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Multiplicity results for a class of
concave-convex elliptic systems involving
sign-changing weight functions

by HoNGHUI YIN (Nanjing and Huaian) and ZUODONG YANG (Nanjing)

Abstract. Our main purpose is to establish the existence of weak solutions of second
order quasilinear elliptic systems

—Apu+ |uPPu = fiag (@) |u] P+ Tﬂgu\urkzu\wﬁ7 x € £,
—Apu + 0P 0 = far, (@)|v]9 %0 + Tﬁﬂgu|u|a\v|5_2v, T € 1,

u=v=0, x€adf,

where 1 < ¢ < p < N and £2 C RY is an open bounded smooth domain. Here A1, Ao, > 0
and fix, () = Xifir(x) + fi—(z) (i = 1,2) are sign-changing functions, where fi+(z) =
max{=+f;(z),0}, gu(x) = a(x) + pb(z), and Ayu = div(|Vu[P~2Vu) denotes the p-Laplace
operator. We use variational methods.

1. Introduction. In this paper we consider some new results concerning
the existence of solutions for quasilinear problems of the type

~ At [l Pu= @l 2 gl e, ze 0,
1.1 2
B —ap bl o= @i+ 2ol e, ve

u=v=0, x¢€adfl,

where 1 < ¢ <p < N, a,3 > 1 satisfy p < a+ [ < p* and p* = pN/(N — p)
denotes the critical Sobolev exponent. 2 C R is an open bounded smooth
domain. Moreover, A, Ao, > 0 and fix. () = Nifir(z) + fi_(z) (i = 1,2)
are sign-changing functions, where fii(z) = *max{+f;(z),0}, g.(z) =
a(x) + pb(z), and Ayu = div(]Vul|P~2Vu) denotes the p-Laplace operator.
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When we set fi\, = fox, = f, 90 = 9, = 3, a+ [ = s and
u = v, system (1.1) reduces to the semilinear scalar quasilinear elliptic
equation

(1.2) {_Apu+|u|p-2u=f<x>|u|q-2u+g<:c>|urs-2u, req,

u=0, x&odfl

It has been studied extensively since Ambrosetti, Brézis and Cerami [ABC]
considered the equation

—Au= "+t e,
(1.3) u>0, xz€l,
u € Hq(2),

where 1 < ¢ < 2 < s <2, A > 0 and {2 is a bounded domain in RV,
They found that there exists A\g > 0 such that problem (1.3) admits at least
two positive solutions for A € (0, Ag), a positive solution for A = Ay and no
positive solution for A > Ag.

When f(x), g(x) are some positive constants, p = 2, 2 < s < 2* and
g > 1, problem (1.2) was considered in [AGP], [BW], [CFP|] and the ref-
erences therein. Subsequently, in [GMP], [GPJ, problem (1.2) was studied
when 1 < p < N and 1 < g < p. The results obtained were similar to the
results of [ABC], but only for some ranges of the exponents p, g. Prashanth—
Sreenadh [PS] have studied problem (1.2) in the unit ball BY(0;1) ¢ RY
when s = p* and g(z) = 1. Recently, T. F. Wu [WI] studied (1.2) when
p=2and f(z) = Af(x)+ f-(z) is sign-changing and g(x) = a(x) + pb(z);
he obtained multiple positive solutions for (1.2) in RY by variational meth-
ods.

In recent years, much attention has been paid to the existence of solutions
for elliptic systems, in particular, for the system

2
—Apu = Mu|T%u + 7a|ula_2u|v|ﬁ, x € 12,
a+ 3
1.4 2
(14) —Apv = 0|v|9 %0 + i|u!“|v|ﬂ_2v, x € (2,
a+ 3

u=v=0, x€af,

where a + 8 = p*. When p = 2 and ¢ = 2, Alves et al. [AMS] proved the
existence of least energy solutions of (1.4) for any A, 6 € (0, A1), where \;
denotes the first eigenvalue of the operator —A. Subsequently, Han [HI],
[H2] considered the existence of multiple positive solutions for (1.4), and
T. S. Hsu [H3] studied (1.4) when 1 < ¢ < p < N, a+ 8 = p*. Before
T. S. Hsu’s work, T. F. Wu [W2] considered the following semilinear elliptic
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system with sign-changing weight functions:

— Au = Af(x)\ulf2u + %wh(x)\u\“_Qu]vlﬁ, =}

—Av = pg(z)0|v|9 %0 + Lh(aﬂ)\u\o‘]v[ﬁfzfu, x € {2,

a+p
u=v=0, x€adf.

