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On global smoothness preservation
in complex approximation

by GEORGE A. ANASTASSIOU (Memphis, TN) and
SORIN G. GAL (Oradea)

Abstract. By using the properties of convergence and global smoothness preser-
vation of multivariate Weierstrass singular integrals, we establish multivariate complex
Carleman type approximation results with rates. Here the approximants fulfill the global
smoothness preservation property. Furthermore Mergelyan’s theorem for the unit disc is
strengthened by proving the global smoothness preservation property.

1. Introduction. In the theory of approximation of real-valued func-
tions of real variables, the topic of global smoothness preservation has been
intensively studied in recent years (see, e.g., the book [1]).

Combining the classical Weierstrass approximation theorem with the

global smoothness preservation property of Bernstein polynomials attached
to f € C[0,1], By(f)(x), that is,

wl(Bn(f); (5)[0’1} < 2w1(f; 5)[071], Vo >0, VneN, Vf e C[O, 1],

where wi(f; )01 = sup{|f(z1) — f(z2)|; [v1 — 22| <6, z1,22 € [0,1]} (see,
e.g., [2] or [1, p. 244], we easily obtain the following

THEOREM 1.1. For any f € C[0,1] and any £ > 0, there exists an alge-
braic polynomial P such that |P(z) — f(z)| < € for all x € [0,1] and

w1 (P;8)0,1) < 2w1(f50)[,1, V0 > 0.
Here the constant 2 is optimal.

On the other hand, natural extensions of Weierstrass’ theorem to the
complex case are the following well-known results.
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THEOREM 1.2 (Scheinberg [7]). Let m € N. For every continuous func-
tion f: R™ — R and every continuous function €: R™ — R, there exists
an entire function g: C™ — C such that

(&) - g@)| < e(z), VzER™
REMARK. For m = 1 Theorem 1.2 becomes Carleman’s result in [3].

THEOREM 1.3 (Mergelyan [6], or e.g., [5, p. 97]). Let K C C be compact
in C with C\ K connected and suppose f: K — C is continuous on K and
analytic in K°. Then for any € > 0, there exists an algebraic polynomial P
such that

|f(z) —P(2)|<e, VzelkK.

It is then natural to ask if there exist analogues of Theorem 1.1 for the
cases of Theorems 1.2 and 1.3.

In this paper we give some answers to the above question.

2. Global smoothness preservation. Let f be a function defined
on R™ with values in R. Let x = (z1,...,2m), h = (h1,...,hmn), 6 =
(61,...,6m) € R™. Set

,
(r
@) = 0 () s, ren
i=0
and define the rth L%-modulus of smoothness over R™, 1 < s < 00, by

wr(f30)s 1= sup{[| A3 f ()l s @my; [h] < 0%,

where |h| = (|h1], ..., |hm]), || < 0 means |h;| < §;, i = 1,m, and
o 1/s
{S S |f(x1,...,xm)|sd:v1...d3:m} if1 <s< oo,
[fllzo@my =9 L0
sup{|f(z1,...,zm)|; xi € R, i =1,m} if s = o0.

Next we introduce the multivariate Jackson-type generalization of the
Weierstrass integral:

Wpn(f)(@) = —<1f[1 3%) Ig(_l)k<pz 1>

X OSO OSO f(xl+kt1,...,xm+ktm)<ﬁe—”?t?) dti...dty,,
— 00 — 00 i=1

where n = (ny,...,ny,) € N* pe NU{0}, v = (z1,...,2m) and

o0 o0
242 2 42 s . -—
Se”itidti:—Setldti:\/_, i=1,m.
n; i
—00 0

First we present
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THEOREM 2.1. Let f € LY(R™). For s =1 and s = oo we have
Hf - W, 7n(f)HLS(Rm) <C ,meJrl(f; 1/”)87
where 1/n = (1/n1,...,1/ny), n = (n1,...,nym) € N and
wr(Wpn(f);6)s < (2P = Dw,(f;0)s,  VreN, V>0,

where
[oe)

o [2]

Proof. First let s = 1. We obtain

(1) &) - Wonl)@) = (fjl )

m
(u+ 1)p+167“2 du] < 0.

x| (—1)P+1Af+1f(x)(ﬂe—”?t?)dtl...dtm
—00 —00 =1
for all x = (z1,...,2m), t = (t1,...,tm) € R™, n = (n1,...,ny) € N,

p e NU{0}.
Taking the absolute value, then integrating with respect to = over R™,
and defining

’t‘/n - (’tll/nlv R ’tm‘/nm); n|t‘ = (n1’t1’; A 7nm’tm‘),
we get
1f = Won ()l @em)
= (E :}%) _L---_Sc)owpﬂ(f;n' !t!/nh(il;[le‘”?t?) dty...dtp,
s( ;%>wp+1(f;1/n)1 (I [H(l—i—nilti])rﬂ
=1 —oo —oo =1

=1
_ e n; wp—i-l(f; 1/n)1 M 3 00(1 + u)p+1€—u2 du "
P n
i=1 i=1""7 0
_ (%)mO (1+ u)Ptle du)mwp+1(f; 1/n),
0
because

2
S (1+ ni|ti])i‘ﬂrle_”?tl2 dt; = — S (1+ u)p+le_“2 du, VYi=1,m.
1

s 0
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Now, let 7 € N and fix § = (01,...,0,,) > 0 (i.e., §; > 0,7 =1, m). For
any h = (hi,...,hy) with |h| < J, we have

m p+1
2) A’“[Wp,n<f>]<x>=—< ”) (kP
h [ ) e ("))
x | ] ;;f(x+kt)<He—"?t?)dt1...dtm

—00 —00 =1

Taking in (2) the absolute value, integrating and taking into account
that by |h| < 0 it follows that

V1AL f(z + )] dt < wp(f30)1,
R
we finally obtain
p+1

o (W) 0)1 < Z( Dar(f:00 = (22 = (01

For the case s = 0o, by using the relations (1) and (2) above, the reasoning
is similar; this establishes the theorem. m

COROLLARY 2.2. Let f € LY(R™). For s = 1 and s = oo, there exists an
entire function depending on f, W(f): C™ — C, that satisfies the estimates
of Theorem 2.1.

