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PROBABILITY THEORY AND STOCHASTIC PROCESSES

On Existene of Loal Martingale Measuresfor Insiders who Can Stop at Honest TimesbyJakub ZWIERZPresented by Jerzy ZABCZYK
Summary. We onsider a market with two types of agents with di�erent levels of in-formation. In addition to a regular agent, there is an insider whose additional knowledgeonsists of being able to stop at an honest time Λ. We show, using the multipliative de-omposition of the Azéma supermartingale, that if the martingale part of the prie proesshas the preditable representation property and Λ satis�es some mild assumptions, thenthere is no equivalent loal martingale measure for the insider. This extends the resultsobtained by Imkeller to the ontinuous semimartingale setting and general honest times.1. Introdution. We shall onsider the model of �nanial market withtwo types of partiipants: a regular trader, and a seond investor (insider)who is in possession of more knowledge than the regular trader. The �ow ofinformation for both types of market partiipants is modeled by the under-lying �ltrations. While the regular trader's �ltration F = (Ft)t≥0 is assumedto oinide with the �ltration generated by the stok prie proess, the in-sider's �ltration G = (Gt)t≥0 is stritly larger, and may be written in theform Gt =

⋂
ε>0(Ft+ε ∨ Ht+ε), where H = (Ht)t≥0 is a �ltration represent-ing the insider's additional information. The main tehnique used in thisontext is the grossissement de �ltration, developed in a series of works byJeulin (see [6℄), Jaod and Yor (see [7℄) and others. We will fous on thease where Ht = σ(Λ ∧ t) for some r.v. Λ, i.e. G is the smallest �ltrationontaining F and making Λ a G-stopping time. In other words, we assumethat the insider is able to stop at some random time Λ, whih is not availableto the regular trader. Within this framework we shall study the problem of2000 Mathematis Subjet Classi�ation: Primary 60H30; Seondary 60G44.Key words and phrases: insider trading, progressive enlargement of �ltrations, equiv-alent martingale measure, NFLVR, honest time.[183℄ © Instytut Matematyzny PAN, 2007
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existene of equivalent loal martingale measures for the insider, whih isalso losely related to the existene of arbitrage opportunities. We show thatunder the assumption that all martingales with respet to F are ontinuousand Λ is an honest time (that is, the �end of a preditable set� in an ap-propriate sense) avoiding F-stopping times, if the prie proess enjoys thepreditable representation property, then there is no measure Q equivalentto P and making the disounted prie proess a (G, Q)-loal martingale. Themain tool in the proof is the multipliative representation of the Azéma su-permartingale given in [9℄. Thus, we extend the results obtained in [5℄ to thesemimartingale framework and general honest times. We shall also give anexpliit example of an arbitrage opportunity arising for a partiular Λ.2. Market model and preliminaries. Throughout this paper we willwork with the probability spae (Ω,F , F, P), where F = (Ft)t∈[0,T ] is a �l-tration satisfying the usual onditions, and T is some �nite time horizon(we may assume that Fs = FT for s > T ). Further, let S = (St)t∈[0,T ] be a1-dimensional ontinuous semimartingale representing the disounted assetprie. We shall assume that the �ltration F is generated by S. Moreover, weassume that the market de�ned by S satis�es the (NFLVR) (no free lunhwith vanishing risk) ondition. Let us brie�y reall its de�nition (see e.g. [3℄for details). We say that the strategy θ is a-admissible for a ∈ R+ if θ0 = 0,and for all t ∈ [0, T ], Tt0 θu dSu ≥ −a P-a.s. If there exists some a ∈ R+ forwhih θ is a-admissible, we will all it simply admissible.Definition 2.1. The proess (St)t∈[0,T ] satis�es the (NFLVR) onditionif for every sequene {φn} of simple (1) preditable proesses whih are δn-admissible with δn → 0, we have VT (φn) → 0 in P, where VT (φ) denotes thevalue proess for the strategy φ at time T .In the paper of Delbaen and Shahermayer [4℄ it was shown that if themarket satis�es the (NFLVR) ondition, then the Doob�Meyer deomposi-tion of S is given by the formula(2.1) St = Mt +

t\
0

αs d〈M, M〉s,where M = (Mt)t∈[0,T ] is the martingale part of S, and α = (αt)t∈[0,T ] is an
F-preditable proess. Another well known fat, proved in the fundamentalpaper [3℄, is that the (NFLVR) property of S is a neessary and su�ientondition for the existene of an equivalent loal martingale measure Q.

