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On weighted composition operators acting between
weighted Bergman spaces of infinite order
and weighted Bloch type spaces

by ELKE WOLF (Paderborn)

Abstract. Let ¢ : D — D and ¢ : D — C be analytic maps. They induce a weighted
composition operator ¥ Cy acting between weighted Bergman spaces of infinite order and
weighted Bloch type spaces. Under some assumptions on the weights we give a character-
ization for such an operator to be bounded in terms of the weights involved as well as the
functions ¥ and ¢.

1. Introduction. Let H(D) denote the class of all analytic functions
on the unit disk D of the complex plane C. In this note we consider an
analytic self-map ¢ of D, i.e. an analytic map on D such that ¢(D) C D.
(At some points we will need that this map is also bijective, but this will
then be assumed additionally.) Each such map induces through composition
a linear composition operator Cy : H(D) — H(D), f +— fo¢. For ¢ €
H (D) we obtain by multiplication with v the weighted composition operator
YCy : HD) — H(D), f — 9(f o ¢). Furthermore, let v and w be strictly
positive continuous and bounded functions (weights) on D. We are interested
in weighted composition operators ¢Cy acting between weighted Bergman
spaces of infinite order

HF :={f € HD); [[fllo:= igﬂgv(Z)\f(Z)! < oo},

endowed with the weighted sup-norm || - ||,,, and the weighted Bloch type
spaces

Bu = {f € HD); |fl. = supw(z)|f'(2)] < oo}.

Provided we identify functions that differ by a constant, || - || g, becomes a
norm and B,, a Banach space.
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Weighted Banach spaces of holomorphic functions have important ap-
plications in functional analysis (spectral theory, functional calculus), com-
plex analysis, partial differential equations and convolution equations, as
well as distribution theory. For a deep study of these spaces we refer the
reader to the articles of Bierstedt-Bonet-Galbis [I] and Bierstedt-Bonet—
Taskinen [2].

The investigation of (weighted) composition operators has quite a long
history. Operators of this type have been studied by many authors on various
spaces of holomorphic functions such as the Bloch space, Bergman space,
Hardy space and weighted Banach spaces of holomorphic functions (see e.g.
[6], [151, B8], [B], 8], [12], [13], [14]). In [16] we already studied weighted
composition operators acting between weighted Bergman spaces of infinite
order and weighted Bloch type spaces. There we were only able to give
different sufficient and necessary conditions for ¥)Cy to be bounded resp.
compact. Here, with a new approach, we give a full characterization.

2. Notation and auxiliary results. For general information on the
concept of composition operators we refer the reader to the excellent mono-
graphs [6] and [I5]. In the setting of weighted spaces the so-called associated
weights play an important role. For a weight v its associated weight v is
defined as follows:

3(2) L L

“sup{lf(2); e HD), [flo <1} [8:] e’

where ¢, denotes the point evaluation at z. By [2] the associated weight ©
is continuous, v > v > 0 and for every z € D we can find f, € H° with
| f2llv < 1 such that |f.(z)] = 1/0(z). We say that a weight v is radial if
v(z) = v(|z]) for every z € D. A radial, non-increasing weight is called typical
if lim,_,; v(2) = 0.

For a typical weight v, by [5] we know that a weighted composition
operator YCy : H° — H° is bounded (resp. compact) if and only if
sup.ep w(2)[¥(2)|/0(4(2)) < oo (resp. limy,; w(z)[1h(2)[/0(4(2)) = 0 and
Ve HY).

Throughout this article we consider the differentiation operator D :
H® — HZ, f — f'. In the case that v and w are typical weights which
are continuously differentiable with respect to |z| such that HS° is iso-
morphic to ¢*°, in [7] Harutyunyan and Lusky showed that the condition
lim, 1 (—w'(r)/v(r)) < oo yields the boundedness of the operator D :
H — HX, f — f'. Conditions ensuring that Hg° is isomorphic to £
can be found in [I1] and [7]. By [7] we know that the following weights have
the desired properties:

w(z) = (1 - |Z|)a, a >0, and w(z) = 6_1/(1_|Z‘)’ e D.
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We assume the following setting. Let v be a holomorphic function on D
that is non-vanishing, strictly positive and decreasing on [0, 1). Furthermore
we suppose that lim|,_; v(z) = 0 and that v/ is bounded on D. Then we
define the corresponding weight by

v(z) :=v(|z|?) for every z € D.
Let us give some examples of weights of this type:
(i) Consider v(z) = (1 — 2)%, a > 1, for every z € D. Then the corre-

sponding weight is given by v(z) = (1 — |2]?)® for every z € D.

