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The Kneser property for the abstract Cauchy problem

by HERNAN R. HENRIQUEZ (Santiago) and
GENARO CASTILLO G. (Talca)

Abstract. We establish existence of mild solutions for the semilinear first order func-
tional abstract Cauchy problem and we prove that the set of mild solutions of this problem
is connected in the space of continuous functions.

1. Introduction. The purpose of this work is to show that the set
formed by the mild solutions of a semilinear abstract Cauchy problem (ACP)
of first order is connected in the space of continuous functions. This property
is known in the literature as the Kneser property. We refer to [3] for the
original result in the framework of differential equations and to [4] for a
similar result for functional equations.

We start with an abstract statement of this property. In this statement
we denote by Vs(B) the §-neighborhood of a set B in a metric space.

LEMMA 1.1. Let X,Y be metric spaces, B a closed subset of Y, and
T:X —Y a continuous function. Let S = T~Y(B) and assume that there
is a compact set K C X such that for each € > 0 there is a set K. C K with
the following properties:

(i) the sets K. are connected;
(i) d(z, K:) < € for all z € S;
(iii) T(Ke) € V5(e)(B), where d(e) — 0 as e — 0.

Then S is connected.

Proof. Assume that S is not connected. Then there exist nonempty dis-
joint closed sets F} and F5 in S such that S = F; U Fs. This implies that
both F; and Fy are closed in X and d(Fy,Fz) = n > 0. Let U be the
n/2-neighborhood of Fy. It is clear that K. NU # () and K. N (X \U) # 0
for each 0 < & < n/2. Since K. is connected, it follows that Fr(U) N K. # (.
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Thus, we can choose z,, € Fr(U) N Ky, where K, = Ky, forn € N,n > N.
Since K,, C K, there is a subsequence, which we denote again by (z,), such
that ©, — x as n — oo. Clearly, € Fr(U) and because T is continuous,
T(xy,) — T(x) as n — oo. Since d(T(z,), B) — 0 as n — oo, it follows
that d(T(x),B) = 0, which in turn implies that T'(z) € B and =z € S.
Consequently, z € Fr(U) NS, which is absurd by the construction of U.

In the next section we apply this result to the set formed by the solu-
tions of a certain integral equation. To this end, the following version of
Lemma 1.1 is more convenient. From now on, X denotes a Banach space,
I C R is a compact interval and C(I; X) stands for the space of continuous
functions from I into X endowed with the norm of uniform convergence.

COROLLARY 1.1. Let T : C(I; X) — C(I; X) be continuous and S the
set of fized points of T. Assume that there is a compact set K C C(I; X)
and that for each € > 0 there is a set K. C K with the following properties:

(i) the sets K. are connected;
(ii) d(x, K.) < € for all x € S
(iii) |y — Tylleo < 0(e) for all y € K., where 6(¢) — 0 as € — 0.

Then S is connected.

Another abstract version of the Kneser property, which is known as the
Krasnosel’skii-Perov theorem (see [9]), is obtained using degree theory.

We denote by £(X) the Banach space of bounded linear operators from
X into X.

2. First order abstract Cauchy problem. In this section we assume
that A is the infinitesimal generator of a strongly continuous semigroup of
bounded linear operators T'(t) on X. We refer the reader to [2, 7] for the
theory of strongly continuous semigroup and the associated ACP. We only
mention here that every strongly continuous semigroup is uniformly bounded
on bounded intervals. Moreover, a semigroup T'(-) is called compact when
the operators T'(t) are compact for all ¢ > 0.

The existence of solutions of the first order abstract Cauchy problem
(2.1) 2'(t) = Az(t) + h(t), t>0,
z(0) = xo,
where h : [0,00) — X is a locally integrable function, has been treated in

several works. We only mention [2, 7] and the references therein. Similarly,
the existence of solutions of the semilinear abstract Cauchy problem has
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been discussed in [1, 6]. We only recall here that the function
t

(2.3) 2(t) = T(t)xo + | T(t — s)h(s)ds, >0,
0

is called a mild solution of (2.1)—(2.2).
Our aim in this section is to establish a Kneser’s type property for the
solutions of the functional semilinear first order ACP

(2.4) 2'(t) = Ax(t) + f(t,z(a(t))), 0<t<rT,

with initial condition (2.2). We abbreviate the notation by writing I = [0, 7]

and we let M indicate a constant such that ||T'(¢)|| < M for all 0 <t < 7.
We begin with a result that ensures existence of solutions under quite

general hypotheses which are suitable for our purposes. To study this initial
value problem we always assume that the following conditions are fulfilled:

AssuMPTION A. (a) The function a : I — I is continuous.
(b) The function f : I x X — X satisfies the following Carathéodory
conditions:

(i) f(t,+) : X — X is continuous for a.e. t € I,

(ii) for each = € X, the function f(-,x): I — X is strongly measur-
able.

