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On the zero set of the Kobayashi—-Royden pseudometric
of the spectral unit ball

by NIKOLAI NIKOLOV (Sofia) and PAscAL J. THoMAS (Toulouse)

Abstract. Given A € {2, the n?-dimensional spectral unit ball, we show that if B is
an n X n complex matrix, then B is a “generalized” tangent vector at A to an entire curve
in £2,, if and only if B is in the tangent cone C'4 to the isospectral variety at A. In the
case of {23, the zero set of the Kobayashi—Royden pseudometric is completely described.

1. Introduction and results. Let M, be the set of all n x n complex
matrices. For A € M,, denote by sp(A) and 7(A4) = maxyegp(a)|A the
spectrum and the spectral radius of A, respectively. The spectral ball (2, is
the set

2, ={Ae M, :r(4) <1}.

The spectral Nevanlinna—Pick problem is the following: given N points
ai,...,ay in the unit disk D C C and N matrices Aq,..., Ay € £2, decide
whether there is a mapping ¢ € O(D, §2,,) such that p(a;) = A4;,1 <j <N
(cf. [1, 2, 4, 7, 8] and the references there).

The study of the Nevanlinna—Pick problem in the case N = 2 reduces
to the computation of the Lempert function, defined as follows for a domain
DcCm™

Ip(z,w) :==inf{|a] : Jp € OD, D) : p(0) = z, p(a) =w}, z,we€ D.

The infinitesimal version of the above is the Carathéodory—Fejér problem
of order 1: given matrices Ag, A1 € M,,, decide whether there is a mapping
v € O(D, $2,) such that Ay = ¢(0), A1 = ¢'(0). This problem has been
studied in [10].
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Its study reduces to the computation of the Kobayashi—Royden pseudo-
metric, defined as follows for a domain D C C™:

kp(z; X) :=inf{|a| : Fp € O(D, D) :
0(0) =z, a9/ (0)=X}, zeD, XeC™

To each matrix A we associate its characteristic polynomial

Pu(t) == det(t] — A) = t" + zn:(—l)jaj(A)t”_j,
j=1

where I € M,, is the unit matrix,

O‘j(A) = O‘j()\l,...,)\n) = Z >\k1“'>\k‘j

1<k1 <<k <n

and Ag,..., A, are the eigenvalues of A.
Put o := (o1,...,0p) : M;, — C". The set

G :={0(A): A€ 2,}

is a taut (even hyperconvex) domain called the symmetrized n-disk (cf. 3,
8, 11] and references there). Explicit formulas for lg, and kg, can be found
in [2] (see also [11]) and [10], respectively.

Recall now that a matrix A € M,, is called nonderogatory if all the
blocks in the Jordan form of A have distinct eigenvalues. Many properties
equivalent to this definition may be found in [13, Proposition 3]. We point
out one of them: A is nonderogatory if and only if rank(o, 4) = n, where
04,4 stands for the differential of o at the point A.

Denote by C,, the open and dense set of all nonderogatory matrices
in £2,.

If Ay,..., An € Cy, then any mapping ¢ € O(D, G,,) with ¢(a;) = o(A; )
can be lifted to a mapping ¢ € O(D,2,) with ¢(oj) = Aj, 1<j<N
(see [1]). This means that in a generic case the spectral Nevanlinna—
Pick problem for £2,, (with dimension n?) can be reduced to the standard
Nevanlinna—Pick problem for G,, (with dimension n).

By the contractibility of the Lempert function, we have

lQn(A, B) > lGn(O'(A),O'(B)), A,B € (2,

and the lifting above implies that equality holds when A, B € C,.

From this and the fact that G,, is a bounded domain, I, (A,B) > 0
if sp(A) # sp(B). On the other hand, if sp(A) = sp(B), then there is an
entire mapping ¢ : C — 2, with ¢(0) = A and ¢(1) = B (see [9]); note
that sp(¢(¢)) = sp(A) for all ¢ € C, since by Liouville’s theorem, whenever
©(C) C £2, then ooy is constant. This situation is similar to that of Brody’s
theorem for compact manifolds [5]: failure of hyperbolicity (that is, vanishing
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of the pseudodistance) can be explained by the presence of a (nonconstant)
entire curve in the manifold.