(1) An F-preditable proess φ is alled simple if it is a linear ombination of elementsof the form D1]T1,T2], where T1 ≤ T2 are F-stopping times, D is FT1
-measurable, and

]T1, T2] = {(t, ω) : t < ∞, T1(ω) < t ≤ T2(ω)}.
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Thus, we assume that the disounted prie proess is of the form (2.1), andthat there exists a loal martingale measure Q ∼ P or equivalently that Ssatis�es the (NFLVR).On the other hand, as a onsequene of Lemma 3.8 in [4℄ (see also Corol-lary 2.4 in [2℄) we have the following theorem:Theorem 2.2. If P(

TT
0 α2

t d〈M, M〉t = ∞) > 0, then S does not satisfythe (NFLVR) ondition.The above ondition will be ruial for our investigation of nonexisteneof equivalent loal martingale measures.Now, we turn to the desription of the insider's view of the market.As mentioned in the introdution, we assume that the insider is able tostop at a random time Λ, that is, his �ltration G = (Gt)t∈[0,T ] is given by
Gt =

⋂
ε>0(Ft+ε∨σ(Λ∧(t+ε))). Of ourse, a natural question arises whether

S is still a (G, P)-semimartingale. It turns out that the answer is positive ifwe restrit the admissible Λ's to so alled honest times. More preisely, wehave the following de�nition:Definition 2.3. Λ is alled an honest time if there exists a preditableset Σ ⊂ [0, T ] × Ω suh that Λ(ω) = sup{t ≥ 0 : (t, ω) ∈ Σ}.A ruial objet needed to deal with the properties of S in the en-larged �ltration is the Azéma supermartingale Z = (Zt)t≥0 de�ned as (2)
Zt = P(Λ > t | Ft). Now, the following theorem provides the Doob�Meyerdeomposition of S in the �ltration G (see [6℄).Theorem 2.4. Suppose that M = (Mt)t≥0 is an (F, P)-loal martingale,and Λ is an honest time. Then there exists a (G, P)-loal martingale M̂ =

(M̂t)t≥0 suh that (3)

Mt = M̂t +

t∧Λ\
0

d〈M, Z〉s
Zs−

+

t\
Λ

d〈M, 1 − Z〉s
1 − Zs−

.In partiular , M is a (G, P)-semimartingale.The question we shall deal with in this paper is the existene of loalmartingale measures for the insider, i.e. measures Q ∼ P suh that S is the
(G, Q)-loal martingale. However, the setting provided by Theorem 2.4 isnot partiularly well suited to address this problem, as it is generally hardto ompute the Azéma supermartingale diretly from the de�nition (see [5℄for several examples). We solve this di�ulty by using the multipliative rep-resentation of Z given by Nikeghbali and Yor in [9℄. We will reall here brie�y

(2) We will onsider a càdlàg version of this supermartingale.
(3) We adopt the onvention that Tt

s
νu dHu = 0 for s ≥ t.
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the most important result of that paper. The following two assumptions willbe needed:

(C) All F-martingales are ontinuous.
(A) Λ avoids F-stopping times, that is, for every F-stopping time V wehave P(Λ = V ) = 0.In the literature, onditions (CA) are usually assumed to hold for pro-gressive enlargements. Now, we have the following theorem:Theorem 2.5 ([9, Theorem 4.1℄). Let Λ be an F-honest time. Then,under onditions (CA), there exists a ontinuous and nonnegative (F, P)-loal martingale N = (Nt)t≥0, with N0 = 1 and limt→∞ Nt = 0, suh that

