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Generalized P-reducible (a, f)-metrics with vanishing
S-curvature

by A. TAYEBI and H. SADEGHI (Qom)

Abstract. We study one of the open problems in Finsler geometry presented by
Matsumoto—Shimada in 1977, about the existence of a concrete P-reducible metric, i.e.
one which is not C-reducible. In order to do this, we study a class of Finsler metrics, called
generalized P-reducible metrics, which contains the class of P-reducible metrics. We prove
that every generalized P-reducible («, §)-metric with vanishing S-curvature reduces to a
Berwald metric or a C-reducible metric. It follows that there is no concrete P-reducible
(ar, B)-metric with vanishing S-curvature.

1. Introduction. In 1975, the well-known the physicist Y. Takano pub-
lished a paper which considered the field equation in a Finsler space and pro-
posed certain geometrical problems in Finsler geometry [15]. He requested
mathematicians to find some special forms of hv-curvature, interseting from
the standpoint of physics. In 1978, Matsumoto introduced the notion of
P-reducible Finsler metrics as an answer to Takano’s request which was a
generalization of C-reducible Finsler metrics [7]. For a Finsler metric of di-
mension n > 3, he found some conditions under which the Finsler metric
was P-reducible.

Since the study of hv-curvature became necessary for Finsler geometry
as well as for theoretical physics, Matsumoto—Shimada [10] studied the cur-
vature properties of P-reducible metrics. They posed the following problem:

Is there any concrete P-reducible metric, i.e. one which is not C-reducible?

In [9], Matsumoto-Hojo proved that F'is C-reducible if and only if it is a
Randers metric or a Kropina metric. These metrics are defined by F' = a+ 3
and F = a?/3, respectively, where o = Vaijy'y? is a Riemannian metric
and f := b;j(x)y’ is a 1-form on a manifold M. The Randers metrics were
introduced by G. Randers in the context of general relativity, and have been
widely applied in many areas of natural sciences, including biology, ecol-
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ogy, physics and psychology [3], [12]. The Kropina metric was introduced by
L. Berwald in connection with a two-dimensional Finsler space with recti-
linear extremals [I].

In [11], Numata introduced an interesting family of Finsler metrics which
were called Numata-type metrics. They are defined by F := F + 1, where
F(y) = \/9ij(y)y'y is a locally Minkowskian metric and n = n;(x)y" a closed
one-form on a manifold M; F is called a Randers change of F. By a simple
calculation, we get

~ 1
Cijr = Cijk + T{hz’ij + hjpD; + hkiDj}a

where D; := n; — ny;/(F)? and hij = FFZJ is the angular metric. Define
mi; by ni‘j’yj = dn; — n;7y], where v i = dz' and ’y] = F] dz® denote the
coefficients of the linear connection form of F. Set

Dij = 5(mij; + nj1)-
Then the Landsberg curvature of F is given by
(1) Liji = )\ka + aihji + ajhi; + aghij,

where

1 . _
A= —Dyy'y), ai= 2FF?D,—2F Dy yi—(1+F*) Dy’ D;1y"*

2F 2F2F3

We call a Finsler metric F' generalized P-reducible if its Landsberg curva-
ture is given by (1)), where a; = a;(x,y) and A\ = A(z, y) are scalar functions
on T'M. Thus every Numata-type metric is a generalized P-reducible metric.
By , if a; = 0 then F reduces to a general relatively isotropic Landsberg
metric, and if A = 0 then F' is P-reducible. Thus the study of this class of
Finsler spaces will enhance our understanding of the geometric meaning of
P-reducible metrics.

The notion of S-curvature was originally introduced by Shen [I3] for the
volume comparison theorem. Finsler metrics with vanishing S-curvature are
important geometric structures which deserve a deeper study [16].

An («, B)-metric is a Finsler metric of the form F' := a¢(s), s = §/a,
where ¢ = ¢(s) is a C on (—bg,by), @ = /aij(z)y’y’ is a Riemannian
metric and 3 = b;(z)y’ is a 1-form on M. For example, ¢ = c1v/1 + c252+c35
is called a Randers-type metric, where ¢; > 0, co and c3 are constants. In this
paper, we characterize generalized P-reducible («, §)-metrics with vanishing
S-curvature and prove the following.

