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Isomorphisms of Cartesian Produts of
ℓ-Power Series SpaesbyE. KARAPINAR, M. YURDAKUL and V. ZAHARIUTAPresented by Czesªaw BESSAGA

Summary. Let ℓ be a Banah sequene spae with a monotone norm ‖ · ‖ℓ, in whih theanonial system (ei) is a normalized symmetri basis. We give a omplete isomorphilassi�ation of Cartesian produts Eℓ

0(a) × Eℓ

∞
(b) where Eℓ

0(a) = Kℓ(exp(−p−1ai)) and
Eℓ

∞
(b) = Kℓ(exp(pai)) are �nite and in�nite ℓ-power series spaes, respetively. Thislassi�ation is the generalization of the results by Chalov et al. [Studia Math. 137 (1999)℄and Djakov et al. [Mihigan Math. J. 43 (1996)℄ by using the method of ompound lineartopologial invariants developed by the third author.1. Introdution. Let ℓ be a Banah sequene spae in whih {ei =

(δi,j)j∈N : i ∈ N} forms an unonditional basis. The norm ‖ · ‖ℓ is alledmonotone [4℄ if ‖x‖ℓ ≤ ‖y‖ℓ whenever x = (ξi), y = (ηi), |ξi| ≤ |ηi|, i ∈ N.We denote by Λ the set of all suh spaes ℓ with monotone norm, and by
Λ(s) the lass of those of them with symmetri anonial basis {ei}. Fora given ℓ ∈ Λ and a Köthe matrix A = (ai,n)i,n∈N we de�ne the ℓ-Köthespae X = Kℓ(A) as a Fréhet spae of salar sequenes x = (ξi) suhthat (ξiai,n) ∈ ℓ, for eah n, with the topology generated by the system ofseminorms {|(ξi)|n := ‖(ξiai,n)‖ℓ : n ∈ N}.We generalize some results from [2℄, [3℄ (see Theorems 10 and 8 below) byonsidering ℓ-Köthe spaes instead of usual Köthe spaes with ℓ = lp. Herewe use a ertain version of ompound linear topologial invariants developedin [8℄�[10℄. For the sake of transpareny we simplify, as ompared with [2℄, [3℄,the prinipal part of the proof (Lemma 5 is important to this end), omittingsome elementary but long omputations. The more general situation alls for2000 Mathematis Subjet Classi�ation: Primary 46A45.Key words and phrases: Cartesian produts, ℓ-power series spaes, ompound lineartopologial invariants. [103℄
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some revision of the ompound invariant method, suh as using S. Krein'sinterpolation method of analyti sales (see Lemmas 6, 7); we also prefer touse the modi�ed basi harateristi β̃(V, U) (see Setion 3 below).2. Preliminaries. Set P := {a = (ai)i∈N : ai ≥ 1, ∀i}. For a ∈ P weintrodue the weighted ℓ-spae as ℓ(a) := {x = (ξi) : ‖x‖ℓ(a) := ‖(ξi ai)‖ℓ

< ∞}. For a ∈ P we onsider its ounting funtion ([6℄, [7℄):
µa(τ, t) := |{n ∈ N : τ < an < t}|, 0 < τ < t < ∞,where |S| is the number of elements in S if it is �nite, and ∞ otherwise.Proposition 1 (see [10℄). Let a = (ai), b = (bi) ∈ P and(1) µa(τ, t) ≤ µb(τ/∆, ∆t), 1 ≤ τ < t < ∞,for some onstant ∆ > 1. Then there is an injetion σ : N → N suh that

ai ≤ ∆2bσ(i) and bσ(i) ≤ ∆2ai for i ∈ N.Let A := (ai,n)i,n∈N, B := (bj,n)j,n∈N be Köthe matries and ℓ ∈ Λ(s).Then the Cartesian produt of the ℓ-Köthe spaes Kℓ(A) and Kℓ(B) is natu-rally isomorphi to the spae Kℓ(C) where C = (ck,n)k,n∈N is suh that ck,nequals ai,n if k = 2i − 1, and bi,n if k = 2i. For a ∈ P and λn ր α,
−∞ < α ≤ ∞, we all the ℓ-Köthe spae Eℓ

α(a) := Kℓ(exp(λnai)) an
ℓ-power series spae of �nite (respetively, in�nite) type if α < ∞ (respe-tively, α = ∞).Let X = Kℓ(A) and X̃ = Kℓ(Ã) be ℓ-Köthe spaes. An operator T : X →