Zt =
Nt

N twhere N t = sups≤t Ns.We an also give a desription of Λ in terms of N . It follows easily fromonsiderations in [9℄, but sine it is not expliitly stated there, we will givethe proof for the sake of ompleteness.Theorem 2.6. Λ = sup{t ≥ 0 : Nt = N t}.Proof. From the preeding theorem we get
P(Λ > t | Ft) = Nt/N t.On the other hand, P(sups≥t Ns > N t | Ft) = Nt/N t (see [8, Lemma 0.1℄)and thus {Λ > t} = {sups≥t Ns > N t} = {∃u>t Nu = N∞} P-a.s., whihyields the result.3. Martingale measures for the insider. We are now ready to statethe main result. The additional assumption we will need is that the martin-gale part of S, i.e. M , has the preditable representation property , that is,for every (F, P)-loal martingale N , there exists c ∈ R and an F-preditableproess n = (nt)t≥0 suh that for all t ∈ [0, T ], Tt0 n2

s d〈M, M〉s < ∞ and
Nt = c +

t\
0

ns dMs.Then we have the following theorem.Theorem 3.1. Let S = (St)t∈[0,T ] be a ontinuous (F, P)-semimartingalesatisfying the (NFLVR) ondition, and suh that M , the martingale partof S, has the preditable representation property. Suppose that Λ is an F-honest time suh that P(Λ < T ) = 1, and onditions (CA) are satis�ed.Then there is no equivalent loal martingale measure for S in the �ltration
G = (Gt)t∈[0,T ], where Gt =

⋂
ε>0(Ft+ε ∨ σ(Λ ∧ (t + ε))).
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Proof. Let Z = (Zt)t≥0 be the Azéma supermartingale assoiated with Λ,and N = (Nt)t≥0 be the (F, P)-loal martingale from its multipliative de-omposition, i.e. Zt = Nt/N t, N t = sups≤t Ns. From It�'s formula we get

dZt =
dNt

N t

−
Nt

N2
t

dN t.Therefore
〈M, Z〉t =

t\
0

d〈N, M〉u

Nu

.Thus, the Doob�Meyer deomposition of M with respet to the enlarged�ltration takes the form
Mt = M̂t +

t∧Λ\
0

d〈N, M〉u

Nu
Nu

Nu

−
t\
Λ

d〈N, M〉u

Nu

(
1 − Nu

Nu

)(3.1)
= M̂t +

t∧Λ\
0

d〈N, M〉u
Nu

+

t\
Λ

d〈N, M〉u

Nu − Nu

.Now, the preditable representation property of M yields c ∈ R and an
F-preditable proess n = (nt)t≥0 suh that

Nt = c +

t\
0

nu dMu,that is,
d〈N, M〉t = ntd〈M, M〉t.Substituting this into (3.1) we get

Mt = M̂t +

t∧Λ\
0

nu d〈M, M〉u
Nu

+

t\
Λ

nu d〈M, M〉u

Nu − Nu

= M̂t +

t\
0

(
1[0,Λ]

nu

Nu

+ 1(Λ,T ]
nu

Nu − Nu

)
d〈M, M〉u

=: M̂t +

t\
0

α̂u d〈M, M〉u.

Sine 〈M, M〉 = 〈M̂, M̂〉, the deomposition of S under the �ltration G takesthe form
St = M̂t +

t\
0

(α̂u + αu) d〈M̂, M̂〉u.Note that sine α is F-preditable, it is also G-preditable, so that α̃ :=
α̂u +αu is G-preditable. Therefore, in view of Theorem 2.2, if we an prove
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that P(

TT
0 (αu + α̂u)2 d〈M, M〉u = ∞) > 0, then there is no loal martingalemeasure for S. First, observe that elementary inequalities give

T\
0

(αu + α̂u)2 d〈M, M〉u

=

T\
0

{
α2

u +

(
nu

Nu

)2

1[0,Λ] +

(
nu

Nu − Nu

)2

1(Λ,T ]

+ 2αu
nu

Nu

1[0,Λ] + 2αu
nu

Nu − Nu

1(Λ,T ]

