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�\�L�c�����( �¡g¢g£!�(¤¥ ����Z¦g§ 2;7C9©¨�ª325ª�«�¬t®�¯8ªc°�± § 9 § :=±�7k¬t±�¯³²\¬!7 § «3´�25:=´�ªc2C9 § ª�7�:=<�9;µ�ª
¬t²�:�¶�ª¸·¹ªc±h9 § :=±�ª�¯º«0»¬!7575ª�7�:=<�75´\¬!«0ª�7c¼8½�ª09

X
²�ª¾¬ ¦ 25¿�«Pµ�ª09©75´\¬!«0ªk¨ § 9;µ¹9;µ�ªk9;:=´�:=ÁÀ

:=Â!6Ã¯8ªc°�±�ª�¯Ä²h6Ä¬t± § ±�«025ª�¬!7 § ±�Â�75ª�ÅhÆ�ªc±�«0ª
(‖ · ‖n)n∈N

:=<Ç75ªc· § ±�:=25·¹7c¼AÈÉª
«�¬t®
X Ê�ËtÌZÍ § <W9;µ�ªÉ<¥:=®®:�¨ § ±�ÂÃ«0:=±�¯ § 9 § :=±Îµ�:=�¯�7cÏ©9;µ�ªc25ª § 7Ð¬t± § ±�«025ª�¬!7 § ±�ÂÃ<¥Æ�±�«]9 § :=±
S : N → N

75Æ�«Pµ�9;µ\¬(9º<¥:=2Ñª0¶�ªc2C6�«0:=±h9 § ±SÆ�:=Æ�7³ § ±�ª�¬t2Ñ:=´�ªc2P¬(9;:=2
T : X → X9;µ�ªc25ª § 7�¬Ò±\¬(9;Æ�2P¬t

k0
75Æ�«Pµ~9;µ\¬(9k<¥:=2�ª0¶�ªc2C6

k ≥ k0
9;µ�ªc25ª § 7k¬Z«0:=±�7N9�¬t±h9

Ck
75Æ�«Pµ

9;µ\¬(9
‖Tx‖k ≤ Ck‖x‖S(k)

<¥:=2Gª0¶�ªc2C6
x ∈ X.Ó µ § 7r«0»¬!757r:=<�7C´\¬!«0ª�7Ç¨©¬!7r¯8ªc°�±�ª�¯É²h6ÕÔ�¼×ÖA:=Â!9�¬t±�¯ÉHG¼�Ô¸Æ�² § ±�75Øh6 § ±ÃÙÛÚtÜ-¼ Ó µ�ª06

´�25:�¶�ª�¯Ð9;µ\¬(9 § ±�¬Z9�¬t·Zª § ±�°�± § 9;ª�9_6n´�ª�´�:�¨�ªc2¸75ªc2 § ª�737C´\¬!«0ªpª0¶�ªc2C6Ð«0:=·Z´�®ªc·¹ªc±h9;ª�¯
75Æ�²�7C´\¬!«0ª¾µ\¬!7G¬W²\¬!7 § 70¼ ¦ :=2�:!9;µ�ªc2©´\¬t´�ªc2;7�25ªc»¬(9;ª�¯º9;:�9;µ�ª3±�:!9 § :=±³:=<�9�¬t·Zªc±�ª�7;7©75ªcª
Ù�Ý(ÜÁÞIÙÛß(Ü-¼A@-9 § 7ÒØS±�:�¨�±�9;µ\¬(9¹ª0¶�ªc2C6�°�± § 9;ªà9_6n´�ªá´�:�¨�ªc2Ñ7Cªc2 § ª�7Ñ7C´\¬!«0ª § 7Ò9�¬t·ZªÉâT75ªcª
ÙÁã�ä8ån½�ªc·Z·º¬ræS¼�ã]Ü&ç�¼ Ó µ�ª3¬ § ·è:=<F9;µ § 7�´\¬t´�ªc2 § 7A9;:Ò¬t±\¬tÁ6n4cª¸¨Gµ § «Pµ³1ké!9;µ�ª37Cª�ÅhÆ�ªc±�«0ª
75´\¬!«0ª�7k¬t25ª¾9�¬t·Zª=¼