He proved problem (1.5) has at least two positive solutions when (A, ) be-
longs to a certain subset of R2. More precisely, Costa and Magalhdes [CM]
considered subquadratic perturbations of semilinear elliptic systems by min-
imization methods. Cao and Tang [CT] considered a class of superlinear
elliptic systems by variational methods. Bartsch and Clapp [BC] studied
an elliptic system by critical point theorems. In [ZW] and [DSZ], multiplic-
ity results for elliptic systems were obtained by using an abstract linking
theorem and the decomposition of the Nehari manifold respectively.

(1.5)

However, as far as we know, there are few results on problem (1.1) with
concave-convex nonlinearities. Motivated by [H3], [W1] and [W2], we shall
extend the above results to problem (1.1).

In this paper we assume that the functions f;y,, g, with A, p >0 (i =2)
satisfy the following conditions:

(C1) fi € LT(2), fin(x) = Nfir(x) + fi(x) with fix(z) =
+ max{£f;(x),0} for i = 1,2 and ¢* = aiyjq;

(C2) gu(z) = a(z) + pb(z) € C(£2), where a(x),b(z) are nonnegative
continuous functions with a(z) < 1;

(C3) there exists an open set 2/ C {2 containing 0 such that f;(z) > 0,
i.e., fz)\l(x) = )‘Zfl-l-(x) (’L = 1,2) in .QI;

(Cy) b(x) > 0in £, and p is large enough such that g, (z) > 1 in 2.

For a bounded smooth open set 2 C RY | we denote by || - ||, || - ||z» the
norm of WO1 P(£2) and LP(£2) respectively, that is,

full = (§4u? + iy o).l = (§ ju de)
9] 9]

1/p

Obviously, H := W, (£2) x W, *(£2) is a Banach space. Let H' be the dual
of H, and (,) the duality paring between H' and H. The norm on H is
given by

121l = I, 0)I| = (l[ull? + [|v][P)*/?

and the norm on LP({2) x LP({2) by
I2llze = [1(a, 0)ll e = (lully, + [[0l7) "7,

where z = (u,v) € H.
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Then we have the following results:

THEOREM 1.1. Assume conditions (C1) and (C2) hold, and p < a+ 3
< p*. Then there exists Ay > 0 such that when

0 < (Al fillar + AallForll o) 7P (L + pllb]l )P~ < Ao,
system (1.1) has at least one positive solution in H.

THEOREM 1.2. Assume conditions (C1)—(Cy) hold, and p < a + 3 < p*.
Then there exists A1 > 0 such that when

0 < (Al filler + AallForll o) 7P (L + pullb] )P~ < At
system (1.1) has at least two positive solutions in H.

We will show the existence and multiplicity of nontrivial solutions of
(1.1) by looking for critical points of the associated functional

1 1
(1.6) J(u,v) = =([ullP + [[v][?) = = § (Fin [ul? + far,lv]9) dac
p q;
_ = a8
P (Szgu]u| lv|” dzx.

This paper is organized as follows. In Section 2, we give some notation
and preliminaries. In Section 3, we prove Theorems 1.1 and 1.2.

2. Notation and preliminaries. We define the Palais—Smale sequence
((PS)-sequence), (PS)-value, and (PS)-conditions in H for J as follows.

DEFINITION 2.1.

(I) For ¢ € R, a sequence {z,} C H is a (PS).-sequence for J if
J(zn) = c+o(1) and J'(z,) = o(1) strongly in H' as n — oo;
(IT) ¢ € R is a (PS)-value in H for J if there exists a (PS).-sequence
in H for J;
(III) J satisfies the (PS).-condition in H if every (PS).-sequence in H
for J contains a convergent subsequence.

Throughout this paper, we denote weak convergence by —, and strong
convergence by —.

We define
P
(2.1) Surs = L
ueWbp(02)\{0} (SQ |u|a+ﬁ dx)m
P

O (§ [ulofo] dr)

Clearly, we have |, lu|*|v|® dx < S;[SC“W)/”HZHO‘*@
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LEMMA 2.2. Assume o, 3 > 1 and a+ (3 < p*, and let 2 C RN (N > 3)
be a domain (not necessarily bounded). Then

B -
o= |(5)7+(5) s

Proof. The proof is essentially given in [AMS] when p = 2. Modifying
that proof, we can deduce our result. For the reader’s convenience, we give
a sketch here.