}
d〈M̂, M̂〉u

=

T\
0

{(
αu + 1[0,Λ]

nu

Nu

)2

+

(
1

2

nu

Nu − Nu

1(Λ,T ] + 2αu

)2

− 4α2
u +

3

4

(
nu

Nu − Nu

)2

1(Λ,T ]

}
d〈M̂, M̂〉u

≥
T\
0

{
3

4

(
nu

Nu − Nu

)2

1(Λ,T ] − 4α2
u

}
d〈M̂, M̂〉u

=

T\
0

{
3

4

(
nu

Nu − Nu

)2

1(Λ,T ] − 4α2
u

}
d〈M, M〉u.

Sine S satis�es (NFLVR) under the �ltration F, we know that TT0 α2
ud〈M,M〉uis P-a.s. �nite, and thus it su�es to show that IΛ :=

TT
Λ

(
nu

Nu−Nu

)2
d〈M, M〉uis in�nite on a set with positive probability. Sine by Theorem 2.6, Λ =

sup{t : Nt = N t} = sup{t : Nt = N∞}, we have, for u ≥ Λ,
Nu − Nu = Nu − NΛ = Nu − NΛ =

u\
Λ

ns dMsand onsequently
IΛ =

T\
Λ

(
nuTu

Λ
ns dMs

)2
d〈M, M〉u.De�ne now

A =

{
ω :

T\
Λ

(
nu

Nu − NΛ

)2

d〈M, M〉u < ∞

}
.We may assume that P (A) = 1 (otherwise the proof is �nished). In parti-ular, the integrals TT

Λ
nu

Nu−NΛ
dMu and TT

Λ
nu

Nu−NΛ
dM̂u are well de�ned. Now,let Xt = Nt − NΛ, and let ε > 0 be suh that T > Λ + ε P-a.s. From It�'s
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formula we obtain

ln(NT − NΛ) − ln(NΛ+ε − NΛ) = ln(XT ) − ln(XΛ+ε)

=

T\
Λ+ε

dXu

Xu

−
1

2

T\
Λ+ε

d〈X, X〉u
X2

u

=

T\
Λ+ε

dNu

Nu − NΛ

−
1

2

T\
Λ+ε

d〈N, N〉u
(Nu − NΛ)2

=

T\
Λ+ε

nu

Nu − NΛ

dMu −
1

2

T\
Λ+ε

(
nu

Nu − NΛ

)2

d〈M, M〉u.Letting ε → 0 we see that the integrals
T\
Λ

nu

Nu − NΛ

dMu and T\
Λ

(
nu

Nu − NΛ

)2

d〈M, M〉uannot be simultaneously �nite on any set of positive probability. Sine for
u ≥ Λ,

Mu = M̂u +

Λ\
0

ns

Ns

d〈M, M〉s +

u\
Λ

ns

Ns − NΛ

d〈M, M〉s,we may then write
T\
Λ

nu

Nu − NΛ

dMu =

T\
Λ

nu

Nu − NΛ

dM̂u +

T\
Λ

(
nu

Nu − NΛ

)2

d〈M, M〉u,whih shows that(3.2) A ∩

{ T\
Λ

nu

Nu − NΛ

dMu = ∞

}
= A ∩

{ T\
Λ

nu

Nu − NΛ

dM̂u = ∞

}
.

But M̂ is a (G, P)-ontinuous loal martingale, so that the time hangeformula for Brownian motion yields
T\
Λ

nu

Nu − NΛ

dM̂u = BUTwhere
UT =

T\
Λ

(
nu

Nu − NΛ

)2

d〈M̂, M̂〉u =

T\
Λ

(
nu

Nu − NΛ

)2

d〈M, M〉u,and B is some (H, P)-Brownian motion, where H is a �ltration resulting fromthe hange of time. This shows that on the set A we have TT
Λ

nu

Nu−NΛ
dM̂u
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< ∞, so that (3.2) redues to

