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On oscillation of solutions of forced nonlinear
neutral differential equations of higher order II

by N. PArHI and R. N. RATH (Berhampur)

Abstract. Sufficient conditions are obtained so that every solution of

[y — pOy(t - 1™ + QOC(y(t — 0)) = (1)
where n > 2, p, f € C([0,00),R), Q € C(]0,0),[0,0)), G € C(R,R),7 > 0 and o > 0,
oscillates or tends to zero as ¢ — oco. Various ranges of p(t) are considered. In order to
accommodate sublinear cases, it is assumed that Sgo Q(t) dt = oco. Through examples it is

shown that if the condition on @ is weakened, then there are sublinear equations whose
solutions tend to oo as t — oo.

1. Introduction. In this paper, we study oscillatory and asymptotic
behaviour of solutions of

(1) [y(t) — p(t)y(t — 7)™ + QG (y(t — o)) = (1),
where n > 2, p, f € C([0,00),R), @ € C(]0,00),[0,00)), G € C(R,R),7 >0
and o > 0. In [5], most of the results hold for G satisfying

liminf G(u)/u > A > 0.
|[u|—o0
We remove this restriction on GG in the present work. In most of our results

here we assume
o0

(Hy) J Q(t) dt = oo,
0
The technique employed in this paper is motivated by Lemma 2.1 (see
Section 2). The results hold true for homogeneous equations associated
with (1).
By a solution of (1) we mean a real-valued continuous function y on
[T, — o, 00) for some T}, > 0, where ¢ = max{7, o}, such that y(t)—p(t)y(t—7)
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is n-times continuously differentiable and (1) is satisfied for t € [T}, c0).
A solution of (1) is said to be oscillatory if it has arbitrarily large zeros;
otherwise, it is called nonoscillatory.

2. Main results. The following assumptions are needed below:

(Hy) @G is nondecreasing and uG(u) > 0 for u # 0.

(Hs)  There exists F € C™(]0,00),R) such that lim; .o F'(t) = 0 and
FM(t) = f(t).

(Hy) For w > 0 and v > 0, there exists o > 0 such that G(u) + G(v) >
aG(u+v).

(Hy) For x < 0 and y < 0 there exists 5 > 0 such that G(z) + G(y) <
PG (x +y).

(Hs) G(uv) = G(u)G(v).

(Hg)  §°Q*(t)dt = oo, where Q*(t) = min{Q(t), Q(t — 7)}.

Further, p(t) satisfies one of the following conditions:

(A1) 0<p(t) <p <1,

(A2)  —1<—p2<p(t) <0,

(Az)  —p3 <p(t) <0,

(Ag) p(t) changes sign with —1 < —py < p(t) < ps < 1 such that py + ps

< 1, where py > 0 and p5 > 0,

As)  1<p(t) < ps,

Ag)  0<plt) < pr

REMARK 1. The prototype of a function G satisfying (H;)—(Hy) is G(u)

= |u|Ysgnu, v > 0 (see [4, p. 292]). Note that (H2) and (Hs) imply that

G(—u) = —G(u). Further, (Hy) and G(—u) = —G(u) imply (Hy).

We need the following lemma.

LEMMA 2.1 ([3, p. 19]). Let F,G,p € C([to,0),R), to > 0, be such
that F(t) = G(t) — p(t)G(t —7),t > to+0, T > 0, G( ) # 0 fort > to,
liminf; o G(t) = 0 if G(t) > 0 or limsup,_, . G(t) = 0 if G(t) < 0, and
lim; o F'(t) = L exists. If p(t) satisfies (A;), i =1,2,5,6, then L =0.

THEOREM 2.2. Let (Hy), (Hz2) and (Hs) hold. If p(t) satisfies either (A;)

or (Ag), then every solution of (1) oscillates or tends to zero ast — oo.

Proof. Let y(t) be a nonoscillatory solution of (1). Then y(¢) > 0 or
y(t) <0 fort > Ty > T, > 0. Let y(t) > 0 for t > Ty. For t > T > Tpp + o,
we set
(2) 2(t) =y(t) —p()y(t —7),  w(t) = z(t) = F(1).

From (1) it follows that
(3) w™(t) = ~Q)G(y(t — 0)) <0
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for t > T. Hence, for large t, each of w,w’,w”, ..., w™ ) is monotonic and
of constant sign.

We claim that y(¢) is bounded. If not, then there exists a strictly increas-
ing sequence {t,,} C [Ty, 00) satisfying
(4) nlin;o ty, = 00, nler;o y(t,) =00,  y(tn) = max{y(t):t € [T1,t,]}.
From (2) we obtain
(5) w(tn) = y(tn) = p(tn)y(tn — 7) = F(tn).

