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Hausdorff dimension of invariant measures related to
Poisson driven stochastic differential equations

by ToMAsz BieLaczyc (Katowice)

Abstract. It is shown that the Hausdorff dimension of an invariant measure gener-
ated by a Poisson driven stochastic differential equation is greater than or equal to 1.

1. Introduction. We consider a stochastic differential equation of the
form

(1.1) dé(t) = a(§(t)dt + | o (£(t), 0) Np(dt, db), >0,
C]

with the initial condition

(1.2) §(0) =&

where (£(t))i>0 is a stochastic process with values in a separable Banach
space X. We make the following five assumptions:

i. The coefficient a: X — X is Lipschitzian,
la(z) = a(y)|| < lallz —yl| for z,y € X.
ii. (©,3,k) is a probability space.
iii. The perturbation coefficient o: X x© — X is Bx xG/Bx-measurable

and
lo(x,) = oy, Mz <lollz—yl forz,ye X.

iv. There are given a probability space (£2,A4,P), a sequence (t,)n>0
of nonnegative random variables and a sequence (6,),>1 of random
elements with values in the space @. The variables At,, = t, — t,—1
(to = 0) are nonnegative, independent and equally distributed with
density function Ae=* for ¢t > 0. The elements 6,, are independent,
equally distributed with distribution x. The sequences (ty)n>0 and
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(0n)n>1 are also independent. It is well known that the mapping
23w p(w) = (tr(w), p(w))n>1

defines a stationary Poisson point process. Moreover, for every mea-
surable set Z C (0,00) x O the variable

Np(Z) = card{n: (t,,0,) € Z}
is Poisson distributed and
EWN,((0,t] x G)) = Mr(G) fort e (0,00), G €G,

where E denotes expectation with respect to the probability P.
v. For every u € M there is an X-valued random vector £, defined on
{2, independent of p and having distribution pu.

Recently equation was considered for example in [LT, MS| [S, [T].
It is well known [GS] that equations and define a semigroup of
Markov operators (P');>( acting on the space of all Borel measures on X.
J. Myjak and T. Szarek [MS] gave sufficient conditions for the existence of a
unique invariant measure with respect to (P')¢>o. They also proved that the
lower capacity of this measure is greater than or equal to 1. T. Szarek [S]
showed that the Hausdorff dimension of this measure is greater than or equal
to log2/log 3. In this paper we will show that the Hausdorff dimension of
the invariant distribution with respect to (P');>¢ is greater than or equal
to 1. A similar result, but with much stronger assumptions, can be obtained
from Theorem 5.1.1 of [HJ.

2. Preliminaries. Let (X, ||-||) be a separable Banach space. We denote
by B(z,r) the open ball with center at € X and radius r > 0, and by Bx
the family of all Borel subsets of X.

Let M be the family of all finite Borel measures on X . Then Mg, denotes
the family of finite signed measures, and M the set of all 4 € M such that
pu(X) = 1. The elements of M; will be called distributions. Given p € M
we define the support of u by the formula

suppp = {x € X: u(B(z,r) > 0 for r > 0}.

Let C(X) be the space of bounded continuous functions f: X — R with
the supremum norm. We will use the abbreviation

() =\ f () pldz).
X
For A C X and s,6 > 0 define

Hi(A) = inf{i(diam U)®: AC G Ui, diam U; < 5}
i=1 i=1
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and

H(A) = lim Hi(A).

The value
dimpg A = inf{s > 0: H*(A) =0}
is called the Hausdorff dimension of the set A. The Hausdorff dimension of
a measure p € M is defined by the formula
dimp p = inf{dimpg A: A € Bx, p(A) = 1}.

For a given u € M we define the lower pointwise dimension of p at

r € X by
B(x
dxu_hmmfw
—0 logr

(here log 0 = —o0).
LEMMA 2.1. Let p be a distribution. If A C X is such that u(A) = 1
then
Voea dypp > 6 = dimpg A > 6.
The proof can be found in [Y] (it was formulated in the case when X =
R™ but it remains valid for any separable Banach space).