È#ª³«�¬t®
X ê]ë\ËtìPí&î�ïIðtñ]ÌZËhò0óÁÍ § <G<¥:=2pª0¶�ªc2C6ôä(À-±�ª § Â=µS²�:=Æ�25µ�:S:n¯

U
9;µ�ªc25ª³ª0õ § 7N9P7

¬t±�:!9;µ�ªc2�ä(À-±�ª § Â=µS²�:=Æ�25µ�:S:n¯
V
7CÆ�«Pµ¹9;µ\¬(9A<¥:=2Aª0¶�ªc2C6

ε > 0
¨�ªG«�¬t±¹°�±�¯Ñ¬3²�:=Æ�±�¯8ª�¯

75ª09
B
§ ±
X
7CÆ�«Pµ~9;µ\¬(9

V ⊂ εU +B.Ó µ�ª�«0»¬!7;7L:=<�ÅhÆ\¬!7 § À-±�:=25·Ñ¬t²�®ª©75´\¬!«0ª�7g¨G¬!7 § ±h9;25:n¯8Æ�«0ª�¯p²h6röW¼=÷¸25:!9;µ�ªc±�¯ § ª�«PØ § ±àÙ ø!Ü-¼
BSªcªr¬t�7C:~Ù�ù(Ü-åFÙÛú(Ü-¼�û�6

L(X)
¨�ª¾¯8ªc±�:!9;ª39;µ�ª3 § ±�ª�¬t2©75´\¬!«0ª3:=<L¬t®�«0:=±h9 § ±SÆ�:=Æ�7© § ±�ª�¬t2
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����� ��� ! ��y��N���Cx��
:=´�ªc2P¬(9;:=2;7¸¬!«]9 § ±�ÂZ:=±

X
¼ ¦ :=2�¬t±h6à:=´�ªc2P¬(9;:=2

A ∈ L(X)
¨�ªÇ¯8ªc°�±�ª

σA(k) = inf{n ∈ N : sup
‖x‖n≤1

‖Ax‖k <∞}.
½�ª09

I
²�ªW¬t±Ð¬t25² § 9;2P¬t2C6 § ±�¯8ª0õà7Cª093¬t±�¯

A = (an)n∈N
¬p75ª�ÅhÆ�ªc±�«0ªr:=<L±�:=±�±�ªcÂh¬(9 § ¶�ª

<¥Æ�±�«]9 § :=±�7�¯8ªc°�±�ª�¯Ñ:=±
I
¨ § 9;µZ9;µ�ªk´�25:=´�ªc2C9_6Z9;µ\¬(9

ani ≤ an+1
i

<¥:=2k¬t®
n ∈ N, i ∈ I ¼½�ª09�Æ�7�25ª�«�¬t®89;µ\¬(9�<¥:=2

1 ≤ p <∞ ¬	��
 Ê�nÍGìcÍPê0ë�Í0ï��PÍGì��8Ë��PÍ § 7�¯8ªc°�±�ª�¯¹¬!7?<¥:=®®:�¨�7cÏ

λp(I,A) =
{
x = (x1, x2, . . .) : ‖x‖k :=

(∑

i∈I
(aki |xi|)p

)1/p
<∞ ∀k ∈ N

}

¬t±�¯
λ∞(I,A) = {x = (x1, x2, . . .) : ‖x‖k := sup

i∈I
aki |xi| <∞ ∀k ∈ N}

âT75ªcª
Ù�æSåLù=Ý�Ü&ç�¼ ¦ :=2Ç:!9;µ�ªc2r±�:!9 § :=±�7r<¥25:=· <¥Æ�±�«]9 § :=±\¬t�¬t±\¬tÁ687 § 7WÆ�75ª�¯ § ±#9;µ § 7Ç´\¬t´�ªc2
75ªcª¹Ù�æ(Ü-¼
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ω = {x = (x1, x2, . . .) : ‖x‖k := max
j≤k
|xj | <∞}.