Restricting again to nonderogatory matrices, a similar lifting [10] implies
in the Carathéodory—Fejér case

an(A;B) Zan<A,U*,A<B)), AelC,,BeMy;

in particular, ko, (A; B) = 0 if and only if o, 4(B) = 0. On the other hand,
if 04, 4(B) = 0, then there is an entire mapping ¢ : C — (2, with ¢(0) = A
and ¢/(0) = B (indeed, B = [Y, A] := Y A— AY for some Y € M,, [13, proof
of Proposition 3] and then the mapping ¢ — €Y Ae=¢Y does the job).

The aim of this paper is to study the zeros of B +— kg, (A; B) in the
remaining case, where A is a derogatory matrix, and to relate it to the
existence of entire curves tangent to B at the point A (which is an obvious
sufficient condition for kg, (A4; B) = 0).

For A € {2, denote by C4 the tangent cone (cf. [6, p. 79| for this notion)
to the isospectral variety

La:={C € 2, :sp(C) =sp(A)},
that is,
Ca ::{BEMn;E|0<cj—>O, CjELA Withcj(Cj—A)—’B}~

Observe that L4 is smooth at A if A € C,; then Cy = ker o, 4. When
A & C,, the rank of o, 4 is not maximal, so we have dimker o, 4 > n?—n; by
[6, Corollary, p. 83], C4 is an analytic set with dimCy = dim L4 = n? —n,
so we have Cy C ker o, 4.

The following proposition characterizes the tangent cone C'4 as the set
of “generalized” tangent vectors at A to an entire curve in {2, through A

(therefore contained in Ly).

PROPOSITION 1. Let A € §2,, and B € M,,. Then there are m € N =
{m eZ:m >0}, m<nl and ¢ € O(C, 2,) with ¢(0) = A, ¢'(0)=---=
©m=1(0) =0, ™ (0) = B if and only if B € Cy.

Proposition 1 implies that C4 is contained in the zero set of the singular
Kobayashi pseudometric (cf. [14])

ko, (A;B) =inf{la| : 3m € N, p € O(D, 2,) :
ordo(p — 2) > m, ap™(0) = m!X}.
A consequence of the proof of Proposition 1 is the following.

COROLLARY 2. Let A € £2,, and B € Cy. Then the following conditions
are equivalent:

(a) There is p € O(C, §2,,) with p(0) = A and ¢'(0) = B.
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(b) There are rj — oo and ¢; € O(r;D, (2,), j € N, uniformly bounded
near 0, such that p;(0) = A and ¢’;(0) = B.
(c) There arer >0 and ¢ € O(rD, La) with ¢(0) = A and ¢'(0) = B.

Before stating the next proposition, we shall define an algebraic cone
C'y C My, A€ (2.

For a function g holomorphic near A, and X in a neighborhood of A, let
9(X)—g(A) = gy(X —A)+- - -, where g% stands for the homogeneous poly-
nomial of lowest nonzero degree in the expansion of g near A (the omitted
terms are thus of higher order).

Set
Ch:={BeM,:(01)4(B)=0,...,(cn)4(B) =0},
Ch= () (@) 4(Cs, )
A€sp(A)
where
(1) Dy(A) == (A= X)(IT —XA)L.
Note that

Ca C C Ckeroy 4.

For the first inclusion, see [6, p. 86, lines 4-6]), and for the second one, use
the fact that

kero, a4 = {(0;)%4 = 0 for all j such that deg(c;)% = 1}.
Since C4 and ker o, 4 are invariant under automorphisms of (2,, it follows
that
Cy C C’1’4 C ker oy 4.

Moreover, if dimCy = dim (', that is, dim C% = n? —n, then Cy =
C = C' (cf. [6, p. 112, Corollary 2]).

PROPOSITION 3. Let A € (2, \C,,.

(i) If kg, (A; B) = 0, then B € C'y.

(i) C'y # keroy 4.