Suppose {wy} is a minimizing sequence for S, 3, and let u, = sw, and
Uy, = twy,, where s,t > 0 will be chosen later. Then from (2.2), we infer that

(2.3) Sug< 11 il
. (03 —_
(59tP) 345 (§,, [wn|o+ da)a+?

- KS)Jfa . <s> cﬁfﬁ] || wn [P
t t (§p lwn|o? dz) a5

B _ _pa_
h(x) =zo+f +x a8, x> 0.

Define

By a direct calculation, the minimum of h is achieved at g = (a/3)'/? with

the minimum value
N
o\ @ a) @
(o) 5 5

Thus, choosing s,t > 0 in (2.3) such that s/t = (a/3)'/?, we obtain
5

sz |(5)7(5) oo

To complete the proof, let z, = (un,vn) be a minimizing sequence for S,gs.
Define w,, = t,v, for some t,, > 0 such that

S |up|*HP do = S |wn |8 dux.
2 Q
Then

(0% 5d < a
S|un| |wnl m_oz—I—ﬁ

0 n

= S [ |2FP da = S |wn |5 duz.
2 2

S |1 |27 da + _h S |wn |0 da

a+ﬁ9
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We deduce from the above inequality that

R PN
b P
(S_Q ’un|a|vn"gd$)a+ﬁ (SQ ‘un‘awn‘ﬁ dx) *+p
P TN
n
(§ o lun|otP da)ors
e Y
n p

= h(tn)Sa+p = h(to)Sa+s-

Passing to the limit in the above inequality, we obtain

B -
o (57 (5) oo

As the energy functional J defined in (1.6) is not bounded below on H,
it is useful to consider the functional on the Nehari manifold

N = {z€ H\ {0} | (7'(),2) = 0}.
Thus z = (u,v) € N if and only if
(24)  (J(2),2) = 1217 = [ (FuJul? + fonglol?) dz — 2 | gulul®fol? dz = 0.
2 2

Note that N contains every nonzero solution of problem (1.1). Furthermore,
we have the following result.

LEMMA 2.3. The energy functional J is coercive and bounded below
on N.

Proof. Assume z = (u,v) € N. Then

H0) = (5= g NI = (5 = ) Sl + s lof)

p a+p a+p) )
By the Holder inequality and the Sobolev embedding theorem,
a+f—p
J(u,v) > ——||2|P
(n0) 2 SEEE )
a+f—q
o mqufH—HLQ* u”%aw + Az[ o+ o Hv”%aw)
atB-p p_2tB-4 —a/p
> —|2|IIP = ——=(\1]|f « + Xo|| f2 <)S, P
el = SEE O e + Mol o e ) SR e
a+ -
= SR — il + el el

where ¢; = 3&; [j:ﬁg S’;%p . Thus J is coercive.
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By the Young inequality, we have
at+pB—p _p_

J(u,v) > WHZHP — el[2]|” — ce(Ml[ frellpas + Aol fot [l o) 7o
_ atB—
Set € = p(a+,81)7' Then

_p_
J(u,v) = —coMll frell o + Xell forllper )77,
where ¢ is a positive constant depending on «, 3,p,q, Sa+3.- =

Set

a+p
2(a+ B —p) [(Sap\ 0P N
T (p(afmp)( §6> — ol il pe + Aell forll o) 7o

Then we have the following result.

LEMMA 2.4. J satisfies the (PS).-condition on N for all ¢ satisfying
(2.5) —00 < € < Coo-

Proof. Let {z,} C N be a (PS).sequence for J with ¢ € (=00, cso).
Write z, = (un,v,). We know from Lemma 2.3 that z, is bounded on N,
and so z, — z = (u,v) up to a subsequence, where z is a critical point of J.
Furthermore, we may assume

Up — U, Uy =V, TE VVol’p(Q)7

Up — U, Uy — U, a.e.in 2,

Up — U, Uy — v, in L%(§2) for 1 < s < p*.
Hence J'(z) = 0 and

V(i lunl? + forloal®) dz = § (fix [ul? + for[v]?) da + o(1).
9] 9

Let @, = up — u, Uy, = vy — v, Zn, = (Un, V). Then by the Brézis-Lieb
lemma [BL], we have

1Zll” = llznll” — 2] + o(1),
and by an argument of Han [H2, Lemma 2.1], we obtain

| gultal® o) d = | gulunl®vn)” dz — | gulul®[o]® dz + o(1).