The expression (2.3) motivates the following concept of mild solution.

DEFINITION 1. We say that a function x : I — X is a mild solution
of the problem (2.4),(2.2) if x is a continuous function that satisfies the
integral equation

¢
(2.5) 2(t) = T(t)zo + | T(t — 5)f (s, x(a(s))) ds.
0

In what follows we denote by Bg the closed ball with center at 0 and
radius R in an appropriate space. Moreover, we denote by ¢o(B) the closed
convex hull of a set B.

THEOREM 2.1. Assume that Assumption A and the following conditions
hold:

(H-1) For each R > 0 there is a positive integrable function yg € L*(I)
such that sup{|| f(t,z)] : ||z]| < R} < vgr(t) for a.e. t € 1.

(H-2)  For each 0 < t < 7 and R > 0 the set {T(t)f(s,x) : 0 <
s <7, ||z|| < R} is relatively compact.

T

M
H-3)  liminf = 1.
(H-3)  limin R§7R(5)d5<
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Then there is a mild solution of (2.4),(2.2). Furthermore, if the following
condition is fulfilled:

T

M
(H-4)  limsup — S Yr(S)ds < 1,
R—oo R 0

then the set S of mild solutions of (2.4),(2.2) is compact in C(I; X).

Proof. Let T : C(I; X) — C(I; X) be the map defined by
t
(2.6) T(x)(t) =T(t)xo + S T(t—s)f(s,z(a(s)))ds.
0
Clearly 7 is well defined and the Lebesgue dominated convergence theorem
implies that 7 is continuous. We claim that there exists n € N such that
T : B, — B, In fact, otherwise we can select a sequence (zy)ken in C(I; X)
such that ||zg|lecc < k and ||7 (xf)||co > k for every k € N. Consequently, for
k € N from (2.6) we see that
-
k< 1T (@)oo < Mol + M | yx(s) ds,
0
which yields

1 < liminf

k—o0

M
? ’Yk(s) dS,

O e

and this inequality contradicts (H-3).

Next, using (H-1) and (H-2), we establish that 7 is completely contin-
uous. Since 7 is continuous it remains to prove that 7 takes bounded sets
into relatively compact sets in C(I; X). From the Ascoli-Arzela theorem it
is sufficient to prove that for each R > 0 the set {7p(z)(?) : ||z]lcc < R} is re-
latively compact in X for all 0 < ¢ < 7 and that the set {Zp(z) : ||z]|c < R}

is equicontinuous, where
t

To(2)(t) = \T(t = 5)f (5, 2(a(s))) ds.
0

We begin by establishing the first assertion. Let ¢ > 0 and take € > 0 small
enough. We can write

t—e t
27)  T@)t) = § T~ )f(s,2(a(s) ds + | 70~ )7 (s,(a(s))) ds

0 t—e

t—e

= | T e T f (s 2a(s)) ds
0

+ | Tt - 9)f(s,2(a(s))) ds.

t—e
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The mean value theorem for the Bochner integral ([5]) shows that

t—e

S T(t—e—3s)T(e)f(s,z(a(s)))ds
0
e(t—e)eo{T(t—c—s)T()f(s,z): ||z]| <R, 0<s<t—¢}

By (H-2) the set on the right hand side is compact so that the first term
on the right hand side of (2.7) is included in a compact set which does not
depend on the function z(-).

On the other hand, for the second term on the right hand side of (2.7)
we obtain the estimate

H S T(t—s)f(s,z(a(s)))ds|| < M S vr(s) ds,

t—e t—e

which shows that this term converges to zero as € — 0 since v is integrable.
Hence the set K(t) = To(BRr)(t) is relatively compact.

To establish the second assertion we first observe that
t+h
To(x)(t+h) — To(z)(t) = | T(t+h—s)f(s,z(als)))ds
0
t

— {7t = 5)f(s,2(a(s))) ds

+ | T+ h—s)f(s z(a(s))) ds.

We observe that the first term on the right hand side is in (T'(h) — I) K (t)
so it converges to zero as h — 0, independently of x(-) € Bg. Similarly, the
second term satisfies

t+h t+h
| § 7+ h =956, ata()) ds| < 21§ ais) ds,

which implies that it tends to 0 as h — 0.