X̃ is alled quasidiagonal if there exists an injetion ϕ : N → N and onstants
ti, i ∈ N, suh that Tei := tieϕ(i), i ∈ N. We write X

qd
≃ X̃ (X qd

→֒ X̃) if thereis a quasidiagonal isomorphism (respetively, a quasidiagonal imbedding)
T : X → X̃.Lemma 2 (f. [10℄, [7℄). Let X and X̃ be ℓ-Köthe spaes with X

qd
→֒ X̃and X̃

qd
→֒ X. Then X

qd
≃ X̃ .3. Geometri invariant harateristis. Let X be a lass of loallyonvex spaes and Γ be a set with an equivalene relation ∼. We say that

γ : X → Γ is a linear topologial invariant if X ≃ X̃ implies γ(X) ∼ γ(X̃),
X, X̃ ∈ X . For more details about linear topologial invariants we referto [10℄.Suppose E is a vetor spae, U and V are absolutely onvex sets in E,and EV is the set of all �nite-dimensional subspaes of E that are spannedby elements of V. Set L(V, U) := {L ∈ EV : ∃q := q(L) < 1, L ∩ U ⊂ qV }.Dealing with Banah sequene spaes with monotone norm, it is onvenient
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to onsider the harateristi

β̃(V, U) := sup{dim L : L ∈ L(V, U)},whih is a modi�ation of the harateristi β(V, U) (see, e.g., [10℄, [2℄, [3℄).We shall use the following obvious properties of this harateristi: (a) if
V1 ⊂ V , U ⊂ U1 then β̃(V1, U1) ≤ β̃(V, U); (b) β̃(CV, U) = β̃(V, C−1U) forany onstant C > 0; () if T is a linear injetion on E then β̃(T (V ), T (U)) =

β̃(V, U); (d) β̃(V ∩ F, U ∩ F ) ≤ β̃(V, U) if F is a subspae of E.Let E be a vetor sequene spae ontaining the system {ei}i∈N. Given
a ∈ P, we de�ne the weighted ball Bℓ(a) = {x ∈ E ∩ ℓ(a) : ‖x‖ℓ(a) ≤ 1}.For any a = (ai), b = (bi) ∈ P we set a ∧ b := (min {ai, bi}) and a ∨ b :=
(max{ai, bi}).Lemma 3 (f. [10℄, [2℄, [3℄). Let a, b ∈ P. Then(i) 1

2Bℓ(a ∧ b) ⊂ conv(Bℓ(a) ∪ Bℓ(b)) ⊂ Bℓ(a ∧ b);(ii) Bℓ(a ∨ b) ⊂ Bℓ(a) ∩ Bℓ(b) ⊂ 2Bℓ(a ∨ b).Proof. (i) Let I := {i ∈ N : ai ≤ bi}, J := N \ I and x = (ξi)i∈N ∈
Bℓ(a ∧ b). De�ne u = (ui) so that ui = ξi if i ∈ I and 0 otherwise; set
v := x − u. Then, by the monotoniity of the norm, we have

‖u‖ℓ(a) = ‖u‖ℓ(a∧b) ≤ ‖x‖ℓ(a∧b), ‖v‖ℓ(b) = ‖v‖ℓ(a∧b) ≤ ‖x‖ℓ(a∧b).Hene u, v ∈ Bℓ(a) ∪ Bℓ(b) and 1
2x = 1

2u + 1
2v ∈ conv(Bℓ(a) ∪ Bℓ(b)).For the seond inlusion, take x =

∑n
i=1 λiui ∈ conv(Bℓ(a) ∪ Bℓ(b)),where ui ∈ Bℓ(a) ∪ Bℓ(b) and ∑n

i=1 λi = 1. By the monotoniity of thenorm, we have either ‖ui‖ℓ(a∧b) ≤ ‖ui‖ℓ(a) ≤ 1 or ‖ui‖ℓ(a∧b) ≤ ‖ui‖ℓ(b) ≤ 1.Hene, in both ases
‖x‖ℓ(a∧b) =

∥∥∥
n∑

i=1

λiui

∥∥∥
ℓ(a∧b)