N 2 2
Since J(z,) = ¢+ o(1) and J'(z,) = 0, we deduce that
1 2
(2.6) e ey égﬂ‘un‘a’vn‘ﬂ dz =c—J(z) +o(1)
and
(2.7) 1Z0ll” =2 § gpaltin|*[0n]” d = 0(1).

2
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Assume ||z, [P — m, so 2§, gulun|*[0n|’ dz — m. If m = 0, the proof is
complete. Assume m > 0. From (2.7) we have

p
m\ a+8 . e P 1o _
<2> = nh_)n(r)lo ( S 9|5 )P dac) < Sanganp = Saﬁl,m.
Q
a+p
Thus m > 2(504/3/2)%;*?. From Lemma 2.3, (2.6) and (2.7) we obtain
1 1
c= < - >m+ J(2)

p a+p

pla+B) 2
This contradicts ¢ < cyo. =

67 o
= ol frellper + el forll o) 7o

The Nehari manifold N is closely linked to the behavior of the function
h, : t — J(tz) for t > 0. Such maps are known as fibering maps and
were introduced by Drébek and Pohozaev in [DP] and also discussed by
Brown and Zhang [BZ] and Brown and Wu [BWI], [BW2]. If z = (u,v) €
WLP(2) x WLP(£2), we have

tP t4 oteths
hy(t) = —||2z|IP — — ul? + v|?) dox — uavﬁd:c,
(t) pH | q})(fml 94+ far,|v]?) a+ﬂ§29u! |*|v]
L) = 77 2|P = 171§ (fua, [ul? + fary[v]9) da — 2t°F071 g ful |l dar,
0 1%}
Rt = (p— P 2)12lP = (¢ = 1)t72 { (fin, Jul? + for|v]?) da
0
—2(a+ B — 1)totr2 S gulul*v|? dz.

0
It is easy to see that

th (t) = [[t2]P = | (fun [bul? + forltv]?) da—2 | gy ltu|®[to] do = (J'(t2), t2).
2 2

So for z € WP(2) x WiP(£2)\ {(0,0)} and ¢ > 0, we have tz € N if and
only if 1. (t) = 0, i.e., positive critical points of h, correspond to points on
the Nehari manifold. In particular, A,(1) = 0 if and only if z € N. Thus it
is natural to split N into three parts corresponding to local minima, local
maxima, and points of inflection. Accordingly, we define

Nt ={zeN|nl(1) >0},

N ={z e N|r!(1) =0},

N- ={zeN|hr!/1) <0}

We now derive some basic properties of N*, NY and N~.
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LEMMA 2.5. Suppose that zg is a local minimizer for J on N, and that
20 € NO. Then J'(20) =0 in H'(£2).

Proof. The proof is almost the same as in Brown and Zhang [BZ, The-
orem 2.3] (or see Binding et al. [BDH]). =

We can easily see that for each z € N,

UL = (0= D)zlP = (g = 1) §(fanful? + faralo]?) da

2
—2(a+B-1) égu|u|“|v|ﬁdx
= pll2lP — ¢ § (Fax [ul? + for, [v]%) de = 2(a + B) | gulul*[v]” da.
Then ’ ’
(28) K1) =(p— P —2(a+5- q)(&zgu\uwdx,
(29) 1) =@—a=B)z" = (@—a—B8) | (fixlul” + far,[v]?) da.

n

So we have the following result.
LEMMA 2.6.
(i) For any z € Nt UNC, we have

S(ful lul? + fox,|v]|?) dz > 0.
0

(ii) For any z € N~, we have §, gu|u|®|v|® dz > 0.
Proof. The result follows immediately from (2.8) and (2.9). =

If we assume

_ _B_ __a _ (e+B)(p=q)
No= <p - Q>p o+ f—p)tip K“) S (0‘> ““’} T getBa
2 (a+ B —qtb-a|\p B oth

then we have the following result.