Assume (A;) holds. Then from (5) we get w(ty,) > (1 —p1)y(tn) — F(tn)
for n large enough such that ¢, — 7 > T3. Thus lim,, o w(t,) = co. Con-
sequently, w(t) > 0 and w'(t) > 0, t > T, > T;. From (3) it follows that
w™ D (t) > 0,t > T3 > Ty. On the other hand, for 0 < ¢ < w(T3), |F(t)| < ¢
for t > T, > T5. Hence, for t > Ty, w(t) < y(t) — F(t) < y(t) + €, which
implies that 0 < w(T3) —e < w(t) —e < y(t). Setting u(t) = w(t) —e, t > Ty,
we obtain 0 < u(t) < y(t), u'(t) = w'(t) > 0, u»~V(t) = w1V (t) > 0 and
u™(t) = w™(t) = —Q(t)G(y(t — 0)). Integrating from Ts to t (T4 + o <
T5 < t) and using (H3) we obtain

t
WD () = u=D(T5) — | Q(3)Gly(s — o)) ds
Ts
t
<u(Ty) = G(u(Ts - 0)) | Q(s)ds.
Ts
Hence u™~1(t) < 0 for large ¢ by (H;), contradicting u("~2(¢) > 0 for
t > Ty. If (Ag) is satisfied, then from (5) we get w(t,) > y(tn) — F(tn).
Hence lim,, oo w(t,) = oco. Thus w(t) > 0 and w'(t) > 0 for t > Tp > Tj.
Consequently, from (3) it follows that w1 () > 0 for t > T3 > T5. Since
w(t) is increasing, we have, for t > T5 + T,

(6) (1—p2w(t) <w(t)+pH)w(t—7)
=y(t) = F(t) = pt)p(t — 7)y(t — 27) = p(t) F(t — 7)
<y(t) = F(t) —p(t)F(t — 7).
For 0 < & < (1 — po)w(T3), there exists Ty > T3 such that |F(t)| < €/2,
t > T4. From (6) it follows that
(1= pyu(Ts) < (1 - pa)ult) < y(t) + /2 p(D)=/2 < y(t) + ¢
for t > Ty 4+ 7 because w(t) is increasing and —p(t) < 1. Setting wu(t) =

(1—p2)w(t)—e for t > Ty+7, we obtain 0 < (1—p)w(T3)—e < u(t) < y(t),
u'(t) = (1 — po)w'(t) >0, u™ D (t) = (1 — po)w™ () > 0 and

(7) ut™(t) = (1 = p2)w™ (1) = (1 = p2)QO)G(y(t — 7).
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Integrating (7) from T5 to t (T4 + 20 < T5 < t) we obtain
t
uD () < u"(T5) = (1 - po) | Q(s)G(u(s — 0)) ds
Ts
t
<u™(T5) = (1= p2)G(u(Ts — 0)) | Q(s) ds,
Ts
because u is increasing. Hence u(»~1(t) < 0 for large ¢, due to (H;), a
contradiction.

Thus y(t) is bounded. Consequently, whether p(t) satisfies (A1) or (As),
w(t) is bounded and hence
(8) (- Fu® @) <0, k=1,...,n—1,
for t > Tg > Ty. If liminf; . y(t) = a > 0, then y(t) > 5 > 0 for t > Ty
> Tg. Hence from (3) we get

t
w () <w (T +0) - G(B) | Qls)ds.
T7+O'
Thus, for large ¢, w1 (t) < 0 by (H;), contrary to (8). We conclude that
liminf, o y(t) = 0.

Since w(t) is bounded, lim;_. w(t) exists due to (8) whether n is odd or
even. Hence lim;_, z(t) exists. Lemma 2.1 applied to (2) yields lim;—, o 2(t)
=0.

If (A1) holds then for t > T1, z(t) > y(t) —p1y(t—7) implies y(t) < z(t)+
p1y(t — 7). Hence limsup,_, . y(t) < lim;_ 2(t) + p1 limsup,_, . y(t — 7),
that is, (1 — p1) limsup,_, . y(t) < 0. Consequently, lim; ., y(t) = 0.