½�ª09
S : N→ N

²�ªW¬t±
¬t25² § 9;2P¬t2C6 § ±�«025ª�¬!7 § ±�ÂÑ<¥Æ�±�«]9 § :=±
¬t±�¯~®ª09
A : ω → ω

²�ªW¬t±
:=´�ªc2P¬(9;:=2k¯8ªc°�±�ª�¯Ð¬!7

A((xj)j∈N) = (xS(j+1))j∈N.½�ª09
x(n) = (0, . . . , 0, n, 0, . . .).

↓3146587�9 S(k + 1)

Ó µ�ªc± ‖Ax(n)‖k = n
¬t±�¯ ‖x(n)‖S(k) = 0

¼ Ó µ�ªc25ªc<¥:=25ªÐ9;µ�ªc25ª § 7¹±�:ô«0:=±�7N9�¬t±h9
C
75Æ�«Pµ�9;µ\¬(9 ‖Ax‖k ≤ C‖x‖S(k)

<¥:=2�¬t®
x ∈ ω å×¨Gµ § «Pµ#´�25:�¶�ª�739;µ\¬(9 ω § 7¾±�:!9

9�¬t·Zª=¼
!#"%$&$('�ù:),+ ËtÌZÍ0ïIÍ]ì�ì3í¥ì¾í¥ï;�nÍ0ñ]í&Ê�Í=<àò?>@�Pð!Ì(��ó®Í]Ì¹Í]ï\Ê�Í=<¹ì�ë\ò]ì���Ë*�PÍ0ìA/0 ñ;ð�ð�-1/ ½�ª09 P : E → X

²�ªÉ¬ô´�25:CBNª�«]9 § :=±F¼k@�<
A
§ 7~¬ «0:=±h9 § ±SÆ�:=Æ�7á § ±�ª�¬t2

:=´�ªc2P¬(9;:=2Ò:=±
X

9;µ�ªc± 9;µ�ªº:=´�ªc2P¬(9;:=2
A ◦ P : E → X

§ 7p¬t±ôªc®ªc·Zªc±h9p:=<
L(E)

¼
Ó µSÆ�7

‖Ax‖k = ‖A ◦ Px‖k ≤ Ck‖x‖σAP (k)¬t±�¯
σA(k) ≤ σAP (k)

¼�@�<
σAP (k) ≤ S(k)

9;µ�ªc±
σA(k) ≤ S(k)

¬t±�¯à9;µSÆ�7 § <
E
§ 7

9�¬t·Zª39;µ�ªc±
X
§ 7�9�¬t·Zªr¬!7�¨�ªc®a¼
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½Fª09
φ : N → N

²�ªZ¬t±Õ¬t25² § 9;2P¬t2C6 § ±�«025ª�¬!7 § ±�Âà<¥Æ�±�«]9 § :=±É¬t±�¯�¯8ªc°�±�ªZ7C´\¬!«0ª�73:=<
 § ±�ª�¬t2�«0:=±h9 § ±SÆ�:=Æ�7�:=´�ªc2P¬(9;:=2;7

Lφ(X) = {A ∈ L(X) : ∀k ∈ N ∃Ck ∀x ∈ X ‖Ax‖k ≤ Ck‖x‖φ(k)},
Lφ,n(X) = {A ∈ L(X) : ∀k ≥ n ∃Ck ∀x ∈ X ‖Ax‖k ≤ Ck‖x‖φ(k)}.@�<g¨�ª¾´�Æ89

‖A‖φ(i),i = sup
‖x‖φ(i)≤1

‖Ax‖i,

9;µ�ªc±
Lφ(X)

¬t±�¯
Lφ,n(X)

¬t25ª ¦ 25¿�«Pµ�ª09�75´\¬!«0ª�7�¨ § 9;µW9;µ�ª�7Cª�ÅhÆ�ªc±�«0ª�7?:=<�75ªc· § ±�:=25·¹7
¯8ªc°�±�ª�¯Ò¬!7 ‖·‖m = max1≤i≤m ‖·‖φ(i),i