≤
n∑

i=1

λi‖ui‖ℓ(a∧b) ≤
n∑

i=1

λi = 1,

that is, x ∈ Bℓ(a ∧ b).(ii) Let x ∈ Bℓ(a∨b). By the monotoniity of the norm, we have ‖x‖ℓ(a) ≤

‖x‖ℓ(a∨b) ≤ 1 and ‖x‖ℓ(b) ≤ ‖x‖ℓ(a∨b) ≤ 1. Hene x ∈ Bℓ(a) ∩ Bℓ(b). For theseond inlusion, take x ∈ Bℓ(a)∩Bℓ(b), that is, ‖x‖ℓ(a) ≤ 1 and ‖x‖ℓ(b) ≤ 1.Then the monotoniity of the norm yields
‖(ξi max{ai, bi})‖ℓ ≤ ‖(ξiai + ξibi)‖ℓ ≤ ‖x‖ℓ(a) + ‖x‖ℓ(b).Thus we get ‖x‖ℓ(a∨b) ≤ 2, hene x ∈ 2Bℓ(a ∨ b).Lemma 4 (f. [10℄, [2℄, [3℄). β̃(Bℓ(a), Bℓ(b)) = |{i : ai/bi < 1}|.
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Proof. Let I = {i : ai < bi} and M be the linear span of the set {ei :

i ∈ I}. De�ne a projetion P : E → M suh that Px :=
∑

i∈I ξiei where
x = (ξi) ∈ E. Take x = (ξi) ∈ M ∩ Bℓ(b). If dimM = ∞, then sup{dimL :

L ∈ L(V, U)} = ∞. So, trivially we have β̃(Bℓ(a), Bℓ(b)) = dim M. If M is�nite-dimensional, then ‖x‖ℓ(a) < ‖x‖ℓ(b) ≤ 1. So there exists q = q(M) < 1suh that ‖x‖ℓ(a) < q and M ∩ Bℓ(b) ⊂ qBℓ(a), that is, β̃(Bℓ(a), Bℓ(b)) ≥

dimM = |I|.To obtain β̃(Bℓ(a), Bℓ(b)) ≤ |I| we assume the ontrary. Then thereexists L suh that |I| < dimL. Hene we an �nd x =
∑

∞

i=1 ξiei ∈ L, x 6= 0,suh that Px = 0. But then ξi = 0 for i ∈ I and ξi 6= 0 for some i /∈ I.Sine ai ≥ bi for i /∈ I, and the norm is monotone, we obtain ‖(ξiai)‖ℓ ≥
‖(ξibi)‖ℓ, that is, ‖x‖ℓ(a) ≥ ‖x‖ℓ(b). On the other hand, sine x ∈ L, we get
‖x‖ℓ(a) ≤ q‖x‖ℓ(b) with q = q(L) < 1, whih implies ‖x‖ℓ(a) < ‖x‖ℓ(b). Thisontradition ompletes the proof.Lemma 5 (f. [1℄, [2℄, [10℄). Let a(j) = (aij) ∈ P, j = 1, 2, 3, 4. Then
(2) β̃

(
Bℓ(a(4)) ∩ Bℓ(a(3)), conv

(
1

2
(Bℓ(a(3)) ∪ Bℓ(a(2)) ∪ Bℓ(a(1)))

))

≥

∣∣∣∣
{

i :
ai4

ai3
≤ 1,

ai3

ai2
≤ 1,

ai3

ai1
≤ 1

}∣∣∣∣,

(3) β̃

(
Bℓ(a(4)) ∩ Bℓ(a(3)) ∩ Bℓ(a(2)), conv

(
1

2
(Bℓ(a(2)) ∪ Bℓ(a(1)))

))

≥

∣∣∣∣
{

i :
ai4

ai2
≤ 1,

ai3

ai2
≤ 1,

ai2

ai1
≤ 1

}∣∣∣∣.Proof. By Lemmas 3 and 4,
β̃

(
Bℓ(a(4)) ∩ Bℓ(a(3)), conv

(
1

2
(Bℓ(a(3)) ∪ Bℓ(a(2)) ∪ Bℓ(a(1)))

))

≥ β̃

(
Bℓ(a(4) ∨ a(3)),

1

2
Bℓ(a(3) ∧ a(2) ∧ a(1))

)

