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A �nite di�erene method for quasi-linearand nonlinear di�erential funtional paraboliequations with Dirihlet's onditionby Lucjan Sapa (Kraków)Abstrat. We deal with a �nite di�erene method for a wide lass of nonlinear, inpartiular strongly nonlinear or quasi-linear, seond-order partial di�erential funtionalequations of paraboli type with Dirihlet's ondition. The funtional dependene is of theVolterra type and the right-hand sides of the equations satisfy nonlinear estimates of thegeneralized Perron type with respet to the funtional variable. Under the assumptionsadopted, quasi-linear equations are a speial ase of nonlinear equations. Quasi-linear equa-tions are also treated separately. It is proved that our numerial methods are onsistent,onvergent and stable. Error estimates are given. The proofs are based on the omparisontehnique. Examples of physial appliations and numerial experiments are presented.1. Introdution. Let Dt := ∂/∂t and Di := ∂/∂xi, Dij := ∂2/∂xj∂xifor i, j = 1, . . . , n, where t ∈ R, x = (x1, . . . , xn) ∈ R
n. Put Dx :=

(D1, . . . , Dn) and D
(2)
x := [Dij]

n
i,j=1. Let funtions f : ∆ → R and ϕ :

E0∪∂0E → R be given (the relevant sets are de�ned in Setion 2.1). Considera nonlinear seond-order partial di�erential funtional equation of parabolitype of the form(1.1) Dtu(t, x) = f(t, x, u, Dxu(t, x), D(2)
x u(t, x))with the initial ondition and the boundary ondition of the Dirihlet type(1.2) u(t, x) = ϕ(t, x) on E0 ∪ ∂0E.The aim of this paper is to give a �nite di�erene method for �nding anapproximate solution of problem (1.1), (1.2). The equation may be nonlin-ear with respet to seond derivatives. Suh an equation is alled stronglynonlinear. The funtional dependene is of the Volterra type (e.g., delays orVolterra type integrals).2000 Mathematis Subjet Classi�ation: 65M12, 65M15, 65M06, 35R10.Key words and phrases: nonlinear and quasi-linear di�erential funtional equations ofparaboli type, �nite di�erene methods, stability and onvergene, nonlinear estimatesof the generalized Perron type. [113℄ © Instytut Matematyzny PAN, 2008



114 L. SapaPartial di�erential equations of paraboli type give mathematial modelsof nonstationary proesses of heat exhange or mass transport. Some om-pliated kinds of these phenomena involve equations with a funtional term.Di�erential di�erene equations (e.g., with time or spatial delays) desribefast heat hanges in nulear reators, while di�erential integral equationsare used for integral heat soures in an anisotropi medium. Both an beonneted with our equation.In this paper, we onstrut an expliit �nite di�erene funtional sheme.It is proved that, under suitable assumptions on the reation funtion fand steps of a mesh, the method is onsistent, onvergent and stable. Anerror estimate of the approximate solution is given. The proof is based onthe omparison tehnique with the use of a di�erene funtional inequalityproved by Z. Kamont [10℄ (see also [8℄). These results in partiular over aquasi-linear di�erential funtional equation of the form
(1.3) Dtu(t, x) =

n∑

i,j=1

aij(t, x, u)Diju(t, x) + F (t, x, u, Dxu(t, x)),

where aij : ∆A → R and F : ∆F → R, i, j = 1, . . . , n, are given funtions(see Setion 2.1). But for suh an equation it is assumed that all of theoe�ients aij are of the same sign. To omit this ondition, another shemeis also studied. These results an be extended to weakly oupled systems. Atthe end of the paper, we present numerial examples.It follows from the onvergene of the numerial methods that the dif-ferential funtional problems onsidered have at most one lassial solution.Theorems on the existene and uniqueness of suh solutions for some speialparaboli di�erential funtional equations an be found in [3℄, [4℄, [7℄, [26℄and the referenes therein.Similar general strongly nonlinear paraboli di�erene funtional numer-ial problems have been studied by Z. Kamont, H. Leszzy«ski, M. Male,Cz. M¡zka, W. Voigt and M. Rosati [8℄, [10℄, [13℄, [14℄, [15℄ and others. Inthose papers, the Lipshitz or Perron onditions are assumed. In our paper,we generalize the Perron estimate, multiplying a funtion σ by some non-dereasing funtion ̺ (see assumption (F4) in Setion 3). This onsiderablyextends the lass of problems whih are solvable with the method desribed.Under the assumptions adopted, our nonlinear equation inludes as speialases the quasi-linear equation (1.3) and a strongly nonlinear equation witha quasi-linear term. Neither of these ases appears in the ited papers. Thisresult is new, even for equations without a funtional term (f. [11℄�[17℄).Moreover, unlike some ited papers, we do not assume di�erentiability of fwith respet to the variables p and q (see Setion 3).



A �nite di�erene method for di�erential funtional equations 115The results onerning numerial methods, di�erential funtional anddi�erene funtional inequalities or the uniqueness theory, appearing in thepapers of P. Besala and G. Paszek [1℄, [2℄, Z. Kamont and H. Leszzy«ski [8℄,[10℄, C. V. Pao [18℄�[20℄, R. Redhe�er and W. Walter [21℄, J. Szarski [22℄�[24℄and numerous others, do not apply to nonlinear equations and quasi-linearequations with general funtional dependene as in our paper.A �nite di�erene method for quasi-linear paraboli di�erential funtionalequations (with funtional dependene of the Hale type) with Dirihlet'sondition has been onsidered by R. Ciarski [6℄. In our paper, in ontrast to[6℄, we do not assume di�erentiability of F with respet to the variable p (seeSetion 6.2). The funtional term may be approximated by step funtionsor spline polynomials, while in [6℄ by spline polynomials only. Numerialapproximation for suh quasi-linear equations with Neumann's ondition istreated in [5℄.2. Notation and de�nitions2.1. Sets and funtion spaes. Let T > 0, δ = (δ1, . . . , δn), τ0 ≥ 0,
τ = (τ1, . . . , τn), where δi > 0, τi ≥ 0 for i = 1, . . . , n, be given real numbers.De�ne

E := [0, T ] × (−δ, δ) ⊂ R
1+n,

E0 := [−τ0, 0] × [−δ − τ, δ + τ ] ⊂ R
1+n,(2.1)

