy —an| > ry we have
| — v1—aq — VN —QON
M) (P(ayr), w) = vl w —a co|wuy —an 7
(v —a)! rv
|
(@) - v
Ml/ (P(aar)) - (V-Oé)!?”a

where r” = r{* ...ri¥. As another example, we can take I = [ay,b1] x -+ X
[an,bn] € RY € RN 4 iRN = CV. In this case we get

9le
M) = Goae @ T )
with a = (a1,...,an), b= (b1,...,bN).
PROPOSITION 2.3. Let E be a nonpluripolar compact set in CN. Then
for every a,v € N)Y, n € Ng and w € CV, r € (0,00)" we have

al v

(2.7) M) (E,w) < |0l )
o al "

(28) M'/(l )(Ea w) < TiaH@E”P(w,T’)'

Moreover, if v > «, n > |a] then

N V! 1
(2.9) M{™(E) > v—a)l (diam E)lal’

o ||
() S S N Calte
(2.10) Mn (E) > (diamE)'al |:|a|:| > (diamE)M <|O¢’ 1>

where diam E := max{||z — w|2 : z,w € E}, || - |2 is the Euclidean norm
and [k] is the greatest integer less than or equal to k.

Proof. By Cauchy’s integral formula and the Bernstein—Walsh—Siciak in-
equality, we get the following inequalities for a fixed polynomial P:

o a! a! dee P
D P@)| < S Pllpn) < S 225 1Pl

which establishes both (2.7)) and (2.8)).
In order to prove inequality (2.9)), we take u, w € F such that |(u—w)"| =
max{|(s — )| :s,t € E} > 0. Put P(2) = (2 — u)”. We have

D*P
MO(B) > M) (B,w) > 2wl
P[5
V! (w—u)"=« vl 1

S—al (w-uwr = (w—a) (damE)el’
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To deal with (2.10)), consider v = [n/|a|la > a. From (2.9) it follows that

! 1
ME(E) > —
IE) 2 (v—a)! (diam E)l]

2 L/lal] = Dag + 111 [([n/la]) = Day +1)°~ [”] .
= (d1amE)\oz| ‘Oé‘ (dlam E)‘a|

Since M. (E) > > M) (E) > M) (E), the above inequalities yield

[n/lal]lal
E10). «

THEOREM 2.4. Let E be a nonpluripolar compact set in CN. For every
a,v € NY the mapping CN > w My(a)(E, w) € [0,00) is a plurisubhar-
monic continuous function in CN. The same holds for Méa) (E,-), neN.

Proof. We will only prove that M, ,Ea) is plurisubharmonic and continuous.
The case of M,SO‘) is similar.

Observe first that up := |[D*P|/||P||g is a plurisubharmonic function in
CN for every P € P,(CV). Inequality shows that the family {up : P €
P, (CN), Pg # 0} is locally uniformly bounded from above. Hence, by [KI,

Th. 2.9.14], the upper regularization of M,Ea) is plurisubharmonic.
(a)

Now, it is sufficient to show that MV(“) is continuous. Since M, ’ is a
supremum of continuous functions, it is lower semicontinuous. To prove the
upper semicontinuity, take an arbitrary wy € CV and a sequence (w)1en
such that w; — wo and lim sup,,_,, Mlga)(w) = limy_, M (w;). Consider
a sequence of extremal polynomials Q; € ./\/l,(,a)(wl) for ! =1,2,.... In par-
ticular, ||Q;||z = 1 for every I. As P,(CV) is finite-dimensional, the norm
| - ||z is equivalent to the sum of the moduli of the coefficients. It is there-
fore possible to choose a convergent subsequence (Qy,, )m that tends to a
polynomial, say @, such that for every § € Név the sequence of derivatives
(DBQy, )m tends to DPQ uniformly on compact sets. Clearly, @ € P, (CV)
and an elementary verification shows that ||Q||z = 1. Moreover, the Schwarz
lemma leads to limy,, o D*Qy,, (wy,,,) = DQ(wp).