THEOREM 1.1. Let F = a¢(s), s = 5/a, be an («, B)-metric on a man-
ifold M. Suppose that F is a generalized P-reducible metric with vanishing
S-curvature. Then F is a Berwald metric or a C-reducible metric.
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From Theorem [L.1] it follows that there is no concrete P-reducible (a, 3)-
metric with vanishing S-curvature (see Lemma [3.5]).

In this paper, we use the Berwald connection. The h- and v- covariant
derivatives of a Finsler tensor field are denoted by “|” and “,” respectively.

2. Preliminaries. Let (M, F') be a Finsler manifold. Suppose x € M
and Fy := F|7p,p. We define Cy, : T, M ® T, M ® T, M — R by Cy(u,v,w)
i= Cyj(y)uiv/w®, where

C . 1 8gij 1 83F2
k70 9yF T 4 OyioyioyF
and g;; = %[F2]yiyj. The family C := {Cy}yerns is called the Cartan
torsion. It is well known that C = 0 if and only if F' is Riemannian. For
y € Ty Moy, define the mean Cartan torsion I, by I,(u) := I;(y)u’, where
I; = ¢ Cijp.

For y € T;; My, define the Matsumoto torsion My : T, M T, M QT M —R

by My (u, v, w) := My (y)u'viw®, where

1
M;ji, = Ciji, — m{lihjk + Lihik + Ighij}

and h;; = g;j — F,i Fy; is the angular metric. F' is said to be C-reducible if
M, = 0.
LEmMMA 2.1 ([9]). A Finsler metric F' on a manifold M of dimension

n > 3 is a Randers metric or a Kropina metric if and only if My, = 0 for
all y € TMy.

A Finsler metric is called semi-C-reducible if its Cartan tensor is given
by
(2) Cijk = L{hijlk + hjk;li + hiklj} + .
n+1 T2
where p = p(z,y) and ¢ = ¢(z,y) are scalar functions on T'M satisfying
p+q=1and ||I||? = I"™I,, (see [8], [17], [18]).

LEMMA 2.2 ([8]). Every non-Riemannian (o, 8)-metric on a manifold M
of dimension n > 3 is semi-C-reducible.

LI,

The horizontal covariant derivatives of the Cartan torsion C and mean
Cartan torsion I along geodesics give rise to the Landsberg curvature L, :
T.M@T,M®T,M — R and mean Landsberg curvature J, : T, M — R,
defined by Ly, (u,v,w) := Lijx(y)uv/w® and J,(u) := J;(y)u’, respectively,
where

Liji = Cijsy®s  Jii= Lsy®.
The families L := {Ly }yern, and J := {Jy }yern, are also called the Lands-
berg curvature and mean Landsberg curvature, respectively. A Finsler metric
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is called a Landsberg metric or a weakly Landsberg metric if L =0 or J = 0,
respectively.

A Finsler metric F' on an n-dimensional manifold M is called P-reducible
if its Landsberg curvature is given by

1
Liji = -— 7 Ui + Jihie + Jehis}-

It is easy to see that every C-reducible metric is P-reducible. But the converse
is not true [6].

Given an n-dimensional Finsler manifold (M, F'), a global vector field G
is induced by F on T'Mjy, which in a standard coordinate (z°,y*) for T My
is given by G = v 8?;2' — 2Gi(m,y)8%i, where G' = G'(x,y) are called spray
coefficients and are given by

G- lgil 0%F? o OF?
47 | Ozk oyt oxt |’

G is called the spray associated to F.
For y € T, My, define By, : T, M @ T, M @ T, M — T, M by By(u,v,w) :=

j j kol O
Bljkl(y)ujv w'575| ., where

y e T, M.

9*G!
Oy dykoyt”
B is called the Berwald curvature and F' is called a Berwald metric if B=o0.
lj by bi‘jaj = dbi - bj(gg, where
¢' := dz' and ¢ := I') dz* denote the Levi-Civita connection form of a. Let

B'jjy =
For an (a, )-metric, let us define b;

1 e Lp oy
rij = 5(bij +bj0)s  sij = 5(bijj — bjje)s

o j o i g i
rio =iy, roo = riyy'y’, = by,

- j X - j - j
S0 ‘= sl-jyj, S5 = b Sijs Tro ‘= ijj, S0 ‘= sjyj.