If (Ag) holds then y(t) < z(t) for t > Ti. Hence lim; .o y(t) = 0. If
y(t) < 0 for t > tg, then we set x(t) = —y(t) for t > to to obtain

[2(t) — pt)a(t — 7)) + Q)G (a(t — 0)) = (1),
where f(t) = —f(t) and G(u) = —G(—u). If F(t) = —F(t), then (H,) and

(Hs) are satisfied for G and F respectively. Hence lim;_,~ z(t) = 0, that is,
lim; o y(t) = 0. Thus the theorem is proved.

As a consequence of Theorem 2.2 we get the following.

COROLLARY 2.3. Under the assumptions of Theorem 2.2, every monos-
cillatory solution of (1) tends to zero ast — oo and hence every unbounded
solution of (1) oscillates.

REMARK 2. Theorem 2.2 remains true if f(t) = 0.

For sublinear G, that is, G satisfying SSEC du/G(u) < oo, ¢ > 0, or
liminf|, o G(u)/u > p > 0, condition (H;) cannot be relaxed e.g. to
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§o t"7'Q(t)dt = oo used in [5]. This follows from the example given be-
low.

ExAMPLE. Consider
(9 [y®) —pyt =]+ 3 = D)7V2E2 = pt = 1)yt -1) =0

with either 0 < p < 1/2 and t > ¢, > max{2, (1 — (2p)?/®)~!}, or -1 < p
< 0and t >ty > 2. In the first case (H;) fails because from the inequality

Q) = %[7573/2(75 — )72 —pt = 1) < 32— p(t - 1) 77
it follows that {,° Q 1, @(t)dt < oo. However,
Q) > 3;” 20— 1)7— (6= 1)%) = 2t 1)

implies that

| 5Q(s)ds > %p | s(s —=1)72ds > In[(t — 1)/(to — 1)].

Hence S:: Q(t)dt = oo. Similarly in the second case Sfj Q(t)dt < oo and

Sio sQ(s)ds > %Sio ds/s implies that Stoj tQ(t) dt = oo. In both cases, (9)

admits a solution y(t) = t3/2 which is nonoscillatory and unbounded.
In the following theorem, p(t) is allowed to change sign.

THEOREM 2.4. Let (Hy), (Hz) and (Hs) hold. Let p(t) be T-periodic and
(Ay) be satisfied. Then every solution of (1) oscillates or tends to zero as
t — 0.

Proof. Let y(t) be a nonoscillatory solution of (1). Proceeding as in the
proof of Theorem 2.2 we conclude that there is a sequence {¢,, } satisfying (4).
Then (5) and (A4) yield

w(tn) > y(tn) - p5y(tn - T)F(tn) > (1 _pS)y(tn) - F(tn)
Hence lim,, oo w(t,) = 0o. Thus w(t) > 0 and w'(¢) > 0 for t > T > Ti.
From (3) it follows that w(™ D (¢t) > 0 for t > T3 > T,. Since w(t) is
increasing and positive and p(t) = p(t — 7), we obtain
(1 —pa)w(t) < w(t) — paw(t — 1) < w(t) + p(t)w(t — 1)
=y(t) = F(t) = pt)p(t — 7)y(t — 27) = p(t) F(t — 7)
= y(t) = F(t) = p*(t)y(t — 27) — p(t) F(t — 7)
<y(t) = F{t) —p)F(t —7)
for t > Ty, > T3 + p. Then proceeding as in the proof of Theorem 2.2 we

arrive at a contradiction. Hence y(t) is bounded. Consequently, lim;_, o 2(t)
exists. Applying the argument of the proof of Theorem 2.2, we may show
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that liminf; .. y(¢) = 0. As Lemma 2.1 cannot be applied here to show
that limsup,_, . y(t) = 0, we proceed as follows: observe that
lim z(t) = limsuply(t) — p(t)y(t — 7)] = limsup[y(¢) — psy(t — 7)]
t—oo t—o0 t—o0

> limsupy(t) + Iitm inf[—psy(t — 7))

t—o0
= limsupy(t) — ps limsupy(t — 7)
t—o00 t—o0

= (1—ps) 1i§n sup y(t)

and
lim =(t) = lminfly(t) — p(t)y(t —7)] < lmint{y(t) + pay(t —7)

t—o0 t—o0
< htm inf y(¢) 4+ limsup[psy(t — 7)] = pa limsup y(t — 7)
— t—o00 t—o00
= palimsup y(2),

t—o0

since lim inf;_, o, y(t) = 0. Combining the above inequalities we get
0 < (1—ps—ps)limsupy(t) <0,
t—o0

because ps + ps < 1. Hence lim; o y(t) = 0. If y(t) < 0 for t > Ty, we
obtain lim; ,~ y(¢) = 0 in a similar manner. Thus the theorem is proved.

