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On extremal holomorphically contractible families

by MAREK JARNICKI (Krakow), WiToLD JARNICKI (Krakéw)
and PETER PFLUG (Oldenburg)

Abstract. We prove (Theorem 1.2) that the category of generalized holomorphically
contractible families (Definition 1.1) has maximal and minimal objects. Moreover, we
present basic properties of these extremal families.

1. Introduction. Main results. First recall the standard definition
of a holomorphically contractible family (cf. [Jar-Pfl 1993, §4.1]). A family
(da)c of functions

dg: G x G — Ry :=[0,00),

where G runs over all domains G C C" with arbitrary n € N, is said to be
holomorphically contractible if the following two conditions are satisfied:

e for the unit disc F we have dg(a, z) = mg(a, z) := !f_%“z} for a,z € E,

e for any domains G C C" and D C C™, every holomorphic mapping
F : G — D is a contraction with respect to dg and dp, i.e.

dp(F(a),F(2)) <dg(a,z), a,z€G.
Let us recall some important holomorphically contractible families:
e Mébius pseudodistance:
cta.2) = sup{me(f(a), f(2)) : f € O(G, E)}
=sup{[f(2)| : f € O(G, E), f(a) =0},
e higher order Mobius function:
m(a, ) := sup{|f(2)|V* : f € O(G, E), ordaf >k}, k€N,

where ord, f denotes the order of zero of f at a,
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e pluricomplex Green function:
ga(a,z) :=sup{u(z): u:G —[0,1), logu € PSH(G),
Jo=c(uw)>0 Ywea  u(w) < Cllw —al|},

where PSH(G) denotes the family of all functions plurisubharmonic on G,

e Lempert function:

k&(a,2) = inf{mp(A ) - Jpeome) ¢ (V) = a, (n) = 2}
= inf{|u: Jpeomq) : 0(0) =a, p(n) = 2}.
It is well known that
G = m(Gl) < mg“) <gg < k&,

and for any holomorphically contractible family (dg)e we have
(+) ¢ < do < kg,
i.e. the Mobius family is minimal and the Lempert family is maximal.

The Green function gg may be generalized as follows. Let p: G — R
be an arbitrary function. Define
ga(p,z) :=sup{u(z): uw:G —[0,1), logu € PSH(G),
Vaea EIC’=C’(u,a)>0 Vwea : u(w) < CHw - aHp(a)}’ zeG (1);
obviously the above growth condition is trivially satisfied at all points a € G
such that p(a) = 0. We have g(0,-) = 1. The function gg(p,-) is called

the generalized pluricomplex Green function with poles (weights) p. Observe
that if the set

Ip| :={a € G : p(a) > 0}
is not pluripolar, then gg(p,-) = 0.
In the case where |p| is finite, the function gg(p,-) was introduced by
P. Lelong in [Lel 1989].
For p = xa = the characteristic function of a set A C G, we put

9c(4, ) == ga(xa,:). Obviously, ga({a},") = ga(a,-) for a € G.
The generalized Green function was recently studied by many authors,
e.g. [Car-Wie 2003], [Com 2000], [Edi 2002}, [Edi-Zwo 1998], [Lar-Sig 1998].
Using the same idea, one can generalize the Mébius function. For

p:G—Zy:={0,1,2,...}
we put
ma(p,z) :=sup{|f(z)|: f € O(G, E), ord,f > p(a),a € G}, z€QG.
The function mg(p,-) is called the generalized Mébius function with

weights p. Clearly mg(0,-) = 1. Observe that if the set |p| is not thin,

(*) Here 0° := 1.
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then mg(p,-) = 0. Similarly to the case of the generalized Green function
we put mg(4,-) :=mga(xa,-), A C G. We get mg({a},-) = c&(a,-), a € G.
Moreover, if |p| = {a} and p(a) = k, then mg(p,-) = [mgf)(a, 2)k.
It is clear that mg(p,-) < gg(p,-) (for any p : G — Z,). Some other
properties of ga(p, ) and mg(p,-) will be presented in §2.
DEFINITION 1.1. A family d = (dg)g of functions
dg :RY x G — Ry

is said to be a generalized holomorphically contractible family if the following
three axioms are satisfied:
(E)  Ileplme(a, 2)P < dp(p,2) < infacplmp(a, 2)]P for every (p, 2)
ERE X E (%),
(H) forany F € O(G,D) and q : D — R we have
dp(q, F(2)) <dg(qo F,z) forevery z € G,

(M) for any p,q: G— RJF? lfp < q, then dG(qa ) < dG(pa )

If in the above definition one considers only integer-valued weights (as in
the case of the generalized Mobius function), then we get the definition of a
generalized holomorphically contractible family with integer-valued weights.