¬t±�¯ ‖·‖m = maxn≤i≤m ‖·‖φ(i),i
å(25ª�7C´�ª�«]À

9 § ¶�ªcÁ6�¼��¸±�Á6
«0:=·Z´�®ª09;ªc±�ª�7;7¾±�ªcª�¯�7Ç¬º«0:=·Z·Zªc±h9�¼F@�<
(Ap)p

§ 7Ç¬àE©¬tÆ�«Pµh6�7Cª�ÅhÆ�ªc±�«0ª
§ ±
Lφ(X)

9;µ�ªc±Ñ<¥:=2�ª0¶�ªc2C6
x ∈ X 9;µ�ª¸75ª�ÅhÆ�ªc±�«0ª

(Apx)p
§ 7�¬�E©¬tÆ�«Pµh6¹7Cª�ÅhÆ�ªc±�«0ª § ±

9;µ�ªW«0:=·Z´�®ª09;ªr75´\¬!«0ª
X
¼ Ó µ § 7©·¹ª�¬t±�7�9;µ\¬(9k<¥:=2©9;µ�ªr:=´�ªc2P¬(9;:=2

Ax = limp→∞Apx¨�ª¾µ\¬c¶�ª
∀k ∈ N ∃P ∈ N : ‖(A− AP )x‖k ≤ ‖x‖φ(k).Ó µ § 7 § ·Z´� § ª�7r9;µ\¬(9 ‖Ax‖k ≤ (CPk + 1)‖x‖φ(k) = Dk‖x‖φ(k)

<¥:=2Ò¬t®
k
å�¨�µ § «Pµ

75µ�:�¨�7©9;µ\¬(9
A ∈ Lφ(X)

¼ Ó µ�ª¾´�25:S:=< § ±³9;µ�ªr«�¬!7Cªr:=<
Lφ,n(X)

§ 7�9;µ�ªr7;¬t·¹ª=¼
!#"%$&$('ôÚ;)	� ï�Í�
!Í0ñ >ÒÊ�ËtÌZÍ�×ñ��=�1�nÍcÊ�ì���Ë*��Í X Ê�nÍ#-0ð!ó¥ó®ð���í¥ï��@�Pð!ï.<tí&ÊTíað!ï �nð!ó <tì Ï

Ê�nÍ0ñ;ÍÒÍ��tí¥ì]ÊTì ψ : N→ N ì�ë �1�³Ê�8Ë!Ê�-0ðtñpËtï > φ : N→ N Ê�8Í]ñPÍpÍ��!í¥ì�ÊTì k ∈ N ìPë%�?�
Ê�nË=Ê.-0ðtñWË=ó¥ó m ≥ k Ê�nÍ0ñ;ÍpËtñ;Í n ∈ N Ë!ï.<³Ë@�Pðtï�ì�Ê�Ëtï\Ê Cm > 0 ì�ë �1�ºÊ�nË=Ê
âCã�ç ∀x∗ ∈ X∗, y ∈ X : max

k≤l≤m
‖x∗‖∗ψ(l)‖y‖l ≤ Cm max

1≤p≤n
‖x∗‖∗φ(p)‖y‖p,

���nÍ0ñ;Í ‖x∗‖∗m = sup‖x‖m≤1 |x∗(x)| /0 ñ;ð�ð�-1/ @�<Z9;µ�ª�7C´\¬!«0ª
X

§ 7Ð9�¬t·Zªô¨ § 9;µÎ9;µ�ª�<¥Æ�±�«]9 § :=±
ψ
9;µ�ªc± ª0¶�ªc2C6 «0:=±8À

9 § ±SÆ�:=Æ�7à § ±�ª�¬t2³:=´�ªc2P¬(9;:=2 § 7à¬t± ªc®ªc·Zªc±h9à:=<�¬ô«0ªc2C9�¬ § ±
Lψ,k

75:ô¨�ª�·Ñ¬c6�¨�2 § 9;ª
L(X) =

⋃
k∈N Lψ,k(X)