∂0E := [0, T ] × ([−δ − τ, δ + τ ] \ (−δ, δ)) ⊂ R
1+n.Let, moreover,(2.2) Ω := E ∪ E0 ∪ ∂0E, Ωt := {( t̃, x) ∈ Ω : t̃ ≤ t}.A mapping u : Ω → R of lass C1,2 will be alled regular on Ω. We brie�ywrite u ∈ C1,2(Ω, R).The set(2.3) B(Ω, R) := {z : Ω → R | sup{|z(t, x)| : (t, x) ∈ Ω} < ∞,

∃k ∈ N ∃Ω1, . . . , Ωk ∃a(1), . . . , a(k), a ∈ R ∃b(1), . . . , b(k), b ∈ R
n :

Ωi = Ω ∩ ([a(i), a(i) + a) × [b(i), b(i) + b)),

Ω =
⋃k

i=1Ωi, Ωi ∩ Ωj = ∅ for i 6= j, z|Ωi
∈ C(Ωi, R), i, j = 1, . . . , k}is the set of Lebesgue-measurable funtions, bounded and pieewise ontinu-ous on Ω. For a �xed t ∈ [0, T ],(2.4) ‖z‖(t) := sup{|z( t̃, x)| : ( t̃, x) ∈ Ωt}is a seminorm in the spae B(Ω, R), where z ∈ B(Ω, R).



116 L. SapaLet Mn×n denote the lass of all n × n real matries. De�ne
(2.5)

∆ := E × B(Ω, R) × R
n × Mn×n,

∆1 := E × B2(Ω, R) × R
2n × M2

n×n,

∆F := E × B(Ω, R) × R
n, ∆F

1 := E × B2(Ω, R) × R
2n,

∆A := E × B(Ω, R).The maximum norms in R
n and Mn×n are denoted by ‖ · ‖, and themaximum norm in C(Ω, R) by ‖·‖Ω. Similarly, ‖·‖Ω stands for the supremumnorm in B(Ω, R).2.2. Disretization, di�erene, step and interpolation operators. We usevetorial inequalities to mean that the same inequalities hold between theorresponding omponents. We write x ⋄ y = (x1y1, . . . , xnyn) for x =

(x1, . . . , xn), y = (y1, . . . , yn) ∈ R
n. De�ne a mesh on the set Ω in thefollowing way. Let (h0, h

′) = h, h′ = (h1, . . . , hn), stand for steps of themesh. Denote by H the set of all h suh that there exist N0 ∈ Z and
N = (N1, . . . , Nn) ∈ N

n with the properties: N0h0 = τ0, N ⋄ h′ = δ + τ .Obviously, H 6= ∅ and there are K0 ∈ N and K = (K1, . . . , Kn) ∈ Z
n suhthat K0h0 ≤ T < (K0 + 1)h0, K ⋄ h′ < δ ≤ (K + 1) ⋄ h′. For h ∈ Hand (µ, m) ∈ Z

1+n, m = (m1, . . . , mn), we de�ne nodal points (t(µ), x(m)),
x(m) = (x

(m1)
1 , . . . , x

(mn)
n ) in the following way:

t(µ) := µh0, x(m) := m ⋄ h′.For h ∈ H, we put(2.6) R1+n
h := {(t(µ), x(m)) : (µ, m) ∈ Z

1+n}.Next, we de�ne the disrete sets
Eh := E ∩ R1+n

h ,

E0.h := E0 ∩ R1+n
h , ∂0Eh := ∂0E ∩ R1+n

h ,(2.7)
Ωh := Eh ∪ E0.h ∪ ∂0Eh, Ωt.h := Ωt ∩ R1+n

h .Let, moreover,
E+

h := {(t(µ), x(m)) ∈ Eh : 0 ≤ µ ≤ K0 − 1},(2.8)
Ih := {t(µ) : 0 ≤ µ ≤ K0}, I+

h := {t(µ) : 0 ≤ µ ≤ K0 − 1}.(2.9)For a mesh funtion a : Ωh ⊃ Ah → R and a point (t(µ), x(m)) ∈ Ah,we put a(µ,m) := a(t(µ), x(m)). We denote the spae of all suh funtions by
F (Ah, R) and all it the spae of mesh funtions. In F (Ah, R), we introduethe maximum norm(2.10) ‖a‖Ah

:= max{|a(µ,m)| : (t(µ), x(m)) ∈ Ah},where a ∈ F (Ah, R).



A �nite di�erene method for di�erential funtional equations 117For a �xed µ ∈ {0, 1, . . . , K0},(2.11) ‖a‖h(µ) := max{|a(µ̃,m)| : (t(µ̃), x(m)) ∈ Ωtµ.h}is a seminorm in the spae F (Ωh, R), where a ∈ F (Ωh, R).For a funtion a : Ih ⊃ Ah → R+, we put a(µ) := a(t(µ)), t(µ) ∈ Ah,where R+ := [0, +∞).Write
Γ := {(i, j) : 1 ≤ i, j ≤ n, i 6= j}and suppose that Γ+, Γ− ⊂ Γ are suh that Γ+ ∪ Γ− = Γ , Γ+ ∩ Γ− = ∅ (inpartiular, it may happen that Γ+ = ∅ or Γ− = ∅). We assume that (i, j) ∈

Γ+ when (j, i) ∈ Γ+, and (i, j) ∈ Γ− when (j, i) ∈ Γ−. Let a ∈ F (Ωh, R) and
(t(µ), x(m)) ∈ E+

h . Set
(2.12) δ+

i a(µ,m) :=
1

hi
[a(µ,m+ei) − a(µ,m)],

δ−i a(µ,m) :=
1

hi
[a(µ,m) − a(µ,m−ei)],where ei = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the ith entry, i = 1, . . . , n. Weapply the di�erene quotients δ0, δ = (δ1, . . . , δn), δ(2) = [δij]

n
i,j=1 given by

(2.13)

δ0a
(µ,m) :=

1

h0
[a(µ+1,m) − a(µ,m)],

δia
(µ,m) :=

1

2
[δ+

i a(µ,m) + δ−i a(µ,m)] for i = 1, . . . , n,

δiia
(µ,m) := δ+

i δ−i a(µ,m) for i = 1, . . . , n,

δija
(µ,m) :=

1

2
[δ+

i δ−j a(µ,m) + δ−i δ+
j a(µ,m)] for (i, j) ∈ Γ−,

δija
(µ,m) :=

1

2
[δ+

i δ+
j a(µ,m) + δ−i δ−j a(µ,m)] for (i, j) ∈ Γ+.We use these operators to approximate derivatives in equations (1.1) and(1.3).De�ne the step operator Sh : F (Ωh, R) → B(Ω, R) by the formula(2.14) Sh[a](t, x) :=

∑

(t(µ),x(m))∈Ωh

χ(µ,m)(t, x)a(µ,m) for (t, x) ∈ Ω,

where a ∈ F (Ωh, R) and
χ(µ,m)(t, x) :=

{
1 for (t, x) ∈ J(µ,m),
0 for (t, x) ∈ Ω \ J(µ,m),

J(µ,m) := {(t, x) ∈ Ω : t(µ) ≤ t < t(µ+1), x(m) ≤ x < x(m+1)},where m + 1 = (m1 + 1, . . . , mn + 1) (f. [13℄).