Put dg(A, ) :=dg(xa, ), A CG, dg(a,-) = d(;({a}, ), a € G.

One can prove that the generalized Green and Mobius functions satisfy
all the above axioms (cf. §2).

The main result of the paper is the following theorem.

THEOREM 1.2. In the category of generalized holomorphically contrac-
tible families there exists a minimal and a mazximal object. They are given
by the following formulae:

ag(p, ) i=sup{ ] [ma(e fE)FPP0D): f e oG, B) |
nef(G)

_ sup{ H ‘M’supp(f_l(,u«)) . f c O(G7 _E')7 f(z) = 0}7
Hef(G)

A5 (p, 2) := inf{[k%(a, 2)]PY : a € G}
= inf{|pPPW) : o € O(E,G), ¢(0) = z, u € E}.
Observe that if [p| = {a} and p(a) = k, then d%"(p,-) = [c&(a,-)]F and
dB(p, ) = [k%(a,-)]*. Moreover, for A C G we get

(*) We put [],c 4 h(a) == inf{][,c 5 h(a) : BC A, #B < oo} for h: A — [0,1].
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dmm( = sup H mp(p, f :fe oG E)}
wef(A)
=sup{ [ lul:/€0(G.E), f(z) =0} (),
HEF(A)

A5 (A, z) = inf{k&(a,2) : a € A}.
The function d3™™ (resp. d&®) may be considered as a generalization of the

Mobius function cf; (resp. Lempert function %g) The proof of Theorem 1.2
will be given in §3. Some properties of di™ and di** will be presented
in §4.

2. Basic properties of go and mg. Directly from the definitions we
conclude that the systems (g9g)g and (mg)g satisfy (H) and (M) and the
following conditions (to simplify formulations we will write d¢g if a given
property holds simultaneously for mg and gg):

PROPERTY 2.1. We have
da(p;-)da(q,) < da(p + q,-) < min{da(p,-), da(q, )}
In particular, go(p,-) < infecclgg(a, -)]P@ < g™ (p, ).
PROPERTY 2.2. If the set |p| is finite, then

[Tidc(a, )@ < da(p, ).

acG
PROPERTY 2.3. We have

ga(p, z) =sup{u(z): u:G —[0,1), logu € PSH(G),
u() < inflagla, P}, 2@

PROPERTY 2.4. mg(p,-) € C(G).
Proof. The family {f € O(G, E) : ord,f > p(a), a € G} is equicontinu-
ous. m

PROPERTY 2.5. If p £ 0, then for any z9 € G there exists an extremal
function for ma(p, z0), i.e. a function f,, € O(G, E) with ord,f,, > p(a),
ac Ga and mG(p7 ZO) = |fzo(20)|'

PROPERTY 2.6. logdg(p,-) € PSH(G).
Proof. Argue as in the one-pole case (cf. [Jar-Pfl 1993, §§2.5, 4.2]). m

PrOPERTY 2.7. If Gy /" G and py /' p, then dg, (P, %) \\ da(p, 2)
for z € G.

() In fact, d&™(A,-) = ma(A,-) (cf. Corollary 3.1(c)).
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Proof. 1t is clear that the sequence is monotone and the limit function
u satisfies u > dg(p, -).

In the case of the generalized Green function, using 2.6, we have
u € PSH(G). By 2.3 it remains to observe that u(z) < infaecglga(a, 2)]P(@
for z € G (because gg, (a,z) \, gg(a, z) for every (a,z) € G x G).

The case of the generalized Mobius function is simpler and it follows
from 2.5 and a Montel argument. =

PROPERTY 2.8. ga(p,-) = inf{ga(q,") : @ < p, #[q| < oo}

Proof. Let u:=inf{ga(q,-) : ¢ < p, #|g| < co}. Obviously ga(p, ) < u.
By 2.3, to prove the opposite inequality we only need to show that logu is
plurisubharmonic. Observe that

ga(max{qi,...,qn},-) < min{ga(qr,),-- -, 9¢(qn, )}
We finish the proof by applying the following general result.

LEMMA 2.9. Let (v;)ica C PSH(2) (£2 € C") be such that for any
i1,...,in € A there exists an ig € A such that v;, < min{vi,,..., vy}
Then v := inf;c 4 v; € PSH(L2).