By a solution of (1.1)), (1.2) we mean a process (£(t))s>0 with values in
X such that with probability one the following two conditions are satisfied:

e Each sample path is a right continuous function such that for every
t > 0 the limit {(t—) = lim, ~ £(s) exists,

o £(t) = &0+ §ga(é(s)) ds + [ §o o(€(s—), 0) Ny (ds, db) for ¢ > 0.
It is easy to give an explicit formula for the solution of (1.1}, (1.2). Consider
the ordinary differential equation
(2.1) y'(t) = a(y(t)) fort>0
and denote by y(t) = S'(z), t € R, the solution of (2.1)) satisfying the initial
condition y(0) = z. Then for every fixed p = (¢;, 6;);en the solution is given
by the formula

(2.2) Eao(tn) = &(tn—) + 0(&u(tn—),0n)  for n € N (£,(0) = z),

gr(t) = St_tn(fx@n)), for n € No, t, <t < tn—&-l'
Define
(2.3) U f(@) = | F(E&(t)(@) P(dw) for t >0, f € C(X).
2

The classical theory of equation ensures that (Ut )t>0 is a continuous
semigroup of bounded linear operators on C(X). Analogously, for given
p € My we may find a solution &,(t), t > 0 of ( ., (L.2) such that &,(0)



70 T. Bielaczyc

has distribution p. For every ¢t > 0 we define Py to be the distribution of

Eul(t)-
The operators P! and U? satisfy the duality condition
(2.4) (f, P'py={U'f,p) for f e C(X), p€ M.

The operator U, t > 0, defined by may be extended to all nonneg-
ative Borel functions. Then condition is also satisfied. The operators
P! are defined independently of the choice of £,(0) and form a semigroup
acting on My. Moreover using the semigroup (P*);>0 can be extended
to Msig-

LEMMA 2.2. For pe My, A€ B(X) andt >0,
P'u(A) > e | 1a(S8"(2)) u(da).
X

For the proof see [MS, Lemma 5.1].
A measure p € M is called invariant with respect to (P!);>q if Pty = p
for t > 0.

3. Main theorem. Suppose that there exists a measure u, € My in-
variant with respect to (P');>0. We define the sequence (D, )nen of sets by
the formula

Dy :={SY"(x): 2 € supp .} for n € N,
LEMMA 3.1.
dimpy py = inf{dimHA: AeBx, AC U Dy, pu(A) = 1},
neN

Proof. By Lemma [2.2| we have

px(Dy) = PV (D) > €7 | 1p, (Y7 (2) p(dir) = e
X
Consequently, t«(U,cny Dn) = 1 and

dimy gy = inf{dimpg A: A € Bx, AC X, u.(4) =1}
- inf{dimHA: A€Bx, AC | D, pu(A) = 1}. .
neN

THEOREM 3.2. If a(x) # 0 for every x € X and there exists 3 > 0 such
that

(3.1) e o —y| <|S') - S W) < ez -yl  forzye X, t>0,
then dimy p. > 1.
Proof. Let x € |J, ey Dn- We will prove that
Voe(0,1)3K>0 wx(B(z,7)) < Kr'™  forre (0, 00).
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Pick v € (0,1). Let n € (0,1/2) be such that

(3:2) 37 < (L+n) 1B —2n)(1 —n)*

There exists n € N such that € D,,. From the definition of S? it follows
that

(3.3) lim llz = S @)l = a(x).

t—0 t
For abbreviation set a = a(z). Let 9 € (0, min{4,a/(4n)}) be such that

(34) 647“05/& <1+ n, 6—47"0)\/& >1— n, 6—47"06/11 >1- n

and
3 _lle=5"@=) _5
. g < — < —q.
(3.5) vaSm/a 4(1_ w > 4(1
Set

We define
7y i= inf{r’ > 0: p.(B(z,7)) < Krl™ for r > 7'},

Of course r, < ro/4. We will show that r, = 0. Suppose, contrary to our
claim, that r, > 0. Let 7 € (1./3,74) be such that

(3.6) s (B, 7)) > K7,
Set 7 := (1 —n)~2. We have

e _To
(T=mn)? "~ 4
From (3.5) and continuity of the semigroup S? it follows that there exists
b € [3a/4,5a/4] such that

r <

-4 =rg.