LEmMmaA 2.7. If

(2.10) Al frellpor + Azl forll o )PP (1 + p|bl|oo)P ™ < Ao,
then NO = ().
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Proof. Suppose the contrary. If there exist A;, A2 > 0 and g > 0 such
that (2.10) holds and N° # ), then for any z € N, from (2.8) we have

2 —
l|2||P = AatpB—q) S gu|u|a|v|ﬁ dx

p—q
2 (e} + ﬂ —q fe
= 20879 { o) + b)) o] da
p—qa
< 2O P20 (1 o).
So we obtain
(p— )8 T
(2.11) : < 2]]-
2(a+ B —q)(1+ bl 0)
Similarly, from (2.9) we have
q—a—p3
I = ——5 (Sffmmq + faslo]?) dx
qg—a—p3 _
< SOl il + Dol o ) S 2 I
Then
1
qg—a—p0 _ p—a
(2.12) [[2]] < |:p_a_ﬂ()‘1||f1+”[ﬂ* +)\2|’f2+||m*)5a%p] '

From (2.11) and (2.12), we see that

(p— )8 e

[2(01 +8—q)(1+ M‘b”oo):|
<|9-a=B
S

1

N ="
Oualislr + el o e 572
which implies
Al frs Nl o + A2l forl par )PP (L + ]|l o )P~
— _ _B_ __a _ (etB)(p—a)

o (p=a)" @t B p) TP (R (a\ TR g

= D) (a+ B —q)atb-a |\ g 3 a+fB

== A07
contradicting (2.10). m

In order to get a better understanding of the Nehari manifold and fibering
maps, we consider the function m, : R™ — R defined by
(2.13) ma(t) = 2P — 267§ g ful® o) da
19
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Clearly, tz € N if and only if

(2.14) ma(t) = | (fux [ul? + for, |0]?) da
o}
Moreover,
m(t) = (p— )t H|z]” = 2(a + B — @)t | guful* o)’ da.
Q

So it is easy to see that if tz € N, then
11 tm (t) = RL(t).
N7) if and only if m, > 0 (< 0).
u,v) € WHP(2)x WHP(2)\{(0,0)}. Then m, has a unique
= tmax(2), where

Hence, tz € N (
Suppose z = (
critical point at ¢

1

(P — q)ll=[I” ]‘”“

tmax(2) = > 0,
R Ee = sz

and clearly m, is strictly increasing on (0, t;ax(2)) and strictly decreasing

on (tmax(2), 00) with lim;_,oo m.(t) = —oco. Moreover, if (2.10) holds, then

a+6_p|: p—q ai}p p(a+[3 )
( )

=t
< (§ gulullol? da) 7
(9}
>a+ﬁ_p|: pP—q :|Q+BPH Hq
Ta+B-q|2(a+f—q)
—(a _a-p
X [0+ o) S5 P
>@+ﬁ—p[ P—q 1 w45
Ta+B-ql2@+B-9) (14 pfplle) SO

SoALfilul? + Ao foy |v]?) da
Ol fiell e + Aol forll o) S0 007

a+ﬁ—p[ P—4q ]‘*i"q—?
2( )

Y

a+pB—q|2(a+p—q
/ (a+B)(g—p)
y SSas™ T S oA figlul? + Aa fay[v]7) dae

pP—q
(Al frellzes + Al ol Lo ) (1 + pl|b][ oo ) @57
> S(ful\u|q + fox,[v]?) dx

2
Then we have the following result.
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LEMMA 2.8. Fiz z = (u,v) € WhP(02) x WhP(2)\ {(0,0)}.

1) If §o(fin Jul9+ far,[v]7) da < 0, then there is a uniquet™ =t~ (z) >
tmax (%) such that t~z € N~. Moreover,
J(t™z) =sup J(tz).
>0
(ii) If §o(fix [ul?+ faxy|v]?) dz > 0, then there are unique t— =t~ (z) >
tmax(2) > t7(2) = tT > 0 such that t7 2 € N~ and t"2z € N*.
Moreover,
J(tTz) = inf  J(tz), J(t"z) = sup J(tz).
(t72) o (t2) (t"2) sup (t2)

Proof. (i) Suppose §,(fin|ul? + for,|v|?)dz < 0. Then (2.14) has a
unique solution ¢~ > tmax(2) such that m.(t~) < 0 and A% (¢~) = 0. Hence,
as t97tm/(t) = h!(t), h has a unique critical point at t = t~ and h”(t7) < 0,
thus t72 € N~ and

J(t™z) = sup J(tz).