Proof. Tt suffices to consider the case n = 1. Take a disc A,(r) € {2,

e > 0, and a continuous function w € C(0A4(r)) such that w > v on A, (r).

We want to show that v(a) < (27)7! Sgww(a + re') df + . For any point

b € 0A,(r) there exists an i = i(b) € A such that v;(b) < w(b) + . Hence
there exists an open arc I = I(b) C 0A,(r) with b € I such that v;(\) <
w(A)+¢ for A € I. By a compactness argument, we find by, ...,bx € 0A,(r)
such that 0A,(r) = U;VZI I(b;). By assumption, there exists an ig € A such
that v, < min{vyp,), ..., Vipy)t- Then
27
1 i0
v(a) <vjy(a) < — S vip(a + re'”) db

27T0

2T
S w(a+7re?)df+¢. mm
0

1
< —
- 27
PROPERTY 2.10. We have
[Tlsc(a. )17 < ga(p,-).

acG
Proof. Use 2.2 and 2.8. =

PROPERTY 2.11. If G C C, then
66(,2) = [[loa(@ P@, z€G.
acG
In particular, gp(p, z) = [[,cplme(a, 2)]P@ for z € E.
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Proof. By 2.8 we may assume that the set |p| is finite, and by 2.7,
that G € C is regular with respect to the Dirichlet problem. Let u :=
[Toepploc(a, )]P(@). Then log u is subharmonic on G' and harmonic on G\ |p].
The function v := log gg(p, -) —log u is locally bounded from above in G and
limsup,_,. v(z) < 0 for ( € dG. Consequently, v extends to a subharmonic
function on G, and by the maximum principle, v < 0 on G, i.e. gg(p,-) < u
on G. The opposite inequality follows from 2.10. =

PROPERTY 2.12. For any p: G — Z,
me(p,-) = inf{mea(q,"): q:G — Zy, ¢ < p, #lq| < oo}
In particular, for anyp: E — Z,

mp(p,z) = gu(p, 2) = [[Ime(e, )P, zcE.
acF

Proof. The case where |p| is finite is trivial; the case where it is countable
follows from 2.7. In the general case let Ay := {a € G : p(a) = k} and let By,
be a countable (or finite) dense subset of Ay, for k € Z,. Put B := {J,—, B
and p’ := p- xp. Then p’ < p, the set |p'| is countable, and mg(p,-) =
ma(p', ). Consequently, the result reduces to the countable case. =

PROPOSITION 2.13 ([Edi-Zwo 1998], [Lar-Sig 1998]). Let G,D c C"
be domains and let F' : G — D be a proper holomorphic mapping. Let
q : D — Ry. Assume that det F'(a) # 0 for any a € G such that
q(F(a)) > 0. Then

9p(q, F(2)) =ga(qo F,z), zeG.

In particular, if B C D is such that det F'(a) # 0 for any a € F~Y(B),
then

90(B,F()) = ga(F\(B),2), 2€G.
COROLLARY 2.14. Let Ay,..., A, C E be finite sets. Put
Fj()\):znl)\_;a_c;\, AEE, j=1,...,n,
aEA,
F(z):=(Fi(z1),..., Fu(zn)), z=(21,...,2n) € E".
Then
mpn(A1 X ... X Ap,2) < gpn(Arp X ... X Ay, 2)
— g (0, F(2)) = max{|Fy ()| : j = 1,....,n}
= max{mg(41,21),...,mg(An, 2,)}
<mpn(Ap X ... X Ap,2), z=1(z1,...,2n) € E".
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PROPOSITION 2.15 ([Car-Wie 2003]). Let p : E" — Ry be such that
lp| = {a1,...,an} C E x {0}t Put k; := p(aj), j = 1,...,N, and
assume that k1 > ... > kyn. Then

N
gen(p,2) = [Juy ™' (2), ze B,
j=1

where kn11 :=0 and

uj(2) := max{mg(ai,1,21)...me(a;1,21), 22|, .., |2al}
=max{mg({ai1,...,a;1},21),|22|,...,|2nl}
=ggr({a1,...,a},2), j=1,...,N.
If ky,...,kn € N, then mpn(p,-) = gen(p, ).

Observe that if k1 = ... = ky = 1, then the above formula coincides
with that from Corollary 2.14.

Notice that even for the simplest case not covered by Proposition 2.15:
n=N=2 a = (0,0), az € (E.)?, k1 = ko = 1, an effective formula for
gen (P, +) is not known.