REMARK. The cone C} may coincide with ker o, 4 for some A € 2,\Cp,
n > 3. For example, if A := diag(t,...,t,0), t € Dy, then

C) =kero, g ={B €M, :trB=by, =0}

The main consequence of Proposition 3 is that for A € (2, \ C, and B €
ker o, 4\ C'y, a lifting for the corresponding Carathéodory—Fejér problem is
not possible and kg, (-; B) is not a continuous function at A. This generalizes
previous discontinuity results (see [13] and references therein).

Note also that the cone C’; may coincide with C4 in some cases, for
example, for any A € (2 (then also C%y = C4) and any A € (23 (see
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Proposition 6 and the discussion before it). We do not know whether this
holds in general. On the other hand, it is not hard to find cases where
Ca C Cy.

PROPOSITION 4. For any n > 3 there is A € {2, such that C4 C C7.
Now, we state a conjecture about the zero set of kg, .

CONJECTURE 5. kg, (A; B) = 0 if and only if there is ¢ € O(C, £2,,) with
©(0) = A and ¢'(0) = B. In particular, if kg, (A; B) = 0, then B € Ca.

Conversely, however, there are matrices B € Cy4 such that kg, (A; B) # 0
(see Proposition 6(ii) and Corollary 7).

There are some cases where our conjecture can be checked.

For example, since {2, is a balanced domain, I, (0,-) and kg, (0;-) co-
incide with the Minkowski function, that is, with the spectral radius. Thus
the zeros of kg, (0;-) are exactly the zero-spectrum matrices, and the set of
those matrices is a union of complex lines through 0.

Also, if A is a scalar matrix, that is, A = A, A € C, then B € Cj, if and
only if there is p € O(C, §2,,) with ¢(0) = A and ¢'(0) = B. To see this, use
an automorphism of (2, of the form (1) to reduce to the case A = 0.

Since the derogatory matrices in {25 are exactly the scalar matrices, we
may choose m = 1 in Proposition 1 if n = 2, and C'4 coincides both with
the zeros of kg, (A;-) and with the matrices B = ¢'(0) for some entire curve
¢ in {25 (on the other hand, kero, 4 = {B € My : tr B =0}).

Now we shall study the zero set of kp,(A;-), when A is a nonscalar
derogatory matrix. Using first an automorphism of the form (1) and then
an automorphism of the form C — D~'CD reduces the problem to the
following two cases:

~+~ O O
~
m
=}
*

h
Il
h
i

o o o

o O O

o = O

It is easy to see that

Ca, C C4, =Cl, ={B € Mz : bgg = b1y + bao = b3} + biaba = 0},

Cﬁ C C:Z = {B € M3 : by1 + baa + b3z = b3z = b12b31 = 0}

(to prove, for example, the second inclusion, use the fact that if B, = A +
eB + o(e), then tr B, = etr B 4 o(¢), 02(B:) = —¢bsa + o(¢) and det B, =
£2(b12b31 — b11b32) +0(£?)). The next proposition implies, in particular, that
Ca,=C), and O3 = C,/K (use the fact that the tangent cones are closed or
the dimensional reasoning mentioned above).
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PROPOSITION 6.
(i) For any B € C"y, (t # 0) there is ¢ € O(C, {23) with ¢(0) = A; and
#(0)=B. )
(ii) Let B € C,/Z' Then there is o € O(C, 2,,) with p(0) = A and ¢'(0) =
B if and only if byy = 0 or b1y # bzy. Otherwise, k‘_QS(AV; B) > 0.
COROLLARY 7. For any n > 3 there are A € (2, and B € C4 such that
k_Qn (A; B) > 0.

Since kg, (A; B) > 0 if B ¢ C'y, Proposition 6 and the discussion before
give a complete description of the zero set of kg,.

Note that the situation is much easier for the Carathéodory—Reiffen pseu-
dometric

v2,(4A; B) = sup{|f'(4)B| : f € O(D,D)}.
Here v, (A; B) = 0 if and only if 0, 4(B) = 0. Indeed, if o, 4(B) # 0, then
V2, (4; B) 2 76, (A;04,4(B)) > 0.
On the other hand, if A € C,, and o, 4(B) = 0, then
0= kg, (4; B) > vo,(4; B) > 0.

It remains to use the density of C, in {2, and the continuity of the Carathéo-
dory—Reiffen pseudometric.

