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Exact Schauder estimates of solutions of a boundary
value problem for parabolic second order equations and
their application to a nonlinear problem

by MIKHAIL BORSUK (Olsztyn)

Abstract. We establish exact Schauder estimates of solutions of the transmission
problem for linear parabolic second order equations with explicit dependence on the
smoothness of the coefficients. Next we apply the estimates to the solvability of the non-
linear transmission problem.

Introduction. In order to investigate the solvability of nonlinear bound-
ary value problems for elliptic or parabolic equations it is necessary to look
closer at the solutions of linear problems and obtain sharper estimates for
these solutions. Such estimates are said to be of Schauder type. However
it has turned out that usual estimates of Schauder type are sufficient only
for the proof of solvability for the Dirichlet problem as well as for problems
with semilinear boundary conditions. For other boundary value problems,
when the boundary conditions contain strong nonlinearities, it is essential
to derive exact a priori estimates of Schauder type for solutions of the cor-
responding linear problem with explicit dependence on the smoothness of
the coefficients of the linear problems (see [5, Chapt. X]). Such an estimate
was derived apparently for the first time by R. Caccioppoli and J. Schauder
(1934, see [7, Chapt. V]) for elliptic equations.

An exact a priori estimate of Schauder type for solutions of the linear
oblique derivative problem for elliptic second order equations with smooth
coefficients was derived by R. Fiorenza [3] and with discontinuous coefficients
by the author [1]. For parabolic equations only usual estimates of Schauder
type have been studied: in [4] for oblique derivative problems, in [6] for gen-
eral boundary value problems with smooth coefficients, and in [8] for dis-
continuous coefficients. An exact a priori estimate (in the above-mentioned
sense) for solutions of a parabolic boundary value problem for second order
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208 M. Borsuk

equations is proved here for the first time. The results of this paper were
announced without proofs in [2].

This paper consists of four sections. In Section 1 we collect some basic
definitions, notations, preliminaries and state our main results. Boundary
value problems are reduced to problems with zero initial data in Section 2.
Then we derive exact a priori local estimates of Schauder type (in Section 3
we give detailed estimates only near the interface). The explicit dependence
on the smoothness of coeflicients of the linear problem in the exact Schauder
estimates enables us to prove in Section 4 a conditional existence theorem
for the general quasilinear problem in a composite domain. This theorem
states essentially that the general quasilinear problem is classically solvable
if there exist a priori estimates for its solutions in the space C'(:Y),

1. Preliminaries

1.1. Notations. We introduce the following notations and definitions:

e E,,: the m-dimensional euclidean space of points z = (z/,2™), 2’ =

(x17 R 7$m71)7

oz —yl= (X, (@ —y")HY

¢ Epi1 = Ep, X (—00,00): the (m + 1)-dimensional euclidean space of
points (x, t);

e \/|z —y|? + |t — 7| “parabolic” distance between two points (z,t) and
(y,7) of Ema;

e (2 C E,,: a bounded domain with boundary 0(2;

e ~v: the union of disjoint (m—1)-dimensional surfaces lying in the interior
of {2 and dividing it into a finite number of domains: {2 = Uévzl 29 where
the surfaces forming v have no common points and do not intersect 9f2;
without loss of generality we assume N = 2 so that always ¢ = 1, 2; we set

1.1 o1) = inf —y|l =7rp;
(1.1) (7, 082) mew{gemlx y| = ro;

e 2 a domain lying inside of ;

o 7V = QW Uy, 0@ = 2\ (W U~), 77 = 2 Uy UL,
e I, (z, 0): the m-dimensional ball in E,, of radius ¢ with centre at z;
e Qr = 2 x(0,T): a cylinder;

o QY = 0@ x (0,T);

® Qi 1, = 2 X (t1,12);

. ng?tz = 020D x (1, ts);

° (_2 = _Q_U 012;

o p =0 x[0,T];

e QO = 79 x 0,1,

o v = x (0,T]: the lateral surface of the cylinder Q(Tl);
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e 072 =080 x (0,T): the lateral surface of the cylinder Qr;
o Il ={(y,t) € Eyy1 | ym = 0} C By

e II7 = {(y,t) € Eppy1 | ym = 0,0 <t < T} C Eppy1;

o Rf = {(y,t) € By | ym > 0,0 <t <T};

o Ry = {(y,t) € By | ym < 0,0 <t <T};

e Ef i ={(y,t) € Emy1 | ym > 0,1 >0}

e E 1 ={(y,t) € Emy1|ym <0, >0}
.Rtl,tQ_{(y7 )GEerlIym>0,0<t1<t<t2§T};
o Ry 4, ={(,t) € Eppy1 | ym < 0,0 <ty <t <ty <T}.
e [, n: positive integers,

e <AL

1.2. Domains. In what follows we suppose that 2¢, (2 are domains of
Lyapunov type and belong to the class A n > 2. The latter, for example
for the domain {2, means that there exists a number r; > 0 such that
for every x € 02 the set 02 N I,,(z,71) can be represented locally in
a system of coordinates (yi,...,¥ym) with centre at z in the form y,, =
Z(y1,--+sYm—1), where Oy,, coincides with the interior normal to 02 at =
and Z is a function defined in the projection of 92 N I, (x,r1) onto the
hyperplane E,,_1, belongs to the class C(™*) and vanishes at z together
with its first order derivatives. We fix a number r, with

(1.2) 0 < 7. <min(rog/2,71/2).

For fixed x, we put

Q,Eq) :Q(q)ﬂfm(a:*,r*), Ve =N Dy (s, 74), Ty €7,
Q=00 (s, ), 0.2 =002N T (x, 1), w4 €01

For convenience x, is assumed to coincide with the origin, and the Ox,,-axis
with the interior normal to 92() (resp. 812). Then by definition v, can be
represented by an equation

Tm =C(T1,...Tm-1), C(E C(n,)\)?
and 0,{2 by an equation
T = Z(Z1, ... Tm_1), Ze€CmN,

A local change of variables

(1.3)

(1.4) {yszms, s=1,....m—1,
Ym = Tm — (X1, ... Typ—1),

or

(1.5) {yszxs, s=1,....m—1,
Ym = Tm — Z2(T1, ... Typ—1),
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defines a regular transformation which is invertible. Note that the Jacobians
of these transformations are equal to 1. The transformation (1.4) leads to

a one-to-one correspondence between Qiq) and a domain A@ of the space
(Y1, -, Ym) C Ep, and between ~, and a part o of the hyperplane {x,, =0}
C E,,. Similarly we define the domain A as the image of 2* under the
transformation (1.5), and the part X of the hyperplane {x,, =0} C E,, as
the image of 0,f2. Furthermore, every function of x is transformed by the
change of variables (1.4) or (1.5) into a function of y denoted by the same
letter with a bar above. We set

m—1 1/2 m—1

(1.6) jly) = (1 + > cis) , Jy) = (1 +> Zi)
s=1 s=1

An element of area of the surface ~y (respectively 942) is then given by

A7) do=j@)dy .y, dE = J(y)dys .. dym 1.