Recall that by the Lempert theorem (cf. [Jar-Pfl 1993, Ch. 8]), if G ¢ C"
is convex, then cf, = EE, and consequently, by (x), all holomorphically con-
tractible families coincide on G. The following example shows that this is
not true in the category of generalized holomorphically contractible fami-
lies.

EXAMPLE 2.16 (due to W. Zwonek). Let D:={(z,w)€C?:|z|+|w| <1},
Ay = {(t, V1), (t,—Vt)}, 0 <t < 1. Then

mp(Ag, (0,0)) < gp(Ag, (0,0)) < dp*™ (A, (0,0))

for small ¢.

Indeed, let G := {(z,w) € C?: |z] + /Jw| < 1} and let F : D — G,
F(z,w) := (z,w?). Note that F is proper and locally biholomorphic in a
neighborhood of A;. Moreover, A; = F~1(t,t).

Using Proposition 2.13, we conclude that gp (A, (0,0)) = ga((t,1),(0,0)).

Observe that mp(Ay, (0,0)) = ma((t,t),(0,0)). In fact, the inequality
“>” follows from (H) (applied to F'). The opposite inequality may be proved
as follows. Let f € O(D, E) be such that f|4, = 0. Define

Feow) = 3(f (2, V) + Flz,—Va)),  (z0) € G

Note that f is well defined, ]ﬂ < 1, f(t,t) =0, f is continuous, and f
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is holomorphic on D N {w # 0}. In particular, f is holomorphic on D.
Consequently, [£(0,0)] = [f(0,0)] < ma((¢,1), (0,0)).

Suppose that mp(As,,(0,0)) = gp(As,(0,0)) for a sequence 5 \, 0.
Then
9a((tk, tr), (0,0)) = gp(Ay,, (0,0)) = mp(Ay,, (0,0))

—mG((tkatk) ( )) 9gG ((tkytk)a(ovo))7 k= 1727--'

Thus ma((t. t), (0,0)) = ga((t t5), (0,0)), k= 1,2,. .

Consequently, using [Jar-Pfl 1993, §2.5], and [Zwo 2000a, Corollary 4.4]
(or [Zwo 2000b, Corollary 4.2.3]), we conclude that

’VG((()?O); (17 1)) = AG((07 0); (17 1))7

where 7 (resp. Ag) denotes the Carathéodory—Reiffen (resp. Azukawa)
metric of G (cf. [Jar-Pfl 1993, §§2.1, 4.2]). Hence, by Propositions 4.2.7
and 2.2.1(d) from [Jar-Pfl 1993], using the fact that D is the convex en-
velope of G, we get

2

2= hp(1,1) = v6((0,0): (1,1)) = Ac((0,0); (1,1)) = ha(1,1) = ———,

p(1,1) =2a((0,0); (1,1)) = Ac((0,0); (1,1)) = ha(1,1) 3-8

where hp (resp. hg) denotes the Minkowski function for D (resp. G); con-
tradiction.

To prove the inequality gp(As, (0,0)) < dp** (A, (0,0)), we may argue
as follows. We already know that

gD(At7 (07 O)) = gG((tv t), (07 0))
2t

~ 9¢((0,0), (t,t)) = ha(t,t) = m, t ~0.

On the other hand,
dB™(Ay, (0,0)) = min{k}((t, =), (0,0)), ki ((t, V), (0,0))}
= min{hp(t,—V1), hp(t,Vt)} =t + V1.
It remains to observe that 2t/(3 — v/5) < t + /t for small ¢ > 0.
Let 0p(A¢, ) denote the Coman function for D with poles at Ay, i.e.
6p(At, (z,w)) = inf{[pipe] : Fpeom,p) :
0(0) = (z,w), (1) = (1, V1), p(u2) = (t, —V1)},  (2,w) € D

(cf. [Com 2000]). It is known that gp(As,-) < 0p(As,-). Taking p(N) =
(A2/4,)/2), we easily see that §p(Ay, (0,0)) < 4t < t-++/t = dB¥*(A, (0,0)),
0 <t < 1. We do not know whether gp(At, (0,0)) < dp(As, (0,0)) for small
t>0.
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3. Proof of Theorem 1.2
STEP 1. If (dg)qg satisfies (H) and

(E+) dE(pa >‘) < d%lax(Pa )‘) = 1nf{[mE(,u,)\)]p(“) N AS E}a (pa )‘) €
Rf X E, then dg < dg** for any G. The same remains true in
the category of contractible families with integer-valued weights.

