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Summary. The existence of continuous selections is proved for a class of lower semicon-
tinuous multifunctions whose values are closed convex subsets of a complete metric space
equipped with an appropriate notion of convexity. The approach is based on the notion
of pseudo-barycenter of an ordered n-tuple of points.

1. Introduction. It is well known that in the construction of continuous
selections for multifunctions with values in a normed space the notion of
barycenter plays a fundamental role.

An analogue of barycenter has been introduced by Michael [9] in nonlin-
ear spaces, in order to extend his classical continuous selection theorem [8].
Further developments can be found in Michael [10] and Curtis [1]. Michael’s
construction is axiomatic and fairly general. However, as pointed out in [9],
the axioms the barycenter has to satisfy are not always easily checked in
some concrete situations.

An account of the above and related questions concerning continuous
selections can be found in the comprehensive monographs of Repovs and
Semenov [15], and Hu and Papageorgiou [7].

In the present paper we investigate continuous selection problems for
multifunctions with values in a metric space. Our approach is in the same
spirit of Michael [9], yet the barycenter calculus we develop seems more
flexible to handle. It is based on an appropriate generalization of the notion
of a segment joining two points, as in Dugundji [3], and Curtis [1]. More
precisely, let Y be a metric space, and, for a continuous mapping a : Y x
Y x[0,1] — Y, consider the following conditions (for a more general setting,
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see Section 2):

(1) a(yo,yo,t) = yo for every yp € Y and ¢ € [0, 1];
(i) a(y1, ¥2,0) = y1, a(y1,y2,1) = y2 for every (y1,y2) € Y x Y
(iii) there is ro > 0 such that for every (y1,42),(¥;1,92) € Y x Y with
d(y1,71),d(y2,7s) < 7o, one has

h(Aa(yla y2)7 Aa(yla gQ)) < max{d(ylvgl)a d(y27g2)}
Here Ay (a,b) = {a(a,b,t) | t € [0,1]}, (a,b) € Y XY, and h is the Pompeiu—
Hausdorff distance.

A metric space Y endowed with a continuous mapping « satisfying (i),
(ii) (resp. (i), (ii), (iil)) is called a convex (resp. Lipschitz a-convex) metric
space.

A subset A of a convex metric space is said to be convez if a(y1,y2,t) € A
for every (y1,y2) € Ax A and t € [0,1].

When Y is normed, (i)—(iii) are certainly satisfied if we set a(y1,y2,t) =
(1 — t)y1 + tyo, thus Y is Lipschitz a-convex.

Let Y be a convex metric space. For an ordered n-tuple (y1,...,y,) of
points y; € Y, with corresponding weights (A1,...,\,), where \; + ... +
A =10< X\ <1,i=1,...,n, we use the notion of pseudo-barycenter
bn(Y1y -+ Yn; ALy ..., Ap) introduced in [2]. It keeps only a few properties of
the barycenter, yet it turns out to be useful in continuous selection problems,
where partition of unity techniques are employed.

Let M be a paracompact space, Y a complete metric space, 2¥ the family
of all nonempty subsets of Y, and consider a multifunction F : M — 2Y. By
a selection of F' we mean any function f : M — Z satisfying f(z) € F(x)
for every x € M.

The following metric version of the classical continuous selection theorem
due to Michael [8] will be established. If Y is Lipschitz a-convex, and F' is
lower semicontinuous in the sense of Michael [8], with closed convex values,
then F' admits a continuous selection. Actually the existence of continuous
selections will be proved under the weaker assumption that Y is a-convex
(see Definition 2.1).

We mention that in nonlinear spaces some other notions of convexity
have been developed by Pasicki [13] and van de Vel [16], who have obtained,
among many results, also a nonlinear version of Michael’s continuous selec-
tion theorem.

It is worthwhile to point out that in our approach to convexity in metric
spaces our major concern was to identify a minimum set of readily verifiable
conditions, under which a flexible barycenter calculus could be developed.
Conditions (i)—(iii) are perhaps not general enough, yet they are easily ver-
ifiable and also useful in some applications. In particular, condition (iii)
makes it possible to show that our pseudo-barycenter is actually stable in
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the sense of Proposition 2.3, a crucial property in selection problems, which
some authors introduce as an axiom.