(ii) For v(z) = e /(720" "o > 1, for every z € D, we obtain v(z) =
e~V (A=1z* for every z € .

(iii) Choose v(z) = sin(1 — 2) for every z € D; then v(z) = sin(1 — |z|?)
for every z € D.

Next, we fix a point p € D and introduce a function
vp(2) == v(p(p)z) for every z € D.

Since v is holomorphic on I, so is the function v,. Furthermore, v,(¢(p)) =

v(|¢(p)?) = v(é(p)) and v, (2) = d(p)v/(¢(p)2) for every 2 € D, i.e. v(4(p))
= ¢(p)v'(|o(p)|?). Moreover, we assume that there is a constant C' > 0 with

(2.1) sup sup _v(z) <C.
peD zeD |UP(Z)|
Here are some examples satisfying :
(a) Consider v(z) = 1 — |z|? for every z € D. Then
o) _ 1l 1|
() 1= g(p)z] — 1— 2]

(b) Set v(z) = 1/(1 —log(1 — |2]?)) for every z € D. This weight has the
desired property since |1 —log(1—¢(p)z)| < 1—1log(1— |z|) for every

z € D and the function %

<14 |z| <2 forevery z € D.

is continuous and tends to 1 as

|z| — 1.

3. Boundedness of yCy : H° — B,. In this section we study when
an operator ¢Cy : H)° — By, is bounded.

THEOREM 3.1. Let v and w be weights. Moreover, let ¢ € H(D) and ¢
be an analytic self-map of D. If

(a) Y'Cy: HY® — Hg is bounded,
(b) YDCy : Hy® — HgP is bounded,
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then the operator ¢Cy : H)° — B, is bounded. If we assume additionally
that v is a weight as defined above, i.e. v(z) = v(|z|?) for every z € D and
(2.1) is satisfied, then the converse is also true.

Proof. Obviously, the operator yCy : H* — B,, can be considered as
Y'Cp+¢DCy - HY® — HyY,
since for f € H;° we obtain

1¥CsfllB., = iggwu)\w’(z)f(«b(z)) +9(2)¢ (2)f'(¢(2))]
= supw(2)|(¢'Cy + ¥ DCy) f(2)| = [|[(¢'Cy + Y DCy) f |-

zeD

Hence, if (a) and (b) hold then ¢Cy : Hy® — B, is bounded as desired.
Conversely, to show (a), we fix a point p € D and put

fp(2) = - for every z € D.
Then, by hypothesis,
v(2)
— < 2supsup <20,
vp(z)  v(o(p)) peD zeb [Up(2))]

where C' is the constant of (2.1) and thus independent of the choice of p.
Hence f, € H. Then f)(z) = —uv}(z)/vp(2)* for every z € D and hence

fo(o(p)) = 0 and f;(o(p)) = —vz’g(qﬁ(p))/v(qé(p))? Thus, we obtain

w(p)[Y(p)| ¢’ ()| v, (6(p))]
v(p(p))?

[ fpllv = sup
zeD

o(z)  w(2) '

=w(p)|[Y(p)d' (p)f,(6(p)) + ¢ () fo(¢(p))]

=w(p)|(¥Csfp) (p)l
< WCofpllBy < [¥Cs[l [ fpllo < 2C[[9Cy]l-

Finally, sup.ep w(2)[¢(2)| |6/ (2)] [vL(¢(2))|/v(¢(2))? < co. We again fix a
point p € D and set

1
p(2)
Then gyl < C for every p € D and g),(2) = —uv),(2)/v,(2)? for every
z € D. Hence g,(6(p)) = 1/v(6(p)) and g,(¢(p)) = —v,(8(p))/v(6(p))*. We
conclude that

w(p) W' (p) (@) (p)v,(6(p))
v(é(p)) v(¢(p))?
= w(p)[¥'(p)gp(¢(p)) + ¥ (p)d' (P)g,(d(P))| = w(p)|(VCogp) (p)]
< [¥Cs9pllB., < 1WCsllllgplle < ClleColl.