Summarizing, we have

M (wg) > |DYQ(wo)| = D*Q(wp) = lim D Qi (w,,) = lim M) (wy,)

v

= lim sup M{* )( )>hmlnfM( )(w) = M(O‘)(wo),

v
w—wo w—wo

the last inequality being a consequence of the lower semicontinuity of
M,Sa)(w). This completes the proof. =

We have the following obvious consequence of Theorem 2.4.
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COROLLARY 2.5. The Markov constant M,Sa)(E) is attained at some
point w, € E and some polynomial Q € P,(CV), ie. ||Q|g = 1 and
Mlga)(E) = D*Q(w,). The same holds for MT(LQ)(E), n € N.

Note that, unlike Markov constants, the Markov exponent defined by
may not be achieved, which is shown in [BaBCMi| on sets in dimension
N > 2, and in |Go| on the real line.

3. The main result. It is clear that the constants defined with P, (C)
are more closely related to the Siciak extremal function @g than the ones

with P, (CV). However, both functions (My(a)(E, w))'/ " and (Mfla)(E, w)) /"
are asymptotically (as v,n — o0) very close to @p. We formulate this result

in terms of the functions ”¢[§] and cp[g] defined by lb and 1} respec-
tively. As usual, the upper regularization of f will be denoted by f*, i.e.

f*(z) = limsup,,_,, f(w). Let
ml(ﬂa)(E) = sup (My(a)(E))l/M, mg(oa)(E) — limsup(Mfla)(E))l/".

veN\{0} n—o0

By 1} 2.10), we get ml(pa)(E),mi(pa)(E) € [1,00).

THEOREM 3.1. If E C CV is a nonpluripolar compact set and o € N
0

then (¢Bg])* and (tpg})* are plurisubharmonic functions in CN and for every
w € CN we have

(3.1) P (w)N < g (w) < m{Y (E)Pp(w),
(3.2) Op(w) < Qi (w) < M (B)Dp(w).

Proof. Let us first prove that (%[g])*7 (go[g])* € PSH(CY). Since
log(|DP(2)|/||P|g) € PSH(CY) for every polynomial P, we have
(IDP(2)|/||P|lg)*" € PSH(CY). From and [KI, Th. 2.9.14], we get
the plurisubharmonicity of (w[g])*. Inequality 1} and the fact that the
upper regularization of the upper limit of a sequence of plurisubharmonic
functions locally bounded above is plurisubharmonic (see |[JaJa, Th. 3.4.17])

lets us prove that (gogg})* € PSH(CV).
The right inequalities of (3.1) and (3.2]) are consequences of the fact that

For a = 0 the first inequality of (3.2)) is obvious and that of (3.1]) follows
from ([2.2)). Therefore, we now assume that |a| > 1.
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We proceed to show the first inequality of (3.1]). To this end, fix w € CV,
0 € (0,1) and consider @Q,, € ./\/lq(q,o)(E, w). We can find €,, > 0 satisfying
|Qn(w)| —en  Qn(w) — &y
[Quls+en ~ 1xe, 020
Put M := max{||w||1, max.cg ||z||1} with ||z|l;1 = |z1] + -+ + |2n] and

€n
Wi(z) := Qn(2) + i sz for z = (21,...,2y) € CV,
where the sum is taken over j € {1,..., N} such that %sz; (w) = 0. In this

882/; (w) # 0 for all j =1,..., N. We can assume, by decreasing

way we get
ey if necessary, that W, (w) # 0. It is easily seen that

(Wi (w)| _ w

Moreover, for a fixed k € N, k > |a/, with the notation

S = '““‘ D (k—Jo] +1) <8Wn<w>>“ <8Wn<w>>“N

1‘104(10) 071 ozn
1 0Wy,(w)
Wy(w) 9z¢ |
we have |[DY(WF)(w)| = k|Wk(w)|S,k. Observe that for every fixed n,
Sk 1 W (w) | oWy (w) |*N
’ e | 0 k
Wt W (w)el| 0z ooy | 0 BETe

and thus (kSn,k)l/k = k'a‘/k(Sn,k/k:'“'*l)l/k — 1 as k — oco. By the above,
we can find a sequence (k) such that k, > |a|, (knSnk,)* >1—§ and
kyn > kp—1 for any n > 1.