The rest of the paper is organized as follows. The proofs of Propositions 3
and 4 are given in Section 2, the proofs of Proposition 6 and Corollary 7 in
Section 3, and the proofs of Proposition 1 and Corollary 2 in Section 4.

Acknowledgments. The authors wish to thank the referee for a quick,
thorough and perceptive report, thanks to which several mistakes in the first
version have been corrected.

2. Proofs of Propositions 3 and 4

Proof of Proposition 4. Set A := diag(0,...,0,t,t), t € D,. It is easy to
see that

(01)4(B) = bjj,
j=1
n—2
(UQ)Z(B) =2t Z bjj + t(bn—l,n—l + bnn)7
j=1

n—2
(03)4(B) =12 bjj.
j=1

Therefore, (03)% = t(02)% — t?(01)% and dim C% > n? —n = dim C4.
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Proof of Proposition 3. (i) Let 7q, (A; B) be the singular Carathéodory
metric (cf. [12])
OB

¥0,(A; B) = sup{‘T

where |f(k)k(;;4)B‘ = > |aj=r D f(A)B*. Since

ko, (4; B) > 3q,(4: B),
it is enough to show that 7q, (A; B) > 0 if B ¢ C’,. Then B € C3, () for
some A € sp(A). Replacing A and B by ®)(A) and (P))«,a(B), respectively,

we may assume that B ¢ C%. Then there is o; such that (0;)%(B) # 0.
Denoting by k the degree of (0;)%, it follows that

LI

(ii) Since A € £2,,\ C,,, at least two of the eigenvalues of A are equal, say
to A. Applying the automorphism &, of £2,,, we may assume that A = 0. Since
the map A — P~!AP is a linear automorphism of (2, for any P € M1,
we may also assume that A is in Jordan form. In particular,

A
(0 w)
0 A
where Ag € My, 2 < m <mn, sp(Ag) = {0}, A1 € My_m, 0 ¢ sp(A4;1). Fur-
thermore, there is a set J C {2,...,m}, possibly empty, such that a;_; ; =1

for j € J, and all other coefficients a;; are zero for 1 < 4,5 < m. Define
0<r:=+#J=rankAg <m—2.

We set
By 0
B = ( 0 > € M,,
0 0

where By = (bij)lﬁidﬁm is such that bj_Lj = —1for j € {2,.. .,m} \ J,
b1 = 1, and b;; = 0 otherwise. To complete the proof, it is enough to show
the following.

LEMMA 8. (0,)%(B) =1, but 0, 4(B) = 0.

Proof. We begin by computing o;(Ag + hBy), 1 < j < m, h € C. Ex-
panding with respect to the first column, we see that

det(tI — (Ag + hBg)) = t™ 4 (—=1)™1pm=",

Comparing the corresponding coefficients of both sides, it follows that

ckeN, feO(2,,D),ordy f > k:},

Yo, (4; B) >

07 1S]STTL—1,

hMT j=m.

(2) 0j(Ao+ hBy) = {
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Next, we need a general formula for the functions o;. Given a matrix M =
(mij)i<ij<n and a set £ C {1,...,n}, we write dg(M) for the determinant
of the matrix (myj;)ijer € Mug. By convention, dp(M) = oo(M) = 1.
Then

(3) oj(M) = > op(M).
Ec{l,..,n}, #E=j
Because of the block structure of our matrices,
Op(A+hB) = d0png,..m} (Ao + hBo)dgngm+1,...ny (A1)
Therefore
0j(A+hB) = > ( > opr (Ao + hBo))

max(0,j—n+m)<k<min(m,j) E'C{1l,...m}, #E'=k

X ( 3 5E~(A1))

E'C{m+1,...n}, #E"=j—k
= Z Uk(A() + hBo)Uj,k(Al).
max(0,j—n+m)<k<min(m,j)
It follows by (2) that o;(A + hB) = S1 + Sz, where
Uj(Al)a .7 S n—m, hm_TO'j_m(Al)7 _7 Z m,
S1 = Sy =
0, otherwise, 0, otherwise.
In particular,
(A i<
O'j(A): J]( 1)a J=n 'm,
0, otherwise.