¼�@�<g¨�ª¾±�:�¨ ªc±�¯8:�¨ 9;µ�ªr7C´\¬!«0ª
L(X)

¨ § 9;µà9;µ�ª¾9;:=´�:=®:=Â!6
:=<�´�: § ±h9_¨ § 75ªÑ«0:=±h¶�ªc25Â=ªc±�«0ª¹9;µ�ªc±É<¥:=2rª0¶�ªc2C6 § ±�«025ª�¬!7 § ±�ÂÐ<¥Æ�±�«]9 § :=±

φ : N → N
¨�ª

:=²89�¬ § ±#9;µ�ªZ<¥:=®®:�¨ § ±�ÂÐ¯ § ¬tÂ=2P¬t· ¨Gµ�ªc25ªÒ9;µ�ªÑ¬t2525:�¨�7Ç25ªc´�25ª�75ªc±h9�«0:=±h9 § ±SÆ�:=Æ�7r § ±�ª�¬t2
·Ñ¬t´�´ § ±�Â�7cÏ

⋃
k Lψ,k

id−−−−→ L
xid

LφÓ µ�ªW«0:=±h9 § ±SÆ § 9_6Ð:=<?9;µ�ªWµ�:=2 § 4c:=±h9�¬t�¬t2525:�¨ «0:=·Zª�7�<¥25:=· 9;µ�ªW<¥:=®®:�¨ § ±�Âà¬t25Â=Æ�·Zªc±h9�Ï
<¥:=2¸ª0¶�ªc2C6Õä(À-±�ª § Â=µS²�:=Æ�25µ�:S:n¯

U(0, x1, . . . , xn, k, ε) = {A ∈ L(X) : ∀1 ≤ i ≤ n
‖Axi‖k < ε} § ± L

¨�ªà¯8ªc°�±�ªá¬Õä(À-±�ª § Â=µS²�:=Æ�25µ�:S:n¯
V = {A ∈ Lφ : ‖A‖k <

ε/M} § ± Lφ ån¨�µ�ªc25ª M = max1≤i≤n ‖xi‖k
¼�ök7 § 7�ª�¬!7 § Á6à75ªcªc±Få

id(V ) ⊂ U ¼ Ó µ�ª«0:=±h9 § ±SÆ § 9_6Ã:=<39;µ�ªÐ¶�ªc2C9 § «�¬t¾¬t2525:�¨ § 7Ñ´�25:�¶�ª�¯Ä7 § · § »¬t25Á6�¼��¸7 § ±�Â�÷325:!9;µ�ªc±�¯ § ª�«PØ���7
¦ ¬!«]9;:=2 § 4�¬(9 § :=± Ó µ�ªc:=25ªc· Ù�æSå�ù(ø�¼�Ú=Ú(Ü�¨�ªp°�±�¯Õ¬Ñ±\¬(9;Æ�2P¬t�±SÆ�·�²�ªc2

k
7CÆ�«Pµ�9;µ\¬(9

Lφ



����� ��� ! ��y��N���Cx��
ªc·�²�ª�¯�7�«0:=±h9 § ±SÆ�:=Æ�:�75Á6 § ±

Lψ,k
¼8@�±º:!9;µ�ªc2�¨�:=2;¯�7 § ±º9;µ�ªk9�¬t·Zª ¦ 25¿�«Pµ�ª09G7C´\¬!«0ª39;µ�ª

<¥:=®®:�¨ § ±�ÂZµ�:=�¯�7cÏ
(2) ∃ψ ↗∞ ∀φ↗∞ ∃k ∀m ≥ k ∃n,Cm ∀T ∈ Lφ(X) :

max
k≤l≤m

‖T‖ψ(l),l ≤ Cm max
1≤p≤n

‖T‖φ(p),p.