The present paper consists of four sections. Section 2 contains nota-
tion and preliminaries, including a review of some properties of pseudo-
barycenters established in [2]. A metric version of the Michael continuous
selection theorem in an a-convex metric space is established in Section 3.
Some examples of a-convex metric spaces are considered in Section 4.

2. Notation and preliminaries. Let Z be a metric space with distance
d, and let 22 be the family of all nonempty subsets of Z. The open ball in
Z with center a € Z and radius r > 0 is denoted by Bz(a,r). For A € 2%
and 7 > 0, set

Nz(A,r)={z€ Z|d(z,A) <r} where d(z,A)= inzf4 d(z,a).
ac

The space of nonempty closed bounded subsets of Z is endowed with the
Pompeiu—Hausdorff metric

h(A, B) = max{supd(a, B),supd(b, A)}.

acA beB
For any nonempty set A we put A" = A x ... x A, and denote by
(ai,...,ay) an element of A”, i.e. an ordered n-tuple of points a; € A,
1=1,...,n.

For any map a: Y xY x[0,1] — Y and an ordered pair (y1,y2) € Y XY,
we define the (y1, y2)-locus induced by « to be the set
Aa(y1,92) ={y €Y | y = a(y1,y2,t) for some t € [0,1]}.
DEFINITION 2.1. Let Y be a metric space. For a continuous mapping
a:Y xY x[0,1] = Y, consider the following conditions:
(1) a(yo,y0,t) = yo for every yo € Y and ¢ € [0, 1];

(i) a(y1,y2,0) = y1, a(y1,y2,1) = yo for every (y1,y2) €Y X Y

(iii) there is 7o > 0 such that for every 0 < € < 74, there exists 0 <
n < e such that (y1,y2), (71,72) € Y x Y with d(y1,7;) < € and
d(y2, ) <, one has

h(Aa(y1) 92), Aa(@l’?Q)) <e.

The space Y equipped with a continuous mapping a : ¥ x Y x [0,1] —
Y which satisfies (i), (ii), (iii) (resp. (i), (ii)) is called an a-convez (resp.
convex) metric space.
Instead of (iii) one can consider the following conditions:
(iii)’ there is 7o > 0 such that for all (y1,42),(¥;,72) € Y X Y with
d(yi,J;) < ra, i =1,2, one has

h(Aa(y1,y2), Aa(U1,Y2)) < max{d(y1,¥1), d(y2,72) };
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(iii)” there is 7o > 0 such that for every 0 < € < r,, there exists 0 <7 < ¢
such that for all (y1,42), (71,72) € Y x Y with d(y1,7,) < € and
d(y27y2) <7, one has

d(a(yla Y2, t)a a(ylny, t)) <eg for every te [07 1]

DEFINITION 2.2. Let a: Y x Y x [0,1] — Y be a continuous mapping
which, in addition to conditions (i) and (ii) of Definition 2.1, satisfies also
(iii)’ (resp. (iii)”). Then Y equipped with the mapping « is called a Lipschitz
(resp. geodesically) a-convex metric space.

In the above definitions, « is also called the convexity mapping of Y.

REMARK 2.1. The notion of geodesically a-convex space is similar to
the notion of geodesic structure, introduced by Michael in [9], where « is
continuous in ¢ and satisfies some additional conditions which include (i),
(ii) and (iii)”. Tt is worthwhile to observe that, from (iii)” and the continuity
of ain t, it follows that « is actually continuous in (y1,y2,t), as required in
Definition 2.2.

REMARK 2.2. The following implications are immediate: Y is Lipschitz
a-convex = Y is a-convex = Y is convex. Moreover, Y is geodesically a-
convex = Y is a-convex. The opposite implications are not true in general
(see Examples 4.1, 4.2 below and [2, Example 3.1]). For examples of Lipschitz
a-convex metric spaces see Example 4.3 and [2, Example 3.2.]

DEFINITION 2.3. A nonempty set A contained in an a-convex (or con-
vex) metric space Y is called convezx if (y1,y2) € A x A and t € [0, 1] imply
a(y1,y2,t) € A.

REMARK 2.3. Let Y be an a-convex (or convex) metric space. Then
the intersection of a family of convex subsets of Y is convex (the empty set
is assumed to be convex). Moreover, Y and the singleton subsets of Y are
convex. The closure of a convex subset of Y is also convex.