>0
(ii) Suppose {,(fir, [u|?+ for,|v]?) dz > 0. Since
M (tmax () > | (fio [ul? + far[v]9) da,
0

(2.14) has exactly two solutions ¢t T < tyax(2) < t~ such that m,(¢t7) > 0 and
m(t~) < 0. Hence, there are exactly two multiples of z lying in N, namely
tt2 € NT and t72 € N~. Thus, as 9" !m/(t) = h”(t), h, has exactly two
critical points at ¢ = ¢* and ¢ = ¢~ with RJ(tT) > 0 and AJ(t7) < 0.
Thus, h, is decreasing on (0,¢") and on (¢~,00), and increasing on (t*,¢7).
Therefore,

J(ttz) = inf = J(tz), J(t z)=supJ(tz). =

OStStmax(z) t2t+

REMARK 2.9. If A\; = Ay = 0, then by Lemma 2.8(i), we have N* = ),
so N =N~ for all u > 0.

Now we write N = Nt UN™ and define

0 = inf J 0" = inf J 0~ = inf J(z).
zlgN (Z), zgll\H (Z)7 zgll\I* (Z)

Then we have the following result.
THEOREM 2.10.
(i) 1If
0 < (Al frellper + A2l forll o)7L+ pblloc)P ™ < Ao,
then 8 < 0T < 0.
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(i) I
<(Mﬂﬁﬁhw+Aﬂhﬁhffﬂ%ﬂl+u%WdVﬂ<%Am
then d < 0~ for some positive constant d depending on p,q, c, (3,
fixs fan, and £2.
Proof. (i) Let z € N*. By (2.8) we have

p_

W” [P > SQMW 0| da,

?

{K@:=(;—;>!AP+ < >égMMawpdx
<|G-2)r2G-ms) maalr
e e

So we deduce that § < 7 < 0 by the definition of 6, 0T,
(ii) Set z € N™. By (2.8) and (2.9) we have

hence

pP—q
1217 < § gulul*|o]® de,

2(a+ 5 —q) p
pr L (NI DT

Moreover, by the Holder inequality and the Sobolev embedding theorem,

[ gulul®vl® dz < (14 ulbllo) S /7||2 4.
(P4

This implies

1> | =05y
2(a+ 8 —q)(1+ pl|bllss)
Thus
atfB—p at+—q -
J(z2) 2 ——=|=[I" - (Aﬂfwﬂm*+AﬂUﬁﬂLwﬂ%ﬂ%VW

~ pla+p) g(a+p5)

unﬂa+ﬁ o O R
(a+p) q(a+ )

Ol Fallpar + Dol Forll o) S 27
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- [ (p— )8 T
)

2+ 68— q)(1 + pbl

(9B SR, il B
pla+08) [2(a+ 8 —q)(1 + ulb]ls)

ati—g —q/p
_ m()\lnflJrHLq* + )\Z”f2+||[‘q*)5a+,3 .

S0 i 0 < (L frs o + Aallfor Lo )8 (1 + llbllac)? 0 < (a/p) g, then
J(z) > d for all z € N7, where d > 0 depends on p,q,a, 3, fir, for,
and (2. m

3. Proofs of main results. In this section we prove Theorems 1.1
and 1.2.
First, we establish the following result.

PROPOSITION 3.1.
(i) If
0 < (Ml s llze + Xell forll e )PP (1 + plblloc)? ™ < Ao,
then there exists a (PS)g-sequence {z,} C N in H for J.
(i) If
_ _ q
0 < Ml f1sllpor + A2l for o )72 (L pbllo)P 7 < EAO’
then there exists a (PS)g--sequence {z,} C N in H for J.
Proof. The proof is almost the same as that in [W3|, Proposition 9]. =

Now we establish the existence of a local minimum for J on N7.

THEOREM 3.2. If
0 < (Al il pas + Azl forll o) * TP 7P(1 4 pbll o)~ < Ao,
then there exists a minimizer 20 € Nt of J and it satisfies:

(i) J(z°)=0=06" <0;
(ii) 2° is a positive solution of (1.1);
(iii) ||2°]| — 0 as Ay — 0 and Ay — 0 at the same time.

Proof. By Proposition 3.1(i), there exists a minimizing sequence {z,} C
N for J such that

(3.1) J(zn) =0+ 0(1), J'(z,) =o0(1).
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Thus by Lemma 2.3, {2, } is bounded in H. Then there exists a subsequence
(still denoted by {z,}) and 2° = (u°,v°) € H such that

v, =0, z€ Wol’p(Q),

(3.2) up — w0, v, — 00, a.e. in £,

U — u?,
up — u’, vy, — 0¥ in L(92) for 1 < s < p*.
Then as n — o0,
(33) N (finilunl® + forval®) da = § (fia, [u%]" + far, [0°]%) dz + o(1).
Q Q

First, we claim that 20 is a nontrivial solution of (1.1). By (3.1) and (3.2),
it is easy to verify that z¥ is a weak solution of (1.1). Combining (3.2) and
zn € N, we deduce that

B (il + foalonl?) o = L EEEZL e o LOED) i, )
k0]

From 0 < 0, we get

(3.5) [ Finlal? + forgloal?) dae > —MQ > 0.