Then
R ojom(Ar), J=m,
Uj(A—i—hB)—O’j(A):{ 9j (A1), g m.
0, otherwise.
Since m — r > 2 we conclude that o, 4(B) =0, but (o,,)%(B) =1. =

3. Proofs of Proposition 6 and Corollary 7

Proof of Proposition 6. (i) Let first B € C”At. We shall write B in the
form B = X + [Y, A], where X is such that () = Ay + (X € Ly, for any
¢ € C. Then p(¢) = e“Y9(¢)e™<Y has the required properties.

It is easy to compute that ¢(C) C Ly, if and only if sp(X) = {0} and
T11 + Tog = x%l + 219291 = 0. On the other hand,

0 0 w3
Y, Ai] =t 0 0 yo3
—y31 —ys2 O
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So we may take

bir b2 O 0 0 b3
X=1 by by 0|, Y=t 0 0 bos
0 0 O —b31 —b3x O

(ii) Let first B € C/A' If b1y = 0 or bia # bsy, it is enough to find (as

above) X and Y such that B = X +[Y, A] and A+ (X € L for any ¢ € C.
The last condition means that sp(X) = {0} and x32 = x12231 = 0. On the
other hand,

0 0 Y12
YAl = | —ys1 —ys3 v22 — Y33
0 0 Y32

Assume that b3; = 0 (the computations are similar in the case bja = 0).
Then we have to choose X of the form

b1y bi2 b13 — Y12
X =1 ba+ys1 baa+ysza baz—ya2+ys3
0 0 —b11 — bao — Y32

such that det X = 0 and o2(X) = 0, that is, DT = 0, D = T?, where we
write

b1 b12
bo1 +y31  baa + Y32

, T :=bi1 + b+ ys2.

These conditions are satisfied if and only if
—bar, b1 =0,
—by1 — b3, /b1, bz # 0.

It remains to show that if by; # 0 and bys = b1 = 0, then k_(zg(g; B) > 0.
We may assume that b;; = 1. Set

Y32 = —b11 — b2, Y31 = {

1 0 0
X=10 -10
0 0 O

Choosing X and Y as above yields B = X + [Y,As]. Let @« > 0 and
¢ € O(ab, 23) be such that ¢(0) = A; and ¢'(0) = B. Setting $(¢) =
=Y p(¢)esY, we have & € O(aD, 23), $(0) = A and F(0) = X. It follows
that ko, (As; B) > ko, (As; X). The opposite inequality follows in the same
way.
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Write ¢ in the form
P(C) = A+ (X + X +0(C?).
Then we compute that
a2(2(¢)) = ¢*(1 = T2) +0(¢?),  det 3(¢) = —C*Ts2 + 0((Y).
Since |02 0 ¢| < 3 and |det ¢| < 1, by the Cauchy inequalities we get
T30 — 1] < 3a72, [T <a 3.
So
ko, (Ag; B) = ko, (4; X) > Itléiélmax{\/m, Yt > 0.
Proof of Corollary 7. Set

0 00 1 ¢ 0
A= 0 01], B:= 0 -1 01,
0 00 0 0 O

. AO7 s[5 °)
0O O O O

It follows as in the proof of Proposition 6(ii) that

° an (A; Bo) > 0;

e for ¢ # 0, there is p. € O(C, £2,,) with p-(0) = A and ¢.(0) = B-.
Then B, € C4 for € # 0, and hence By € Cy4.

4. Proofs of Proposition 1 and Corollary 2

Proof of Corollary 2. The implication (a)=(b) is trivial and the main
implication (c)=-(a) is a particular case of Proposition 9 below.

It remains to prove that (b)=(c). Let ¥(¢) = Y70, Ax¢* € O(sD, £2,,)
for some s > 0. Let ag, € Ck+D)xn? 1o the vector with components the
entries of Ay, ..., A (taken in some order). Note that

a(W(Q) =Y prlary)Ct, 1<1<n,
k=0

where the p; , are polynomials.