In this way we get

sup (ME(Ew)M > sup (MO (E,w)
veN\{0} vn=(nkn,...,nkn),nEN
1 1
Doc kn nNkn kn Wn kn n nNkn
s g (2RI (o)t
neN HWn”HE neN HWnHEn

> sup (Qalw)) ¥ (1~ )% > (1= 8) (sup MO (B, w)) ™
neN neN

=(1—08)®p(w)/N.

Letting d tend to zero we obtain the first inequality of ({3.1).
Finally, we take a sequence of polynomials L,, € P, (C") such that

®p(w) = lim <|Ln(w>|>1/n

n=oo\ || Ln| g
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(see [Sil]). The left inequality of (3.2)) can be shown in much the same way
as that of (3.1) but we need to consider polynomials L,, instead of @,,. The
proof of the theorem is complete. m

Theorem 3.1 underlines the key role of the Markov constants M,Sa)(E),
M) (E) in the estimate of the growth of the Bernstein functions M, @ (E,w),
M,(La)(E,w) and the extremal functions L/J[Ea], cp[Ea] in the whole space. Fur-
thermore, the sets satisfying the condition

(3.3) lim sup (M (E))/™ =1
n—oo

gain a particular meaning, reflected in the following obvious implication of
Theorem 3.1.

COROLLARY 3.2. Under the same assumptions as in Theorem 3.1,

m&a)(E) =1= cpEEa] =&y in CV.

The next observation follows immediately from inequality (2.10)) and the
fact that M\ (E) < (maxjg—; MY (E))ll.

REMARK 3.3. The following conditions are equivalent:

(i) m®(E) =1 for all a € N,
(ii) maxg—y mY(E) =1,
(i) limp_yo0 (MY (E))Y/™ =1 for all a € NY,
(iv) limy, oo (M, (E))V/™ =1
where M,,(E) is defined by (00.1)).

Let us emphasize that the compacts with property (3.3]) form a wide class
of sets in CN. We have the following consequence of the definition of Markov

sets (see (1.1])).

COROLLARY 3.4. If E C CV is a Markov set then condition (iv) is sat-
isfied and thus ®p = (p[g] in CN for any o € NYY.

Recall that the Holder continuity of the pluricomplex Green function Vg
implies that E is a Markov set, as noted in the introduction. It seems that
also the converse holds but a proof is an open problem. However, the Holder
continuity is not a necessary condition for the assertion of Corollary 3.2,
because (ii) is satisfied whenever Vg (or equivalently @) is merely continu-
ous. The sets with continuous pluricomplex Green function are often called
regular sets.

COROLLARY 3.5. If E C CN is a regular compact set then condition (ii)
is satisfied and thus O = cpgg] in CN for any o € Név.
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The first proof of (ii) for regular compact sets was given in [To] in the
univariate case. This proof can be easily adapted to the general case of sets
in CV, as proved in [Cale] and [BC].

The question about a relationship between the assumptions in Corollar-
ies 3.4 and 3.5, i.e. between property and the regularity of E, is an
interesting and nontrivial problem. A partial answer is only given in the real
one-dimensional case (see [Pl1], [BCEg]).

To end the paper we exhibit a set without property . The example
seems to be known at least in the univariate case. For the convenience of the
reader, we sketch the proof.

ExXAMPLE 3.6. If F is a polynomially convex compact set with an isolated
point then for no « is condition (3.3) satisfied.

Proof. We can assume that £ = FU{z} and dist(zo, F") > 0. The set F'
is polynomially convex. For Q) € M5102|a‘(F, z0) put P(z) = (z — 20)*Q(2).
It follows that

D*pP ! !
Mgy » PP, o) o0 gy
I1Ple (diam E)l[|Q[p — (diam B)lal ™=l
and thus
lim sup(M{(E)Y" > &p(z9) > 1. =
n—oo
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