gp(2) = for every z € D.
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Since sup.ep w(2)[1(2)] ¢ (2)] [v2(6(2))]/v((2))? < o0, we get
[ (2)|w(z)

(31) )

i.e. (a) is satisfied. By hypothesis, we can find a constant M > 0 such that
[4Co s, = supw(z)(2)¢'(2)f(#(2)) + 4'(2) f(@())] < Ml

Since, by (a), ¥'Cy : H;® — H:? is bounded, there must be a constant L > 0
with
supw(2)[¥(2)¢'(2) ' (¢(2)] < L[ flo-

zeD
Thus, (b) follows. =

Next, we analyze under which conditions the operator ¢ DCy: H7® — HP
is bounded.

THEOREM 3.2. Let v and w be weights. Moreover, let ¢ be an ana-
lytic, bijective self-map of D and ¢ € H(D) be such that ¥¢' € H>® and
[Y(2)¢'(2)| > o > 0 for every z € D. Then Y DCy : Hy® — HY is bounded
if and only if we can find a weight u such that

(a) D: HX — H, f+— f', is bounded,

(b) sup,.ep w(z)/u(é(2)) < .

Proof. First, we assume that there is a weight u such that (a) and (b)
hold. Let f € H;°. Then

[ DCo fllw = Sup [ (2) ¢/ (2)[w(2) | (6(2))]

ERTOIEENE
T u(6(2)
[0(2)] |6 () |w(2)
SN SEIE),

and the claim follows.
Conversely, assume that the operator ¥ DCy : H° — HZ® is bounded.
Define v := w o ¢~'. Then

PG )
W ey elieEisee
V()6 ) ()

u(@(2))

By assumption the operator ¥ DCy : H* — Hp7® is bounded, i.e. we can
find a constant L > 0 such that

Sup [0(2)¢' (2)[u(d(2)].f (¢(2))] = Sup ()16 (2)[w(2)] £ (6(2))] < LI flo-

u(é(2))|f'(6(2))]

[ (2)]16'(2)[w(2)
u(¢(2))

[fllu < sup DI £l
z€D

= [(2)||¢'(2)| > a >0 for every z € D.
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We have
agggﬂ(¢(2))|f’(¢(2))l < L|| fllv
& aspu(o(6™ ()| (667 ()] = asmpu()|f () < LIy

L
& 1Df < SNl

Thus, we conclude that the operator D : H° — H°, f+— f’)is bounded. m

4. Compactness of Cy : H° — B,,. In this section we study under
which conditions an operator ¥Cy : H° — B,, is compact. To do this we
need the following auxiliary result taken from [6].

LEMMA 4.1 (Cowen-MacCluer, [6, Proposition 3.11]). A bounded oper-
ator YCy : H® — By, is compact if and only if for every bounded sequence

(fn)nen in HS® such that f, — 0 uniformly on compact subsets of D, we
have YvCyfr, — 0 in B,,.

THEOREM 4.2. Let v and w be weights such that the operator yCy :
HS° — By, s bounded. Moreover, let v € HS° and ¢ be an analytic self-map
of D. If

(a) ¥'Cy: H® — Hg is compact,
(b) ¥DCy : H® — HyX is compact,

then the operator ¥vCy : H® — By, is compact. If we assume additionally
that v is a weight as defined above, i.e. v(z) = v(|z|?) for every z € D and
(2.1) is satisfied, then the converse is also true.

Proof. Since ¢Cy : Hy® — B, can be considered as ¢/Cy + ¢ DC :
Hp° — HZ?, the compactness of Cy : H)° — B, follows immediately from
(a) and (b).