We denote by v;(z), respectively n;(x), i = 1,...,m, the components of

the exterior normal to the surface v (respectively 9£2) with respect to 21

(respectively (2) at x. Then
1 Oym

() = ——— n4$:_iaym i=
(1.8) Yi(z) 70y) 9 i(@) SO 1...

1/2

,m.

1.3. Function spaces. For a domain @) C E,,;+1 and function u(x,t) we
define the quantities:

Up(Q) = max |u(z,t)], UQ)= > max |D;Diu(,t),

(2.1)€Q o (5)EQ
U ,\(@) _ sup lu(x,t) — u(y,t)] N sup lu(z,t) — u(z, 7)|
’ (2,t),(y,t)€Q |z —y|? @t @neg  [t=T[?
= |D;Dju(z,t) — DiDju(y,t)|
UAQ) = sup r z
@= > ra—.

2l+]:l (zzt)»(yvt)E@
| Dy Dju(,t) — Dy Diu(x, 7)|
It — 7|(—2i=51N)/2

+ Z sup
0<l—2i—j+r<2 (@t),(z,7)EQ

We also introduce the function spaces:

o "N (@)_E C@’f)("”’”” (Q): the Banach space of functions u(z,t)

continuous on @ with derivatives DiDiu (2i + j < n) uniformly Hélder
continuous and having finite norm |jul| = Y ;o Ui + Un»,

o Cén’A)(Q) = Céngékz(n/2,>\/2)(©): the subspace of functions u(x,t) €

C(N(Q) that satisfy zero initial data: %Jt}‘ ‘t:o =0,j=0,1,...,[n/2],
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. CO'(()”’A) (Q): the subspace of functions in C;" (n,A) (Q) with compact support
in @,
o u(z,t) = (uM(z,t),u® (x,t)): vector-functions defined on the cylinder

§T7

(1.9) U=u"+u?, Un=U)+UT, 0<i<n,

where Z/ll(q) = (@Tl'] )s Ul(g\) = Ul,A(Qgg))v

o C2N(Qp) = C0N (@;})) + O<"’A>@§?)): the direct sum space of

vector-functions u(z,t) = (v (z,t),u® (2,t)) with u(@ € C<"’A>(§§?)),
having the finite norm

]| = ZLHUM

e Let 2 € A™N and let ¢(x,t) be a function defined on the lat-
eral surface Or {2 of the cylinder Q. We define the space C("’A)(E?TQ) =
C’g(gnl‘j)‘)(n/Q’)‘/Q) (01 12) as the set of functions ¢(z, t) with finite norm @, (0 (2)
+ @, A(0rf2), where &, \ has the analogous meaning to U, x. It is known
that p(x,t) can be extended to Qr (if n > 1) so that the extended function
belongs to C™N(Qr U d7f2); moreover, by means of the same construc-
tion this extension can be made for all functions ¢ € C™" (972) so that
the norms @ (Qr U Or2) + Py A (Qr U0 2) and Po(0rS2) + @, A (01 2) are
equivalent. In view of this, saying that ¢ € C(™»(97£2), n > 1, implies that
0 e CN(QrUdrn).

o If Qg}) € AN the function x(z,t) is given on the surface vy and
x(x,t) € C™N(yr), this will mean that there exist functions x (9 (z,t) €
CONQY Urr), g = 1,2, such that x(x,1) = X (@,8) . = xP (@, 1)l
where

X@WJM@=<) lim X9,7), q=1,2
D5y, — (@) e

For f = (f®, f@) the symbol [f],, = fV|,,. — fP],, will denote the
jump of the function f when crossing vr.

e If a vector-function w(z) is defined on £2, then we shall consider it in
the space C(™)(£2) with the norm 2y + O 2.

We now state some inequality for the above introduced quantities.
LEMMA 1.1 (see [6, Chapt. II, Lemma 3.2]). Suppose that the domain {2

satisfies the cone condition, that is, for every point £ € 0f2 there exists a
finite right circular cone K with vertex & and some altitude d > 0 such that
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KN Q2 =¢. Then for any u(z,t) € C™N(Qr) we have

Uy = 06" Uy, \ + 07 Uy),

(1.10) b= 0O Lo °)
Up = 0" Upp + 6T NUp), 0<1<n,

for any & € (0,min(d, v'T)), where the estimating constants depend only on
[, n, A\, m and on the solid angle of the cone K.

LEMMA 1.2 (cf. [7, (33)] and [4, estimates (5)—(10)]). Let 2 € AN For
all functions u(x,t) € C3N(Qy) the following inequalities hold uniformly:

2—14X

(1.11) U = O(u;yuow +Uy), 0<1<2,

+
(1.12) Z/{l’,\ = (’)(Z/[2ZT\AZ/[2+A —i—Z/{o), 0<l<2,
where the estimating constants depend only on {2 and T .

Proof. 1f | =1, then (1.11) follows from [7, (33.8)]. Let I = 2. In view of
[7, (33.3)], we have

ou _ H \Dyu(z, t) — Dyula, t')|] 7=

N sup [ max |u(z,t)|]Tra

ma.
1el0.1] t,4/€[0,T] |t — /|~ t€[0,T]

1 A
— m t VzeR, a=2
7 e Jule, ”}’ reiha=g,

whence it follows that

max Ou = (’)(UZ%UZ% + Up).
(z,t)€EQr ot 22 0
This inequality together with [7, (33.8)] gives (1.11).
We now prove inequality (1.12). Let [ = 1 and let D,u denote the partial

derivative of u(x,t) with respect to any space variable. Then
|Dyu(z,t) — Dyu(x, t))

It — ]2
A
D, u(x,t) — Dyu(z, t')|] > L
whence
D, ,t) — Dy, ! PN
(1.13) sup  (Detlnnl) = Doulw )] _ gyt
(m7t)»(x:t/)€QT ‘t — t,| 2

Applying Young’s inequality with p = g\l(;ri‘z\) , p' = (1+))?, we deduce from
(1.13) and (1.11) with =1 that
Dyu(z,t) — Dyu(, ¥/ ES
(114) sup | xu(‘rv ) fu(‘rv )| — O(u;q;\x u02 X +Z/10)
(@), (¢ QT it =tz ’




FEzxact Schauder estimates 213

Let us now fix § € (0, /T]. For any z € §2 the following is trivial:
|U(ﬂj‘, t) — ’LL($, t/)|

It — |5
< VD, 7)|i<rar| - [t = V) <8 Uy, |-t < 82,
= L7 OFN oscy u(x, t), It —¢/| > 62
Hence
t) — t
(1.15) sup [u(. ) qf(f;’ ) < min_ 6(9),
(@.t),(z,t)EQr [t —1|72 5€(0,VT]

where 0(0) = max(6' o, 6~V sup, ., osc; u(z,t)). By the trivial in-
equalities

sup osc; u(x,t) < TUs,  sup osc u(x,t) < 2Uoy,
e TEN

we have
14X 1—X

6N sup oscy u(x, t) = 6~V (sup oscy u(z, t) 2 (sup oscy u(z, t) =
T€eL z€es? z€es?
5

< (W)U () =

and hence, #(0) achieves a minimum at § = /T , i.e.