_ =S¥ (@)
B 2r /b
Set t := 2r/b. We have ||z — S*(x)|| = 2r and

2rg 20 4 1
t<—<

b ~ 4n 3a
From it follows that
(3.7) =r(1—n)? < re80b/a < pem6B/b — .20t
Choose zg € S7!(z) and define z; = S*(z). From it follows that
St(y) € B(z,re 2%") = y € B(xg,re ) forye X.
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Using Lemma and inequality (3.7) we obtain

1- M*(B(.’B, fj)) > e_)\t - e_At S ]lB(w,re*2Bt)St(y> :u*(dy)
X

> e M — e M (B(wo,re”™)).

Since 1 — e~ M < A\t we have

(3.8) pn (B, 7)) < puu(B(zo, re ™)) + At
We will show that
(3.9) pe(B(xo, re™)) > (1= n)p(B(x, 7)).

Indeed, suppose towards a contradiction that
p(B(xo,re)) < (1 = n)pe(B(a, 7).
Then by (3.8)) we have
px(B(x, 7)) < (1= n)ps(B(z, 7)) + At
and consequently

N2
wa(Ba, i) < M < g L= el
n

which contradicts (3.6)).
By (3.1)) we have

ez — ]| < o — 31| < ¥l — .
Moreover, since 2t < 8r¢/a, from it follows that
|zo — z1]| > e Ptz — S (x)|| > gate_’gt = 3%7"6_’& > 2re Pt
Therefore the sets B(zg,re™ "), B(z,re™?) and B(x1,re %) are mutually
disjoint and all contained in B(x, 3reft). Thus
(3.10) pa(B(x,3re™)) > p(B(wo,re™™)) + pu(B(z, re™ ™))
+ pa(B(a1,re 7).
From it follows that
y € B(z,re”?P) = S'(y) € B(z1,re ).
From this and Lemma [2.2] we have

/'L*(B(:Ela Te_ﬁt)) > e S ]lB(zl,refﬂt)St(y) /.L*(dy)
X

> e My (Bla,re ).

By (3.4) we have

(3.11) 1—n<edroMae o=
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Using we obtain

pe(Blar,re™)) > (1= n)p(B(z, 7).
By and we obtain

e (B, 3re™)) > (3 — 2n)p.(B(x, 7).
Consequently, using and ,

ot . 31— 1—y)l—y
(B, 7)) < s (B(x, 3reft)) < K-3771+mn)r
3—2n 3—2n

<K- (1=’ <K/,

which contradicts (3.6]).
We showed that

VaeU, o Do V1e(0.) IE>0Yre(0,00) (Bl 7)) < Kr' ™7,

Thus for every = € |J,cy Dn and v € (0,1) we have

1 B log Kr'=7
dopip = lim inf DBAB@N) 5 gy 08 KT TT
r—0 logr r—0 logr
Hence by Lemma [2.1| we obtain
vAgUneN D, u(A)=1 dimH A > 1.
Consequently, dimy g > 1. =

COROLLARY 3.3. Let X = R. If a(z) # 0 for every x € X and there
exists 3 > 0 such that condition (3.1) holds, then dimy pu, = 1.

Proof. From Theorem it follows that dimg s > 1. On the other
hand it is well known that in the case when X =R, dimppu, < 1. =

LEMMA 3.4. Assume that there exists § > 0 such that
15 (z) = S" ()|l < ™|z =yl forz,ye X, t>0
and
(3.12) la(@,) = aq(y, i) < Uz —yll - forz,yeX,
where q(z,0) = x +o(z,0) and | < exp(—B/\). Then the semigroup (P')i>o
given by 18 asymptotically stable.
For the proof see [S, Theorem 3.4].

COROLLARY 3.5. Assume that a(x) # 0 for every x € X and there exists

B > 0 such that (3.1) is satisfied. If (3.12)) holds then dimyg . > 1, where
s € My is invariant with respect to (P');>g.

Proof. By Lemma the semigroup (P');>0 has an invariant distribu-
tion 4. From Theorem it follows that dimyg g > 1. m
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