Proof. We have
H

(H)
dG(pv Z) < lnf{dE(po 8070) tpE O(E7 G)7 90(0) = Z}
Bt

)
< inf{|uPW) ;o € O(E,G), ¢(0) = z, p € E}
= dB3*(p,2), (p,z2)€RYXG. u
STEP 2. The system (d3*)q satisfies (E), (H), and (M).

Proof. (E) and (M) are obvious. To prove (H) let F' : G — D be holo-
morphic and let g : D — R,. Then

dp™(q. F(2)) = inf{[kp (b, F(2)))"" : b € D}
< inf{[k}(F(a), F(= ))]q(F(a))iae G}
<inf{[k&(a,2)]9F @) .4 € G} = dBE™(qo F,z), z€G.u
STEP 3. If (dg)a satisfies (H), (M), and

)
(E) [Tme(e NP <dep,r),  (p.A) €RY x B,
pneE

then dg‘in < dg for any G. The same remains true in the category of con-
tractible families with integer-valued weights.

Proof. Indeed,

dG(p7 Z)
2 suplde(qof,2): f € O(G,E), q: E—Ry, (=) =0, p < qo f}

(H)

> sup{dp(q,0): f€ O(G,E),q: E—=Ry, f(2)=0,p<gqo f}

(E7)

> sup{ [T 1ul"): f € O(G.E). q: E— Ry, f(z) =0, p<qof]
neE

s { [[ Iufwrd™0). fe o E), f(z) =0}
reSf(G)
= df™(p,z), (p,2) €RY xG. u
STEP 4. The system (d&™)¢ satisfies (E), (H), and (M).

A\
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Proof. (E) and (M) are elementary. To prove (H) let F' : G — D be
holomorphic and let g : D — R. Then

a(a, F(=) = sup{ ] [me(u g(F()90" ) g e O(D, B)

preg(D)

f=goF b0

< sup{ [T ms(u f(2) @070 e oG, B) }
pEf(G)

= d¥%(goF,z), z€G.m
COROLLARY 3.1. (a) d%‘in < gg < dF*™ and dg‘in <mg < go < dE¥
(for integer-valued weights).
(b) dg™(p,\) = gp(p. A) = [Lucplme(u, VW for (p,A) € RY x E.
(c) dB(A,-) = mq(A,-) for any A C G.
Proof. (a) follows from Theorem 1.2.
(b) Using (a) and 2.11 we get
[T NP® < dg™(p,A) < ga(p, ) = [] [me(u, N)]PW.
pnekE neE
(c) Let A C G. Then
ma(A,z) > 43" (A, 2)
>sup{ ] me(uf()): f € OG,B), fla=0}
pnef(A)
=mg(A,z), z€G.n

EXAMPLE 3.2. Let G := E?, a_ := (—%,O), a4 = (%,0), b .= (0,%),
pl = {a-,as}, pla-) = 2, play) = 1. Then dBP(p,b) < mp2(p,b)
(cf. Corollary 3.1(c)).

Indeed, by Proposition 2.15,

mgz2(p,b) = u1(b)uz(b) = max {%, %} max {% .
On the other hand,

mln(p7 b)
= max{sup{|f(a_)*|f(as)| : f € O(E*, E), f(b) =0, f(a—) # f(as)},

sup{|f(b)]” : f € O(E?, E), f(a-) = f(as) = 0}}
< max{[mE2 (a—, b)]QmEQ (a4,0), [mEQ({a—v a+}7 b)}z}
o [max {3, 4] ma (4, 1 [ ({— 5.5} x 101,0)))

= ma (3, [max {3 4. 1}]*) = &

NO| =
W=
——
Il
N[ —
W=
Il
D=
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4. Basic properties of mm and 45"
ProreErTY 4.1. If D C C™ is a Liouwville domain, then
dgp(p, (z,w)) = dg™(p,2),  (2,w) € Gx D,
where p'(z) := sup{p(z,w) : w € D}, z € G, and d&™(p/,-) := 0 if there
exists a zg € G with p'(z9) = oo.
PROPERTY 4.2. (a) The functions d&™(p,-) and d%*(p,-) are upper

semicontinuous.
(b) If p: G — Zyg, then d3™(p,-) € C(G) (cf. 2.4).