=

∣∣∣∣
{

i :
max{ai4, ai3}

min{ai3, ai2, ai1}
< 2

}∣∣∣∣ ≥
∣∣∣∣
{

i :
max{ai4, ai3}

min{ai3, ai2, ai1}
≤ 1

}∣∣∣∣

=

∣∣∣∣
{

i :
ai3

ai3
≤ 1,

ai4

ai1
≤ 1,

ai4

ai2
≤ 1,

ai4

ai3
≤ 1,

ai3

ai2
≤ 1,

ai3

ai1
≤ 1

}∣∣∣∣.The �rst three inequalities in the last braes an be omitted, sine the �rstone is always true, while the seond and third are onsequenes of the others,as ai4/ai1 = (ai4/ai3)(ai3/ai1) and ai4/ai2 = (ai4/ai3)(ai3/ai2). Hene, (2) isproved.
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Analogously we have
β̃

(
Bℓ(a(4)) ∩ Bℓ(a(3)) ∩ Bℓ(a(2)), conv

(
1

2
(Bℓ(a(2)) ∪ Bℓ(a(1)))

))

≥

∣∣∣∣
{

i :
ai2

ai2
≤ 1,

ai3

ai1
≤ 1,

ai4

ai1
≤ 1,

ai3

ai2
≤ 1,

ai4

ai2
≤ 1,

ai2

ai1
≤ 1

}∣∣∣∣.Again removing unimportant inequalities in the last braes, we obtain (3).Now we onstrut an analyti sale of Banah spaes ([5, IV.1℄) onnet-ing the spaes ℓ(a) and ℓ(b).Lemma 6. Let ℓ ∈ Λ and a, b ∈ P. Then Eα = ℓ(a1−αbα) is an analytisale suh that E0 = ℓ(a) and E1 = ℓ(b).Proof. Consider the normed linear spae M := {x = (ξk) ∈ ℓ(a) : ∃k0 =
k0(x), ξk = 0 for k ≥ k0}, whih is a dense subspae of ℓ(a). We de�nean operator T (z) : M → M by T (z)x := (ξk(bk/ak)

z) where x = (ξk).Clearly onditions 1◦�5◦ in the de�nition of the analyti sale ([5, IV,1.9℄)are satis�ed. By the monotoniity of the norm,
‖x‖α := sup

−∞<τ<∞

‖T (α + iτ)x‖ℓ(a) = sup
−∞<τ<∞

∥∥∥∥
(

ξk

(
bk

ak

)α+iτ

ak

)∥∥∥∥
ℓ

= sup
−∞<τ<∞

∥∥∥∥
(

ξk

(
bk

ak

)iτ

(ak)
1−α(bk)

α

)∥∥∥∥
ℓ

= ‖x‖ℓ(a1−αbα).Hene, Eα := ℓ(a1−αbα).Applying the interpolation theorem for analyti sales ([5, IV, Theo-rem 1.10℄) to the above sale we obtain the followingLemma 7 (f. [10℄, [2℄, [3℄). Suppose E and Ẽ are ℓ-Köthe spaes, (ei)and (ẽi) are their anonial bases, and T : E → Ẽ is a linear operator.If a, ã, b, b̃ ∈ P and T (Bℓ(a)) ⊂ Bℓ(ã), T (Bℓ(b)) ⊂ Bℓ(̃b) then for any
α ∈ (0, 1) we have

T ((Bℓ(a))1−α(Bℓ(b))α) ⊂ (Bℓ(ã))1−α(Bℓ(̃b))α,where (Bℓ(am))1−α(Bℓ(an))α = Bℓ(a1−αbα).4. Imbedding of ℓ-power series spaesTheorem 8. Let ℓ ∈ Λ(s) and a, ã ∈ P. Then the following statementsare equivalent :(i) Eℓ
ν(a) →֒ Eℓ

ν(ã), ν = 0,∞;(ii) there exist ∆ > 0 and an injetion σ : N → N suh that ai ≤ ∆ãσ(i)and ãσ(i) ≤ ∆ai;(iii) Eℓ
ν(a)

qd
→֒ Eℓ

ν(ã), ν = 0,∞.
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Proof. The impliations (ii)⇒(iii) and (iii)⇒(i) are obvious. Due to Pro-position 1, it remains to prove that (i) implies the estimate (1).Beause of similarity, we only onsider the ase ν = ∞. Suppose that

T : Eℓ
ν(a) → Eℓ

ν(ã) is an embedding. Set Up := Bℓ(αp), Vp := Bℓ(α̃p),
αp := (exp(pai))i∈N and α̃p := (exp(pãi))i∈N. So, (p−1Up) and (p−1Vp) arebases of neighborhoods of zero in Eℓ