118 L. SapaFinally, de�ne the interpolation operator Th : F (Ωh, R) → C(Ω, R) in thefollowing way. Put
S+ := {s = (s1, . . . , sn) : si ∈ {0, 1} for 1 ≤ i ≤ n}.Let a ∈ F (Ωh, R) and (t, x) ∈ Ω. There exists (t(µ), x(m)) ∈ Ωh suh that

(t(µ+1), x(m+1)) ∈ Ωh and t(µ) ≤ t ≤ t(µ+1), x(m) ≤ x ≤ x(m+1). Write
(2.15) Th[a](t, x)

:=

(
1 −

t − t(µ)

h0

) ∑

s∈S+

a(µ,m+s)

(
x − x(m)

h′

)s(
1 −

x − x(m)

h′

)1−s

+
t − t(µ)

h0

∑

s∈S+

a(µ+1,m+s)

(
x − x(m)

h′

)s(
1 −

x − x(m)

h′

)1−s

,where
(

x − x(m)

h′

)s

:=
n∏

i=1

(
xi − x

(mi)
i

hi

)si

,

(
1 −

x − x(m)

h′

)1−s

:=
n∏

i=1

(
1 −

xi − x
(mi)
i

hi

)1−si

.We adopt the onvention that 00 = 1 (f. [9℄).We apply the operators Sh and Th to approximate the funtional termin equations (1.1) and (1.3).3. Di�erential funtional problem. We need the following assump-tions on the funtions f , ϕ and regularity of a solution u of (1.1), (1.2).
Assumption F [f, u]

(F1) The funtion f is ontinuous on ∆.
(F2) There exist funtions α = (α1, . . . , αn), β = [βij ]

n
i,j=1 with αi, βij :

∆1 → R suh that for any (t, x, z, p, q), (t, x, z, p, q) ∈ ∆,
(3.1) f(t, x, z, p, q) − f(t, x, z, p, q)

=

n∑

i=1

αi(P )(pi − pi) +

n∑

i,j=1

βij(P )(qij − qij),where P = (t, x, z, z, p, p, q, q) ∈ ∆1.
(F3) The matrix β is symmetri and

βij(P ) ≥ 0 for (i, j) ∈ Γ+,

βij(P ) ≤ 0 for (i, j) ∈ Γ−,at eah P ∈ ∆1.
(F4) There are funtions σ : [0, T ] × R+ → R+, ̺ : R+ → R+ suh that:



A �nite di�erene method for di�erential funtional equations 119(1) σ is ontinuous and nondereasing with respet to both vari-ables; moreover, σ(t, 0) = 0 for t ∈ [0, T ];(2) ̺ is nondereasing;(3) for eah c ≥ 0 and ε, ε0 > 0, the maximum solution of theCauhy problem(3.2) ω′(t) = cσ(t, ω(t)) + ε, ω(0) = ε0,is de�ned on [0, T ] and the funtion ω̃(t) = 0 for t ∈ [0, T ]is the maximum solution of problem (3.2) for eah c ≥ 0 and
ε, ε0 = 0;(4) the generalized Perron type estimate(3.3) |f(t, x, z, p, q)− f(t, x, z, p, q)| ≤ ̺(‖q‖)σ(t, ‖z − z‖(t))holds on ∆.

(F5) The funtion u ∈ C1,2(Ω, R) is a regular solution of (1.1), (1.2).Remark 3.1. Assumptions (1) and (4) in (F4) imply that the funtional
f is of the Volterra type. That is, if t ∈ [0, T ] and z, z ∈ B(Ω, R), z( t̃, x) =
z( t̃, x) for ( t̃, x) ∈ Ωt, then f(t, x, z, p, q) = f(t, x, z, p, q) for x ∈ (−δ, δ),
p ∈ R

n, q ∈ R
n2 .Remark 3.2. If the reation funtion f is di�erentiable, then α, β inassumption (F2) involve derivatives of f .4. Finite di�erene funtional sheme. We de�ne a �nite di�erenefuntional sheme whih will be applied to approximate a solution of thedi�erential funtional problem (1.1), (1.2). The funtional term will be ap-proximated by the step operator Sh. In Setion 6.3, we show that it an bereplaed by the interpolation operator Th.Definition 4.1. The �nite di�erene funtional sheme for the di�er-ential funtional problem (1.1), (1.2) is the system of algebrai equations(4.1) {
δ0a

(µ,m) = f(t(µ), x(m), Sh[a], δa(µ,m), δ(2)a(µ,m)),

a(µ,m) = ϕ
(µ,m)
h on E0.h ∪ ∂0Eh,where ϕh ∈ F (E0.h ∪ ∂0Eh, R) is a given funtion and a ∈ F (Ωh, R).We shall use the following assumptions on the steps h of the mesh Ωh.