14+ 1—X\
min  0(6) =U, > (2Uy) 2
min_06) =16, (214)
Consequently, by (1.15) we have
u(w,t) —u(z,t’ LES U EDN
(1.16) R LRG0 Y )

(I,t),(r,t/)EQT |t - t/|T
From (1.16) and (1.11) for I = 2 we obtain
t) — t JESR
(1.17) sup [uta, 1) qf(fi? N O{U U™ + Un}-
(z.t),(zt)EQr  [t—t|"2 ’

Inequalities (1.14), (1.17) together with [7, (33.9)] imply (1.12) if [ = 1.
Finally, if [ = 0 we have

A

|U(.T,t) —U($,t/)| ‘U(:L’,t) —’U/(IIZ‘,t/)‘ T —

(118) |t—t/|% - ‘t—t,|# ]u(m,t)—u(x,t')]lﬂ,
therefore by (1.12) for [ = 1 we get

(119) sup ”U,(ﬂj‘vt) —U(CL‘,t/)’
(z,t),(z,t' ) EQT |t — t’]%

PN
— O(ull;g\)\ u01+>\)

A2
= OU, MUy ™ + Up).
This together with [7, (33.9)] proves (1.12) for [ = 0. Lemma 1.2 is proved. =
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1.4. Local cylinders. We define local neighbourhoods of the surface vp.
ForO0<7<T,0<t <ty <T we put:

b ngg') = Qiq) X (077-]7 Qi?tz,tz = Qﬁq) X (tl’tQ)a q = 172;
® Vir = Vi X (077—]7 ﬁy*thtz = Yx X (t17t2);
i Q*T = ngr) U Qgr) U Yaers Q*t1,t2 = Qig,tz U ijz,tg U Vtata

(here the domains with a star are defined by (1.3)). By means of the local
transformation (1.4) we find the images of these sets:

(1.20) PO =AW x (0,7], pifh, =AW x (b1, 1), q=1,2,
UT:JX(O,T], Oty to :Jx(t17t2).

We consider domains that are symmetric with respect to the (m — 1)-
dimensional hyperplane {y,, = 0} C E;:

AD cAD =12 9ADNIAD =&
and the corresponding sets
P9 = A@ x (0, 7], ﬁif,)m =A@ x (t1,t), q=1,2,
(1.21) pr=pVUupPUo,, 7e€(0,7),

~ 1 2
Dt1,ts :]A)il?tQU]f}'gl?tQUO'tth, O<ti<tya<T.

We also consider an infinite set of pairs of points Py = (Po(l),Pé2)) with
PéQ) = (y(()Q)) € AW which are symmetric with respect to o and where

Péq) € AN(q),q = 1,2, can be set in correspondence with each point P} =
(y5,0,0) € 0. We put

(1.22) N = (0AWNAD)N\o, Ny = Nx(0,7], Niyiy =N x(t1,12).
For each Py = (PV, P{*) with P{? € A@\ N (¢ = 1,2), we put
(1.23) r(Po,N) =4d(Py), #d(Py) =0, V2x <3 <1

where 7(Py, N') = infpep PoP denotes the distance from Py = (yo,0) to
the set A, and by the symmetry of A and A® we have r(Py, N) =
r(PV N = r(P?, N). We fix a number k > 3 and denote by I, (P, ko)
the pair of m-dimensional hyperspheres

T (Po, ko) = { T (PSY ko), T (P ko))

It is easy to see that Fm(Pél), ko)No = Fm(PéQ),k?Q) No. If ks < 4 then
by (1.23), I, (Po, ko) has points in common with 0AM UoA®) only on o.
The set of these points forms a hypersphere of dimension m — 1 with centre
at PJ. Its radius is denoted by vd(PY).
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Now we define
D) = 519 1 (1,.(Py, Bd(Py)) x [0, 7]},
@) _ 5@ (1 (Py, Bd(Py)) x [t1, ta]},

(L24) e T Pus
ol = {o N T(Po, Bd(Py))} N[0, 7],

oD = {0 N L(Po, Bd(Py))} N [t1,t2], VB, 0< B < 4.

Later on we shall distinguish three kind of cylinders in the neighbourhood
of the surface or:

(1) the cylinders c(f) ('W) that adjoin the surfaces A(‘I) or; these cylin-

ders are sets from (1.24) 1f 0> r(Py,0);

(2) the cylinders cgfiz, cgf’;) that adjoin only the surface o, 4+, and do

not have common points with the hyperplane {¢ = 0}; they are obtained
from (1.24) if o > r(Po,0), ta > t1 > 0;
(3) the cylinders o ), 2 that adjoin the lower base of the cylinder

Qr, i.e. the set {t = 0}, and do not have common points with o,; they are
sets from (1.24) if ko < r(Pp,0).

Similarly, we consider local cylinders of three kinds in the neighbourhood
of the surface O 2.

If v(y,t) € C™N(Qr), then for any point Py = (Po(l), Pé2)) with Po(q) €
;B(Tq) \N;, ¢ = 1,2, and any number 3 € (0,4) and integer [ € [0, n] we define

(@B _ (@ (@B _ (@B

V(Tq)l =V q (C(Q)(B)) V(rq)l s V VP (¢ (Q)(B))

(8) (1)(5) (2)(B) ) (1)(5) (2)(8)
V(’T)l V’( )N V‘(T) ’ V('r)l A Vv(’r)l A ‘/('r)l AT

(1.25)

If o(y,t) € C™N(IT), then for any point P} € o we set

(1.26) B (P = Bi(a(Py)), B, \(Py) = Bua(0P(FY)).
Similarly, we define the quantities V((g),tz)l, V((t‘i),tz)lw If w(z) € CN (),

then for any point Py € A we put:

29 = QAW N I, (Po, fd(Fo))},
(127) 27 = QAW N L, (Po, pd(Py))},
Q(ﬁ) QOO 4 @B g6 _ gB) 4 @6,

Later on we shall choose the number sy < 1 from (1.23) so that k» < 4,
v < 3.
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Finally, we define the following quantities provided that 7 = to —t; = p°:
do = supd(Fy),
(1.28) Béq)(%) — sup Q2V2(q)(%)’ Bé?;(%) — sup Q2+/\V2(,(Z\)(%)v
Bg”) _ Bél)(%) —i—BéQ)(%), B;%)\) _ Bé}A)(%) + B;?;\(%)
(here the sup is taken over all points Py = (P{", P{*) with P{? € A@\ N\,
g = 1,2). For the above-defined quantities the following assertions are valid.
LEMMA 1.3 (cf. [7, Chapt. VIII, §33]). If ks < 4 then
(1.29) BYY = o{k* M (BS) + BY))
uniformly with respect to .