Applying now the fixed point theorem of Schauder we infer that 7 has
a fixed point z in B,,. Clearly = is a mild solution of (2.4), (2.2). Moreover,
the continuity of 7 implies that the set S of mild solutions is closed.
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On the other hand, if condition (H-4) holds then S is bounded. In fact,
otherwise there exists a sequence zj, € S such that Ry = ||zg||cc > k. Hence
T
lzx ()l = 1Tax ()] < Mlloll + M §vr,(s) ds,
0

which yields

T

M
1 < limsup T S VR, (8) ds;

k—oo k 0

but this is impossible by (H-4). Finally, using the fact that 7 is completely
continuous we infer that S is compact. Thus the proof is complete. u

REMARK. The semigroups that arise in applications are frequently com-
pact. For this reason we point out that condition (H-2) holds when T is
compact and the function f takes closed bounded sets into bounded sets.

Now we study the properties of S. We assume that the conditions of
Theorem 3.1 hold. We need the following property.

LEMMA 2.1. Assume that f is continuous and conditions (H-1) and
(H-2) hold. Then for R > 0 the set {Sé T(t —s)f(s,y(s))ds : 0<t <,
y € LX), |ylleo < R} is relatively compact.

Proof. Proceeding as in the proof of Theorem 2.1 we infer that the set
t
V(1) = { [T = 9) (s, y(s) ds sy € L2 X), |yl < R}
0
is relatively compact. We put V = (Jy<;<, V(¢) and we claim that V' is re-
latively compact. We first observe that for each £ > 0, there is § > 0 such
that

V(t+h) CT(h)V () + B., |h| <4.

In fact, choose § > 0 such that M S§+h Yr(s)ds <eforh <§.Ifx € V(t+h)
then we can write

t+h
v= | T(t+h—s)f(sy(s))ds
' t t+h
= T(h)ST(t —35)f(s,y(s))ds + S T(t+h—s)f(s,y(s))ds.
0 t

Since the first term on the right hand side is in 7'(h)V (¢), and the norm of

the second term is less than or equal to M S§+h vr(s) ds, we have established
the claim.
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Now, assuming that 6 = 7/n for some n € N large enough we have

VC U < U T(r)V (o) +Be) - U T(h)(nLjV(i(S)> +B.,
=0

i=0  0<h<$ 0<h<$

which implies that V is relatively compact. =

Next we assume that the problem (2.4), (2.2) has mild solutions and we
denote by S the set of those solutions. For F C C(I; X) we denote by F(I)
the set {f(t): fe F,tel}.

THEOREM 2.2. Assume that f and a are continuous functions and that
(H-1) and (H-2) are fulfilled. Suppose moreover that the following conditions
hold:

(H-5) The set S is compact.
(H-6) For allt €I, a(t) <t.

T

1
(H-7)  3Mliminf - \vr(s)ds < 1.
0

R—oo
Then S is connected.

Proof. Set h(t) = T(t)zo. Applying (H-5) and (H-7) we can select a
constant R > 0 large enough such that ||z||sc < R for all z € S and
(2.8) [Blloo + 3M {vr(s)ds < R.

0

Let V' be the set constructed in the proof of Lemma 2.1. Without loss of
generality we can assume that V' is absolutely convex. We set U = 2V,
Uy =3V and Ny = 2M § vg(s) ds.

We divide the proof into several steps.

STEP 1. For a partition d of I formed by the points 0 =ty <t; < ... <
tn—1 < t, = 7 we consider the function z(-) given by z(0) = z¢ and

i—1 tr
(29) 20 =h®)+ 3 (| T =) (s,2(alte-1))) ds + (b — te1)ux )
k=1 tp_1

t
+ | Tt —5)f (s, 2(altizn))) ds + (t — ti1)us
ti—1
for ti-1 <t < t;, where we choose uy, so that 22:1(% —tp_1)up € U and
| > %1 (e — tk—1)ugl] < Ny for all i = 1,...,n. Clearly z is a continuous
function. Next, for fixed z given by (2.9) we denote by y(-) and ¢(-) the step
functions defined by y(0) = o, ¢(0) = u1, y(t) = z(a(tr—1)) and p(t) = ui
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for tj,_1 <t <ty and k = 1,...,n. Thus, we can rewrite the definition of z
as

t t
(2.10) 2(t) = h(t) + \T(t — )£ (5,y(s)) ds + | o(s) ds.