Let G' = G'(z,y) and G°, = G*,(x,y) denote the coefficients of F' and «
respectively in the same coordinate system. Then

(3) G' = G + aQsh + (—2Qasg + T7o0) <(97£ + %)
where
— d), — 2 2\
Q'7¢—s¢” A=1+sQ+ (0" —s9)Q',
0959 4, _9

2A 2A
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The mean Landsberg curvature of an (o, §)-metric F' = a¢(s) is given by
1 202 [
4 i =< | 75— == 1 — / i
@ J 2@4A<b2_32 [A +(n+1)(Q SQ)}(ToﬂLSo)h
o v ) 5 b 'oh
+ 2 2| ! + s— | (roo — 2aQso) i+Oé[—CMQ sohy;

A
+ aQ(a?s; — §iso) + o Asiy + o (10 — 2aQsg)

— (roo — 20Q50)7i) i)’
where
/
Uy = /b2 — s2A1? [T] 5
hi = ab; — s¥i, Ui = agy’,
&= —(Q - sQ)nA+1+5Q) — (1 — (1 +5Q)Q"

For more details, see [2]. We have

(5) J = biJi = —ﬁ{%(mo — 20&@80) + CkLDQ(TQ + So)},
where
Wy :=2(n+1)(Q — sQ") + 3®/A.

For a Finsler metric F' on an n-dimensional manifold M, the Busemann—
Hausdorff volume form dVp = op(x)dz'---dx™ is defined by

o) Vol(B™(1))

- Vol{ (y') € R* | F(y! 821-

) <1t
Let G'(x,y) denote the geodesic coefficients of F' in the same local coordinate
system. The S-curvature is defined by

() 1= Gor (00) o' 7 moe(a),

8(;. , €Ty M. If F'is a Berwald metric then S = 0.

In [4], Cheng-Shen characterized («, 3)-metrics with isotropic S-curva-
ture.

LEMMA 2.3 ([4]). Let F = ad(s), s = B/a, be a non-Riemannian («, 3)-
metric on a manifold M of dimension n > 3 and b = ||Bz|la. Suppose
that F' is not a Finsler metric of Randers type. Then F is of isotropic
S-curvature, S = (n + 1)cF, if and only if one of the following holds:

(a) B satisfies
(6) rij = e(V?ai; = bib;), 55 =0,

where y = ¢/*
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where € = £(x) is a scalar function, and ¢ = ¢(s) satisfies
pA?
b2 — g2’
where k is a constant. In this case, S = (n + 1)cF with ¢ = ke.
(b) B satisfies
(8) rij =0, s;=0.
In this case, S = 0.

(7) = —2n+1)k

3. Proof of Theorem [I.1]

LEMMA 3.1. Let F = a¢(s), s = B/a, be a non-Randers type (o, B)-
metric on a manifold M of dimension n > 3. Suppose that F' has vanishing
S-curvature. Then

9) yisp =0,
(10) yi56|0 = 07
(11) yil! 510 = d(6 — s¢')s)so,

where y; 1= gijyj.

Proof. We have

(12) gij = pag; + pobib; + p1(biaj + bjoy) + paaay,
where «; := a~ta;y7 and

(13) pi=¢(p—s¢),

(14) po = ¢¢" +¢'¢’,

(15) p1 = —[s(¢¢" + ¢'d') — o],

(16) p2 = s[s(¢d" + ¢'¢") — o).

Then

(17) Yi = pyi + pobiB + p1(bic + i) + p27i,

where g; 1= aijyj. Since yisé =0, by we get bisg = 0. Thus implies
that

(18) yish = 0.
Since y;0 = 0, implies that
(19) Yisoo = 0-

From s; = bjsé- = 0, we have

(20) 0= (bjs§)|0 = bfosé + bjsém = (r} + 56)82» + bjsé-m,
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or equivalently

(21) bj3;|0 = —sésé-.

By and , we get

(22) Yl sl = —(p + p1s + p2)shs) = (p + prs + p2)shsjo-
Since p1s + p2 = 0, it follows that

(23) Yl sto = pshsio = d(6 — s¢)shsjo-

This completes the proof. m

LEMMA 3.2. Let F' = a¢p(s), s = B/a, be a non-Randers type («, 3)-
metric on a manifold M of dimension n > 3. Suppose that F has vanishing
S-curvature. Then

(24) bjbkblL?-kl =0,
(25) b'J; = 0.
Proof. Since F' has vanishing S-curvature, reduces to
(26) G' =G +aQs).
Taking third order vertical derivatives of with respect to y/, y' and y*
yields

(27) Bl = silQak + Qraj + Q oy + aQjy]
+ s51Qauk + Qray + Quo + aQui]
+ 53 [Qayji + Qjon + Quoyy + aQy]
+ splam@ + @ + arQj + ag;Qp
+ aQjm + Qjk + a;Qu + ar Q]
Multiplying with y; and using @D implies that
(28) _2ijl = yisil[QOéjk + Qkaj + Qjak + Cijk]
+yis' ;[ Qouk + Qroy + Quag + aQu]
+yis', [Qaji + Qjay + Qiaj + Q).

