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Normality criteria and multiple values I1

by YAN XU (Nanjing) and JIANMING CHANG (Changshu)

Abstract. Let F be a family of meromorphic functions defined in a domain D, let
1 (£ 0,00) be a meromorphic function in D, and k be a positive integer. If, for every
feFandze D, (1) f#0, f® £ (2) all zeros of £ — 4 have multiplicities at least
(k4 2)/k; (3) all poles of ¥ have multiplicities at most k, then F is normal in D.

1. Introduction. Let D be a domain in C, and F be a family of mero-
morphic functions defined in D. Then F is said to be normal on D, in the
sense of Montel, if for any sequence {f,} C F there exists a subsequence
{fn;} such that {f, } converges spherically locally uniformly on D to a
meromorphic function or co (see [5l 8, [15]).

Yang [14] and Schwick [10] proved

THEOREM A. Let F be a family of meromorphic functions defined in
a domain D, let k be a positive integer, and let p(z) (£ 0) be an analytic
function in D. If, for each f € F, f # 0 and f*)(2) # ¢(2) in D, then F
s mormal.

Bergweiler and Langley [2] (cf. [I]) proved

THEOREM B. Let F be a family of meromorphic functions defined in D,
and let k > 2 be a positive integer. If, for each f € F, f #0 and f*) #£0
in D, then {f'/f : f € F} is normal.

The holomorphic case was proved by Schwick [9]. Theorem B can be con-
sidered as the normal families analogue arising according to Bloch’s principle
from the well-known Picard type theorem: Let f be meromorphic in C and
let k> 2. If f and f*) have no zeros, then f has the form f(z) = e®**? or
f(z) = (az+b)~", where a,b € C, a # 0, and n € N, which was conjectured
by Hayman [6] and proved by Frank [4] for £ > 3 and by Langley [7] for
k=2.
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Let D = {z:|z| < 1} and F = {fn(2) = nz}. Noting that f/f, = 1/z
for each n, {f],/fn} is obviously normal in D, but F is not normal in D. So
the normality of {f’/f : f € F} does not imply that of F.

In [12] (cf. [3, [II]), we showed the following result

THEOREM C. Let F be a family of meromorphic functions defined in a
domain D, let ¢ (£ 0) be a holomorphic function in D, and k be a positive
integer. If, for each f € F,

(a) f#0 and f*) #£0 in D;
(b) all zeros of f*¥)(2) —)(z) have multiplicities at least (k+2)/k in D,

then F is normal.

REMARK 1. In fact, (k+2)/k =3 for the case k =1, and 1 < (k+2)/k
< 2 for the case k > 2. The number (k+2)/k in Theorem C is sharp, which
can be seen from two examples in [3].

It is natural to ask: does Theorem C hold if we only assume that 1(z) is
meromorphic? In this paper, we prove the following result.

THEOREM 1. Let F be a family of meromorphic functions defined in a
domain D C C, let k be a positive integer, and let ¢ (# 00) be a nonvanishing
meromorphic function in D. If, for each f € F,

(1) f#0 and f® #£0 in D,
(2) all zeros of f¥)(2) —1)(z) have multiplicities at least (k+2)/k in D,
(3) all poles of ¥ have multiplicities at most k in D,

then F is normal.

REMARK 2. The following example shows that condition (3) in Theo-
rem 1 cannot be omitted.

ExaMmPLE 1. Let k € N, D = {z: |2 < 1}, ¥(2) = 1/2FF1 and

]—‘:{fn(z)zlzzED}.

nz

Clearly, fu(2) # 0 and £ (2) = (=1)Fk!/(nzF+1) # 0. We also have

Nk
e - v = (SR 1) g 2o

n
Thus conditions (1) and (2) in Theorem 1 are satisfied. But F is not normal
in D.

Since normality is a local property, combining Theorems C and 1 we
obtain the following theorem.
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THEOREM 2. Let F be a family of meromorphic functions defined in
a domain D C C, let k be a positive integer, and let 1 (# 0,00) be a
meromorphic function in D. If, for each f € F,

(1) f#0 and f® £0 in D,

(2) all zeros of f*)(2) —(2) have multiplicities at least (k+2)/k in D,

(3) all poles of v have multiplicities at most k in D,

then F is normal.

2. Lemmas. The following is a local version of Zalcman’s lemma due
to Xue and Pang [13] (cf. [16]).

LEMMA 1. Let F be a family of functions meromorphic in a domain D
such that f #£ 0 for each f € F. If F is not normal at zg € D, then, for
each o > 0, there exist a sequence of points z, € D, z, — 2y, a sequence of
positive numbers p, — 0, and a sequence of functions f, € F such that

0n(0) = “p”o =90

locally uniformly with respect to the spherical metric, where g is a noncon-
stant meromorphic function on C.