2

Thus 2° is a nontrivial solution of (1.1).
Next, we prove z, — 2% in H and J(2°) = 6. For any 2z € N, by (3.4) we
have

()= 2F 0Py et F- S L Nl + fan, ol do

pla+ ) gla+p)
By Fatou’s lemma,
on_atB—p, g +08—q
0 < '](Z )_ p(Oé+,8) || Hp ( +/8) ‘§2(f1>\1|u |q+f2)\2|v |q)
<tmint |22y, 2B JSon o+ sl

= liminf J(z,) = 6.

n—oo

That is, J(z") = 0, and by (3.3) we also have ||z,||? = [|2°||P + o(1). If we
let Z, = 2z, — 2°, then by the Brézis-Lieb lemma [BI],

1Zall? = ll2all?” = [12°]17 + o(1).

Thus we get z, — 2" in H.

Finally, we claim that 20 € NT. On the contrary, if 2 € N—, then
by Lemma 2.8, there exist unique t* and ¢~ such that t72° € NT and
t72 € N™. Again by Lemma 2.8, we have t© < ¢~ = 1. Then h,(t") =
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Wo(t™) =0, K(tT) = ()T mlo(tT) > 0 and R, (t7) = (¢7) tmlo(t7)
< 0. From the proof of Lemma 2.8(ii), we know h, is increasing on [t+,¢7],
SO

J(tT2%) < J(2°) =0 = é%fﬁj( z),

which is a contradiction.
Since J(2°) = J(|2°]) and |2°| € NT, Lemma 2.5 shows that z° is a
nontrivial nonnegative solution of (1.1). Moreover, if A\; > 0 or Ay > 0 and
@ > 0, by the maximum principle we conclude that 2 = (u®,v?) is a positive
solution of (1.1).
(iii) For 2% € N*, by (2.9), the Hélder and the Sobolev inequalities we
get
||Z0prq < w
—a-p

and so ||2°]| — 0 as A\; — 0 and Ay — 0 at the same time. =

Ol frll o + Nall forll o )Sa 872

Proof of Theorem 1.1. From Theorem 3.2, we obtain Theorem 1.1 im-
mediately. =

To prove Theorem 1.2, we need to find another positive solution of (1.1),
and motivated by Theorem 3.2, we need to establish the existence of a local
minimum for J on N7. Since the functional J defined in (1.6) satisfies the
(PS).-condition for any ¢ € R in the subcritical case (o + 5 < p*,a, 3 > 1),
we only need to consider the critical case: a+ 8 = p*. We have the following
lemma.

LEMMA 3.3. Assume (C1)—(C4) hold, o+ 3 = p*, o, 8 > 1. Then there
exists A* > 0 such that when

0< (Al fiellpas + A2l forll o) > 7P(1 4 p bl o)~ < A7,
we have 07 < oo, Where cxo 18 given in Lemma 2.4.

Proof. First, we consider the functional I : H — R defined by

1 (0%
1(z) = =(ull” + {lo]”) = Sgulu! 0] da
p B
for all z = (u,v) € H. Define
3
be »
ug(x) - _p_  N-p’
(e + o))

where b > 0 is a constant. By the results of [DP], we have

HVUEHP HusHp = SN/pa
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where S is the best Sobolev constant of W(} P ILP". Since 0 € 2, we can
choose r > 0 such that Bg,(0) C 2/, where By, (0) is the ball centered at
the origin and of radius 2r. Let ¢ € C3° be such that ¢(z) = 1 if |z| <,
Y(x) =0if |z| > 2r, and let Y- (x) = ¥ (x)ue(z). Then we have the following
estimates (see [Z] for the details):

S IVipe|P daz = SN/P 4 O(eN—P)/p),

Vel?” da = ™7+ O(eVPP),

L=

K eW=-p/p L O(eWN-P/P) p< N < p?,
S e [P dz = { KaeP™(Ine) + O(eP™1), N = p2,
« KaeP™1 4 O(E(N*p)/p), N > p? > 21/2,