We now recall the notion of pseudo-barycenter introduced in [2] and
review some of its properties.
Throughout, Y stands for an a-convex metric space. For n > 1, set

Y":{(yl,,ynﬂyzeY,z:l,,n}
En:{<)\1,,An) IOSAZSI,Z:L,H, )\1++An:1}
If (y1,...,yn) € Y and (A1,...,\,) € X" are given, we say that \; is
the weight assigned to y;, i = 1,...,n, or, for brevity, that (A1,...,\,) is
the weight assigned to (y1,...,yn)-

DEFINITION 2.4. Let Y be an a-convex metric space. For (y1,...,yn)
€ Y™ and (A1,...,\n) € X", n > 1, the pseudo-barycenter by (yi,...,Yn;
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A, ...y Ap) is defined as follows:
bi(y; M) =y1  ifyr € Yland A\ € B, ie A =1,
and, for n > 2,
b (Yis ey Yns ALy e ey An)
Yn if A, =1,

a<bn—l<y1)"'ayn—la 1 _)\nv"'v 1 — )\n>7yn7)\n> if )\n <L

Observe that for n = 2 one has
ba(y1, y2; A1, A2) = a1, y2, A2) i (y1,92) € Y and (Mg, Ag) € X7
The following properties of the pseudo-barycenter have been proved
in [2].
PRrROPOSITION 2.1. For fizred (y1,...,yn) € Y™, n > 1, the pseudo-

barycenter by (Y1, ..., Yn; M, ---,An) @8 a continuous function of the weight
(>\1,~~-,)\n) e xm.

PROPOSITION 2.2. Let (y1,...,yn) € Y™ and (A1,...,\p) € X", n > 2.
Let iy,... ik, 1 <k <mn—1, be a subset of {1,...,n} with iy < --- < iy
such that

A >0 if 1€ {il,...,ik}, A =0 if 1€ {1,...,n}\{7j1,...,ik}.
Then

bn(ylw--yyn;)\l?---yAn) = bk(yil,...,yik;Ail,...,Aik).

PROPOSITION 2.3. Let r, correspond to'Y as in Definition 2.1. For each
0 < & <71y there exists 0 < n < & such that for all (y1,...,Yn), (21, 2n)
€ Y™ n > 2 arbitrary, with d(y;,z) <mn,i=1,...,n, one has

h(Aa(Y1, - Yn)s Aal21, -y 2n)) < &,
where

Aa(yla s 7yn) = bn(yla <oy Yns En)’ An(zh cee Zn) = bn(Z1, <y Zn; En)

Moreover, for every nonempty a-convex set C CY, (y1,...,yn) € Y™ with

d(y;, C) <m,i=1,...,n, and (A1,...,\p) € X", n > 2 arbitrary, one has
d(bn(Y1s- -y Yn; Ay - -y An), C) < e

REMARK 2.4. In a convex metric space the above definition of pseudo—
barycenter makes sense, and Propositions 2.1 and 2.2 remain valid. Condi-
tion (iii) of Definition 2.1 plays a crucial role in showing that the pseudo—
barycenter is stable in the sense of Proposition 2.3.

PROPOSITION 2.4. (Dugundji [4, p. 83]). Let M and Z be topological
spaces. Let {Ax}aea be a covering of M, where the sets Ay C M are open,
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and let {ox}ren be a family of continuous functions gy : Ay — Z such that
for any \,p € A with AxN A, #0,

ox(x) = pu(x)  for everyx € AyxN A,

Then there is a unique continuous function f : M — Z which is an extension
of each py, that is, for each \ € A,

f(x)=@x(x) for every x € Ay.

3. Selections in a-convex metric spaces. In this section we establish
a Michael type continuous selection theorem for multifunctions with values
in an a-convex metric space.

DEFINITION 3.1. Let M and Z be topological spaces. A multifunction
F : M — 27 is called lower semicontinuous if, for every open A C Z, the
set {x € M | F(z)NA#(} is open in M.

The following proposition is known yet, for the sake of completeness, the
proof is included.

PROPOSITION 3.1. Let M be a topological space, and Z a metric space.
Let F : M — 22 be lower semicontinuous, g : X — Z continuous, and
let § : M — (0,00) be a lower semicontinuous function satisfying 0(x) >
d(g(z), F(z)) for every x € M. Then the multifunction ® : M — 2% given
by

&(z) = F(x) N Bz(g(x),0(x)) for every x € M

15 lower semicontinuous.