0 0

We shall show that ||z(¢)|| < R for 0 < ¢ < 7, independently of the
division d and the choice of u;. From (2.8) we easily obtain ||z(¢)|| < R for
0 <t < t1. Assuming now that this inequality holds on [0,#;_1], we show it
for t;_1 < t < t;. In fact, since 22;11 (ty — tg—1)ug + (t — t;—1)u; is a convex
combination of Y 0" (tx — tx_1)ug and S h_, (tg — tx_1)uy, from (2.9) we
obtain

1)) < DIne) ) + jrc - )/ (s,(s)) ds|
0

+ H %(tk — tp—1)up + (t = tim1)us

k=1
< |hlloc + M §yr(s) ds + 2M {yr(s) ds,
0 0

which establishes our assertion.

STEP 2. To simplify the construction we consider the points t; equally
spaced with 6 = ¢;, — t;_1 and, in addition to the conditions considered in
Step 1, we suppose that

(2.11) Ha ZJ: e — [T((G — 1)) —I]i:uk(’ < QMJS(s’yR(s) ds
k=it1 k=1 i

forall 1 <i+1 < j < n. We prove that the set K formed by the functions z
defined by (2.9) is relatively compact in C'(I; X). Since h is a fixed function,
if we write Z = z — h we must prove that Ko = {Z : z € K} is relatively
compact.

From (2.9) and Lemma 2.1 it follows that

t 1—1
2t) =Tt —5)f(s,y(s)) ds +6 > up + (t— ti1)us
0 k=1
eV4+UCU

for every z € K and t € I.
Now we prove that Kj is equicontinuous. Let 0 <# <t < 7. From (2.9)
we can write
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t t

T(t = )f(s.y(s)) ds = { T(t' = 5)f(s,y(s)) ds + | p(s) ds

0 t

S
—
o~
~—
|
S
—~
R
~—
O ey

0
+ §T(t = 9)f(s.y(s) ds + | o(s) ds
= [Tt~ ) 1)(3(t) - § (s) ds)
0

+ V7t = 5)f(s,u(5)) ds + | o(s) ds.
# #
Since z(t') — Xo o(s)ds € V and V is a compact set, it is sufficient to show
that St, ©(s) ds converges to zero as t —t' — 0, independently of the con-
struction of z.

Since U is compact and g is integrable, for every ¢ > 0 there exists
no > 0 such that ||(T'(s) — Hu| < e/2 for all 0 < s < ny and u € U, and
2M §%,vr(s)ds < e/2 for all s',s € I with [s — §'| < no. We denote by Ci
the constant

Ci = sup{sle(T(s) —Dul[:mpp<s<7,ueU}
and we take 0 < n < min{ng, noe/(2N1),e/(2C1)}.

First we assume that ¢/, ¢ coincide with some points of the partition, say
t' = t; and t = t;. In this case,

Scp(s)dS:é Z Ug
% k=i+1
=4 ur — (T((j = 4)8) = )8 Y w
k=i+1 ‘ k=1
(G- 0) - D8

and applying (2.11) we obtain
t

H S s)ds
t/

Consequently, since § 22:1 up €U, if t; —t; < o it follows that || St, w(s)ds||
<e.

‘<2MS'yR( ds+H Tt —t) - 5ZukH
t/
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Let t — ¢’ < 1. We analyze three possible situations with regard to the
relative location of the points ¢;. First, we assume that there is no t; between
t" and t. Hence, there is an i such that ¢; < ¢ <t < t;41 and Si, p(s)ds =
(t — t")ujs1. From (2.11) we have

tig i
fusrall < 25§ a()ds + | (06) - 1S |
t; k=1

Hence, if § < 19, then since t — t' < §, the above estimates imply that

t—t
(t = t)luipall <e/2+

(T(6) — I)(SiukH <e,
k=1

while if 6 > 19 we obtain

1
(t = )lluesall < (6= #) S+ (6= ) 2 |(0) = D | < e
k=1
which establishes the assertion in this case.
Now we assume that there is an 7 such that ;| <t <t; <t < t;11.
Then from our definitions it follows that
t

Vo(s)ds = (ti — t)ui + (t — ti)uiga.
t/
Since t; —t' <t —t' and t —t; < t —t' we can argue as in the preceding case.
Finally, we assume that there is i < j such that t;,_1 <t <t; < t; <t
< tjy1. Clearly,

le(t) = () < l6(t) — st + [16(t;) — St + [|6(t:) — S]]

where we have abbreviated ¢(t) = Sg ¢(s)ds. Since t; —t; < t —t', from
our initial remark we obtain ||¢(t;) — ¢(t;)|| < e. Thus, this case is reduced
to estimating the first and third terms on the right hand side of the above
estimate. For the first term we observe that ¢(t) is a convex combination of

¢(t;) and P(tj+1), so

[(t) — o)l < llo(tj1) — ()l
and since 0 = t; 41 —t; <t —t we can repeat the previous argument. The
third term is estimated similarly.