LEMMA 2. Let k,l be two integers with k > 1 > 0. Then there does not
exist any rational function f such that f # 0, f%) £ 0, and all zeros of
f®¥)(2) = 1/(z — @) have multiplicity at least (k + 2)/k in C, where o is a
complex number.

Proof. Suppose that such a rational function f exists. Since f # 0 and
f®) £ 0, we see that f is a nonpolynomial rational function and has the
form A

flz) = (2 —21)™ oo (2 — z)™ ’
where A # 0 is a constant, and my, ..., m; are positive integers. Using the
results of Frank [4] for £ > 3 and Langley [7] for £ = 2, we know that f has
the form )
(1) f(z) = m
for £k > 2. Set m = mq 4+ --- 4+ my. Then

=AM by 022 4 by)

/
f (Z) (Z — Zl)m1+1 e (Z — Zt)mt+1 ’
where b;_o,...,by are constants. In view of f/ # 0, we get t = 1. It follows
that f also has the form (1) for £ = 1. Thus
B
92 (k) - 2
(2) 196 =

where m is a positive integer.
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For [ = 0, we know that

1 S (VS S
F9E) - gy = 1) 1

B — (z _ Zl)m-i—k
(Z_Zl)erk

has only simple zeros, a contradiction.
Next we consider the case [ > 1. If @ = z1, then
1 B — (Z _ Zl)erkfl

f(k)(z) - = )

(z — )t (2 — z1)mtk

and thus f*)(2) — 1/(z — @)' has only simple zeros, a contradiction. Thus
o # z1.

Since

1 B(z —a)l — (z — z)™**

(3) F® () - = 7

(z — ) (z — 21)" k(2 — )t

there exists a point zy such that f*)(z9) — 1/(z0 — @)! = 0. As all zeros of
F®)(2) —1/(z — @)! have multiplicity at least (k+2)/k, we see from (3) that

(4) B(ZO - Oé)l — (ZO — Zl)m+k = 07
(5) IB(20 — @)™t — (m + k) (20 — 21)™ 1 = 0.
Solving (4) and (5) for zp, we obtain
= MARa—ln
O Tt k—1

which implies that f*)(z) —1/(z — «)" has only one zero zy as above. Thus

k) — 2z \™F
6 - m+k Bz — I _ - (Tn— )
I e O e
If I < k, then equating the coefficients of 2™ **~1 in (6), we get
o (m+k)a -1z
YT k=1

and so a = z1, a contradiction.
Therefore [ = k, and (6) can be written as

m o — RZ2 mtk
(7) (zzl)m+kB(za)k:<z( “?n ’“) .

For m > 2, equating the coefficients of z™+%~1 in (7), we also deduce that
a = z1, a contradiction. For m = 1, by (7), we have

(8) (z—2)f =Bz —a) =z — (k+ Da+ kz "
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Equating the coefficients of z¥ and z*~1 in (8), we get

9) (k+1)z1+B=(k+1)[(k+1)a— kz],
(10) <k; 1> 22 + kaB = <k ; 1) [(k+ Do — kz ]2

From (9), we have B = (k + 1)?(a — z1). Substituting this in (10) gives

(k2 —=1)(a—21)2=0.
Noting o # z1, we obtain k = [ = 1. Then we conclude from (3) and (6)
that f/(z) — 1/(z — «) has one zero with multiplicity 2. But this contradicts

the assumption that all zeros of f’(z) —1/(z — ) have multiplicity at least
(k+2)/k =3 (here k =1=1). Lemma 2 is proved. m

We shall use the standard notation of value distribution theory (see [5,

15): T(r, f),m(r, f), N(r, ), N(r, f),.... We denote by S(r, f) any function
satisfying
S(r, f) = o{T(r, )}

as r — 00, possibly outside a set of finite measure.

LEMMA 3. Let k be a positive integer, let F = {fn} be a family of
meromorphic functions defined in a domain D , and let v, (2) be a sequence
of holomorphic functions on D such that @, — ¢ locally uniformly on D,
where p(z) (# 0) is holomorphic on D. If f, # 0, f,(Lk) £ 0, and all zeros of

fék) — @n have multiplicity at least (k + 2)/k, then F is normal in D.