Proof. (a) The case of d3**(p, -) is obvious. To prove the upper semicon-
tinuity of 2™ (p, -), fix a zp € G and suppose that

dB(p, z1,) — a > 3> d5™(p, 2)
for some sequence zp — zp. Let fr € O(G, E) be such that fi(zx) = 0
and H,uefk(G) ]H|Supp(f;§1(l‘)) — «a. By a Montel argument we may assume
that fr — fo locally uniformly in G with fy € O(G, E), fo(z0) = 0. Since
Huefo ’H|Supp(fo ) < 3, we can find a finite set A C G such that fo|4 is

injectlve and [],c4 |f0( )|P(@) < 3. Consequently, HaeA |fk( )P < 8 and
frla is injective for k > 1. Finally, [] ],u|supp (W) < G for k> 1;
contradiction.

(b) In view of (a), it suffices to prove that for every f € O(G, E) the
function uy(z) = Huef(g){mE(Maf(z))]suPp(fil(”)), z € G, is continuous
on G. Observe that u¢(z) = infyy HHGM[WE(N,f(Z))]kf(“), where M runs
over all finite sets M C f(|p|) such that k¢(p) := supp(f (1)) < oo,
p € M. Thus uy = infas |hpy|, where hyr € O(G, E). Consequently, since
the family (has) s is equicontinuous, the function uy is continuous on G. =

EXAMPLE 4.3. Let p: E x C — R, be defined by p(1/k, k) := 1/k? for
k=2,3,..., and p(z,w) := 0 otherwise. Notice that |p| is discrete. Then
by 4.1 and Corollary 3.1(b),

HEfr(G

Bie(p, (z,w) = dp™(p,2) = [[Ime(1/k, )], (z,w) € ExC
k=2

In particular, d2(p, -) is discontinuous at (0,w) € E x C\ |p|.

PROPERTY 4.4 (cf. 2.5). If #[p| < oo, then for any zo € G there exists
an extremal function for di=™(p,zo), i.e. a function f.,, € O(G,E) with
f2(20) =0 and

su —1 min
[T 1nlPio @) = ag(p, z).
HEfZQ(G)
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Proof. Fix a zp € G and let fi € O(G, E) with fx(z9) = 0 be such that

ap =[] I = o= dg(p. o).
HEfir(G)
Let A C |p| be such that fi|a, is injective, fr(Ax) = fr(|p|), and p(a) =
supp(fy *(fr(a))) for a € Ag. Thus aj = [aca, | fr(a) [P, We may as-
sume that Ap = B is independent of k and for any a € B the fiber
B, = f, Y(fi(a)) N |p| is also independent of k. Moreover, we may assume
that fr — fo locally uniformly in G. Then fy € O(G, E), fo(z0) = 0, and
[l.cn |fo(a)[P@ = a. Observe that fo(B) = fo(|p|). Let By C B be such
that fo|p, is injective and fo(Bo) = fo(B). We have

a> [ Iuperto e = T |ueerte @)

wefo(lpl) ,uEfo(Bo)
H | fo(a |maX{P(b ):b€B, fo(D)=fo(a)} > H | fo(a — . m
a€Bg ac€B

PROPERTY 4.5. logdg™(p,-) € PSH(G) (cf. 2.6).

Proof. By 4.2(a), we only need to show that for any f € O(G, E) the
function uy(z) = [[,ep(qmeln, FE)PerU W) 2 e G, is log-pluri-
subharmonic on G. The proof of 4.2 shows that uy = infy; var, where vy is
a log-plurisubharmonic function given by the formula

vas =[] Ima(u, f(2)®
pneM
and M runs over a family of finite sets as in the proof of 4.2. Observe that
v UM, < min{vas,, v, b It remains to apply Lemma 2.9. =
PropERTY 4.6. If G /' G and px /" p, then

G (P, 2) \dET(D,2),  dE (PR, 2) \dE(D,2), 2 €G.

Proof. By (H) and (M) the sequences are monotone and for the limit
functions u we have u > d&%(p,-) (resp. u > d5**(p,-)). Fix a zo € G.

In the case of the minimal family suppose that u(zo) > a > d&™(G, 2).
Let fi € O(Gg, E) be such that fi(z9) = 0 and

H | PR ) gy ().
HE fr(Gk)
By a Montel argument we may assume that f; — fo locally uniformly in G
. . —1
with fo € O(G, E), fo(20) = 0. Since [],c 1 () |uperPlo (1) < o, we can
find a finite set A C G such that f| is injective and [],c 4 |fo(a)|P@ < a.
Consequently, [,c 4 ]fk(a)|p’€(“) < aand fi|4 is injective for k > 1. Finally,
o \,u,lsuppk(fk () < o for k > 1; contradiction.
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In the case of the maximal family for any a € G and ¢ > 0 there exists
a k(a,e) € N such that zp,a € Gy, kG (a,z0) < k‘G(a 20) + ¢, and pg(a) >
p(a) — ¢ for k > k(a,e). Hence