Assumption S[h]

(S1) The steps h = (h0, h
′) ∈ H are suh that

1 − 2h0

n∑

i=1

1

h2
i

βii(P ) + h0

∑

(i,j)∈Γ

1

hihj
|βij(P )| ≥ 0,(4.2)



120 L. Sapa
−

hi

2
|αi(P )| + βii(P ) − hi

n∑

j 6=i
j=1

1

hj
|βij(P )| ≥ 0(4.3)

at eah P ∈ ∆1, i = 1, . . . , n (see Assumption F [f, u]).
(S2) There is c0 > 0 suh that hih

−1
j ≤ c0 for i, j = 1, . . . , n.Remark 4.1. If Assumption F [f, u] holds and there is a step h ∈ Hsatisfying Assumption S[h], then there exists a sequene of steps h ∈ Hwhih satisfy Assumption S[h] and h → 0.5. Stability of di�erene funtional equations. We now present atheorem due to Z. Kamont [10℄ (see also [8℄). It will be applied in the proofsof onvergene of the di�erene methods in Setion 6.Suppose that an operator Fh : E+

h × F (Ωh, R) → R is given. For
(t(µ), x(m), a) ∈ E+

h × F (Ωh, R), we write Fh[a](µ,m) := Fh(t(µ), x(m), a).Given ϕh ∈ F (E0.h∪∂0Eh, R), we onsider the di�erene funtional equation(5.1) a(µ+1,m) = Fh[a](µ,m)with the initial-boundary ondition(5.2) a(µ,m) = ϕ
(µ,m)
h on E0.h ∪ ∂0Eh.If Fh satis�es the Volterra ondition (see Remark 3.1), then there existsexatly one solution v ∈ F (Ωh, R) of (5.1), (5.2). Note that the Volterraondition states that the value of Fh at (t(µ), x(m), a) depends on (t(µ), x(m))and the restrition of the funtion a to the set Ωtµ.h only.Let Yh ⊂ F (Ωh, R) be a �xed subset. Suppose that a funtion w ∈ Yh, afuntion γ : I+

h → R+ and α0 ∈ R+ satisfy the onditions
|a(µ+1,m) − Fh[a](µ,m)| ≤ γ(µ) on E+

h ,(5.3)

|a(µ,m) − ϕ
(µ,m)
h | ≤ α0 on E0.h ∪ ∂0Eh.(5.4)The funtion w satisfying the above relations is onsidered an approximatesolution of (5.1), (5.2).The theorem below gives an estimate of the di�erene between the exatand approximate solutions of (5.1), (5.2).Theorem 5.1. Suppose that(1) Fh is of the Volterra type, h ∈ H,(2) σh : I+

h × R+ → R+ is nondereasing with respet to the seondvariable and(5.5) |Fh[a](µ,m) − Fh[a](µ,m)| ≤ σh(t(µ), ‖a − a‖h(µ))for (t(µ), x(m)) ∈ E+
h , a ∈ F (Ωh, R), a ∈ Yh,(3) v ∈ F (Ωh, R) is the solution of problem (5.1), (5.2),



A �nite di�erene method for di�erential funtional equations 121(4) w ∈ Yh and there are γ : I+
h → R+, α0 ∈ R+ suh that (5.3) and(5.4) hold ,(5) β : Ih → R+ is nondereasing and satis�es the reurrent inequality(5.6) β(µ+1) ≥ σh(t(µ), β(µ)) + γ(µ), µ = 0, . . . , K0 − 1,and β(0) ≥ α0.Then(5.7) ‖w − v‖h(µ) ≤ β(µ), µ = 0, . . . , K0.Remark 5.1. Let the assumptions of Theorem 5.1 be satis�ed with

σh(t, y) := (1 + Lh0)y, (t, y) ∈ I+
h × R+,where L ≥ 0 and there is γ̃ ∈ R+ suh that γ(µ) ≤ h0γ̃, µ = 0, . . . , K0 − 1.Then(i) if L > 0, then

‖w − v‖h(µ) ≤ (1 + Lh0)
µα0 + γ̃

(1 + Lh0)
µ − 1

L

≤ exp (LT )α0 + γ̃
exp (LT ) − 1

Lfor µ = 0, . . . , K0;(ii) if L = 0, then
‖w − v‖h(µ) ≤ α0 + µh0γ̃ ≤ α0 + T γ̃for µ = 0, . . . , K0.Assumption (2) in Theorem 5.1 states that Fh with σh de�ned above satis�esthe Lipshitz ondition with respet to the funtional variable with Lipshitzonstant 1 + Lh0. This remark is important in appliations.6. Theoretial study of the sheme6.1. Convergene of the di�erene method. We now turn to the mainproblem of this paper, onvergene of the di�erene method (4.1).Let U ∈ F (Ωh, R) be the restrition of a regular solution u ∈ C1,2(Ω, R)of (1.1), (1.2) to the mesh Ωh and let v ∈ F (Ωh, R) be the solution of the�nite di�erene funtional sheme (4.1).Definition 6.1. The di�erene method (4.1) is uniformly onvergent if

lim
h→0

‖r‖Ωh
= 0,where r := U − v ∈ F (Ωh, R) is the error of the method.Theorem 6.1. Let Assumptions F [f, u] and S[h] hold and suppose thatthere is a funtion α0 : H → R+ suh that



122 L. Sapa(6.1) |ϕ(µ,m) − ϕ
(µ,m)
h | ≤ α0(h) on E0.h ∪ ∂0Eh and lim

h→0
α0(h) = 0.Then there is an α : H → R+ suh that(6.2) ‖r‖h(µ) ≤ α(h) for 0 ≤ µ ≤ K0 and lim

h→0
α(h) = 0.Proof. We apply Theorem 5.1. Consider the operator Fh : E+

h ×F (Ωh, R)
→ R de�ned by(6.3) Fh[a](µ,m) := a(µ,m) + h0f(t(µ), x(m), Sh[a], δa(µ,m), δ(2)a(µ,m)).Then v satis�es (5.1), (5.2) and there is a funtion γ : H → R+ suh that

|U (µ+1,m) − Fh[U ](µ,m)| ≤ h0γ(h) on E+
hand limh→0 γ(h) = 0. Let a onstant d ≥ 0 be suh that(6.4) |Diju(t, x)| ≤ d for (t, x) ∈ Ω, i, j = 1, . . . , n(see (F5)). We denote by Yh the lass of all funtions a ∈ F (Ωh, R) with theproperty:

|δija
(µ,m)| ≤ 3d for (t(µ), x(m)) ∈ E+

h , i, j = 1, . . . , n.Obviously, U ∈Yh. Suppose that a∈F (Ωh, R), a∈Yh and (t(µ), x(m))∈E+
h .We prove that(6.5) |Fh[a](µ,m)−Fh[a](µ,m)| ≤ ‖a−a‖h(µ)+h0̺(3d)σ(t(µ), ‖a−a‖h(µ)).It follows from Assumption F [f, u] that

(6.6) |Fh[a](µ,m) − Fh[a](µ,m)| ≤ h0̺(‖δ(2)a(µ,m)‖)σ(t(µ), ‖Sh[a − a]‖(t(µ)))