Let now r; — oo and ¢; € O(r;D,(2,), j € N, uniformly bounded
near 0, be such that ¢;(0) = A and ¢;(0) = B. Then we may assume that
¢j — ¢ € O(rD, £2,) for some r > 0. Hence py 1.(ak,,;) — pik(ak,,). On the
other hand, [pyx(ag,y,)| < (?)/T;€ — 0, £ > 0, by the Cauchy inequalities.
Hence pyi(ar,,) = 0, k > 0, that is, o7(p(¢)) = 01(¢(0)) = 0;(A). This
means that ¢(¢) € La.
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Proof of Proposition 1. 1t is clear that if such a ¢ exists, then B € Cy.

Conversely, let B € C4. Then, by [6, p. 86, Proposition 1], there exists
a one-dimensional irreducible analytic variety Lap C L4, tangent to B
at A. Now, by [6, p. 80, Proposition], there exist m € N, r > 0 and ¢ €
O(rD, L4 p) such that ¢(¢) = A+ "B+ o(¢™).

The integer m is the number of sheets in the (local) branched covering
provided by the orthogonal projection from L 4 to a suitable linear subspace
of dimension n? — n (see [6]). This number of sheets corresponds to the
cardinality of the solution set, in each generic fiber of the projection, of
the equations o;(M) = 0;(A), 1 < j < n. Bézout’s theorem shows that
this cardinality is less than or equal to the product of the degrees of the
polynomials, so here m < n!.

The above considerations will prove the estimate in Proposition 1, pro-
vided that we can replace ¢ by an entire map 1 with the same expansion
up to order m near 0. So the proof of Proposition 1 reduces to the following.

PROPOSITION 9. If A € 2, m € N and ¢ € O(rD, L) for some r > 0,
then there is ¢ € O(C, La) with ¥(¢) = ¥(¢) + o(¢™).

Proof. We want to reduce the problem by replacing each matrix ¢ (¢) by
a conjugate matrix ¢(¢) (in particular, they will have the same spectrum,
so we remain inside L4 and inside (2,,). If we can manage this so that ()
is upper triangular, then an entire map with the same spectrum matching ¢
up to order m can be obtained by taking the Taylor polynomial of degree m
of each coefficient of ¢.

To proceed with this program, first we need to show that conjugation
(with a holomorphic change of basis) does not change the problem.

Let M ! stand for the group of all invertible n x n matrices.

LEMMA 10. Let r > 0, P € O(rD, M ') and v € O(rD, 2,). Write
©(¢) == P(O)"Y(¢)P(¢), and assume that there exists $ € O(C, §2,,) such
that near 0, 3(C) = @(¢) +0(C™). Then there exists 1 € O(C, £2,)) conjugate
to ¢ (in particular having the same spectrum) such that near 0,

D(C) = ¥(C) +a(C™).

Note once again that Liouville’s theorem implies that the entire maps

¥, actually map to L) = LqZ(o)'

Proof. Note first that, because the exponential is locally Lipschitz,
exp(A+ M) =exp A+ O(M).

Denote by L, (z) the Taylor polynomial of degree m at 0 for the function
x +— In(1+4x). Since exp(In(1+x)) = 1+ and In(1 +z) = Ly, (z) + o(z™),
we have exp(Ly,(z)) =14+ 2z + o(z™). So exp(Lm,(A)) =1+ A+ o(A™).
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Now write

P(¢) = PO)(1+ Y Akch + 0(¢™)) = PO)(I + M(Q)).

k=1

Define P; to be the unique matrix-valued polynomial of degree < m in ( so

that
L ZAkc ) = Pi(O) + o™

Then, remarking that M ({) = o(1), we have

exp(P1(C)) = exp(Limn(M(C)) + o(¢™) = I + M(C) + o(C™),

so that P(0)exp(P1(¢)) = P(C) + o(¢"™). Then it is easy to see that
exp(—P1(¢))P(0)~" = P(Q)7! +0(¢™), and P(¢) := P(0)exp(Pi(¢)) de-
fines an entire map. So v := PpP~! satisfies the requirements. m

We now reduce the proof of Proposition 9 to the case of nilpotent ma-
trices (that is, sp(A) = {0}).

LEMMA 11. Suppose that the conclusion of Proposition 9 holds with the
additional hypothesis that sp(A) = {0}. Then it holds for an arbitrary ma-
triz A.