Proof. For each open A C Z theset U = {x € M | &(x) N A # (0} is
open in M. In fact, let 2o € U (if U = () there is nothing to prove), and take
yo € P(zp) N A. Since g is continuous, 6 lower semicontinuous and A open,
there exist ¢ > 0 and an open neighborhood V' of x( such that

(3.1) Bz(yo,0) C Bz(g(z),0(x))NA for every x € V.

The set {x € M | F(z) N Bz(yo,0) # 0} is open, for F is lower semi-
continuous, and it contains xg, since yo € F(x¢). Thus there is an open
neighborhood W of zo, W C V, such that z € W implies F'(z) N Bz (yo,0)
# (). Combining the latter with (3.1) gives @(x) N A # ) for every x € W.
As ¢ € U is arbitrary the set U is open and thus @ is lower semicontinuous.

THEOREM 3.1. Let M be a paracompact space, and Y an a-convex
complete metric space. Then every lower semicontinuous multifunction F :
M — 2 with closed convex values admits a continuous selection.

Proof. Let o be the convexity mapping of Y, and let r, be as in Defi-
nition 2.1. By Proposition 2.3 there exist strictly decreasing sequences {n,, }
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and {0, } with
0<n<0,/2, 0,<en=rs/2", n=12,...,
for which the following two conditions (S7), (S2) are satisfied.

(S1)  For every nonempty convex A C Y, (y1,...,yp) € YP, (A1,..., )
€ XP, with p > 1 arbitrary, d(y;, A) < 0,, i =1,...,p, implies

d(bp(ylv"'7yp;>\17"-a)\p),x4)<5n, n € N.

(S2) For every nonempty convex A" CY, (y1,...,y,) € YP, (A\],...,A,)
€ XP, with p > 1 arbitrary, d(y,, A) < nn, i = 1,...,p, implies

d(bp(Y1s- - Ypi Als -0 AY), A) < 0,/2, neN.
STEP 1. We will construct a continuous f1 : M — Y satisfying
(3.2) d(fi(x), F(z)) < 01/2 for every x € M.
Following Michael [8] for y € Yy, where Yo = |, s F(2), set
Uy ={z e M| F(z) N By(y,m) # 0}.

Then Uy is open, for F' is lower semicontinuous, and thus U = {Uy}yey, is
an open covering of M. As M is paracompact, I/ has a neighborhood finite
refinement V = {Vs}gep. For V3 € V, the set

F(Vs) :{Uy ceU|Vs CUy}
is nonempty. In each 7 (Vp) fix one set, say U,(y,), thus
(3.3) Vg C Uy, for every B € B.

By Dugundji [4, p. 170}, there is a partition {py, }gep of unity subordinate
to V, i.e. a family of continuous functions py, : M — [0, 1] such that:

(j) supppy, C Vj for every 3 € B;
(jj) {supp pv; }sep is a neighborhood finite closed covering of M;
(ij) ZﬁeBpVﬁ(x) =1 for every x € M.
By Zermelo’s theorem [4, p. 31], V admits a partial ordering < which makes
V into a well ordered set.

Let u € M be arbitrary. Since V is neighborhood finite, there exists an
open neighborhood W, of u such that the family

Yw, ={Vs eV |VanW, #0}
is nonempty and finite and thus, for some k € N,
(3.4) Yw, = Vg,...,Vs,) where Vg <---<Vj.
Let
WVa)s - u(Va)) Uy Uyvy))

correspond according to (3.3).
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Now define gy, : W,, — Y by
3:5)  ew, (@) = br(y(Va), .-, y(Va, )i pvs, (2), - v, (7)), @€ W

By Proposition 2.1, ¢, is well defined and continuous.
We have

(3.6) d(ew, (), F(x)) < 61/2, x€ W,.

In fact, let x € Wy. The set Vjj, of all Vg € V such that py,(x) > 0 is a
nonempty subset of Vi, , as € supp py, C V3. Hence, for some 1 <p <k
and 1 <iy <--- <1, <k, one has

Viv, = (Va,,---,Vs,) where Vg <---=<Vp |
and so Proposition 2.2 implies
(3.7) ew, () = bp(y(Va,, ) - - ,y(‘/'ﬁip);pvﬁi1 (z),... PV, (x)).
On the other hand, for s=1,...,p,
x € supppy, C Vg, C Uy(vﬁis) ={ze M| F(z)NBy(y(Vs,),m) # 0},
and consequently
d(y(Vgis),F(x)) <mn, s=1,...,p.
Then, by (S2) (with n = 1),
d(p(y(Vs,,)s- - y(Va,, )i pvs, (@), opvy, (@), F@)) < 01/2,

and, by (3.7), as € W, is arbitrary, (3.6) follows.
Now define f; : M — Y by

(3.8) fi(x) = ow,(x) for every x € W,, and u € M.