+
∣∣∣(a − a)(µ,m)+h0

n∑

i=1

αi(P )δi(a − a)(µ,m)+h0

n∑

i,j=1

βij(P )δij(a − a)(µ,m)
∣∣∣,

where P =(t(µ), x(m), Sh[a], Sh[a], δ[a](µ,m), δ[a](µ,m), δ(2)[a](µ,m), δ(2)[a](µ,m))
∈ ∆1. Write

S(0)(P ) = 1 − 2h0

n∑

i=1

1

h2
i

βii(P ) + h0

∑

(i,j)∈Γ

1

hihj
|βij(P )|,

S
(i)
+ (P ) =

h0

2hi
αi(P ) +

h0

h2
i

βii(P ) − h0

n∑

j 6=i
j=1

1

hihj
|βij(P )|,

S
(i)
− (P ) = −

h0

2hi
αi(P ) +

h0

h2
i

βii(P ) − h0

n∑

j 6=i
j=1

1

hihj
|βij(P )|,

where i = 1, . . . , n. After grouping the expressions in (6.6) appropriately, inview of assumption (F4), the de�nitions of the di�erene operators and the



A �nite di�erene method for di�erential funtional equations 123relation(6.7) ‖Sh[a − a]‖(t(µ)) = ‖a − a‖h(µ) for µ = 0, . . . , K0,we get
|Fh[a](µ,m) − Fh[a](µ,m)|(6.8)

≤ h0̺(3d)σ(t(µ), ‖a − a‖h(µ)) + |S(0)(P )(a − a)(µ,m)|

+
∣∣∣

n∑

i=1

S
(i)
+ (P )(a − a)(µ,m+ei)

∣∣∣ +
∣∣∣

n∑

i=1

S
(i)
− (P )(a − a)(µ,m−ei)

∣∣∣

+h0

∑

(i,j)∈Γ+

1

2hihj
βij(P )[|(a − a)(µ,m+ei+ej)| + |(a − a)(µ,m−ei−ej)|]

−h0

∑

(i,j)∈Γ
−

1

2hihj
βij(P )[|(a − a)(µ,m+ei−ej)| + |(a − a)(µ,m−ei+ej)|].

Note that assumptions (F3) and (S1) imply
S(0)(P ) ≥ 0, S

(i)
+ (P ) ≥ 0, S

(i)
− (P ) ≥ 0 for i = 1, . . . , nand

S(0)(P ) +
n∑

i=1

S
(i)
+ (P ) +

n∑

i=1

S
(i)
− (P )

+h0

∑

(i,j)∈Γ+

1

hihj
βij(P ) − h0

∑

(i,j)∈Γ
−

1

hihj
βij(P ) = 1.

The above relations and (6.8) give (6.5).Denote by η : Ih → R+ the solution of the initial di�erene problem(6.9) {
η(µ+1) =η(µ)+h0̺(3d)σ(t(µ), η(µ))+h0γ(h), µ=0, . . . , K0 − 1,

η(0) = α0(h).It follows from Theorem 5.1 that(6.10) ‖U − v‖h(µ) ≤ η(µ), µ = 0, . . . , K0.Consider the Cauhy problem(6.11) ω′(t) = ̺(3d)σ(t, ω(t)) + γ(h), ω(0) = α0(h),and its maximum solution ω(·, h) : [0, T ] → R+ (see assumption (F4)). Iteasily follows that(6.12) η(µ) ≤ ω(t(µ), h) ≤ ω(T, h) for µ = 0, . . . , K0and limh→0 ω(t, h) = 0 uniformly on [0, T ]. Put α(h) := ω(T, h). The proofis omplete.



124 L. Sapa6.2. Quasi-linear equation. We are interested in the numerial approxi-mation of a lassial solution of problem (1.3), (1.2).We need the following assumptions on the funtions F , ϕ, aij and regu-larity of a solution u of (1.3), (1.2), as well as on the steps h of the mesh Ωh.
Assumption QF [F, A, u]

(QF1) F and aij , i, j = 1, . . . , n, are ontinuous on ∆F and ∆A, respe-tively.
(QF2) There exists a funtion α = (α1, . . . , αn) with αi : ∆F

1 → R suhthat for any (t, x, z, p), (t, x, z, p) ∈ ∆F ,(6.13) F (t, x, z, p) − F (t, x, z, p) =
n∑

i=1

αi(P )(pi − pi),where P = (t, x, z, z, p, p) ∈ ∆F
1 .

(QF3) A = [aij ]
n
i,j=1 is symmetri.

(QF4) There is a funtion σ : [0, T ] × R+ → R+ suh that:(1) σ is ontinuous and nondereasing with respet to both vari-ables; moreover, σ(t, 0) = 0 for t ∈ [0, T ];(2) for eah c ≥ 1 and ε, ε0 > 0, the maximum solution of theCauhy problem(6.14) ω′(t) = cσ(t, ω(t)) + ε, ω(0) = ε0,is de�ned on [0, T ] and the funtion ω̃(t) = 0 for t ∈ [0, T ] isthe maximum solution of (6.14) for eah c ≥ 1 and ε, ε0 = 0;(3) the Perron type estimates
|F (t, x, z, p) − F (t, x, z, p)| ≤ σ(t, ‖z − z‖(t)),(6.15)

|aij(t, x, z) − aij(t, x, z)| ≤ σ(t, ‖z − z‖(t)),(6.16) where i, j = 1, . . . , n, hold on ∆F and ∆A, respetively.
(QF5) u ∈ C1,2(Ω, R) is a regular solution of (1.3), (1.2).
Assumption QS[h]

(QS1) The steps h = (h0, h
′) ∈ H are suh that

1 − 2h0

n∑

i=1

1

h2
i

aii(t, x, z) + h0

∑

(i,j)∈Γ

1

hihj
|aij(t, x, z)| ≥ 0,(6.17)

−
hi

2
|αi(P )| + aii(t, x, z) − hi

n∑

j 6=i
j=1

1

hj
|aij(t, x, z)| ≥ 0(6.18)

for all (t, x, z) ∈ ∆A and P ∈ ∆F
1 , i = 1, . . . , n.

(QS2) There is c0 > 0 suh that hih
−1
j ≤ c0 for i, j = 1, . . . , n.