Conversely, to show (a) the idea is to use Lemma Thus, we select
a sequence (zp)n, C D such that |¢(z,)] — 1 as n — oo. Moreover, we fix

ke N, k>3, and set

v Zn 1/k
Fon(z) = v<¢><zn>)”2’“( p 2 1% <i)k-1 - @ (< 33)

for every n € N and every z € D. Then

ko v v(g(e)v(z)

k - ]‘ vzn(z)k_l vzn(z)k

1/k

[ frkllo = supv(d(zn))
zeD

< ML/2k <k_10k1M+CkM> 7
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where M := sup,cp v(z) and C is the constant of (2.1). Both M and C' are
independent of the choice of n and k. Thus, f, € H° for every n € N.
Moreover, (fnk)n tends to zero uniformly on compact sets as n — co. We
obtain the following derivative:

o((z,))\ BV
fon(2) = U(¢(Zn))1/2k<k f 1w, (i)k_l - U(j)((z)?>

« (-v;n@) . v<¢<zn>>v;n<z>>

Uzn (Z>k vzn (z>k+1
for every n € N and every z € D. Hence
1 1
Jrk(9(zn)) = and  fy, (¢(zn)) =0

(k= 1)V* v(g(2n)) 1 —3/2k
for every n € N. Thus,

1(WCo) friell B = w(zn) ¥ (20) frk(B(2n)) + ¥ (20) ¢ (20) fr 1 (D(20))]
= w(zn)‘w/(zn)fn,k(qb(zn)”
— 1 ‘¢/(2n)’ IU(Z )
G D7 (oo )

Since ¥Cy : H)® — B, is compact, by Proposition (10Cs frkll Bo)n
must tend to zero. Hence

i 1 |9’ (2)]
1 =0.
I;I(I;)TEE (k — 1)k v(¢(z))1—3/2kw(z)
Next, if k — oo, we arrive at
/
fmsup POV _

lo(z) -1 V(B(2))

By [5, Corollary 4.3] this implies that the operator ¢/'Cy : Hy® — Hg’ is
compact. With the argument we used to prove the other direction we can
conclude that (b) must be true. m

THEOREM 4.3. Let v and w be weights, ¢ be an analytic, bijective self-
map of D, and ¢ € H(D) be such that ¢’ € H>® and |[¢(2)¢'(2)] > a >0
for every z € D. Then Y DCy : H* — HZ is compact if and only if we can
find a weight u such that

(a) D: H® — HX®, f— f', is compact,
(b) sup,cp w(z)[u((2)) < oo.
Proof. First, we assume that (a) and (b) are satisfied. Let (f,), be

a bounded sequence in H3°. We have to find a subsequence (f,, ) such
that (¥ DCygfn, )i is convergent in HZ°. By hypothesis, we know that D :
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H® — HX®, f v f', is compact. Hence there is g € HZ° such that for every
€ > 0 there is kg € N with

supu(z)|fy, (2) —g(z)| <e  for every k > ko.
z€D

Next, we get
ilelp w(2)[pDCy fn, (2) — ¥(2)¢' (2)g(¢(2))|
= Supw( ()16 ()| fn,, (6(2)) — g(o(2))]

=su ()W(Z)H‘JS/(Z)IU z ! 2)) — z
=sup—— ooy U (9(2) —g(6(2)] < Ke

for every k > ko, where K := sup,cpw(z)[¢(2)||¢'(2)|/u(¢(z)). Since by
hypothesis, the operator ¢¢/Cy : H;® — Hg® is bounded, we obviously have
Y¢'go ¢ € HiP. Hence, (Y DCyfyn, )k is a convergent sequence in Hg® and
the operator 9 DCy : H)° — HP is compact.

Conversely, assume that ¢ DCy : H* — Hg° is compact. Define u :=
wo ¢ . Then

o PN ()

2€D u(¢(z))
[Y(2)| ¢ (2)|w(z)

u(é(z))
Let (fn)n be a bounded sequence in H;°. By hypothesis, v DCy : Hy® — H:Y
is compact. This means that we can find a subsequence (fy, )i of (fn)n and

a function g € Hy® such that v DCyf,, — g in Hy’, i.e. for every ¢ > 0 we
can find ky € N such that

iggw(z)KwDC(b)(fnk)(z) —9(2)l
= supw(2)[¥(2)¢'(2) f, (6(2)) — g(2)| <€

zeD

= sup ¢ (z)] [¢(2)] < o0,
z€D

= [(2)||¢'(2)] > a >0 for every z € D.

for every k > k. Next, we fix € > 0 and select kg as above. It follows that

/ _9(2)
asupu((:)| £, (62D - 5 A5
L RE@REEE )
ST w5560
= iggw( 2)|[YDCy fn, (2) — g(2)| < e

for every k > kg and the claim follows. =
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