Each pw,, uw € M, is continuous, hence, by Proposition 2.4, f; is well defined
and continuous if we show that for any W, W,/ with W, NW,, # () we have

(3.9) ow, (r) = ow,, () for every x € W, N W.
In fact, let x € W,, N W,. Clearly,
(3.10) Viv, = {Vs € Vw, | pv;, (z) > 0}

= {Vﬁz € VWu/ ‘ bvy, (.CC) > 0} = VIQ/EVu/‘
By (3.4) and (3.10), for some 1 <p <k and 1 <4y <--- < i, <k, one has
Viv, =Viv, = (Vg,s---, Vg, ) where Vg, < --- < Vg, . Thus (3.9) follows,
for b
ew, (2) = bp(y(Va, )s - -, y(Vﬁip);leﬁi1 v PV, (7)) = ow,, (z),

and thus f; is well defined and continuous. Further, in view of (3.8) and
(3.6), f1 satisfies (3.2), and Step 1 is proved.
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STEP 2. Assume that n > 2 continuous functions f; : M — Y have been
defined such that:

(3.11); d(fi(x),F(x)) <0;/2 foreveryxze M,i=1,...,n,
(3.12);  d(fi(z), fi—1(x)) <eij—1 foreveryx € M,i=2,...,n.

Then there exists a continuous f,+1 : M — Y so that (3.11),4; and
(3.12),,41 are satisfied.

By Step 1, there exists a continuous f; : M — Y for which (3.11); holds.
The proof of the existence of a continuous fo : M — Y satisfying (3.11)
and (3.12)9 is similar to the induction argument of Step 2, and therefore it
is omitted.

Now suppose that n > 2 continuous functions f; : M — Y have been
defined satisfying (3.11);,7 =1,...,n, and (3.12);, 7 = 2, ..., n. To construct
frt1: M — Y, define @, : M — 2Y by

&, (x) = F(xz) N By (fn(x),0,/2) for every x € M.

By Proposition 3.1, @,, is lower semicontinuous with nonempty (not neces-
sarily convex) values.
For y € Yo = U,en F(2), set

Uy ={z € M | n(z) N By (y,7mn+1) # 0}.

Since U = {Uy}yey, is an open covering of M, a paracompact space, U
admits a neighborhood finite refinement, say V = {V3}gep. As in Step 1,
associate with each Vg € V a set Uyy,) € U for which (3.3) holds. Let
{Pvﬁ}ﬁe B be a partition of unity subordinate to V, and equip V with a
partial ordering < which makes V into a well ordered set.

Let w € M be arbitrary. Since V is neighborhood finite, there exists
an open neighborhood W, of u such that the family Vi, = {V3 € V |
Vs N W, # 0} is nonempty and finite. Let Vi, be given by (3.4), and let
(y(V3,)s--,y(Vs,)), (Uy(Vﬁl)""’Uy(VBk)) satisfy (3.3). As in Step 1, one
can show that the function ¢y, : W, — Y given by (3.5) is well defined and
continuous.

Furthermore, we have:

(3.13) d(pw,(x), F(x)) < Ony1/2  for every x € Wy,
(3.14) d(pw, (x), fn(z)) < en for every x € W,.

Indeed to show (3.13), let x € W,,. The set Vjj, of all V3 € V such that
pv,(z) > 0 is a nonempty subset of Vy,,, whence, for some 1 < p < k and

1 <idp <---<ip, <k, one has V{fVu = (Vﬂﬁ’”"vﬁip) where V/gil <=
Vﬁip- Thus, by Proposition 2.2,

(3.15) ew, () =bp(y(Va, )s-- -, y(Vﬁip);pVﬁi1 (x),... PV, (x)).
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Since for s =1,...,p,
x € supppy;, C Vg, C Uy(VﬁiS) ={z€ M | 9,(2) N By(y(Vs,,),mm+1) # 0},
it follows that
(3.16) d(y(Vs,, ), Pn(2)) < Mpt1, s=1,...,p,
and, a fortiori,
d(y(Vs, ), F(x)) <npy1, s=1,...,p.
Then, by (S2) (with n 4+ 1 in place of n), one has
d(bp(y(vﬁzl)a o 7y(Vﬁip);pV5i1 (ZL’), oo 7pVBip (':E))7 F(.CU)) < 0n+1/2

and, in view of (3.15), as x € W), is arbitrary, (3.13) follows.