A �nite di�erene method for di�erential funtional equations 125Remark 6.1. Assumptions (1) and (3) in (QF4) imply that the fun-tional F and oe�ients aij are of the Volterra type. Moreover, if F is dif-ferentiable, then α in assumption (QF2) involves derivatives of F .We now put
(6.19) f(t, x, z, p, q) :=

n∑

i,j=1

aij(t, x, z)qij + F (t, x, z, p)

for (t, x, z, p, q) ∈ ∆, and onsider the di�erene method (4.1) with this f for(1.3), (1.2). If we apply Theorem 6.1, then we need Assumptions QF [F, A, u],
QS[h] and the following assumption on the matrix A: for eah (i, j) ∈ Γ ,the funtion

ãij(t, x, z) := signaij(t, x, z) for (t, x, z) ∈ ∆Ais onstant (see (F3)). It is easily seen that ̺(y) := n2y + 1 for y ∈ R+satis�es (F4).We prove that the ondition of the oe�ients aij being of the samesign in ∆A an be omitted if we modify the di�erene operator δ(2). Morepreisely, we onsider problem (1.3), (1.2) with δ0, δ, δii, i = 1, . . . , n, givenin Setion 2, and we de�ne δij , (i, j) ∈ Γ , by
(6.20) δija

(µ,m)

:=

{
1
2 [δ+

i δ−j a(µ,m) + δ−i δ+
j a(µ,m)] if aij(t

(µ), x(m), Sh[a]) < 0,
1
2 [δ+

i δ+
j a(µ,m) + δ−i δ−j a(µ,m)] if aij(t

(µ), x(m), Sh[a]) ≥ 0,where a ∈ F (Ωh, R), (t(µ), x(m)) ∈ E+
h . Observe that the �nite di�erenefuntional sheme (4.1) with f given by (6.19) and δij by (6.20) dependson the sign of aij at (t(µ), x(m), Sh[a]) and this sign does not have to be thesame in ∆A.Theorem 6.2. Let Assumptions QF [F, A, u] and QS[h] hold and sup-pose that there is a funtion α0 : H → R+ suh that(6.21) |ϕ(µ,m) − ϕ

(µ,m)
h | ≤ α0(h) on E0.h ∪ ∂0Eh and lim

h→0
α0(h) = 0.Then there is an α : H → R+ suh that(6.22) ‖r‖h(µ) ≤ α(h) for 0 ≤ µ ≤ K0 and lim

h→0
α(h) = 0.Proof. The proof of this theorem is similar to that of Theorem 6.1. Weapply Theorem 5.1. Consider the operator Fh : E+

h ×F (Ωh, R) → R de�ned
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Fh[a](µ,m) := a(µ,m) + h0

n∑

i,j=1

aij(t
(µ), x(m), Sh[a])δija

(µ,m)(6.23)
+h0F (t(µ), x(m), Sh[a], δa(µ,m)).Then v satis�es (5.1), (5.2) and there is a funtion γ : H → R+ suh that

|U (µ+1,m) − Fh[U ](µ,m)| ≤ h0γ(h) on E+
hand limh→0 γ(h) = 0. Let a onstant d ≥ 0 be suh that(6.24) |Diju(t, x)| ≤ d for (t, x) ∈ Ω, i, j = 1, . . . , n(see (QF5)). We denote by Yh the lass of all funtions a ∈ F (Ωh, R) withthe property

|δija
(µ,m)| ≤ 3d for (t(µ), x(m)) ∈ E+

h , i, j = 1, . . . , n.Obviously, U ∈ Yh. Suppose that a ∈ F (Ωh, R), a ∈ Yh and (t(µ), x(m)) ∈
E+

h . We prove that
(6.25) |Fh[a](µ,m) − Fh[a](µ,m)|

≤ ‖a − a‖h(µ) + h0(1 + 3n2d)σ(t(µ), ‖a − a‖h(µ)).It follows from Assumption QF [F, A, u] that
(6.26) |Fh[a](µ,m) − Fh[a](µ,m)|

≤ h0

[
1 +

n∑

i,j=1

|δija
(µ,m)|

]
σ(t(µ), ‖Sh[a − a]‖(t(µ)))

+
∣∣∣(a − a)(µ,m)+h0

n∑

i=1

αi(P )δi(a − a)(µ,m)+h0

n∑

i,j=1

aij(Q)δij(a − a)(µ,m)
∣∣∣,

where P = (t(µ), x(m), Sh[a], Sh[a], δ[a](µ,m), δ[a](µ,m)) ∈ ∆F
1 , Q = (t(µ),

x(m), Sh[a]) ∈ ∆A. Write
S(0)(Q) = 1 − 2h0

n∑

i=1

1

h2
i

aii(Q) + h0

∑

(i,j)∈Γ

1

hihj
|aij(Q)|,

S
(i)
+ (P ) =

h0

2hi
αi(P ) +

h0

h2
i

aii(Q) − h0

n∑

j 6=i
j=1

1

hihj
|aij(Q)|,

S
(i)
− (P ) = −

h0

2hi
αi(P ) +

h0

h2
i

aii(Q) − h0

n∑

j 6=i
j=1

1

hihj
|aij(Q)|,



A �nite di�erene method for di�erential funtional equations 127where i = 1, . . . , n. Let
Γ

(µ,m)
+ := {(i, j) ∈ Γ : aij(Q) ≥ 0}, Γ

(µ,m)
− := Γ \ Γ

(µ,m)
+ .Assumption (QF4) and (6.26) lead to the estimate

(6.27) |Fh[a](µ,m) − Fh[a](µ,m)|

≤ h0(1 + 3n2d)σ(t(µ), ‖a − a‖h(µ)) + |S(0)(P )(a − a)(µ,m)|

+
∣∣∣

n∑

i=1

S
(i)
+ (P )(a − a)(µ,m+ei)

∣∣∣ +
∣∣∣

n∑

i=1

S
(i)
− (P )(a − a)(µ,m−ei)

∣∣∣

+ h0

∑

(i,j)∈Γ
(µ,m)
+

1

2hihj
aij(Q)[|(a − a)(µ,m+ei+ej)| + |(a − a)(µ,m−ei−ej)|]

− h0

∑

(i,j)∈Γ
(µ,m)
−

1

2hihj
aij(Q)[|(a − a)(µ,m+ei−ej)| + |(a − a)(µ,m−ei+ej)|].