ν(a) and Eℓ
ν(ã), respetively. Let Wp :=

Vp ∩ R(T ), where R(T ) denotes the range of T . Sine T is an isomorphismonto its range, we an hoose indies(4) p1 < p < q < q1 < r1 < rso that(5) p

p1
Wp1

⊃ T (Up) ⊃ T (Uq) ⊃
q

q1
Wq1

⊃
r

r1
Wr1

⊃ T (Ur)and eah number in (4) is twie the previous one. The elementary propertiesof the harateristi β̃ yield
(6) β̃(e−τUp ∩ etUr, Uq) = β̃(e−τT (Up) ∩ etT (Ur), T (Uq))

≤ β̃(K(e−τWp1
∩ etWr1

), Wq1
) ≤ β̃(K(e−τVp1

∩ etVr1
), Vq1

)with K = r2. Taking Lemmas 4 and 3 into aount, we estimate the left-handside of (6) from below and the right-hand side from above; this yields
(7)

∣∣∣∣
{

i :
max{exp(τ + pai), exp(−t + rai)}

exp(qai)
< 1

}∣∣∣∣

≤

∣∣∣∣
{

i :
max{exp(τ + p1ãi), exp(−t + r1ãi)}

exp(q1ãi)
< 2K

}∣∣∣∣,whih is equivalent to(8) ∣∣∣∣
{

i :
τ

q − p
< ai <

t

r − q

}∣∣∣∣ ≤
∣∣∣∣
{

i :
τ − ln(2K)

q1 − p1
< ãi <

t + ln(2K)

r1 − q1

}∣∣∣∣.Changing variables we obtain the estimate (1) with ∆ = 2r, whih ends theproof.Corollary 9 (f. [6℄, [7℄, [2℄). Let ℓ ∈ Λ(s) and a, ã ∈ P. Then thefollowing statements are equivalent :(i) Eℓ
ν(a) ≃ Eℓ

ν(ã), ν = 0,∞;(ii) there exist ∆ > 0 and a bijetion σ : N → N suh that
1

∆
ai < ãσ(i) < ∆ai;(iii) Eℓ

ν(a)
qd
≃ Eℓ

ν(ã), ν = 0,∞.
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5. Isomorphisms of Cartesian produts of ℓ-power series spaesTheorem 10. Let ℓ ∈ Λ(s) and a, b, ã, b̃ ∈ P. If Eℓ

0(a) × Eℓ
∞

(b) ≃

Eℓ
0(ã) × Eℓ

∞
(̃b), then there exist ∆, τ0 > 0 suh that :

|{k : τ ≤ ak ≤ t}| ≤ |{k : τ/∆ ≤ ãk ≤ ∆t}|,(9)
|{k : τ ≤ bk ≤ t}| ≤ |{k : τ/∆ ≤ b̃k ≤ ∆t}|,(10)where t > τ ≥ τ0.Proof. The Cartesian produts Eℓ

0(a) × Eℓ
∞

(b) and Eℓ
0(ã) × Eℓ

∞
(̃b) arenaturally isomorphi to the ℓ-Köthe spaes X = Kℓ(cip) and X̃ = Kℓ(dip)where

cip =

{
exp(−ak/p) if i = 2k − 1,

exp(pbk) if i = 2k,
dip =

{
exp(−ãk/p) if i = 2k − 1,

exp(pb̃k) if i = 2k.Let T : X → X̃ be an isomorphism. Set Up := Bℓ(αp), Vp := Bℓ(α̃p),
αp := (cip)i∈N and α̃p := (dip)i∈N. Then (p−1Up) and (p−1Vp) are bases ofneighborhoods of zero in X and X̃, respetively. Sine T is an isomorphism,we an hoose indies p2 < p < p1 < q2 < q < q1 < r2 < r < r1 < s2 < s
< s1 so that eah of them is twie the previous one and
(11) p

p2
Vp2

⊃ T (Up) ⊃
p

p1
Vp1

,
q

q2
Vq2

⊃ T (Uq) ⊃
q

q1
Vq1

,

r

r2
Vr2

⊃ T (Ur) ⊃
r
r1

Vr1
,

s

s2
Vs2

⊃ T (Us) ⊃
s

s1
Vs1

.By properties of β̃, using (11) and Lemma 7, we obtain the estimates
(12) β̃

(
etUs ∩ Uq, conv

(
1

2
(Uq ∪ U1/2

p U1/2
r ∪ eτUr)