To show (3.14), let = € W,,. Since @, (x) C By (fn(z),0,/2), in view of
(3.16) one has

d(y(Vgis),fn(m)) <M1 +600/2 <O0pg1/2 +0,/2 <0,, s=1,...,p,

for np+1 < Ony1/2 < 6,/2. Then, by (S1),

d(bp(y(Vs,, ) y(Va,, Jipvs, (@), spvs, (7)), fu(2)) < en

and thus, by (3.15), as x € W, is arbitrary, (3.14) follows.
Now define f,+1: M — Y by

fr+1(z) = ow, (z) for every x € W, and u € M.

As in Step 1, one can show that f,,4+1 is well defined and continuous. By
(3.13) and (3.14), fp+1 satisfies (3.11),41 and (3.12),41, and Step 2 is
proved.

By Step 2, there exists a sequence { f,,} of continuous functions f,, : M —
Y satisfying the following conditions:

d(fn(x), F(x)) < 0,/2 foreveryxe M,n=1,2,...,
d(frnt1(x), fo(z)) <en foreveryx e M,n=1,2,....
Since {fn} is Cauchy and Y is complete, {f,} converges to a continuous

function f : M — Y. Clearly f(z) € F(x) for every x € M, thus f is a
continuous selection of F'. This completes the proof.

COROLLARY 3.1. Let D be a nonempty closed subset of a paracompact
space M, and let Y be an a-conver complete metric space. Let ¢ : D — 'Y
be a continuous function. Then @ admits a continuous extension on M, that
is, there ezists a continuous function f : M —'Y such that f(x) = ¢(x) for
every x € D.

Proof. Define F : M — 2¥ by

~ [He(@)} ifzeD,
F(x)_{y if € M\ D.
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Then F' is lower semicontinuous, and takes closed convex values, by Re-
mark 2.3. By Theorem 3.1, F' admits a continuous selection f : M — Y,
which is an extension of ¢ on M.

The following corollary is a variant of a result obtained by Pasicki [12].

COROLLARY 3.2. Let Y be an a-convexr complete metric space. Then
each nonempty closed a-convex set C CY is an absolute retract.

Proof. 1t suffices to show that for every metrizable X and closed D C X,
D # (), each continuous function ¢ : D — C admits a continuous extension
f X — C. This follows from Corollary 3.1, because C' is an a-convex
complete metric space and X is paracompact, by Stone’s theorem [4, p. 156].

By the generalized Schauder theorem [5, p. 94] and Corollary 3.2 we have

COROLLARY 3.3. LetY be an a-conver compact metric space. Then each
continuous function f Y — 'Y has a fized point.

REMARK 3.1. In Michael’s selection theorem, when F takes values in a
Banach space, the lower semicontinuity assumption on F' can be relaxed, as
shown by Gutev [6] and Przestawski and Rybinski [14]. In our a-convex met-
ric space setting it is not clear if a similar relaxation of lower semicontinuity
is also possible.

4. Some examples of convex metric spaces. For p, ¢ € R? we denote
by [p, q] the closed (unoriented) linear segment with end points p, g. We put
J =10,1].

EXAMPLE 4.1. Let Y = R? be equipped with the metric d induced by

the Euclidean norm of R2. For n € N, set a, = (n,0), by = (n,1), @, =
(n+1/n,0), by, = (n+1/n,1), &, = (@ + bs)/2 + (1,0). Define now

B(p,q,t) =
p if (p,q,t) € Ao ={(p,q,;t) €Y xY x J |t =0},
q if (p,q,t) € A1 ={(p,q,;t) €Y xY x J |t =1},
(I—=t)an+tb, if (p,q,t) € Sy = {(an,bn,t) €Y xY x J|t € J}, neN,
Y(@n, by, t) if (p,q,t) € Ty = {(@n,bn,t) €Y xY x J |t € J}, neN,
where
o (1= 2t)ay, + 2ten, tel0,1/2),
Y(@n, b, t) = _ -
(2 —20)e, + (2t — )by, t€[1/2,1].