By , we have s; = bjsij = 0. Multiplying with b/b*b" yields . By
and , we get . n

LEMMA 3.3. Let (M, F) be a generalized P-reducible Finsler manifold.
Then the Matsumoto torsion of F' satisfies

(29) Mijnsy® = M, y) My,
Proof. Let F be a generalized P-reducible metric
(30) Liji = ACiji; + a;hji, + ajhy; + aghy;.
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Contracting with g% := (g;;)~! and using the relations g“h;; = n — 1
and g% (a;hji) = 9" (ajhi) = ai implies that

(31) Je = M+ (n+ 1)ag
Then
1 A
32 T = i I;.
(32) T n+1
Putting in yields
(33) Liji = ACijg ‘|‘ {J hjk + Jjhg; + Jehij}

A
— ﬁ{fihjk + Ijhki + Ikhij}.
By simplifying , we get . "
LEMMA 3.4. Let F = a¢(s), s = B/a, be a non-Randers type («, [3)-
metric on a manifold M of dimension n > 3. Suppose that F' is a general-

1zed P-reducible metric with vanishing S-curvature. Then F' is a P-reducible
metric.

Proof. Let F be a generalized P-reducible metric. By Lemma [3:3] we
have

1
(34) Lijk — m(th]k + thik + thij)
1
Contracting with b*67b* and using and implies that
o 3 . .
5 A~ S W) =0,

By , we get two cases:
CASE (1): A =0. In this case, F' reduces to a P-reducible metric.
CASE (2): A # 0. In this case, by (35]) we get

(36) B Cige = — (61 (70 ).
Multiplying (2) with b?b7b* glves
(37) VYO = (b% D0 ) + HI”2(bZ 3.
By and ., it follows that
3q ik (n+1) (0" 1)
VL) Wb h iy, — =0.
(38) o (L) ik e 0

By , we get three cases:
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CASE (2a): Let b'I; = 0. By a direct computation, we can obtain a
formula for the mean Cartan torsion of («a, #)-metrics as follows:

_ (¢ —s9)
(39) I = — 270 (ab; — sy;).
If b'I; = 0, then by contracting with b’ we get
P(p—54) 15 o 2\ _

By , we have @ = 0 or ¢ — s¢/ = 0, which implies that I = 0, and thus

F' is a Riemannian metric. This contradicts our assumptions.

CASE (2b): Suppose that
n+1

(41) VbPhe — ———(b'1;)? = 0.
g IR
Since hjr = gk — F*2gjmgklymyl, we have
. . 1 .

(42) DB Rk = b6 g — 25 (9kb"0)%,
By and , we obtain

: n+1 1 [1 .17
4 Mlow — === LiL| = | =gt/ b .
) o ok gy 8] = | o

Since y'I; = 0, by we get
OLLN 712 [ AN

3|2 F 3|2
Set
n+1
i = g — LT,

G =90 = gt

It follows from that
AL .

(45) [GijblF} = Gy;b'’.
Since Gijyiyj = F? implies that

AR N T
(46) G| =Gl et

By the Cauchy—Schwarz inequality and , we have

4 b= kL
(47) L
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where k is a real constant. Multiplying with b; and g;, respectively,
implies that
kg3 ka?
By , it follows that (b — s?)a? = 0, which is a contradiction.
CASE (2¢): If ¢ = 0 then p = 1, and from it follows that F' is C-re-
ducible. In any case, F' is a P-reducible Finsler metric. »

Now, we are going to consider P-reducible («, 3)-metrics with vanishing
S-curvature.

LEMMA 3.5. Let F = a¢(s), s = B/a, be a non-Randers type («,3)-
metric on a manifold M of dimension n > 3. Suppose that F' is a P-reducible
metric with vanishing S-curvature. Then F' reduces to a Berwald metric or
a C-reducible metric.