@�±�´\¬t2C9 § «0Æ�»¬t2cå=<¥:=2?:=±�ª0À�¯ § ·Zªc±�7 § :=±\¬t�:=´�ªc2P¬(9;:=2;7
T
å
Tx = x∗(x)y

å
x∗ ∈ X å

y ∈ X å
¨�ª¾Â=ª09�âCã�ç�¼

!#"%$&$(' ø%)�� Í0Ê λp(I,A) ò;Í�Ëtï*Ëtñ�ò]í&ÊTñ;Ëtñ?> ��
 Ê�nÍáìcÍPê0ë�Í0ï��PÍáì���Ë*��Í / � -àí&ÊWí¥ì
ïIð!ÊGê0ë�Ë!ìPí&î�ïIðtñ�Ì¹Ëhò0óÁÍÒÊ�nÍ0ï å ��í&Ê�nðtë�Ê�ó®ðtìPì�ð -�hÍ0ï�Í0ñ;Ë!ó í&Ê> å ��ÍpÌZË >~Ëtì�ìPënÌ¹Í�Ê�nË=Ê A
ìcË!ÊTí¥ì���Í0ì~Ê�nÍ�-0ð!ó¥ó®ð���í¥ï � �Pðtï�<tí&ÊTíaðtï�ì Ï a1

i = 1 -0ð!ñ�Ë!ó¥ó i å Ëtï.<@-0ð!ñ
Í�
!Í0ñ > ïIË!ÊTënñPË!ó
ï�ënÌ¹òPÍ]ñ m Ê�8Í]ñPÍ�Í��!í¥ì�ÊTìrËtï
í¥ï�<�Í��¹ìPë�ò�ìcÍcÊ Jm = {i(m, j) : j ∈ N} ìPë �1�³Ê�nË=Ê
âaÚ�ç

sup
j
ami(m,j) = cm <∞ Ëtï.< lim

j
am+1
i(m,j)

=∞.
0 ñ;ð�ð�-1/ ¦ 25:=· Ù�ùSå Ó µF¼gã�Ý�Ü § 9k<¥:=®®:�¨k7G9;µ\¬(9 § <

λp(I,A)
§ 7�±�:!9¸ÅhÆ\¬!7 § À-±�:=25·º¬t²�®ª

9;µ�ªc±

∃n ∀m ≥ n ∃J ⊂ I : inf
i∈J

ani
ami

> 0
¬t±�¯

inf
i∈J

ani
aki

= 0
<¥:=2G75:=·Zª

k(m) ≥ m.
¦L§ 2;7C9;Á6�å\¨�ªÇ·º¬c6~¬!7575Æ�·ZªÇ9;µ\¬(9

n = 1
¬t±�¯

a1
i = 1

<¥:=2¸¬t®
i
â&²h6á¯ § ¶ § ¯ § ±�ÂÑ²h6

a1
i

ç�¼
BSª�«0:=±�¯8Á6�å�ª0¶�ªc2C6�7Cª09

Jm
§ 7 § ±�°�± § 9;ª¹7C:³¨�ªp·Ñ¬c6~¨�2 § 9;ª

Jm = {i(m, j) : j ∈ N} ¼¦L§ ±\¬t®Á6�å=:=· § 959 § ±�Â¾25:�¨k7L:=<\9;µ�ª©·Ñ¬(9;2 § õ
A
7CÆ § 9�¬t²�Á6�å�±SÆ�·�²�ªc2;7

k(m)
«�¬t±p²�ªG«Pµ�:�7Cªc±

¬!7
k(m) = m+ 1

<¥:=2
m ∈ N ¼

�×��� �\¤&��������¢ �¥���
�
	������������������æ:)�� 
tÍ0ñ?>¹Ê�ËtÌZÍ �×ñ��=�1�nÍcÊAì���Ë*��Í	�nËtìWË ��ðtï\ÊTí¥ï�ë�ð!ënì¾ï�ð!ñ�Ì /0 ñ;ð�ð�-1/ @�<�9;µ�ªG7C´\¬!«0ª�¯8:Sª�7�±�:!9�¬!¯8· § 9�¬3«0:=±h9 § ±SÆ�:=Æ�7A±�:=25· 9;µ�ªc±¹<¥25:=· ÙÁã=å�½�ªc·ÒÀ