Since 3 is continuous on Ag U A1 U |J,,cn(Sn U Tn), a closed set, and takes
values in Y, by Dugundji’s theorem [4, p. 188], § admits a continuous ex-
tension, say «, defined on Y x Y x J with values in Y.

By construction « satisfies conditions (i) and (ii) of Definition 2.1, and
hence Y is a convex metric space. However Y is not a-convex. In fact



314 F. S. De Blasi and G. Pianigiani

Aa(n, bn) = [an, bn), Aa(@n,bp) = [@n, Tn) U [€n, by], and thus

h(Aa(an,byn), Ao(@n,by)) > 1  for every n € N.

Since d(an,@n) = d(bn,b,) = 1/n, it follows that condition (iii) of Defini-
tion 2.1 is not satisfied, and hence Y is not a-convex.

EXAMPLE 4.2. Consider the Riemannian manifold S? = {z € R3 | ||z||
=1}, * = (21,72, 23), and denote by d the Riemannian metric of S2. Let
Y ={z € 5? | 22 + 23 < sin?7/8}. For (p,q) € Y2 denote by gpq: J — Y
the unique geodesic joining p and g. Define a: Y xY x J — Y by

a(p,q,t) = gp,q(t).

Clearly Aq(p,q) coincides with the arc of great circle contained in Y, with
end points p and ¢g. Moreover d(p, q) is the length of A,(p, q). By Nijenhuis’s
theorem [11] and Remark 2.1, « is well defined, continuous, and satisfies
conditions (i), (ii), (iii)” of Definition 2.2. Therefore, Y is geodesically -
convex and, a fortiori, also a-convex.

On the other hand, Y is not Lipschitz a-convex. For n > /2/sinm/8
and g, = 1/n, put a, = (en,en, /1 —2€2), by = (—€n,en, /1 —22),
Gn = (en, —€n, /1 —22), by, = (—€pn, —€n,/1 —2¢2). Observe that ¢, €
Aa(n,bn), Cn € Aq(@n,by), where ¢, = (0,6,,1/1 —2€2), &, = (0, —&y,
\/1 —2¢2). An easy calculation shows that, for every v € Aq(@n,bn), we
have d(cp,v) > d(cp,€n), and 5o d(cn, Aa(@n,bn)) > d(cn,E,). On the other
hand d(cp, G,) > d(an, @) = d(by, by,), and consequently

sup  d(u, Ao (@n, by)) > max{d(an, @), d(by,by)}.
u€Aq (an,bn)

From this and the analogous inequality obtained by interchanging A, (ay,, by,)

and Ay (@, by,), we have
h(Aa(an, bp), Aa(@n, bn)) > max{d(an, @), d(bn,bn)}.

Since ay,, @y, by, by — (0,0,1) as n — oo, it follows that condition (iii)’ of
Definition 2.2 is not satisfied, and hence Y is not Lipschitz a-convex.

We now present an example of a Lipschitz a-convex metric space.

EXAMPLE 4.3. Set Y = {z € R? | 2 = (21,22), 71 < 0 or 29 < 0} and
equip Y with the metric d induced by the Euclidean norm || - || of R.

Let (p,q) € Y2, and assume that [p,q] ¢ Y. For some 77 = T'(p, q),
T" = T"(p,q), where 0 < T" < T"” < 1, the oriented segment of equation
z(t) = (1—t)p+tq, t € [0,1], meets Y at points a’(p,q) = z(T"), a" (p,q) =
x(T"). Clearly a/(p, q) (resp. a”(p, q)) lies on the strictly positive (resp. neg-
ative) coordinate half-axis, thus da’(p,q) # a”(p,q). Set T =T(p,q) = T' +
@ = Tl /(] + la"]), where @’ = @/(prq), a” = a"(p,q). Clearly
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T < T < T, for d’,a” # 0. Moreover da’, a”, T', T”, T are continuous at
each (p,q) € Y2, with [p,q] ¢ Y.