From the Ascoli-Arzela theorem it follows that K is relatively compact
and hence so is K = h + K.

STEP 3. Let now ¢ > 0 be fixed. Without loss of generality we also
assume that ¢ < min{7/2, 2N;} and we take ¢; = ¢/(2M7). Using the
compactness of S and K, and the continuity of f and a, we infer the existence
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of 0 < 41 < £ such that

(2.12) 1f(s,21) = f(s,22)[| < &1

for all s € I and for every x1,29 € (K US)(I) such that ||z; — z2| < 4.
Similarly, there is do > 0 such that

(2.13) [2(s) = 2(B)]| < 01/4
for all z € KUS and s,t € I with |t —s| < d2, and there is 3 > 0 such that
(2.14) la(s) — a(®)]| < &2

whenever |t — s| < d3. Now we choose § = 7/n < min{dy, d2, 93, 01/(2Me1)}.

In what follows we consider the partition d defined by t; = i, i =
0,...,n. Let K. be the set formed by the functions defined by (2.9) with
(u1,...,un) € Z: where Z. is the set of points (u1,...,u,) € (2671U)" that
satisfy the following conditions:

(i) 5Zuk e U,
k=1

i
(ii) 5H ZukH < Mtzfl;
k=

~
~
S

j
(ii) H5 S k= O[T((j — 0)0) — 1] ukH < 2M \ yg(s) ds,
k=i+1 k=1 t;
foralli=1,...,nand j >+ 1.
We notice that condition (ii) implies that ¢ Zzzl ug|| < Nip. Next we
establish some properties of K.

STEP 4. The set K. is connected. This is an easy consequence of the fact
that the functions z € K. depend continuously on the choice of (uq, ..., uy)
€ Z. and Z. is convex by our construction.

STEP 5. In this step we show that the solutions of (2.5) can be approx-
imated by elements in K.. Fix z € §. We proceed to define z € K, so that
|z — 2||cc < e. We define z(-) inductively on the intervals [t;_1,¢;]. To avoid
some cumbersome expressions we set p(t) = x(a(t)) and q(t) = z(a(t)).

Let ¢ = 1. In this case t; = § and we take
t1
w = § Tt = 9)f (5,p(s)) = f(5,p(0))] ds.

0
It is clear from our construction that uy € §~*U. Moreover, by (2.12)—(2.14)
we have || f(s,p(s)) — f(s,p(0))]] < ey for all 0 < s < 6, which implies that
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|lui]| < Mey. We define
2(t) = h(t) + §T(t —5)f(s,p(0))ds + tu;
for 0 <t < t;. From this expreZsion it follows that
() = h(tr) + | Tlt1 — 5)7(5.p(0)) ds + tau
.

= h(t1) + | T(ts — 5)f(s,p(s)) ds = a(t1).
0

Moreover, for 0 < t < t; we have
¢

() = 2l < || STt = )1 (5, p(5)) = S (s, p(O))] ds| + s
0
S 2M€1t § 51/2

Proceeding by induction, we assume that we have selected elements wy,
k=1,...,1—1, such that (uy,...,u;—1,0,...,0) € Z. and the function z(t)
given by (2.9) for ¢ € [0,¢;_1] satisfies z(tx) = x(t;) and the estimate

lx(t) —z(t)]]| <61/2, 0<t<t1.
We now define the function z on [t;_1,t;]. We begin by selecting

i—1 tg
(2.15) =53 | ()~ T(ti1— )] [f(s,p(5)) ~ Fls.alti )] ds
k=111
F 3] T (s pl) — S5, alti )] ds,

Utilizing the function y(-) defined previously we can write

t.
1 1
wi = £ T(t— )[f(s.p(s) ~ Fls.(s))] ds
0
1 ti—1
=3 | T(ticr — 9)[f(s,p(5)) — f(5,9(s))] ds.
0
First we establish that (uq,...,u;,0,...,0) € Z.. From the above expression

it follows easily that du; € 2U and

53w = | T(ti — 9)[(5,p(5)) — F(s5,9()] ds,
k=1

0
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which implies that § 34, u, € U and 6| Y%_, ug|| < Ni. Moreover, for
m+1<j<i Wehave