. max _ . T % pi(a)
it B z0) = It [ (0, 50)

inf inf{[k&(a, z0) + eP*@ 10 < e < 1, k > k(a,e)}

| N

< inf 1nf{[k‘G(a 20) + P 0<e < 1} = dB(p, 20).
acG

EXAMPLE 4.7. Let G := {z € C" : |2%] < 1}, where a = (aq,...,q,) €

N" with aq, ..., a, relatively prime. Then
4" (p, z) = dg"(p',2%) = []lme(u =", 2 €6,
peE

where p'(\) = sup{p(a) : a® = \} for A € E, and d2"(p’,-) := 0 if there
exists a A\gp € E with p'(\g) =

Indeed, it is known that any function f € O(G, E) has the form f = go®,
where @(z) := 2% and g € O(E, E) (cf. [Jar-Pfl 1993, §4.4]. Thus

a5 .2 =swp{ T Insln (@)@ 00 g e 08, B)}
neg(®(G))
=sup{ [ Imeug(@E)I"? ) g€ OB, E)} = dg™(p', 0(2)).
neg(E)

5. Product property. Let d = (dg)g be a generalized holomorphi-
cally contractible family with integer-valued weights. We say that d has the
product property if
(P) dGXD(A X B, (z,w)) :max{dg(A, Z),dD(B,’UJ)}, (Zaw) €Gx D,

for any domains G C C", D C C™ and for any sets ) # A C G,
) # B C D. Notice that the inequality “>” follows from (H) applied to
the projections G x D — G, G x D — D. The definition applies to the
standard holomorphically contractible families and means that

dGXD((aa b)7 (Z7w)) = max{dG(a’a Z)7dD(b7w)}7 (CL, b)? (Z,’LU) €GxD.
It is well known that the families (%g)(;, (¢t)a, (9a)a have the product
property (cf. [Jar-Pfl 1993, Ch. 9], [Edi 1997], [Edi 1999], [Edi 2001]).

Moreover, it is known that the higher order Mobius functions (m(Gk))G
with k > 2 fail the product property (cf. [Jar-Pfl 1993, Ch. 9]).

Thus it is natural to ask whether the minimal and maximal families have
the product property.

PROPOSITION 5.1. The system (d3**)g has the product property.
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Proof. Fix (z9,wp) € G x D and € > 0. Let (a,b) € A x B be such that
k&(a,z0) < dE™ (A, z0) + €, k(b wo) < dE**(B,wo) + ¢. Then using the
product property for (EE)G, we get

dglixD(A X B, (Zo, 'LUO)) < %*GXD((CL? b)v (Z(), wo))
= max{k(a, 20), kp(b,wo)}
< max{da™ (A, 20),dp™(B,wp)} +¢. =

We do not know whether the system (dg‘in)g has the product property. So
far we have been able to handle only the case where #B = 1 (see Proposi-
tion 5.3). Recall that d"(A,-) = mg(A,-) (Corollary 3.1(c)).

PROPOSITION 5.2. Assume that for any n € N, the system (mg)g has
the following special product property:

(Po) |¥(z,w)| < (gxe%(wﬂ)max{mg(A, z),mp(B,w)}, (z,w)€ G x D,

where G, D C C" are balls with respect to arbitrary C-norms, A C D, B C G
are finite and non-empty, ¥(z,w) := Z?Zl zjwj, and Y| axp = 0. Then the
system (mgq)a has the product property (P) in full generality. Moreover, if

(Po) holds with #B = 1, then (P) holds with #B = 1.

Proof (cf. [Jar-Pfl 1993, the proof of Th. 9.5]). Fix arbitrary domains
G c C", D ¢ C™, non-empty sets A C G, B C G, and (zp,wp) € G x D.
We have to prove that for any F € O(G x D, E) with F|axp =0,

|F'(20,wo)| < max{mg(A4, z), mp(B,wo)}.

By 2.12, we may assume that A, B are finite.

Let (G1)524, (Dy)S2, be sequences of relatively compact subdomains of

G and D, respectively, such that AU{20} C G, /" G, BU{wg} C D, /' D.
By 2.7, it suffices to show that

|F'(20,wp)| < max{mg, (4, z20),mp,(B,wp)}, v >1.