Set @ = a/Py)., v = BY/Pep., and Z = (,?) € H. Then

P 2t *
sup I(tz) = sup<Hsz a®/p38/p S Iultoel? dac)
t>0 t>0 \ P 0

tp - *

< Sup(Hsz m— a/pﬁﬂ/pg 4 |P dm)
t>0 \ P p 0

IN

1 [(a BY NPT S [VePde NP
N2(N—p)/p_<ﬁ> <a ] { o [e|P” )p/p]

1 [ [« B/p*7N/p
= N2WN-p)/p <ﬁ> < ) ] [S+0(e (N*p)/p)]N/p

I a/p* B/p* N/p
= m <(g> + <§> )S} + O(E(N*p)/p)

2 (Sap\™" (N—p)/p

We choose §; > 0 such that when 0 < Ay||fi4|[zer + A2l fot || or < 01, we
have

2 (S N/p N
o= (%) = eoullislle + el el >0

and using the definitions of I and z, we obtain

P
163 < ZIEP, ve>0 and g e, > 0.
p
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Then there exists ¢ € (0,1) satisfying
sup I(tz) <coo  when 0 < M| fig|lpar + A2l forllpar < 1.
>0

Also, we have

sup J(69) = sup | 162) = [(fua, + for ol |
2

t>1 t>1

2 /S % N/p
< 2 Zab (N—-p)/p
< N( 5 ) +0(e )

tq
— —(/\1 min f1 + A9 mln f2) S W}a‘qdaj'

¢ B0 B0 o)

Let 0 < e < vP/(P=1) We have

S |11Z)E|q dx > C1,
B, (0)
p2

where ¢; depends on N, p, g, . Then for all € = (M| fit || Lo+ 2| fot | pax ) NP
€ (0,77/(P=1)) we obtain

2 Saﬁ N/p »
sup J(t2) < — | —~ + O((AMll frell Lo + A2l fot |l e )P)
17 N\ 2
& A A
- qg( 1 gﬂ%g) fi+ 2;{}%3) f2).

Hence we can choose d; > 0 such that when 0 < Ai|| fiq|lze + A2l forllpo
< &9, we have

14 . .
O((Mll fiellpar + Xl fot Il o)) — Clg()\l min fi+ X min f2)

< —co(M fis g + Aallfoellper )P @79
2
*_ *_ _pP_ b
Set A" = min{oy ~¥,0; P, rvT} >0, & = (Mallfagllpe + Aellfoillpe) V7
Then if 0 < (Al fisll o + Mol fos o) 5 (1 + plblloc)?~ < 4°, we have
sup;>q J(tZ) < coo. Recalling the definition of Z, it is easy to see that

V(i@ + far,[017) dz > 0.
9]
Combining this with Lemma 2.8, there exists ¢t~ > tpax(2) such that
t—zZe N, and
0~ < J(t2) <supJ(tz) < coo

t>0
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whenever

0 < Mllfrsllgar + Aellforllza )PP+ ullblloc)? ¢ < A*. w
Set A1 = min{A*, (¢/p)Ao}. Then we have
THEOREM 3.4. If
0 < (Al fillpe + Azl forll o) PP (1 + pbllo)? 7 < Au,
then the functional J has a minimizer z' in N~ and satisfies
(i) J(z') =07,
(i) z!' is a positive solution of (1.1).
Proof. By Proposition 3.1(ii), there exists a minimizing sequence {z,}
C N~ for J such that
(3.6) J(zn) =07 +0(1), J'(zn) =o0(1).
Thus by Lemma 2.3, {2, } is bounded in H. Then there exists a subsequence
(still denoted by {z,}) and z! € N~ such that 2, — 2! in H, and J(z!) =
0~ > 0. Next, by using the same argument as in the proof of Theorem

3.2, when 0 < (Mllfisller + allfosllper ) P(1 + )0 < Ar, we
conclude that z! is a positive solution of (1.1). =

Proof of Theorem 1.2. When
0 < Mllfrsllzar + Aallforllza )PP+ ullblloc)? ¢ < A1 < Ao,

by Theorem 3.2 there exists a positive solution 20 € N*, and by Theorem 3.4
there exists a positive solution z! € N~. Since N* "N~ = {), problem (1.1)
have two positive solutions for any A1, Ag, x > 0 satisfying

0 < (Al fiellper + A2l forllzar )PP+ pBlloc)? ™4 < Ay m
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