Proof. We prove (1.29) e.g. for the quantities that are defined on the
cylinders cgk%). Covering the base of the cylinder ci‘”(’“‘) by a finite number

ng of balls I, of radius ¢ = sd(Py) we have

|D3v D (y, t) — Djv'@ (7, 1)]

sup (ko)™ sup P
PV eA@\N (y.0),(F.t)€ct ) (P y—y

| D209 (y, 1) — D20 (g, t))|

< s (kP swp et
P{D e A\N vy, 7:ly—7|<e, ly — 7
te(0,7]

| D30 9 (y, t) — Djv'@) (7, 1)]

+  sup  (ko)*™ sup —
P e A\W vy, 7:ly—71>0, ly — 7|
(1,1),(F 1) €l *) (P(D)

< k2+)\B§iI>)\(%) 4 2T sup Q22 sup |DZU(Q)(y,t)|
PSP AN (yt)ect? ™) (P{?)

= O{k2+)\(B§?))\(%) + 23;‘1)(’{))}7 q=12,
D309 (y, 1) — Dyo'@ (y,1)|

24\
sup (ko)** sup it — t/|M/2
PP e A\N (y:t),(y,t) €D (P(D)

<ngk*PABYW =12,
Similarly, we estimate the remaining quantities that define Bé?;\(%). Sum-
ming the resulting inequalities over ¢ = 1,2, we get (1.29). =

LEMMA 1.4 (cf. [7, Chapt. VIII, §33]). For any closed domain 7w, C p-\
N such that dist(pr,N;) =& > 0, if 3 < 4, then

(1.30) Vo(mr) = O{(3e8) " V(B + 285)).
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Proof. We cover the base of the cylinder 7T(q) with a finite number n, of

balls I, of radius ¢ = %d(P(q)) with centre at Péq) e n {t = 0}. Then
by analogy to Lemma 1.3 we obtain

(1.31) Bya(nl?) = 0{B®™ + 2B}, g=1,2.
On the other hand, by definition we have

(1.32) Box(m )= sup (sed(P{?))> PV (nlD).
PP erl®
But by (1.23) we have d(PéQ)) = ir(Péq),./\/'), and by the assumptions of

the lemma 7 (7, N;) = 6 > 0, whence r(PO(Q),N) > ¢ for all PO(Q) € qu) and

therefore %d(Pé[J)) = %T(PéQ),N) > %4. Then from (1.31), (1.32) it follows
that

24X
(§5> Vaa(rl?) = 0{BR™ +2B,7 7)), g=12.
The inequality (1.30) follows. m

1.5. Formulation of the problems. Assumptions. The main result. We
consider the following boundary value problem:

(@) m
£ (2,1, Dy )ul® = 52 3 0 ), + 50 @,
=1

4,7=1

+ D (@, )u@ = fD(z,1), (2,t) €QY, ¢=1,2

[ulyr = x(,t);
(I [ZTZ (z,t)ug, + o(z,t)u LT =(x,t), (x,t) € yr;

Vi(:r,t)ug_) + p(z, t)u® =p(x,t), (x,t) €02

[OR

I
-

or 2

uwD(z,0) =wD(z), zeR@, ¢g=1,2.
We shall need the following

AssuMPTIONS 1. (1) Uniform parabolicity:

SOS 2 <Y a0 <u0 32 e, q=12,

3,j=1 i=1

where y(q), ,u(q) are positive constants.



218 M. Borsuk

(2) Smoothness:
Ao+ To + Ny + X + My = O(1),

where Ay, Ty, No, Xo, M relate to a; ;(z,t), 7;(x,t), vi(z,t), o(z,t), p(x,t)
and are defined with regard to (1.9);

aij(x,t),bi(w, 1), (@, 1), f(z,t) € COV(Qp),
miw,t), 0z, t) € CMV(@r),  Y(a,t) € CN (),
vi(z, 1), n(x, 1), p(x,t) € CN(0r02),
x(x,t) € CPV(r),  w(x) € CPN(R2).
(3) Complementarity (see [8]):

S (@, thyi(e) = v = const > 0, (a,8) €y, = 1,2,

Z vi(z,t)n;(x) > vy =const >0, (z,t) € OpL2.
i=1

(4) Compatibility (zero-order compatibility conditions for initial and
boundary data, see [8]):

[ia”(a;Ocumxj +Zb (,0)wy, (z) + c(z,0)w(x) — f(x,O)]

= 8X(@i’0)’ zey, [w(@)y=x(0),
[ZTZ z,0)wy, (z) + o (z, 0)w(z )L — (2,0), €A,

> vila, 0w + p(z, 0w (z) = ¢(x,0), € o,
=1

1=
(5) @ € ARN ¢ =1, 2.

We shall now denote by A;, A; x, B, Bi x etc. the sums of the maximum
moduli and of the Holder coefficients of all derivatives of order [ > 0 of the
coefficients a; j(x,t), b;(x,t) etc., respectively.