Assumption (QS1) and (6.27) imply (6.25).An analysis similar to that in the proof of Theorem 6.1 shows that asser-tion (6.22) is satis�ed with α(h) := ω(T, h), where ω(·, h) : [0, T ] → R+ isthe maximum solution of the Cauhy problem (6.11) with ̺(y) := n2y + 1,
y ∈ R+. This onludes the proof.Remark 6.2. Suppose that the assumptions of Theorems 6.1 or 6.2 aresatis�ed and, moreover, there is a onstant c > 0 suh that(6.28) |δ(2)w(µ,m)| ≤ c on E+

hfor all solutions w ∈ F (Ωh, R) of the disturbed �nite di�erene funtionalshemes of (4.1). It follows from an analysis of the proofs of these theoremsthat the di�erene methods presented are stable.Remark 6.3. It is easy to see that all the results of the paper an beextended to weakly oupled di�erential funtional systems. One part of eahsystem an be strongly nonlinear and the other quasi-linear. This is a newresult even in the ase of systems without funtional terms.Remark 6.4. If we assume that
σ(t, y) := Ly, (t, y) ∈ [0, T ] × R+,then the omparison di�erene problem an be solved and the errors of thedi�erene methods an be estimated; see Remark 5.1.6.3. Approximation by the interpolation operator. Lemma 6.1 belowshows that the step operator Sh in the �nite di�erene funtional sheme(4.1) an be replaed by the interpolation operator Th, and all of the aboveproofs remain in fore (see (6.7), (6.29)). The errors of the methods with Th



128 L. Sapaare smaller than with Sh if the appropriate regularity of a lassial solution
u of the di�erential funtional problems (1.1), (1.2) or (1.3), (1.2) is assumed(see Remark 6.5 and Example 2). But the omputation time is longer.Lemma 6.1. If a ∈ F (Ωh, R), then(6.29) ‖Th[a]‖(t(µ)) = ‖a‖h(µ) for µ = 0, . . . , K0.Proof. It is easy to prove by indution on n that(6.30) ∑

s∈S+

(
x − x(m)

h′

)s(
1 −

x − x(m)

h′

)1−s

= 1 for x(m) ≤ x ≤ x(m+1).By (6.30), we get (6.29).Lemma 6.2. Suppose that u ∈ C1(Ω, R) and denote by U ∈ F (Ωh, R)the restrition of u to the set Ωh, i.e., UM := u(xM ). Let
C := max

i=1,...,n
{‖Dtu‖Ω , ‖Diu‖Ω}.Then(6.31) ‖Sh[U ] − u‖Ω ≤ C‖h‖Σ, ‖Th[U ] − u‖Ω ≤ C‖h‖Σ ,where ‖h‖Σ := h0 + h1 + · · · + hn.Proof. This lemma an be proved with the use of the mean value theoremand the method applied in the proof of Theorem 5.27 in [9℄.Let Dtt := ∂2/∂t2, Dti := ∂2/∂xi∂t for i = 1, . . . , n, where t ∈ R,

x = (x1, . . . , xn) ∈ R
n.Lemma 6.3. Suppose that u ∈ C2(Ω, R) and denote by U ∈ F (Ωh, R)the restrition of u to the set Ωh. Let

C := max
i,j=1,...,n

{‖Dttu‖Ω, ‖Dtiu‖Ω , ‖Diju‖Ω}.Then(6.32) ‖Th[U ] − u‖Ω ≤ C‖h‖2
Σ.Proof. This is a onsequene of Theorem 5.27 in [9℄.Remark 6.5. Suppose that Assumptions F [f, u], S[h] or Assumptions

QF [F, A, u], QS[h] are satis�ed. It follows from (2.13), (6.20), Lemmas 6.2,6.3, the mean value theorem and the Taylor formula that if u ∈ C2,3(Ω, R),then r = O(‖h‖) for Sh and Th. But if u ∈ C2,4(Ω, R), then r = O(h0+‖h′‖2)for Th and r = O(‖h‖) for Sh.7. Numerial results. To illustrate the lass of problems whih an betreated with our methods, we onsider a strongly nonlinear di�erential equa-tion with a quasi-linear term, two quasi-linear di�erential integral equationswith deviated variables and a system of di�erential integral equations with



A �nite di�erene method for di�erential funtional equations 129deviated variables. One equation in the system is strongly nonlinear and theother is quasi-linear. Dirihlet's problems below annot be solved with thenumerial methods known to date.Put n = 2. Let E = [0, 1] × (−1, 1)2, E0 = {0} × [−1, 1]2 and ∂0E =
[0, 1] × ([−1, 1]2 \ (−1, 1)2).
Example 1. Consider the strongly nonlinear di�erential equation

Dtu(t, x, y) = arctan[D11u(t, x, y) + D12u(t, x, y) + D22u(t, x, y)](7.1)
+ [1 + cosu(t, x, y)][D11u(t, x, y) + D12u(t, x, y)

+D22u(t, x, y)] + g(t, x, y)for (t, x, y) ∈ E, with the initial-boundary ondition(7.2) u(t, x, y) = sin t cos(x + y) for (t, x, y) ∈ E0 ∪ ∂0E,where g(t, x, y) = arctan[3 sin t cos(x + y)] + (3 sin t + cos t) cos(x + y) +
3 sin t cos(x + y) cos[sin t cos(x + y)].Observe that the right-hand side of (7.1) has a strongly nonlinear termand a quasi-linear term. The funtion u(t, x, y) = sin t cos(x+y) is an analytisolution of (7.1), (7.2). Put h0 = 10−5, h1 = h2 = 2 · 10−2. Let εmax, εmeanbe the largest and mean values, respetively, of the errors |r| at time t(µ).Table 1. Errors of the di�erene method with Sh

t
(µ)

εmax εmean0.1 3.30 · 10
−6

1.62 · 10
−60.2 9.68 · 10

−6
4.49 · 10

−60.3 1.67 · 10
−5

7.62 · 10
−60.4 2.40 · 10

−5
1.08 · 10

−50.5 3.13 · 10
−5

1.40 · 10
−50.6 3.88 · 10

−5
1.72 · 10

−50.7 4.63 · 10
−5

2.04 · 10
−50.8 5.40 · 10

−5
2.36 · 10

−50.9 6.16 · 10
−5

2.68 · 10
−51.0 6.91 · 10

−5
2.99 · 10

−5

Example 2. Consider the quasi-linear di�erential integral equation withdeviated variables
Dtu(t, x, y) =

[
2 + cos

( x\
−x

y\
−y

u(t, ξ, ζ) dζ dξ
)]

[D11u(t, x, y)(7.3)
+D12u(t, x, y) + D22u(t, x, y)] + |D1u(t, x, y)|

+u(0.5t, 0, 0) + g(t, x, y)for (t, x, y) ∈ E, with the initial-boundary ondition(7.4) u(t, x, y) = sin t cos(x + y) for (t, x, y) ∈ E0 ∪ ∂0E,where g(t, x, y) = (9 sin t + cos t) cos(x + y) − sin(0.5t) − sin t|sin(x + y)|.