Proof. Write sp(¥(¢)) = sp(A) = {p; : 1 < j < k} where the p; are
distinct eigenvalues with respective algebraic multiplicities m;. Let S;(¢) =
ker (1(¢) — pj1)™ be the associated generalized eigenspace. Choose a basis
{e1,...,en} of C" such that S;(0) = spanfe; : 1 < i — Zf:_ll my; < m;}. By
Lemma 10, without loss of generality we may assume that the matrices are
written in this basis, and therefore ¢(0) is a block matrix.

By continuity of the various determinants involved, there exists some
r’ > 0 such that for |¢| < ' < r, we still have, for each j, C" = S;(¢) &
@l:l#j S;(0). Then there is a unique linear projection mj¢ defined on C"
such that 7;(C") = S;(¢) and Kerm;¢c = €D;.;; S1(0). This restricts to
a linear isomorphism from S;(0) to S;(Q). Therefore the vectors {m; ¢(e;) :
1<i— Zl L My < my}, being obtained as solution of a Cramer system of
linear equations with holomorphic coefficients, depend holomorphically on
¢ in D(0,7"). Thus {m;¢(e;) : 1 < i — L_ll m; < mj, 1 < j <k} form
a basis of C" adapted to the direct sum decomposition in the S;(¢). If we
write P(() for the matrix of the coordinates of the vectors of this new basis
expressed in the standard basis, it depends holomorphically on ¢ in D(0, '),
and the new matrix 12(() := P(¢)"1(¢)P(¢) has the same block structure
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as ¥(0): R
Q) 0 0
do=| oYt
0 0 - (0

where Jj € O(r'D, $2), sp(zzj(()) = {u;}. The map w; defined by
W (0) 1= (iIm, = () Um, = 505(0) !

is in O(r'D, 2, ;), and its values are nilpotent matrices. By our hypothesis
there are maps w; € O(C, §2y,,) such that W;(() = w;(¢) + o(¢™) (and
therefore with nilpotent values). Define

0i(€) = (niTm; — 35(Q))Tmy = ;@)

a0 0
do=| 0 Ol
0 0 - (0

It is easy to see that ¢ € O(C, £2,) and 12(() = 121\(() +0o(¢™). m

LEMMA 12. If m € N and ¢ € O(rD, Lg) for some r > 0, then there are
v € (0,7) and P € O(r'D, M1 such that ¢(¢) := P(¢)~(¢)P(¢) is a
strictly upper triangular matriz for all ¢ € r'D.

Proposition 9 follows from Lemma 12.

Indeed, by Lemma 11, we can make the additional hypothesis that
has nilpotent values, that is, ¢ € O(rD, Ly). By Lemma 12, there is, for
every ( in a neighborhood of 0, a strictly upper triangular matrix ¢(¢) =
P(¢)"14(¢)P(¢). If we replace each of the holomorphic coefficients ¢;;(¢),
1<i<j<n, by its Taylor polynomial of order m, @;;({):=> ;- gogf) (0)¢¥/k!,
we obtain an approximation @ up to order m of our mapping which is entire,
and still strictly upper triangular, therefore still with spectrum reduced to 0.
Since P((¢) depends holomorphically on ¢ in a neighborhood of 0, we may
apply Lemma 10 and obtain a matrix 1,; (¢) still with spectrum reduced to 0,
approximating ¢ to order m, and entire in .

Proof of Lemma 12. We are working with a matrix ¢({) which satisfies
Y(C)" = 0 for all ¢ € rD. For 1 < k < n, let r(¢) := rank(»(¢)¥). For a
matrix M, rank(M) < [ < n if and only if all the minors of size [ + 1 vanish;
in our case they are holomorphic functions of (, therefore

re(¢) = mﬂgxrh =T



66 N. Nikolov and P. J. Thomas

for all ( € rID except on a discrete set. By replacing r by a smaller positive
number if necessary, we may assume that r;(¢() = 7 for all { € rD, =
rD\ {0}. Set

ng :=n — 7, = dimker(¢)*, ¢ € rh,.

It is a classical fact from linear algebra that, for a nilpotent matrix, if p :=
min{k :ng =n},then 1 <ny < - <ny=np1 =---=n.