THEOREM 1.5. Under the above assumptions (1)-(5), for any solution of
class CM(Qr) of (1) we have
(1.33) U x(Qp) = O{[(1+ Ao + Tox) (1 + Bo + Co + T1)
+ (1 +«40)\ +No ,\)(1 + By + Co +N1)

142

+ (14 Ao +Tor+Nox) >
+ Box+Cox+ Tin+ Zix + N+ MiaFo
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+[(1+ Ao +Zox)(1+ Bo + 7o)
+ (14 Aox +Noa)(1+ Bo + M)

+ (1 + A07)\ +./\/’07)\)h/(_)\ + Co + Boy)\
+Tin+ N+ 21+ M| Foa

F (14 Agx+Ton) > Wy + 0
+ (1 + AOJ\ +N07)\)#¢0 + @17)\

(14 Ags +Ton) > + (1+ 7)1+ Aox + Ton)
+ 715+ 1050
+ 21+ A +T)(1 4+ Aox+Tox) + T x50

1+

+[(1+4 Aox + To.n —I-NU,A)T
+(1+Bo+Tor+Th +N1)1+/\

+ (L + Aox +Tox)(1+ By +Th)

+ (L + Ao +Noa) (1 + By + M)

+ Box + Mo +Tix+ Zox+NiaUh

+1(Co+ By + M) M2 (14 Ag s+ Ton + Now) ' T
+Co(1+Aox +Zox +Nox) +Con + X1 x + MUy

14+

+ 1+ Aox+Tox +Nox) >
+(1+Agr+Tor+Noa)(1+Bo+Co+Th + M)
+ Box +Cox + Tixn + Ny + My

+ XAl Uayo +Unyox + 20 + 22.0) 1,

where the estimating constant depends on m, the domain {2 and on the
constants from assumptions (1)—(4); the quantities U)o, and Uqyo,n relate

to the functions ug‘g = ‘9%(:) o 4=1,2.

1.6. Conjunction problem (see [8]). As an auxiliary problem we consider

the conjunction problem for w(y,t) € Céz’/\) (Rr) that satisfies in the whole
space F,,+1 the parabolic equation with step coefficients and the conjunction
conditions on the hyperplane Ilp:

- (@), (q) ow'® (@) +
Z @i w?/(jyj - ot = h (y7t)v (yat) S Em+1, qg=1,2,
7,7=1
(II) »J

ol =0, [ Aa]| =000, /e,

where ozl(-?j), Bi (i,j=1,...,m, ¢ =1,2) are in general complex numbers.
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LEMMA 1.6 (see [8, estimate (5.14)]). Let the vector-function w(y,t) €

CgQ”\)(}_ET) be a solution of the problem (II). Let the equations of (1I) be
correctly parabolic and the complementarity condition be fulfilled. Let

h(y.t) € CN(Rr), n(y,t) e OV (IIr), 9y, t) € OV (Iy).

Then we have the a priori estimate
(1.34) Wa(Rr) = O(Hox + Hax + 61,1),

where the estimating constant depends only on the parabolicity constant, the
quantities Ao, By (that relate to ag?]),ﬁz-(q)),m, A€ (0,1) and is independent
of T > 0.

LEMMA 1.7. Let the conditions of Lemma 1.6 be fulfilled. Then the prob-
lem (II) is uniquely solvable in the class C((JZ’A)(ET).

2. Reduction of the problem (I) to the problem (I), with zero
initial data

2.1. LEmMMA 2.1 (cf. [6, Chapt. IV, Theorem 4.3]). For any vector-
functions w(z) € CEN(2), uy(z) € CON(R2) there is a vector-function
v(x,t) € CEN(Qr) satisfying

ov _

v(x,t)|i=0 = w(x), ot =umy(zr), €
t=0

for that function we have the a priori estimates
2.1)  Vo(Qr) = O{Uny(R2) + 20(2) + 22(2)},
(22)  Vax(@Qr) = O{Uayo(R2) + U)o (2) + 20(2) + 221 (2)}.

Proof. We denote by &(x), %1 (x) the extensions of w(x), u1(x) onto the
whole space E,, with the conservation of class (see for example [6, Theo-
rem 4.1, Chapt. IV]): that is, &(z), @) (z) coincide on {2 with w(x), u(1)(z)
and @(z) € C*MNEn,), ua)(z) € C**(E,,) and also

[@llcen @,y = Ollwllcen @}

(2.3) _
HU(1)||c<o,x>(Em) = O{HU(I)HC(OA)(E)}‘

Now we consider the Cauchy problems in the layer E,, x [0,T]:

ow
- — Aw = En, 7T ’
(2.4) 5 w=0, (z,t)¢€ x (0,7

w(z,t)|i=0 = u1(z) — Aw(z), =€ E,.
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ov ~
05 5 —Av= w(z,t), (x,t) € Em x (0,7,

v(z,t)|t=0 = w(x), =€ Ep.

It is well known that the problem (2.4) is uniquely solvable in the class
CON(E,, x [0,T]) and its solutions satisfy the a priori estimates

Wo(Em % [0,T]) = OfUyo(Ewm) + 22(Em)},
WO,)\(Em X [OaT]) = O{M(I)O,)\(Em) + Q2,A(Em)}'
(see [6, Theorem 2.5, Chapt. I and inequality (2.2), Chapt. IV]).

The resulting solution w(z,t) € CON(E,, x [0,T]) of the problem (2.4)
is now substituted in the right hand side of the equation of the problem
(2.5). Then by [6, Theorem 5.1, Chapt. IV] the problem (2.5) is uniquely
solvable, and its solution v(z,t) € C?N(E,, x [0,T]) satisfies the a priori
estimate
(2.7)  Var(Ep x [0,T]) = O{Wo(Er, x [0,T]) + Wor(Em x [0,T])

+ 20(Em) + 22 0(Em)}-

Moreover, it is well known (see e.g. [6, Theorem 2.5, Chapt. I]) that

(2.6)

(2.8) Vo(Em x [0,T]) = O{Wo(Em x [0,T]) + 20(Em)}-

By (2.4), (2.5), %‘t:o = u(1)(7), € E,,. Thus we have constructed the
vector-function v(x,t) € C2N(E,, x [0,T]) satisfying

0(x, t)|i=0 = w(2),
ov

E = ﬂ(l)(l’), T € Em,

t=0

and the a priori estimates

(2.9) f/2,/\(Em x [0,T]) = O{Z:i(l)o +L~[(1)0,>\ + ﬁo + 62,,\}7
(2.10) Vo(Ep, x [0,T]) = O{Uyo + 20 + 2},

where the quantities on the right hand side relate to the space E,,. Now
we consider some bounded domain {2 C (2 and the corresponding cylinder
Qr C Q. We define a cut-off function &(z) € C3N(E,,) such that 0 <

£(x) <1,z €, and
_J1, e,
E(ZE)_{O, x & 12.

We consider the vector-function v(z,t) = {(z)v(z,t). By the properties of
v, &, we derive



222 M. Borsuk

oz t) = v(z,t), (w,t)EQT,
(J)‘{o, (e.1) ¢ Qr,

v(z,t) € CEN(E,, x [0,T]) and

Vor(Em % [0,T]) = O{Vax(Ep x [0,T]) + Vo(Em x [0,T])},

(2.11) -
Vo(Em % [0,T]) < Vo(Em x [0,T7).