THEOREM 2.5. Suppose that (Hy)~(Hy) hold and Q is decreasing. If p(t)
= —1, then every solution of (1) oscillates or tends to zero as t — oo.

Proof. Proceeding as in the previous proofs we show that w(¢) is mono-
tonic and hence lim; ., w(t) = ¢, where —o0 < ¢ < oco. If —00 < £ < 0
then z(t) < 0 for large ¢, a contradiction. If £ = 0, then z(¢) > y(t) implies
that lim; . y(t) = 0. Suppose 0 < £ < co. Then w1 (t) > 0 for large ¢
and hence lim; o, w1 (t) exists and is finite. Further, z(t) > A > 0 for
t > Ty > Ty. Integrating (3) from T to s (s > T») and then taking the limit
as s — 00, we obtain

(10) | Q)Gy(t - 0)) dt < 0.
T>
On the other hand, for T3 > T5 + o, S;Z Qt)G(z(t—0o))dt > G(A ST dt
implies S;f; Q(t)G(z(t — o)) dt = oo due to (Hy). Hence
§ QMG (y(t —0) + Gyt — o — 7)) dt = 00
T3

by (Hy). Consequently, using (10), we obtain S;Z Q(t)G(y(t—o—7)) dt = o0,
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that is,

oo [ee]

o= | Qs+7)Gy(s—0))ds< | Q(s)G(y(s—0))ds < o0,
T3 —T T3 —T
a contradiction. Hence ¢ = 0 is the only possibility. The proof of the theorem
is thus complete.

THEOREM 2.6. Let (Ho)—(Hg) hold. If p(t) satisfies (As), then every so-
lution of (1) oscillates or tends to zero ast — oo. (Observe that (Hg)=(H;)
and it is not necessary to assume Q(t) to be decreasing in Theorem 2.6. How-
ever, if Q(t) is decreasing then (Hg) and (Hy) are equivalent.)

Proof. Using the notations of previous proofs, setting lim; . w(t) = ¢,
we show that —oo < ¢ < 0 is not possible and ¢ = 0 implies lim; .o, y(t) = 0.
Assume, if possible, that 0 < £ < co. Hence z(t) > A > 0 and w™ D (t) > 0
fort > Ty > Ty > To+ 0. If t > T5 > Ts + p, then using (Hz), (Hy), (Hs)
and (Hg) we deduce from (3) that
0=w™(t) + Q)G (y(t — o))
+G(=p(t — 0)[w™(t — 7) + Q(t — T)G(y(t — 7 — 0))]
> w™(t) + Gpz)w™ (t = 7) + aQ* (1) G(2(t — 0))
> w™(t) + G(ps)w™(t — 7) + aGAN)Q* (D).
Integrating the above inequality and using (Hg) we get
wm V() + Gps)w™ V(i —7) <0

for large ¢, a contradiction. The case y(t) < 0 for ¢t > Ty may be dealt with
similarly. Thus the theorem is proved.

The following example shows that condition (Hg) cannot be weakened
for sublinear G.

ExAMPLE. Consider (9) with p(t) = —3/2 for ¢t > 2. We have
Q)= (t— 1)~ V2[373/2 4 2t — 1)~/
and Q(t) is decreasing. Further, Q(¢f) < 12(¢t — 1)72 for ¢ > 2 implies
that {7 Q(t)dt < oco. However, tQ(t) > 3t=1/2(t — 1)71/2 > 3/(8t), so
{5 tQ(t) dt = oo. Equation (9) admits a positive unbounded solution y(t) =
t3/2.

REMARK 3. In the literature there are a few papers dealing with the
case p(t) > 1 (see [1, 2, 5, 6]). In the following some results in this direction
are obtained.
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THEOREM 2.7. Suppose that n is odd and (Hy) and (Hg) hold. If p(t)
satisfies (Agz) then every nonoscillatory solution of
(11) [y(t) — p(t)y(t = 7)™ + Q)G (y(t — ) = 0
tends to +00 or —oo as t — 00.

Proof. Proceeding as in the proof of Theorem 2.2, we deduce that

lim 2"V (t) = ), —00 < A< oo

t—o00

Suppose that —oco < A < 0.
If liminf; .o y(t) > 0, then y(¢) > 3 > 0 for t > T3 > Ty. Hence

§ QG —o)dt>G(B) | Q)dt
T3+o T3+o
implies that S;Oﬁg Q(t)G(y(t — 0))dt = oo by (H;). On the other hand,

integrating 2™ (t) + Q(t)G(y(t — o)) = 0, we obtain S;ZJW Q(t)G(y(t—o))dt
= 2("=U(Ty 4+ o) — X < 00, a contradiction. Hence lim inf,_, . y(t) = 0.