Fix a vgp € N and let G’ := G,,,, D' := D,,. It is well known that F' may
be approximated locally uniformly in G x D by functions of the form

N,
(14) Fi(sw) = 3 fon(2)gsn(w),  (5w) € G x D,
pn=1

where f,, € O(G), gsp € O(D), s > 1, p=1,..., Ns. Notice that Fy — 0
uniformly on A x B. Using the Lagrange interpolation formula, we find poly-
nomials Ps : C" x C™ — C such that Ps|axp = Fs|axp and Ps — 0 locally
uniformly in C™ x C™. The functions F\S := F;—Ps, s > 1, also have the form
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(%) and ﬁs — F'locally uniformly in G x D. Hence, without loss of general-

ity, we may assume that Fs|axp = 0 for s > 1. Let mg := max{1, | Fs||¢'xp }

and ﬁs := Fg/mg, s > 1. Note that ms — 1, and therefore I;S — F uniformly

on G’ x D'. Consequently, we may assume that Fy(G' x D') @ E for s > 1.
It is enough to prove that

|Fs(20, wo)| < max{mg/ (A, z20), mp(B,wy)}, s>1.

Fix an s = s9p € N and let N := Ny, fu = foous Gu = Gsopr 1 =
1,...,N.Let f:=(f1,...,fn): G —CN and g := (g1,...,9n5) : D — CV,
Put

K= {6=(6,....&n) €CY

&l < W fullgrs p=1,...,N, [#(§,g(w))| <1, w e D'}.
It is clear that K is an absolutely convex compact subset of CV with
f(G") C K. Let

Li={n=(m,..,nn) €CV :

‘77“| < Hg,uHD’7 p=1,...,N, |LD(£7T,)‘ <1l,¢€ K}
Then again L is an absolutely convex compact subset of CV, and moreover,
g(D") C L.

Let (W5)52, (resp. (V)52 ) be a sequence of absolutely convex bounded
domains in CV such that Wei1 € W, and W, \, K (resp. Vo411 € V, and
Vo \\ L). Put M, := ||¥||w,xv,, 0 € N. By (Pg) and by the holomorphic
contractibility applied to the mappings f: G’ — W,, g : D' — V, we have

[ Fso (20, wo)| = [¥(f(20), g(wo))|
< Mo max{mw, (f(A), f(20)), mve(9(B), g(wo))}
< M, max{me(f~"(f(A)),20), mp (g~ " (9(B)), wo)}
< M, Inax{mg/(A, ZO)a mD/(B7 wO)}
Letting ¢ — oo we get the required result. =
PROPOSITION 5.3. The system (mg)g has the product property (P)

whenever #B = 1, i.e. for any domains G C C*, D C C™, any set A C G,
and any b € D we have

maxp(A x {b}, (z,w)) = max{mg(4, z),mp(b,w)}, (z,w) € G x D.

Proof. By Proposition 5.2, we only need to check (P) in the case where
D is a bounded convex domain, A is finite, and B = {b}. Fix (20, wp) €
G x D. Let ¢ : E — D be a holomorphic mapping such that ¢(0) = b
and @(mp(b,wp)) = wo (cf. [Jar-Pfl 1993, Ch. 8]). Consider the mapping
F:GxE—GxD,F(z,\):=(z,¢0(\). Then

mGXD(A X {b}, (Zo,w[))) < mGXE(A X {0}, (Z(),mg(b,’w()))).
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Consequently, it suffices to show that
(T) mGXE(A X {0}, (Zo, /\)) < max{mg(A, Zo), ‘)\’}, AeFE.

The case where mg(A, zp) = 0 is elementary: for an f € O(G x E, E) with
flax{oy = 0 we have f(20,0) = 0 and hence |f(z0,A)] < [A for A € F
(by the Schwarz lemma). Thus, we may assume that r:=mg(4, zp) > 0.
First observe that it suffices to prove () on the circle |A\|] = r. Indeed,
if the inequality holds on that circle, then by the maximum principle for
subharmonic functions (applied to the function mgxg(A x {0}, (z0,-))) it
holds for all |A| < r. In the annulus {r < |\| < 1} we apply the maximum
principle to the subharmonic function A — |A|"tmgxg(A4 x {0}, (20, A)).

Now fix a A\g € E with |[\g| = r. Let f be an extremal function for
ma(A, z9) with fl4 =0 and f(29) = A\o. Consider F': G — G x E, F(z) :=
(z, f(2)). Then

ma(A x {0}, (20, Ao)) < ma(A, 20) = max{ma(4, 20), [ Aol },
which completes the proof. =
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