Proof. Suppose that F is not normal at zg € D. By Lemma 1, there exist
a sequence of functions f, € F, a sequence of complex numbers z, — 2z
and a sequence of positive numbers p,, — 0 such that

() = bt end) ()
Pr,
spherically uniformly on compact subsets of C, where ¢g(¢) is a nonconstant
meromorphic function on C. Hurwitz’s theorem implies that g(¢) # 0.
We see that

(11) 9P () = £ (zn + puC) = g™ (0)

spherically uniformly on every compact subset of C which contains no pole
of g(¢). From (11), we know that either ¢(*) # 0 or g¥) = 0 for any ¢ € C
that is not a pole of g(¢). Clearly, these also hold for all ¢ € C. If g¥) = 0, we
deduce that ¢ is a nonzero constant since g # 0, a contradiction. Therefore

g(k) #0.
Since

gr(zk)(C) — ¢n(zn + puC) = fék)(zn + pnC) — on(zn + pn) — g(k)(C) — (20,

In
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Hurwitz’s theorem implies that all zeros of g*)(¢) —¢(20) have multiplicities
at least (k + 2)/k. It follows from Lemma 2 (for [ = 0) that g must be
transcendental.

By Nevanlinna’s first and second fundamental theorems, we have

T(r,g™) < N g®) 4 8 (1 ) 8 () 809)
g® 9™ — p(20)

< LN(T g®)) + LN r __ + S(r, g™

“k+1 k+2 gk — o(z0) ’

| 3 |
L g g® ®
SEriine )+1<:+2T<T’g<k>_<p(z0))+S(T’g )

T(r,g*)) + S(r, g*)),

k? + 2k + 2
T k24 3k+2
a contradiction. Lemma 3 is proved. =

3. Proof of Theorem 1. Without loss of generality, we may assume
D=A={z:]|z] <1}, and

v =22 ea,

where [ is a positive integer with [ < k, ¢(0) = 1, ¢(z) # 0,00 on A" =
{#:0 < |z] < 1}. By Theorem C, it is enough to show that F is normal at
z=0.

Suppose that F is not normal at z = 0. By Lemma 1 (with o = k — 1),
there exist a sequence of functions f,, € F, a sequence of complex numbers
zn — 0 and a sequence of positive numbers p,, — 0 such that

fn(zn 4 pn
(12) Fu(¢) = 2O gy
Pn
spherically uniformly on compact subsets of C, where F'(¢) is a nonconstant
meromorphic function on C. By Hurwitz’s theorem, F'({) # 0.

Obviously, on every compact subsets of C which contains no poles of

(),
FM(Q) = A (zn + pu€) — FH(Q).
Since fﬁ’“)(zn + pnC) # 0, we see that either F®*)(¢) # 0 or F®)(¢) = 0 for
any ¢ € C that is not a pole of F'({). Obviously, these also hold for all ¢ € C.
If F®)(¢) =0, then F(¢) is a polynomial of degree at most k — 1, but this
contradicts the fact that F(¢) # 0 and F(¢) is nonconstant. So F*)(¢) # 0.
We distinguish the following two cases.

CASE 1: z,/pn, — 00. Set

9n(Q) = 25 F fulzn(1 4 Q).
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Clearly, g, # 0 and g,(lk) # 0. Since

W)y _ Pnlz(1+C) ey, (1 +0)
= 2p[ [ (2 (14 Q) = $(za(1+ Q)]

by the assumption of theorem, all zeros of g4 (¢) — (2n(14¢))/(14¢)! have
multiplicity at least (k+2)/k in A. On the other hand, ¢(z,(1+¢))/(1+¢)!
is holomorphic in A for each n, and

pln(14Q) 1
(1+4¢)! (1+4¢)

for ¢ € A. Then, by Lemma 3, {g,} is normal in A.

Hence, we can find a subsequence {g,,} C {gn} and a function g such
that

(13) In; (Q) = 25" f; (2n; (1 4+ ) = 9(Q)

spherically locally uniformly on A.
If g(0) # oo, from (12) and (13), and noting z,/p, — oo, we have

7 (#0)

_ . — . _ Pn;
(14) FED(Q) = Jim fi570 (zn, + pay€) = lim fi57 <z + Zn, <Z<>>
J
— lim g (p’”c) — ¢ (0).
J ! z
It follows from (14) that F*~Y(¢) must be a finite constant, and then F(¢) is
a polynomial. But this is impossible since F'(¢) is nonconstant and F'(¢) # 0.

If g(0) = oo, then

In, (anC) - Z’ll;kf”j (2n; + pn;C) — 9(0) = o0,

Zn;
and hence
ey on, Q) (T
F(©) :jlggo . T;k—l - :jlggo ﬁ wakf”j(znj + pn; ) = o0,
nj J

that is, F'(¢) = oo, a contradiction.

CASE 2: z,/pn, - oo. Taking a subsequence and renumbering, we may
assume that z,/p, — «, a finite complex number.