From (2.9)—(2.11) with regard to (2.3) we finally obtain the desired a priori
estimates (2.1), (2.2). From the properties of v(x,t),w(z)u()(r) it is easy to
see that the constructed vector-function v(z, t) satisfies the initial conditions
of the lemma. m

2.2. Now we are in a position to reduce the problem (I) to the boundary
value problem with zero initial data. Following [6, 8] we write

4@ 0" ulD (x, 1)
o) = =gl

k=0,1, ¢g=1,2.

If u(x,t) is a solution of the boundary value problem (I), then we have

W (@) =w@(2), reRW, g=12,

(q)( )= LD (2,0,D)w D (x) — fD(z,0)

(1)
_Z (q)a:O Zb(q)$0 (q) (z)

i,j=1

+ (2,000 D (z) — fD(x,0), ze€ Q(q), qg=1,2.

(2.12)

Let v(x,t) be the vector-function constructed in Lemma 2.1. Then
(2.13) w(z,t) = u(z,t) —v(z,t)

is a solution of the boundary value problem

@ _ Ow @
ot

whe =%(a.0), | Yoo, hws, +olathw] = d(e,t), (@€,

YT

£(q)(m,t, D,)w + f(Q)(x,t), (x,t) € Qg?), qg=1,2,

=o(x,t t or{?
orQ QO([E, )7 (Z’, )6 UACER)

:0’ xe‘Q(q)7 q:1727
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where
N (@)
f(q)(%t) - f(q)(x,t) P CI agt ., q=1,2,
%(ZL" t) = X(x’ t) - [U]’YT’
(2.14) () = (1) — [Zn(:v,t)vzi + a(ﬂ:,t)vL ;
i=1 ’
» _ B ' (2) (2)
o(z,t) = p(x,t) {; uz(x,t)vm + p(z, t)v } .

By the properties of v(z,t), (2.12) and the compatibility conditions (4) from
Assumptions I it is not difficult to derive that

fectN@p), ¢eciM o),

(2.15) 8 N
gec™™Mor), xecY(r).

The equalities (I) together with conditions (2.15) will be called the bound-
ary value problem with zero initial data.

Thus, as (2.13) shows, for the proof of Theorem 1.5 it is necessary to
investigate the boundary value problem (I)g and to derive the corresponding
a priori estimates for its solutions.

2.3. Calculating the quantities for the function u)(z) from (2.12) we
now obtain, by the estimates (2.1), (2.2),

(2.16) Vo = O{fo—l—(l-ﬁ-Bo -l-CU)Qo—l- (1+Bo)92},

(2.17)  Vopr=O{Fo+For+ (1+ Ao+ Bo+Co+ Box+Coxr)f
+ (1 4+ Ao+ Bo+Co + Boa)f22 0}

3. Local estimates of solutions of the problem (I);. Now we derive
local estimates of solutions of (I)g. We shall consider cylinders of type (1)
from Section 1.4. The estimates for the other cylinders are derived similarly.

Let o > r(Py,0) and let c.(r%), %) pe cylinders related to the surfaces

A@ o, Let w(z,t) € C2Y(Qr) be a solution of (I)g and first suppose
that

(3.1) bgq)(m, =Dz, t)=o(x,t)=0, i=1,...,m, ¢=1,2.

Since we are considering only a neighbourhood of v, no attention need be
given to the boundary condition on drf2. On carrying out the coordinate
transformation (1.4) we find that w(y,t) (the image of w(x,t)) satisfies the
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conjunction problem

. ow D
Z a(q) (y,t @(/%] +Zﬁ(q) (y,t (q) _

) ot
= FDy,t), (1) € VIR, =12,
@y, o, =XW,1), (1) € o (Ry),
(3 2) m—1 m—1
’ [Z z wyz y’t) (Tm yv Z T4 y’ Cy (y’ ))wym}o
i=1 i=1 T

—9(,1), (1) € s’ (Ry),
w9 (y,0)=0, yeADND(Py,ko), q=1,2

a@(Q)
| ot

=0, yeADNI(Py ko), q=1,2,
t=0

where the functions a(q)( ,1), ﬂi(q)(y, t) depend on y, t through a(q)( t) and
the first and second derlvatives of ((y) from (1.4).

We put

(3.3) . ,
Dy t) =Y 7,06, @) =19 y.t), =12,
1=1
and
gDy, t) = FDy,t) = Y (@l (y,1) — ol (50, 00w,
i,j=1
Bz(q)(ya t)w(q)v q= 1,2
(3.4) ;
— m—1
0/ 1) = D', t) — [ 2 (Falw, ) = Faloo, 0, (v.1)]
i=1 T

= [ (y, 1) = L (yo, 0))Eym]of

Then the problem (3.2) can be put in the form
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o ow D .

>l 00, - TT =g 9,0, ()€, =12,
1,j=1

_ = ow N

(3.5) ¢ [w(y, )], = X&', 1), [E] =00y, t), (y,t) e a®)(py),
a@(Q) .
o (y,0) =0, — =0, ye AYNI(Py,ke), q¢=1.2,
t=0

where [ is the axis with direction cosines
{Fl (yév O)’ s ’?mfl(yé)v O)’ lm(yéa 0)}

Our aim is to find an estimate for WEJ:))Q,A. To this end we define the new
vector-function z(z,t) = £(y)w(y,t), where £(y) is the truncation function

07 ygAmF(P()?kQ))
with the properties

(1)0<g(y) <1
(2) D" =0(p™") Yn € N.

The vector-function z(y,t) is a solution of the problem

o2(@)
> alf 012, - 255 = 100.0),
4,j=1

(y7 t) € Cf(rq)(k%)(PO)7 q= ]-7 27

(3.6) Oz
G, =), |5 =000, 00 € R,
(q)
z(q)(y’()):()’ 0 =0, yekby,, ¢q=1,2,
ot |,_

where h(D(y,t),n(y’,t),9(y,t) are defined by [1, (2.17)]; moreover, it is not
difficult to verify by (2.15) that

hiy,t) € CON(ER,),  n(y/,t) e OV (L),

(3.7) .
9y t) € O (1),

Therefore the vector-function z(y, t) is in (07[()2’)‘) (R,) and is a solution of the
problem (3.6), a problem of type (II); moreover, (3.7) and Assumptions I
guarantee the fulfilment of all conditions of Lemmas 1.6 and 1.7. Hence

the problem (3.6) has a unique solution z(y,t) of class (0382’/\)(]?» and the
estimate

(k) (k32) (v) (v)
(3.8) Ziman = OHiyox + Hizjo x +O(210)5
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holds uniformly with respect to 7. Now taking account of the trivial inequal-
ity

5(%) _ P ke
(3.9) Wien = 20 < 2y k>3

and calculating the quantities on the right side of (3.8) (see [1, p. 23]) we
obtain, by (3.8)—(3.9),

750 Tr5(k3) - 5(k%) ks« —x (ke
(3.10) W = OEW o + 0 CTIWET + g((T)o),,\ +o /\g((r)o)
+E O AT VO, Ve >0

(here we use the inequality (1.10) of Lemma 1.1). This is the desired es-
timate. It should be noted that the O-quantity on the right side of (3.10)
depends only on Ay + 7o = O(1) (see condition 2) of Assumptions I), the
parabolicity constant, and the numbers m, A, but it is independent of 7.
The estimate (3.10) may be simplified (cf. [1]). In fact, the vector-function
w(y,t) = @V (y,t), 5 (y,t)) can be decomposed by the Taylor formula in
the neighbourhood of P = (y;,0,0) € o with zero initial data:

m—1
(3.11) w(y, t) =0 (P) + Y (i — yo) W (7, 0,0)
i=1

+ @D (4, Gons 0) + 4T (5, 0,7)
= tw," (5, 0,1),
(7,1) € &P N Fya (P, r(P,FY)), g =1,2.