Thus there exists a sequence {t,} C [T2,00) such that ¢, — oo and
y(tn) — 0 as n — 00. As z(tn) = y(tn) — p(tn)y(t, — 7) < y(t,), we have
limsup,,_, . 2(t,) < 0. Similarly, z(t, +7) = y(t, +7) — p(tn + 7)y(tn) >
—pey(t,) implies that liminf, o 2(¢, +7) > 0.

If z(t) > 0 for t > T3, then lim; , 2(t) = p, where 0 < p < co. If 0 <
p < oo then z(t) > a > 0 for t > Ty > T5. Hence 0 > limsup,,_, ., z(tn) >
a > 0, a contradiction. Thus p = 0.

If z(t) < 0 for ¢t > Ty, then lim; .o 2(t) = p, where —oo < p < 0. If
—00 < p < 0, then z(t) < b < 0 for large t. Hence 0 < liminf,, o 2(t,+7) <
b < 0, a contradiction. Thus p = 0.

Consequently, (—1)"t#2(%)(¢t) < 0, k = 0,1,...,n — 1, for large ¢, and
lim; o 28 (t) =0, k =0,1,...,n — 1. Since n is odd, 2/(t) < 0 for large t.
Hence z(t) > 0 for ¢t > T. From (2) we obtain y(t) > y(t — 7). Hence
liminf, .o y(t) > 0, a contradiction. Thus A\ = —oo. This implies that
lim; o y(t) = oo. Thus the proof of the theorem is complete.

REMARK 4 (see [5]). The conclusion of Theorem 2.7 holds for G with
lim inf |, oo G(u)/u > XA > 0 provided (Hy) is replaced by §;~ ¢t"~1Q(t) dt
= 0.

COROLLARY 2.8. Let the conditions of Theorem 2.7 be satisfied. Then
every bounded solution of (11) oscillates.

THEOREM 2.9. Suppose that p(t) satisfies (Ag). Let (Ha) and (Hs) hold.
If, for every sequence {o;} C (0,00) such that lim;_, o, o; = 0o and for every
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v > 0 such that the intervals (o;—v,0;+7),1 = 1,2,..., are nonoverlapping,
oo Tty
Y. | eyt =co,
i=10,—7y

then every unbounded solution of (1) oscillates or tends to £oo as t — oo,
and every bounded solution of (1) oscillates or tends to zero as t — oo.

Proof. Proceeding as in the proof of Theorem 2.7 we obtain

tlirgo w () = =00 or tlirgo w ™D (1) = A

If the former holds, then lim;_, . w(t) = —oo. Since w(t) > —pry(t — 1)
— F(t), we have lim;_,, y(t) = oo.

Suppose that the latter holds. Proceeding as in the proof of Theorem 2.7
and using (Hz), we have lim;_,o w(t) = 0. Hence (—1)"tkw®)(t) < 0, k =
0,1,...,n—1,for t > To > T and limy oo w® (t) =0, k=0,1,...,n — 1.

If y(¢) is unbounded, then there exists a sequence {t,,} C [T, 00) such
that ¢, — oo and y(t,) — oo as n — oo. Let p > 0. Then y(¢,) > p for
n > Ni > 0. From the continuity of y it follows that there exists §,, > 0
with liminf, . 0, > 0 such that y(¢) > u for t € (t,, — dn,tn + ). Then
choosing n large enough such that d,, > § > 0 for n > N > Nj, we obtain

[ee) 0o tpnt+onto
[ etcwE-ondt>3 | QG- o)
T> n=N t, —dn+0
0o tpnt+dnto
ey | ewa
n=N t,—0n,+0o
oo tpt+dto

>Gp Yy, | Q.

n=N t,—0+o

From the hypothesis it follows that S;Z Q(t)G(y(t — o)) dt = oo. Integrating
(3) yields

| Q)Gy(t — 0)) dt = w" I (T}) < oo,
Ts

a contradiction.

If y(t) is bounded, then we claim limsup,_, . y(t) = 0. If not, then
limsup,_, . y(t) = o, o > 0. Then there exists a sequence {¢,,} such that
y(tn) > B > 0 for large n. Proceeding as above we arrive at a contradiction.
Hence our claim holds. Consequently, lim; o y(t) = 0. The case y(t) < 0
for t > Ty may be dealt with similarly. Thus the theorem is proved.
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