·Ñ¬!7rãr¬t±�¯
ù�Ü § 9k«0:=±h9�¬ § ±�7
ω
¬!7k¬Z«0:=·Z´�®ªc·Zªc±h9;ª�¯á7CÆ�²�75´\¬!«0ª���²�Æ89�9;µ�ªc±á<¥25:=· :=Æ�2

¬!7;7CÆ�·¹´89 § :=±Ð¬t±�¯~½�ªc·Z·Ñ¬ÒùSå
ω
§ 7�9�¬t·Zª=å8¨�µ § «Pµ~«0:=±h9;2P¬!¯ § «]9P7k½�ªc·Z·Ñ¬³ã!¼

��� "���	 " $ ú;) + Ë!ÌZÍ ��
 Ê�nÍÇìcÍPê0ë�Í0ï.��ÍÇì���Ë*��Í0ìÇË!ñ;Ípê]ë\ËtìPí&î�ïIðtñ]ÌZËhò0óÁÍ�/0 ñ;ð�ð�-1/ û�6Z>�25:=´�:�7 § 9 § :=±~æk¨�ªG·Ñ¬c6¹¬!7575Æ�·ZªG9;µ\¬(9 aki > 0
<¥:=2�¬t®

i ∈ I, k ∈ N ¼BSÆ�´�´�:�75ªÒ9;µ\¬(9
λp(I,A)

§ 7Ç¬¹9�¬t·¹ªÒ1ké!9;µ�ªZ7C´\¬!«0ªp¨�µ § «Pµ § 73±�:!9rÅhÆ\¬!7 § À-±�:=25·º¬t²�®ª=¼
�¸7 § ±�Â¹½�ªc·Z·Ñ¬pÚ�¨�ª¾·Ñ¬c6Ñ¨�2 § 9;ª

‖x∗‖∗ψ(k)‖y‖k ≤ Ck max
1≤p≤n

‖x∗‖∗φ(p)‖y‖p.
È § 9;µ�:=Æ89Ò®:�7 § ±�Â
:=<�Â=ªc±�ªc2P¬t § 9_6É¨�ªÑ·Ñ¬c6 ¬!7575Æ�·ZªÑ9;µ\¬(9

n ≥ k
¼ ¦ :=2p¬t®

j, v ∈ N¯8ªc°�±�ª
x∗vx = xi(φ(k−1),v)

¬t±�¯
yj = ei(k−1,j),¨�µ�ªc25ª

xi
¯8ªc±�:!9;ª�739;µ�ª

i
9;µ#«0:S:=2;¯ § ±\¬(9;ªZ:=<A9;µ�ªp¶�ª�«]9;:=2

x
å
ei
§ 739;µ�ª

i
9;µ
¶�ª�«]9;:=2Ç:=<
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9;µ�ª¸7N9�¬t±�¯�¬t2;¯¹²\¬!7 § 70å8¬t±�¯
i(k, j)

¯8ªc±�:!9;ª�7A9;µ�ª § ±�¯8ª0õZ:=<×±SÆ�·�²�ªc2
j
<¥25:=· 9;µ�ª § ±�¯8ª0õ

75ª09
Jk
¼�B § ±�«0ª ‖yj‖p = api(k−1,j)

¬t±�¯ ‖x∗v‖∗l = (ali(φ(k−1),v))
−1 åS¨�ª¸:=²89�¬ § ±³<¥:=2G¬t®

j, v ∈ N 9;µ�ª § ±�ª�ÅhÆ\¬t § 9_6

â&øSç aki(k−1,j)

a
ψ(k)
i(φ(k−1),v)

≤ Ck max
1≤p≤n

api(k−1,j)

a
φ(p)
i(φ(k−1),v)

.