A ∩

{ T\
Λ

nu

Nu − NΛ

dMu = ∞

}
= ∅,or equivalently,

A ⊂

{ T\
Λ

nu

Nu − NΛ

dMu < ∞

}
.Therefore A must be an empty set, whih ontradits the assumption P (A)

= 1. Consequently, TT0 1(Λ,T ]

(
nu

Nu−NΛ

)2
d〈M, M〉u is in�nite on the set of pos-itive probability. This ends the proof.In fat, the above proof shows that the insider has an immediate arbitrageopportunity after time Λ. Let us brie�y reall the de�nition of this notion.For details see [4℄.Definition 3.2. An (F, P)-semimartingale S = (St)t≥0 admits immedi-ate arbitrage at the F-stopping time T (we assume that P(T < ∞) > 0) ifthere exists an S-integrable strategy H = (Ht)t≥0 suh that Ht = Ht1]T,∞](t)and Tt0 Hu dSu > 0 for t > T .Now, the proof of Theorem 3.1 shows that the Doob�Meyer deomposi-tion of S with respet to the enlarged �ltration, St = M̂t +

Tt
0 α̃u d〈M̂, M̂〉u,has the property that for eah ε > 0, TΛ+ε

Λ
α̃2

u d〈M̂, M̂〉u is not �nite P-a.s.Thus, by applying Theorems 3.6 and 3.7 from [4℄ we immediately see thatthe insider has an immediate arbitrage opportunity after G-stopping time Λ.Remark 3.3. The multipliative deomposition of the Azéma super-martingale Zt = Nt/N t provides an interesting duality between initial andprogressive enlargement. Namely, it is easy to alulate that initial enlarge-ment by the value of N∞, and progressive enlargement by honest time
Λ = sup{t : Nt = N t} yield the same Doob�Meyer deomposition. Thus, itwould be tempting to treat the insider progressive enlargement problemsby methods of initial enlargement, whih have been muh better devel-oped, in the insider trading ontext. Unfortunately, it is hard to onstrut
N = (Nt)t≥0 satisfying the onditions of Theorem 2.5 suh that N∞ is oneof the random variables usually onsidered in the initial enlargement for theinsider.Nonetheless, we an use the above observation to obtain easily, withinthe framework of Theorem 3.1, some weaker result relating to the additionallogarithmi utility of the insider. Using the fat that N∞ has the same dis-tribution as 1/U , where U is a random variable with uniform distributionon [0, 1] (see Lemma 0.1 in [8℄), and swithing to the initial enlargement by
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σ(N∞), it follows immediately from Theorem 5.14 in [1℄ that the logarith-mi utility inrement, or equivalently E

TT
0 α̃2

u d〈M̂, M̂〉u, is in�nite. However,
E
TT
0 α̃2

u d〈M̂, M̂〉u = ∞ does not imply that P(
TT
0 α̃2

u d〈M̂, M̂〉u = ∞) > 0,so that Theorem 3.1 is slightly stronger.4. Arbitrage opportunities. We give an example of an honest timewhih also allows one easily to onstrut an arbitrage opportunity (resultingfrom the lak of equivalent loal martingale measure).Example 4.1. Let ΛTa = sup{u ≤ Ta : Bu = 0} where Ta = inf{t :
Bt = a}, a > 0 and B = (Bt)t≥0 is a standard (F, P)-Brownian motion.Clearly, ΛTa is an honest time. Now, if the stok prie proess is e.g. ageometri Brownian motion with µ = 0, σ = 1, that is, St = exp(Bt −

1
2t),then buying S at ΛTa and selling at Ta ∧ T will give sure pro�t, and thusit is an arbitrage opportunity. In this ase the nonexistene of an equivalentloal martingale measure in the enlarged �ltration an also be easily deduedfrom the usual deomposition of B:

Bt = B̂t −

t∧ΛTa\
0

1{Bs>0}

a − Bs

ds +

t∧Ta\
ΛTa

ds

Bsand the fat that BΛTa
= 0 and therefore for all ε > 0, TΛTa+ε

ΛTa
ds/B2

s = ∞
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