For 1 < k < p and ¢ € D, set Vi(¢) := kert(¢)*. Since the Grass-
mannian G(n,ny) is compact, we may find a sequence ¢; — 0 and vector
subspaces V3 (0) € G(n,ny) such that lim; .o Vi(G) = Vi(0) C ker(0)F,
1<k <p.

Our problem will be solved if we find € > 0 and holomorphic mappings
vj € O(eD, C") such that {v;(¢) : 1 < j < ng} is a basis of Vi((), ¢ € €D,
1 <k <p. (In particular, lim¢_, V4(¢) = Vi(0).)

We shall proceed by induction on k, and on j for each fixed k. The value
of € may be reduced at each step, but we keep the same notation.

By convention we will set ng = 0, and consider () as a basis of {0}.
Suppose that we have already determined {v; : 1 < j < ng}. Choose an
Tk11 X Tgr1 Submatrix of 1/1’”1 whose determinant, denoted g 1, is holomor-
phic and does not vanish on €D, and eliminate the unknowns corresponding
to the columns of this minor; the other unknowns are then expressed in
terms of the former with coefficients which are rational in the coefficients
of the matrix ¥**1, so that we obtain meromorphic vector-valued functions
u; on €D so that {u;(¢) : 1 < j < ngy1} is a basis of Vi11(() for ¢ € eD,.
Those functions are of the form w; := f; /041, where f; € O(eD,C").

By linear algebra, for each fixed ¢, there exists a set I(() of ngy1 — ng
indices i so that {v;(¢),u;(¢) : 1 < j < ng, i € I(¢)} form a basis of
Viet1(€)-

Using the fact that all determinants that we have to compute to de-
termine the rank of a system of vectors are meromorphic in €D, and re-
ducing ¢ if necessary, we may choose a fixed set I so that {v;(¢),w;(¢) :
1<j<ng,ie€l}isa basis of Vi41(C) for all ( € eD,. Re-index the func-
tions {u; : i € I} as wj, ng +1 < j < ngyy. Then {v;(¢),w(() : 1 < j <
ng <1 <mngy1} is a basis of Vi11(C) for ¢ € eD.

Since 041 vanishes at most at 0, we can multiply each vector-valued
function w; by ¢, with o; € Z chosen such that (“'w;({) extends to a map
w; € O(eD, C™) with w;(0) # 0.

We need to modify the w; to ensure that we still have a system of maximal
rank at the origin (this is in the spirit of the Gram—Schmidt orthogonaliza-
tion process). We proceed by induction on j > ny + 1. Suppose we have
determined v; as in the statement of the lemma up to some jo > n; such
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that
span{v;(¢) : 1 < j <o}
:Span{vj(g)’ﬁ;l(g) 01 S] < ng <l§j0}7 CGﬁD*,
rank{v;(¢) : 1 < j <jo} =jo, (€ eD.

Let W(¢) = span{vi((), ..., v;,(C), Wjo+1(¢)}, ¢ € eD,. Then dim W (() =
Jjo+1. Again by using the compactness of the Grassmannian, we may choose
a sequence ¢; — 0 such that lim; .o, W((;) =: W(0) exists. Since all the v;
and wj,+1 are continuous at 0, we easily deduce that span{v;(0),...,v;,(0),
Wjio+1(0)} € W(0). Choose a vector w such that {vi(0),...,v;(0),w} is a
basis of W (0).

By reducing ¢ if necessary, we may assume that there exists a linear
subspace Y such that W({) and Y form a direct sum for any ¢ € . Then
define vj,+1(¢) to be the projection of the fixed vector w onto W ((), parallel
to Y, for ( # 0; in particular vj,4+1(0) = w. Since vj,4+1(¢) is obtained by
solving a system of linear equations with unique solution, it is meromor-
phic in a neighborhood of 0, but it is also clearly continuous near 0, hence
holomorphic. Since the system {vi(0),...,v;,(0),vj,+1(0)} is independent,
{v1(€), ..., v5,(C),vjo+1(¢) } is also independent for ¢ small enough, and since
it is contained in W(() by construction, it forms a basis of that subspace.
Reducing ¢ yet again if necessary, the induction may proceed.
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