We have

K)oy PnP(en +Pn0) gy oy L
(15) B2 (2n + pnC)! FP) (a+Q)
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on C\ {—a}. Since

l
rig - Arand

and fT(Lk) (zn + pnC) — ¥(2zn + pnC) has only zeros with multiplicity at least
(k 4 2)/k, Hurwitz’s theorem and (15) imply that all zeros of F(*)(¢) —
1/(a + ¢)! have multiplicity at least (k + 2)/k.

Using Nevanlinna’s first and second fundamental theorems (for small
functions), we have

quk)(zn + pnC) — ¥ (20 + puC)),

1
FO —1/(a+0)

_ _ 1 _
(k) (k) -
T(r,F\"")) < N(r,F'\") + N(r,F(k)) —i—N(r

k
l) S0 F®)

1 k 1
<~ N(r.F® N k)
S VeE s <T’F(k)—1/(a+C)l>+S(r’ )
1 k 1
< ——T(r,F® T F®)
S p e s <T’F(k)—1/(a+C)l)+S(r’ )
k% 4+ 2k + 2 ) )
< 7k2+3k+2T(r,F )+ S(r, FR),

This implies that F' is a rational function. However, by Lemma 2, such an
F does not exist, a contradiction. Theorem 1 is thus proved. =

Acknowledgements. Y. Xu was supported by NSFC (grant no.
10871094). J. M. Chang was supported by NSFC (grant no. 10871094),
NSFU of Jiangsu, China (grant no. 08KJB110001) and the Qing Lan Project
of Jiangsu, China.

References

[1] 'W. Bergweiler, Normality and exceptional values of derivatives, Proc. Amer. Math.
Soc. 129 (2001), 121-129.

[2] W. Bergweiler and J. K. Langley, Nonvanishing derivatives and normal families,
J. Anal. Math. 91 (2003), 353-367.

[3] M. L. Fang and J. M. Chang, Normal families and multiple values, Arch. Math.
(Basel) 88 (2007), 560-568.

[4] G. Frank, Eine Vermutung von Hayman dber Nullstellen meromorpher Funktionen,
Math. Z. 149 (1976), 29-36.

[5] W. K. Hayman, Meromorphic Functions, Clarendon Press, Oxford, 1964.

[6] —, Research Problems in Function Theory, Athlone Press, London, 1967.

[7] J. K. Langley, Proof of a conjecture of Hayman concerning f and f”, J. London
Math. Soc. (2) 48 (1993), 500-514.

[8] J. L. Schiff, Normal Families, Springer, New York, 1993.

[9] W. Schwick, Normality criteria for families of meromorphic functions, J. Anal.
Math. 52 (1989), 241-289.


http://dx.doi.org/10.1090/S0002-9939-00-05477-0
http://dx.doi.org/10.1007/BF02788794
http://dx.doi.org/10.1007/BF01301627
http://dx.doi.org/10.1112/jlms/s2-48.3.500

Normality criteria and multiple values I 99

[10]] W. Schwick, Ezceptional functions and normality, Bull. London Math. Soc. 29
(1997), 425-432.

[11]] J.Y.Xiaand Y. Xu, Normal families of meromorphic functions with multiple values,
J. Math. Anal. Appl. 354 (2009), 387-393.

[12] Y. Xu and J. M. Chang, Normality criteria and multiple values, Acta Math. Sinica
(Chin. Ser.) 54 (2011), 265-270.

[13] G. F. Xue and X. C. Pang, A criterion for normality of a family of meromorphic
functions, J. East China Norm. Univ. Natur. Sci. Ed. 1988, no. 2, 15-22.

[14] Le Yang, Normality for families of meromorphic functions, Sci. Sinica Ser. A 29
(1986), 1263-1274.

[15] Lo Yang, Value Distribution Theory, Springer, Berlin, and Sci. Press, Beijing, 1993.

[16]] L. Zalcman, Normal families: new perspectives, Bull. Amer. Math. Soc. 35 (1998),

215-230.
Yan Xu Jianming Chang
Institute of Mathematics Department of Mathematics
School of Mathematics Changshu Institute of Technology
Nanjing Normal University Changshu, Jiangsu, 215500, P.R. China
Nanjing 210046, P.R. China E-mail: jmchang@cslg.edu.cn

E-mail: xuyan@njnu.edu.cn

Received 5.12.2010
and in final form 18.12.2010 (2336)


http://dx.doi.org/10.1112/S0024609396007102
http://dx.doi.org/10.1016/j.jmaa.2009.01.003
http://dx.doi.org/10.1090/S0273-0979-98-00755-1




	Introduction
	Lemmas
	Proof of Theorem 1