))

≤ β̃

(
K(etVs2

∩ Vq2
), conv

(
1

2
(Vq1

∪ V 1/2
p1

V 1/2
r1

∪ eτVr1
)

))
,

(13) β̃

(
U1/2

p U1/2
r ∩ etUr ∩ Uq, conv

(
1

2
(Uq ∪ eτUs)

))

≤ β̃

(
K(V 1/2

p2
V 1/2

r2
∩ etVr2

∩ Vq2
), conv

(
1

2
(Vq1

∪ eτVs1
)

))

with K = s2
1. Now we estimate the left-hand side of (12) from below, usingLemma 5, and the right-hand side of (12) from above, applying Lemmas 3and 4; this results in the following inequality:

(14)

∣∣∣∣
{

i :
ciq

c
1/2
ip c

1/2
ir

≤ 1,
ciq

e−τcir
≤ 1,

e−tcis

ciq
≤ 1

}∣∣∣∣

≤

∣∣∣∣
{

i :
diq2

d
1/2
ip1

d
1/2
ir1

≤ 16K,
diq2

e−τdir1

≤ 16K,
e−tdis2

diq1

≤ 16K

}∣∣∣∣.
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We examine the �rst inequality on the left-hand side of (14). For odd indies
i we have (−1/q + 1/2p + 1/2r)ak ≤ 0, whih is impossible beause 2p < q.For even indies i it yields (2q − p − r)bk ≤ 0, whih is trivially true sine
2q < r. As a result the left-hand side of (14) equals(15) ∣∣∣∣

{
k :

τ

r − q
≤ bk ≤

t

s − q

}∣∣∣∣.In an analogous way, onsider the right-hand side of (14). For odd indies i,the �rst inequality is equivalent to ãk ≤ ln(16K)/(−1/q2 + 1/2p1 + 1/2r1)
=: C. Thus, for τ > τ1 := C(1/q2 − 1/r1) + ln(16K), the �rst inequality onthe right-hand side of (14) does not hold for odd indies. For even indies i,the �rst inequality on the right-hand side of (14) is equivalent to (2q2 −

p1 − r1)̃bk ≤ ln(16K) =: M , whih is always true sine 2q2 < r1. Hene, for
τ > τ1 the right-hand side of (14) is equal to(16) ∣∣∣∣

{
k :

τ − M)

r1 − q2
≤ b̃k ≤

t + M

s2 − q1

}∣∣∣∣.Sine (15) is less than (16) for τ > τ1, we observe that(17) ∣∣∣∣
{

k :
τ

r − q
≤ bk ≤

t

s − q

}∣∣∣∣ ≤
∣∣∣∣
{

k :
τ − M

r1 − q2
≤ b̃k ≤

t + M

s2 − q1

}∣∣∣∣.Analogously, from (13) we obtain
(18)

∣∣∣∣
{

k :
τ

1/q − 1/s
≤ ak ≤

t

1/q − 1/r

}∣∣∣∣

≤

∣∣∣∣
{

k :
τ − M

1/q2 − 1/s1
≤ ãk ≤

t + M

1/q1 − 1/r2

}∣∣∣∣for
τ > τ2 :=

(s1 − q2) ln(16K)

p2/2 + r2/2 − q1
+ M.Changing variables in (17), (18) and setting ∆ = 2s1, one an easily hekthat the relations (9) and (10) are satis�ed for τ ≥ τ0 := 2max{τ1, τ2}.As in [3℄, we derive the followingCorollary 11. Under the onditions of Theorem 10 we have either

Eℓ
0(a) ≃ Eℓ

0(ã) × F, Eℓ
∞

(b) × F ≃ Eℓ
∞

(̃b),or
Eℓ

∞
(b) ≃ Eℓ

∞
(̃b) × F, Eℓ

0(a) × F ≃ Eℓ
0(ã),where F = ℓ or F = C

n with some integer n ≥ 0. In partiular , we an take
F = 0 if eah of the sequenes a, ã, b, b̃ does not tend to ∞; on the otherhand , if eah of the sequenes a, ã, b, b̃ tends to ∞ then there is an integer
n ≥ 0 suh that one of the above onditions holds with F = C

n.
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