Proof. The Landsberg curvature of an («a, #)-metric is given by
(49)  Lijp = %{hihjck + hjhpCi + hih,Cj + 3E; T + 3E; T, + 3E, Ty},
where
(50)  hi == ab; — sy,
(51) Ty := o’ay; — 47,
C; := (Xyroo + Yyaso)hi + 3AD;,
E; := (Xeroo + Ysaso)h; + 3uD;,
D; := a*(sio + I'riop + as;) — (Drog + Has) i

1

Xi = 55 {24Q" +3(Q - sQ)Q" +3(5” — ))(Q")},

Xoim (@ 5@ + 2054 BQ) - 0~ £)(Q - sQQ)

~

30'0" . AYa Y
Yiim 20X+ S0y im g+ (G0
A A
1 —Q
— — 1 — —
A = —Q”, o= —§(Q — SQ/), I = 27 Il .= 7
For more details see [I4]. Since r;; = 0 and s; = 0, (4) and reduce to
P
2 i = —5 A 5i0;
(52) J 204"
(53) Liji. = Vijsko + Vjrsio + Viisjo,

where p
Vij = E[Q”hihj +(Q — sQ")Ty).
We shall divide the problem into two cases: (a) sio = 0 and (b) s;o # 0.
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CASE (a): Let sip = 0. In this case, by and (53), F reduces to
a Landsberg metric. By Shen’s Theorem of [14], F' reduces to a Berwald
metric.

CASE (b): Let s;0 # 0. Then by and (53), we have

(54) L'L’jk = Z’ijk‘ + ij,], + ZkiJj7
where Z;; := —(2aA/®)V;;. Thus the Landsberg curvature of an (a, f3)-
metric with vanishing S-curvature satisfies . Set
Ap(Q — sQ') ApQ”
A=——7-—">= B:=—-——.
¢ ’ d

Then by putting and in the formula for Z;; it follows that
(55) Zij = Aaij + Bbibj — sB(biaj + bjai) — (A — SQB)OQ'OZJ'.
By assumption, F' is P-reducible

(56) Jihji + Jihik + Jihij),

Lo —

ik n—+1 (
where the angular metric h;; := g;; — FyiF; is given by

hij = ¢ld — s¢')aij + 69" bibj — 56¢" [biaj +bjeu] = [(¢ — 5¢) — 576¢"] aia;.
By and , we obtain

1 1 1
57) ( Zij— ——hy Zin————hj | i+ ( Ziy———ha ) J; = 0.
(57) ( n+1 J)‘]’“Jr( o ]’“>J+< n+1 ’“)JJ 0

Since a;sh = 0 and b;s = 0, we have

- A
o Zij = =50 (Q = 5Q )58 s,
o . o
sﬁséhij = ¢lo — sqS']sgLsmg, soJi = fmsglsmo.

Therefore, contracting with 36363’5 implies that

1 "o
ol —s6] = 4

(58)
By , it follows that

(59) i — hij = X[bibj — S(biOéj + bjai) + S2OéiOéj],

n+1
where

1
=B — — ¢
X 31?0

Since J; # 0 and b™J,, = 0, multiplying with b'b we get

i7j 1 _
(60) bty (ZZ - n+1h”> = 0.
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By contracting with b'b’ and considering , it follows that
(61) x =0.
Then and imply that

(62) —0lo - s6] = - L@~ 5Q),
1 A
(63) n+ 1¢¢” B _?p R
By and , we obtain
(64) ¢ —s¢' = c(Q - sQ"),
where ¢ is a non-zero real constant. Solving implies that
(65) Q=c19+ cs,
where ¢; # 0 and cg are real constants. By , it follows that
(66) co8® 4 2c156 + 1 = d¢?,

where d is a real constant. We divide the problem into two cases: (bl) d # 0
and (b2) d = 0.

SUBCASE (bl): If d # 0, then by we have

(67) ¢:§s+\/[(3>2+ﬂ 2 41,

which is a Randers-type metric. This is a contradiction.
SUBCASE (b2): If d = 0, then yields

1 (6]
68 =——+ —35,
(68) 2c18 + 2cq
which is a Randers change of a Kropina metric. It is known that Kropina
metrics are C-reducible. On the other hand, every Randers change of a

C-reducible metric is C-reducible [5]. Thus the Finsler metric defined by
is C-reducible. m

Proof of Theorem[I.1l Every two-dimensional Finsler surface is C-redu-
cible. For Finsler manifolds of dimension n > 3, by Lemmas and [3.5] the

proof is complete. =
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