Now we choose 7 = ¢?. By (3.11) we obtain

— (ks — (ks — (ks
(3.12) W = oWy = 0(2W).

Further, it is easy to see by (2.15) and initial data of (3.5) from (3.4) that
0(y',0) = 0 and therefore we have

(3.13) 0(y', 1) = (0(y",t) = 0y, 1) + (6(yo, 1) — O(vp, 0))
=O{ly' —wpley” + = 6}
= 0(00" + o' 0)).

Thus by (3.12), (3.13) the estimate (3.10) simplifies to

=(30) (k) Ak ks _ ks =(v
(3.14) WS = 0(EW,y + oW +6% + 07268 + =)

+ 851'))\ +o2eM),  veso.

Calculating the quantities on the right side of (3.14) in the same way as
in [1] and setting ¢ = o* we see that for any solution of (3.2) we have the
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estimate (cf. [1, (2.25)])

(3.15) W3 = O(F(S) + o NE + 0}
=) (V) A7) =)\, = =(v
+ 0+ TR+ T+ T+ T)E + 550)

ks v ko
+o (1+A(()>\)+T(()>)\)Wé>\)

+ 1+ o+ AT + T Wy

+(1+TO + T + 7,0

(ksc) (k)

+ (1 o A AT AT 0 T AT W
We put
(3.16) T=1+Aox+Tox
and rewrite (3.15) in shortened form:
(3.17) Wy = 0(*TEIWEY + K (o6 By)).

We multiply both sides of (3.17) by ¢*>** and take into account the inequality
(1.29) of Lemma 1.3:

U < k) T (5.) (B + B + ka0 K (e, Py),

V1 > d3, 00 = #dy,

(3.18) "W,

where k1, ko are constants independent of s, 7. Up to this point the number
> was any positive number such that s < 3¢9 < 1, ksr < 4, k > 3. Now let

(3.19) s = sup{s | % < s, k10) T (Dr) < 1/4}.
Then we derive
(3.20) (se1do) ™ = O(1 + T (Br)).
Now fix the point Py so that

(ad(Py)) > Wy > B(’“).
Then from (3.18), (3.19) we obtain
(3.21) BYY = OBY™ (5y) + (ad(Py))* K (3413 7).

Let 7, be cylinders that are symmetric with respect to the hyperplane o,
and satisfy the assumptions of Lemma 1.4. By this lemma with s = 3¢; and
the inequality (3.21) we have

62+>\W2,)\(7TT) = O((%ldO)i/\WZ(ﬁT) + ’C(J{l;ﬁ’r))a T C ]37.
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Hence taking into account (3.20) and recalling the expression for K(s¢1;pr)
from (3.17) and (3.15) we finally obtain

(3.22) 62 W (m,) = Of{For + T Fo
+(1 -1—70,,\ +JT:1 + TLA)(EO + 52,)\)
+ 51,,\ + 351 + IWa+ (1+Tox+T1)Win
+(TQA+T1) +Ti3)Wh}

where the quantities on the right hand side relate to the cylinder p D 7.
On applying the transformation inverse to (1.4) the cylinders 79 go to
cylinders ng) C ngT), whose boundary contains the part of v,, U fo’) and
whose distance from 8[@9) \ (Yaer U_kaq))], taken to be minimum over ¢ = 1,2
and denoted by 0, is positive. By (3.16) we now have
(3.23)  8PWha(IL) = O{(1+ Ao + To)(Fo + ¥1)
+ {1+ Toa+ 1+ Ao+ To )T+ T a HE0+52,0)
+ (1 +Aox +To)Wa + (1 +Tox + Ti)Wia
+ j'v—o,A + fl;l,A
F{A+Aox +To2) (1 +T1) + Tia}W ),
where the quantities on the right side relate to the cylinder Q...
If we now discard the assumption (3.1), we must use the estimate (3.23),
replacing f(?(z,t) by the function

FO () = 370 (@, ywl® — Dz, tw@

i=1

and ¢(x,t) by ¢ (x,t) = [o(z, t)wl,, .
Therefore for the solution of the problem (I), we arrive at the following
local estimate in the neighborhood of the intersection {2 N yy:

(3.24)  6*Wy A (IT,)
= O{{1+Tox+ (14 Aox +Ton)(Ti + 50) + Tix + 51} 50
{14+ Tox+ (14 Aox+Tox)(Ti 4+ Zo + 1) + Tox + 10+ o0
+ (14 Ao +Tor)Wo+ (1 +Tox + T1 + Bo + So)Wi x
+{(1+Aor +To) (1 +T1 + Bo + So) + Ta,x + Box + Soa Wi
+{(Co+ S1)(1 + Aox + Zo,n) + Cox + SiatWo
+ (14 Ao + To)(Fo + 1) + (Co + S1)Wor + For + ¥},
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where the quantities on the right side relate to the cylinder @.,; here the
S-quantities relate to the function s(z,t) = [o(z,t)],,. We note that the
estimate (3.24) is uniform with respect to 7.