Define now o : Y x Y x J — Y as follows: a(p,q,t) = (1 — t)p + tq if
[p,q] CY, and otherwise
(1=t/T)p+ (t/T")d, € [0,77,
(T —=t)/(T=T"))d, € [T, 1],
((t=T)/(T" = T))a" te[T,17],
(L=2)/(1- T”))a" +(@=1")/(1=T"))q, tel[T"1].
When 7" = 0 (resp. T” = 1), it is tacitly assumed that, on the right hand
side, the expression corresponding to ¢ € [0,7"] (resp. t € [T"”,1]) does not
appear.

Observe that the family of convex subsets of Y contains those of the
form C' NY, where C is any convex subset of R? containing the origin.

It is routine to check that « is well defined, continuous, and satisfies
conditions (i), (ii) of Definition 2.2. To show (iii)’, let (p, ¢), (p, 7) € Y% and
put, for brevity, A = A,(p,q), A = Aa(D,q). We claim that

a(p,q,t) =

(4.1) max d(z, 4) < max{d(p,p),d(¢,7)}
zeA
To see this, observe that
(4.2) d(x, A) < d(z,[p,q]) for every z €Y.
Now, take an m € A so that d(m, A) = max,ea d(z, A).
Suppose [p,q] C Y, thus A = [p, q]. Since d(-, [p,q]) is convex and m €

[p, q], we have d(m, [p,q]) < max{d(p, [p,q]), d(q, [P, q])} and hence, by (4.2)
(with z =m), (4.1) follows.

Suppose [p, q] ¢ Y. Without loss of generality we assume o’ = (o/,0) and
a” = (0,a”) for some o/, o’ > 0, and thus A = [p,a’|U[0,a'|U[0,a"]U[a”, q].
We consider three cases.

(a1) m € [p,a’|U[a",q]. Since m € [p,q], (4.1) follows as before, in view
of (2.2).

(ag) m = 0. We claim that 0 € A. Suppose not, and take Z € A so that
d(0,A) = |[Z]|. Clearly A = [p,q|, for 0 ¢ A, and hence A lies outside the
open ball centered at 0 with radius ||Z]|. Set 7 = {x € R? | (z,%) < 0}. As

a',a" & ™ we have Z; > 0, Zo > 0. Since Z € A C Y it follows that Z € 9Y.
Suppose that Z lies on the half-axis 21 > 0. Then A C {z € Y | 21 >
IZ||}, for d(0, A) = ||Z||, and hence d(a”,A) > ||a" — Z|| > ||Z|| = d(0, A) >
max,e 4 d(x, A), a contradiction. Therefore 0 € A, proving the claim. As
m =0 € A, (4.1) trivially holds.

(ag) m € [0,a'] U [0,a"]. Assume m € [0,d] (if m € [0,a”] the argu-
ment is similar). Suppose [p,g] C Y, thus A = [p,q]. Since d(-, A) is convex
and m € [0,a'] C A, in view of the definition of m we have d(m,A) =
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max{d(0, A),d(a’, A)}. If d(m, A) = d(0,
) h )-

hence (4.1) holds. Let d(m, A) = d(a’, A
we have

d(a’, 4) < max{d(p, [p,q)),d(q, [, 7))} < max{d(p,P),d(q, D)},
and hence (4.1) holds.
Suppose [p,q] ¢ Y. Then for some @ = (@,0) and @’ = (0,@") with
& > 0 we have A = [p,a@’] U [0,a’] U [0,@"] U[a”,q]. By hypothesis m €
[0,a']. If m € [0,@] we have d(m, A) = 0 and (4.1) holds. If m & [0,@], w
have m € [@,d’], and hence m = (1 — t)a’ + ta’ for some ¢ € [0,1]. In View
of (4.2) and the convexity of d(-, [p, q]), it follows that

(4.3) d(m, A) < d(m, [p,q]) < (1—t)d(@,[p,q) +td(d, [p,q)) < d(d, [p,q)),

for @ € [p,q]. Since a’ € [p, ¢, the convexity of d(-,[p,q]) implies

(4.4)  d(d,[p,q]) < max{d(p,[p,q]),d(q, [P.q)} < max{d(p,p),d(q,7)}.

Combining (4.3) and (4.4) completes the proof of claim (4.1).

From (4.1) and the analogous inequality obtained by interchanging A and
A it follows that h(A, A) < max{d(p,q),d(q,q)}, and hence also condition
(iii)" of Definition 2.2 is fulfilled. Consequently, Y is a Lipschitz a-convex
metric space.

), then (ag) implies 0 € A and
s d(-,A) is convex and a’ € [p, q],
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