Proof. By making the substitutions z;+kt; = u;, ¢ = 1, m, in Wy, ,(f)(z),
x € R™, we easily obtain

Won (1) (2) = —(fj o) f:(_l)k<p L

><OSOOSO flug, ... u (He” “’_xl)/k2)du1...dum.

If we replace now € R™ by z € C™, then obviously W), ,,(f)(z) becomes
an entire function, which proves the corollary. =

COROLLARY 2.3. Let f € L'(R™).
(i) For any e >0 and any r €N, there exists an entire function g: C™ —C
such that
1f = gllzi@mny <e and wi(g;6)1 < cwi(f;0)
for all § > 0, where ¢ > 0 is an absolute constant (i.e., independent of f, m,
e and 9).

(ii) If moreover f is wuniformly continuous on R™, then for any e
> 0 and any r € N, there exists an entire function g: C"™ — C such that
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|f(x) —g(z)| < e forallz € R™ and wi(g;0)e0 < cwi(f;0)oo for all 6 > 0,

where ¢ > 0 is an absolute constant.

Proof. (i) This is immediate by Theorem 2.1 and Corollary 2.2, because
if f € LY(R™), then w,(f;1/n); — 0asn — oo (here n = (nq,...,nm) — 00
means nj — 00, ..., Ny — 0.

(ii) This is also immediate by Theorem 2.1 and Corollary 2.2, because
f being uniformly continuous on R™ implies that w,(f;1/n)ec — 0 as
n— 0. m

OPEN QUESTION. For any uniformly continuous function f: R™ — R,
any continuous error function e: R™ — Ry and any r € N, does there exist
an entire function g: C"™ — C such that |f(z) — g(z)| < e(z) for all z € R™
and

w’f'(g; 5)00 g er(f; 5)007 V(S > 07
where ¢ > 0 is an absolute constant?

REMARKS. 1) It is known (see, e.g., [4, p. 285]) that the order A of an
entire function g: C — C is given by

loglog M
A = limsup g 08 V1) E)gg (r)
r—00 T

,  where M(r) =max{|f(2)|; |z|] =r}.

For p = 0and m = 1, W, ,,(f)(2) becomes the usual Weierstrass integral.
In this case, easy calculations show that the order of W) ,(f)(2) is < 2 if we
suppose in addition that f is bounded on R.

2) For K = {z € C; |z| < 1}, consider the following operator attached
to a function f, continuous on K and analytic on KY:

2m
F.(f)(z) = ﬁ S f(ze™)®,(u)du, Vz=re®ckK,
0

sin

nu \ 2
where @, (u) = ( —% ) is the Fejér kernel.
2

Sin
First we prove that F,(f)(z) represents in fact the complex Fejér poly-
nomials of degree n — 1, given by

n—l 0o
Z n—ja;z’, where f(z)= Zajz]
"o j=0

(see, e.g., [5, p. 53]).
Indeed, because f is analytic on K9, we can write

00 00
— § :ak(zezu)k — § :akzkemk.
k=0 k=0
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On the other hand, if we set w = e?*/2

(€' — e~)/(24), we get

, then by the general formula sina =

W) — w" —1/w" 2_ 1 piuyn—1 o (iuyn—2 it 2
%()—(w_l/w)—(em)nl[( T (e TR L e 1)

Also writing €™ = t, we obtain

1
e, "t 1)?
1

= tn—_l{tQ("‘l) #2072 P2t

B e e e L B L I R S )

T (A ) IS

1 2n—2
= o {Z enth + [1+2t+3t2+...+nt”—1]}
k=n

2n—2 —1 ‘

e + 30y
7=0
that is,
2n—2 n—1
Z p ezu[p n—1)] Z( ]) —iju
7=0
In general we have
2w .
Sei(k+)‘)udu:{0 ifk+X#0,
5 2 if k= -\

Integrating with respect to u the product

2n—2

f(ze™)®,(u) = (i akzkei“k) [Z cp etulp—(n=1)] | Z zgu]
k=0

p=n
%) oo n—1

— Z bkzkeiu(k-i-)\k + Z Z (Ikz TL w(k ])
k=0 k=0 j=0

where A; > 0 for all £ € N, we immediately obtain

27 n—1
py— S f(ze") Py, (u) du = - E a;z’ (n —j).
0 j=0

It is well known (see [5, p. 53]) that complex Fejér polynomials satisfy
the assertion of Theorem 1.3 when K is the unit disc.
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Now, let z1,29 € K, § > 0, |21 — 22| < 0. We have

\/527r

Fa(£)(21) = Fa(D)(22)] < 5=V 1f(21€™) = F(226™) @ () du
0

<V2wi(fila — 2]k,
because |z1e™ —z9e™| = |21 — 29| (here w1 (f;0)x = sup{|f(z1)—f(22)]; 21, 22
€ K, ‘2’1 — 22‘ < (5}
This immediately implies the global smoothness preservation property

wl(Fn(f),d)K < \/ﬁwl(f;(S)K, Vo > 0, Vn € N.

3) It is an open question if for general K and f with the properties as
in Theorem 1.3, there exists a polynomial P(z) satisfying |P(z) — f(2)| < ¢
for all z € K and moreover

with some constant C > 0.
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