0 Z uk—(sZuk—(sZuk
k=m+1
t;

J (,p(5)) — £(5,y(s))] ds

0

[Tt — t) — 1) | Tt — 5)F(5.0(5)) — Fls,0(s))] ds
0
8§ T — 9 (supls)) — Fs.u(s))] ds,

which yields
j t;
8> up— [Tt —tm) — 5Zuk = S tj—s)[f(s,p(s)) = f(s,y(s))] ds,
k=m+1 tm
which in turn implies the estimate
J m tj
H5 ST wp— [T((G —m)d) - I]cSZukH < 2M | ya(s) ds.
k=m+1 k=

tm

In addition, for ¢;_1 < s < t; we can write

p(s) = y(s) = p(s) = p(ti-1) + p(ti-1) = q(ti-1) + q(ti-1) = y(s).
From (2.13) and (2.14) we have ||p(s) — p(t;—1)|| < 61/4 and by induction
llg(ti—1) — y(s)|| = 0 and ||p(ti—1) — q(ti—1)|| < 01/2. Combining these with

(2.12) we infer that d|| >, _, ug|| < Mt;eq, which completes the proof that
(ul,...,ui,O,...,O) € Z..

Now we define z(t) for t;_1 < t < t; by means of (2.9). Using this
expression as well as the choice of ug, k =1,...,4, we infer that

w(ti) = 2(t)) = [ T(ti = 9)[f(s.p(s)) = f(s,9(s)]ds =6 _u
k=1
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Moreover, from (2.13) and the choice of § it follows that
|z(t) — 2| < [Jx(t) — z(tim1)|| + [[2(2) — 2(ti—1)|| < 61/2,
which establishes the assertion.

STEP 6. In this step we prove that the elements of K. are approximate
solutions of (2.5). Specifically, we show that

Hz(t) —h(t) - §T(t — ) f (5, 2(s)) dsH <e

0
forall t € I and z € K,. In fact, for ¢t;_; <t <t; using (2.9) we have
t t
2(t) = h(t) = \T(t — 8)f (s, q(s)) ds = \T(t = 5)[f(5,5(s)) — f(s,q(s))] ds

0 0

i—1

+0 ug A+ (E—tim)ug,
k=1

and employing now (2.12) and the choice of § we can establish the estimate

[EORIOE §T<t —5)f(s,als)) ds|

0
<| 7 — )17 (ss0(6) — £ 05D ds |+ Hafuk (=t
0 =1
<2Mreq,

which shows our assertion.
Finally, collecting Steps 1 to 6 and applying Corollary 1.1 we complete
the proof. =

When a(t) = ¢ we obtain the classical semilinear ACP
(2.16) o' (t) = Az(t) + f(t,z(t)), 0<t<T

However, in this case we can establish the result without the stronger con-
dition (H-7). From now on, we denote by S the set of mild solutions of
(2.16), (2.2).

THEOREM 2.3. Assume that f is continuous, conditions (H-1)-(H-3) are
fulfilled and S is compact. Then S is connected.

Proof. Since the argument is very similar to that used in the proof of
the preceding theorem we only present the main aspects. Moreover, we keep
the terminology introduced in the previous proof.

From Theorem 2.1 we know that S is nonempty. Since S(/) is compact
we can take N = sup{||f(s,z)| : s € I, z € S(I)}. Applying (H-3) we infer
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that there exists R > 0 such that ||z||cc < R for all z € S and
|hlloe + 2N M7 + M | yr(s) ds < R.
0
In this case we take as U an absolutely convex set such that
Tco{T(t)f(s,x):s,t e,z € S(I)} CU.
We define z(-) by (2.9) where the elements uy are chosen so that
i i
Z(tk — tk_l)uk €2U and H Z(tk — tk_l)ukH <2NMrT.
k=1 k=
It is easy to see that ||z(¢)|| < R, t € I.
Defining V, Ky, K as in the proof of Theorem 2.2 we find that K is
relatively compact.
Proceeding by induction we define u; by (2.15). In this case p(s) = x(s),
and for t;_1 < s <t;, we obtain y(s) = z(a(t;—1)) = 2(ti—1) = x(t;—1). This
allows us to conclude the proof proceeding as in Theorem 2.2. u
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