4. Conditional existence theorem. In this section we consider the
nonlinear problem

L9z, t, D)u® =0, (x,t) € QY

[u]'YT - X(%‘,t),

A7

[b(:r, t,u,ug) + i bi(z,t,u)uy, + bo(x,t, u)}
i=1

YT

(HI) = ¢($, t)v (mvt) €T,

AaTQUEC(xa t, u(2) ) ugcz)) +Zcz (.’13, t, u(2))u:(t21) +CU(CE7 t u(2))
i=1

or 2

=o(z,t), (z,t) € 0rs,

uD(z,0) =w@(z), zeQ@, ¢=1,2,

where

m
L9 (z,t, D, )ul® = Z ag?)(a: t,u(@, u{®)uls) _|_a(q)($ t,u(®) 40
i,j=1
Ou(D
ot -

For this problem we state a conditional existence theorem. It is important to
note that the nonlinear dependence of the coefficients of the boundary con-
dition and the conjunction condition on the first derivatives of the unknown
function does not permit the use of the Leray—Schauder topological principle
(fixed point theorem). Instead we use the Caccioppoli principle (see [7, §1,
5, Chapt. X]) which enables us to circumvent this difficulty thanks due to

the exact a priori estimates for the linear problem (I) derived above.
We define

o={(z,t,u,p) | (x,t) € Qp, u € R, p € R"}.
AssuMPTIONS II. (1) Uniform parabolicity:

> a0l (@t u,p)€i; > v (ul, [p)) ZEZ, V(x,t,u,p) € p, ¢ =1,2,
ij=1 i—1

where v(9) (¢, ;) are positive continuous functions which are nonincreasing
with respect to both arguments and are defined for ¢t; > 0, t; > 0.
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(2) Smoothness: The functions

8@5?]-) (z,t,u,p) &qu) (x,t,u,p)

(q) J (a)
al,] (aj, t’ u7p)’ apk 9 au ? a (':E’ t’ u? p)7
aa(q) (:1:7 ta U,p)’ 8a(¢1) (CC, ta U,p) , b(q) (1‘, t, U,p), 8b(q) (LL’, t7 U,p) 7
Op; ou Op;
ob'D (x,t,u,p)  0°0D (x,t,u,p) 90\ (x,t, u, p)
ou ’ OpiOp; ’ dudp, ’
8zb(q)(x,t, u,p) 82b(‘1)(x,t,u,p) 8zb(q)(x,t, u,p) b(Q)(aj )
dudx; ’ Ou? ’ Op;0z; Pl
o (@ tyw) (o tiw) O tiw) WO tw)
0x; ’ ou ’ Ou? ’ oudx; 0 VT
8zbgq)(x,t, w) 82b(()q)(x,t,u) P de(x,t,u,p) Oc(x,t,u,p)
au2 ) auaxj Y » 7p ) apl Y 8'“, )
0%c(z,t,u,p) 0%c(z,t,u,p) *c(x,t,u,p) 0%*c(x,t,u,p)
OpiOp; oudp; '’ oudz; ' ou? ’
2 , ,
0 c(:::,t,u,p)761‘(:6775’“)7 801(56,15,11)7 801(56,15,11)7
8pi8xj 8:1:, ou
2p. 2. 2 2
0 cl(:n,t,u)7 0%ci(x,t, u)’ ot 1), 0%co(x, ¢, u)’ 0 co(az,t,u)7
ou? Oudx; Ou? Oudx;

/I;’j:]‘""7m’ q:]"27
are defined on g and have the following properties:

(i) they are bounded;
(ii) they satisfy a Holder condition with exponent A € (0, 1) with respect
to x;,i =1,...,m, and with exponent \/2 with respect to t;
(iii) they satisfy a Lipschitz condition with respect to u,p;,i = 1,...,m;
(iv) the functions

6b(q) (m,t,u,p) ab(q) <x7t7u7p) b(q) (,ZE ¢ u) 8b§q) (l’,t,u) 8[)(()(1) (l’,t,u)
Op; ’ ou P s ou ’ ou ’
ci(x,t,u)  Oeo(z,t,u)

ou ’ ou

Oc(z,t,u,p)  Oc(z,t,u,p)
Ipi ’ ou

) C,;(l’,t, U),

with respect to t;

satisfy a Holder condition with exponent %

P(z,t) € CUV(yr),  p(z,t) € CHN(9r02),
x(z,t) € C(2”\)(7T), w(z) € C(2”\)(§).
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(3) Complementarity (see [8]):

" (6D (¢, u,
S PR g0 ) s 2 2l ) > 0
i=1 t

V(z,t) €yr, ueR, peR", ¢=1,2,
" (De(x, t,u,p
Z{% oot u>} (@) > vo(lul, p]) >
‘ Pi
V(x,t) € Or2, ueR, p e R",

where V(q) (t1,t2),v9(t1,t2) are positive continuous functions which are non-
increasing with respect to both arguments and are defined for t; > 0,t5 > 0.

(4) Compatibility (zero-order compatibility conditions for initial and
boundary data, see [8]):

w(x)]y = x(z,0), =z,
ox(z,0

[ g a;j(2,0,w, W )wa,a, () + a(z, O,w,wm)} = o )7 x €,
S Y
3,7=1

[b(m, 0,w,wy) + Zbi(m, 0, w)wg,; + bo(z, O,w)} =¢(z,0), ze€v,
i=1 7

c(x, 0, w(? (2) )+ ZCZ z,0, w(2) (21_) + co(x,O,w(Q)) = p(z,0), x €N
=1

(5) N@ € ARN g =12

THEOREM 4.1 (Conditional theorem). Suppose that four families of dif-

erential operators z,t, , g =12, , are as in , COn-
jal L (x,t, D, 1,2, A7, A0S in (111

tinuously depend on the parametr T € [0,1], satisfy assumptions (1)—(5)
uniformly with respect to T € [0,1] and are such that for T =1 the problem

L& (.1, Da)ul® =0, (z,t) € QF, ¢=1,2,
[u]’YT = X(:Cat)y
(I11,) [Aul = (1), (x,t) € yr,

A‘?TT)QU(Q) =p(x,t), (x,t) € OS2,
(w9 (2,0) =w@(z), z€0@, ¢=1,2,
coincides with (IIT). Let the following conditions hold:

(a) for all solutions u(x,t,7) € CEN(Qr) of (II1,) the corresponding
vartational problem is unconditionally solvable;
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(b) the possible solutions of (I11;) and their first derivatives are uni-
formly bounded and equicontinuous in Q for all T € [0,1] as x(z,t),¥(x, 1),
o(z,t),w(x) vary in all families of functions for which the corresponding
quantities Zo + S x, Yo + V1, Po + P1,x, 20 + 22\ remain bounded;

(c) for 7 = 0 and fived Y(z,t) € CIN(y7), ¢(x,t) € CEN(9r0),
x(z,t) € CCN(yp), w(z) € CEN(Q) there exists a unique solution u(x,t)
€ C2N(Qr) of (IIL,).

Then for any ¥(z,t) € CON(3r),p(a,t) € CON@rQ), x(w,1) €
0(2”\)(7_1“), w(z) € CEN(Q) there exists a unique solution u(x,t) €
C@N(Qr) of (I1,), for every T € [0,1].

This theorem is proved in the same way as in [7, §42]; [5, Chapt. X]; [3];
[1, §3] on the basis of the exact a priori estimate (1.33).
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