130 L. SapaThe funtion u(t, x, y) = sin t cos(x + y) is an analyti solution of (7.3),(7.4). Put h0 = 10−5, h1 = h2 = 2 · 10−2. Let εmax, εmean be the largest andmean values, respetively, of the errors |r| at time t(µ).Table 2. Errors of the di�erene method with Sh

t
(µ)

εmax εmean0.1 3.86 · 10
−5

9.79 · 10
−60.2 3.48 · 10

−4
9.62 · 10

−50.3 1.22 · 10
−3

3.65 · 10
−40.4 2.94 · 10

−3
9.23 · 10

−40.5 5.73 · 10
−3

1.85 · 10
−30.6 9.74 · 10

−3
3.23 · 10

−30.7 1.50 · 10
−2

5.07 · 10
−30.8 2.16 · 10

−2
7.37 · 10

−30.9 2.92 · 10
−2

1.00 · 10
−21.0 3.75 · 10

−2
1.30 · 10

−2Table 3. Errors of the di�erene method with Th

t
(µ)

εmax εmean0.1 3.24 · 10
−5

8.75 · 10
−60.2 2.92 · 10

−4
8.42 · 10

−50.3 1.03 · 10
−3

3.19 · 10
−40.4 2.47 · 10

−3
8.05 · 10

−40.5 4.79 · 10
−3

1.61 · 10
−30.6 8.12 · 10

−3
2.81 · 10

−30.7 1.25 · 10
−2

4.40 · 10
−30.8 1.78 · 10

−2
6.37 · 10

−30.9 2.40 · 10
−2

8.67 · 10
−31.0 3.07 · 10

−2
1.12 · 10

−2

Example 3. Consider the quasi-linear di�erential integral equation withdeviated variables
Dtu(t, x, y) = D11u(t, x, y) + D22u(t, x, y)(7.5)

+
[
cos

( x\
−x

y\
−y

u(t, ξ, ζ) dζ dξ
)]

D12u(t, x, y)

+ |D1u(t, x, y)| + u(0.5t, 0, 0) + g(t, x, y)for (t, x, y) ∈ E, with the initial-boundary ondition(7.6) u(t, x, y) = sin t cos(x + y) for (t, x, y) ∈ E0 ∪ ∂0E,where g(t, x, y) = (3 sin t + cos t) cos(x + y) − sin(0.5t) − sin t |sin(x + y)|.The funtion u(t, x, y) = sin t cos(x + y) is an analyti solution of (7.5),(7.6). Put h0 = 10−5, h1 = h2 = 2 · 10−2. Let εmax, εmean be the largest andmean values, respetively, of the errors |r| at time t(µ).
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t
(µ)

εmax εmean0.1 2.15 · 10
−5

4.33 · 10
−60.2 2.21 · 10

−4
4.78 · 10

−50.3 8.19 · 10
−4

1.94 · 10
−40.4 2.00 · 10

−3
5.16 · 10

−40.5 3.90 · 10
−3

1.07 · 10
−30.6 6.58 · 10

−3
1.91 · 10

−30.7 9.98 · 10
−3

3.06 · 10
−30.8 1.40 · 10

−2
4.49 · 10

−30.9 1.85 · 10
−2

6.18 · 10
−31.0 2.32 · 10

−2
8.05 · 10

−3

Put n = 1. Let E = [0, 1] × (−1, 1), E0 = {0} × [−1, 1] and ∂0E =
[0, 1] × ([−1, 1] \ (−1, 1)).
Example 4. Consider the system of di�erential integral equations withdeviated variables

(7.7) 



Dtu(t, x) = arctan[D11u(t, x)]+

t\
0

v(τ, x) dτ + g1(t, x),

Dtv(t, x) = [1 + cos(u(0.5t, x))]D11v(t, x) + u(t, x) + g2(t, x)for (t, x) ∈ E, with the initial-boundary ondition(7.8) u(t, x) = sin t cosx, v(t, x) = sin t sinx for (t, x) ∈ E0 ∪ ∂0E,where g1(t, x) = arctan(sin t cos x) + cos t (cosx + sinx) − sinx, g2(t, x) =
cos(sin(0.5t) cosx) sin t sinx + sinx (sin t + cos t) − sin t cosx.The pair of funtions u(t, x) = sin t cosx, v(t, x) = sin t sinx is an ana-lyti solution of (7.7), (7.8). Put h0 = 10−5, h1 = h2 = 2 · 10−2. Let ε1

max,
ε2
max be the largest and ε1

mean, ε2
mean mean values, respetively, of the errors

|r1|, |r2| at time t(µ). The error r1 is onneted with u, and r2 with v.Table 5. Errors of the di�erene method with Sh

t
(µ)

ε
1
max ε

1
mean ε

2
max ε

2
mean0.1 1.85 · 10

−7
1.34 · 10

−7
1.26 · 10

−7
7.83 · 10

−80.2 6.95 · 10
−7

4.86 · 10
−7

3.47 · 10
−7

2.07 · 10
−70.3 1.44 · 10

−6
9.91 · 10

−7
6.02 · 10

−7
3.43 · 10

−70.4 2.36 · 10
−6

1.60 · 10
−6

8.80 · 10
−7

4.82 · 10
−70.5 3.38 · 10

−6
2.27 · 10

−6
1.17 · 10

−6
6.24 · 10

−70.6 4.46 · 10
−6

2.99 · 10
−6

1.48 · 10
−6

7.67 · 10
−70.7 5.58 · 10

−6
3.72 · 10

−6
1.80 · 10

−6
9.11 · 10

−70.8 6.71 · 10
−6

4.46 · 10
−6

2.11 · 10
−6

1.05 · 10
−60.9 7.83 · 10

−6
5.20 · 10

−6
2.43 · 10

−6
1.19 · 10

−61.0 8.94 · 10
−6

5.92 · 10
−6

2.74 · 10
−6

1.33 · 10
−6



132 L. SapaThe results shown in the tables are onsistent with our mathematialanalysis. The tables of errors are typial of di�erene methods. The ompu-tation was performed on a PC omputer.Aknowledgements. The author is grateful to the reviewer for his valu-able remarks, whih improved the entire paper.
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