Ó µ�ª©<¥Æ�±�«]9 § :=±
φ
µ\¬!7�²�ªcªc±¹¬t25² § 9;2P¬t2C6Z7C:¾<T¬t2�²�Æ89A<¥25:=· ±�:�¨�:=±p¨�ª©«Pµ�:S:�75ª

φ(k−1)
= ψ(k)

¼;È § 9;µ�:=Æ89×®:�7;7�:=<=Â=ªc±�ªc2P¬t § 9_6�¨�ªg·º¬c6�¬!7;7CÆ�·Zª�9;µ\¬(9
ψ
§ 7I7C9;2 § «]9;Á6 § ±�«025ª�¬!7 § ±�Â�å

¨�µ § «PµFå�«0:=·p² § ±�ª�¯º¨ § 9;µ~½�ªc·Z·Ñ¬Wø�å�Â § ¶�ª�7©Æ�7

a
ψ(k)
i(φ(k−1),v) = a

φ(k−1)
i(φ(k−1),v) ≤ cφ(k−1)

<¥:=2k¬t®
v
¬t±�¯

â-æ=ç aki(k−1,j) −−−−→j→∞
∞.

HAÅhÆ § ¶=¬t®ªc±h9;Á6³¨�ª¾·Ñ¬c6Ñ¨�2 § 9;ª

âaú�ç 1

cφ(k−1)
aki(k−1,j) ≤

aki(k−1,j)

a
ψ(k)
i(φ(k−1),v)

.

Ó µ�ª3ª�7C9 § ·Ñ¬(9;ª�7©:=<�9;µ�ª¾2 § Â=µh9Gµ\¬t±�¯à7 § ¯8ª¾:=<�â&øSçA¨ § ®×²�ªÇ¯ § ¶ § ¯8ª�¯ § ±h9;:p9_¨�:Z«�¬!7Cª�7c¼\@�<
p ≤ k − 1

9;µ�ªc±

api(k−1,j) ≤ a
k−1
i(k−1,j) ≤ ck−1

¬t±�¯
a
φ(p)
i(φ(k−1),v) ≥ a

1
i(φ(k−1),v) = 1,

<¥:=2k¬t®
j, v

¼�@�<
p ≥ k 9;µ�ªc±
¬t�7C: φ(p) ≥ φ(k) ≥ φ(k − 1) + 1

å8¨�µ § «Pµà®ª�¬!¯�7©9;:

a
φ(p)
i(φ(k−1),v) ≥ a

φ(k−1)+1
i(φ(k−1),v) −−−−→v→∞

∞
¬t±�¯

api(k−1,j) ≥ aki(k−1,j) −−−−→j→∞
∞.

Ó µ § 7 § ·Z´� § ª�7F9;µ\¬(9L<¥:=2gª0¶�ªc2C6Ç±\¬(9;Æ�2P¬tS±SÆ�·p²�ªc2
j
9;µ�ªc25ª § 7g¬t± § ±�¯8ª0õ

vj ∈ N
¯8ªc´�ªc±�¯nÀ

§ ±�Â~:=±
k
²�Æ89r±�:!9r:=±

p
7CÆ�«PµÕ9;µ\¬(9

a
φ(p)
i(φ(k−1),vj)

≥ api(k−1,j)

¼�@�<A¨�ªÒ±�:�¨ ª0õS9;2P¬!«]9
<¥25:=· {x∗v}∞v=1

9;µ�ªr75Æ�²�7Cª�ÅhÆ�ªc±�«0ª
(x∗vj)j∈N

9;µ�ªc±à¨�ª¾:=²89�¬ § ±~9;µ�ª § ±�ª�ÅhÆ\¬t § 9_6

â-Ý=ç
max

1≤p≤n

api(k−1,j)

a
φ(p)
i(φ(k−1),vj)

≤ max{ck−1, 1} = dk.

E�:=·�² § ± § ±�ÂÒ9;µ�ª § ±�ª�ÅhÆ\¬t § 9 § ª�7pâ&øSç�å�âaú�çG¬t±�¯#â-Ý=ç�¨�ªÇ°�±\¬t®Á6³Â=ª09

aki(k−1,j) ≤ Ckcφ(k−1)dk <∞
<¥:=2�¬t®

j;

²�Æ89�å�²h6#â-æ=ç�å
limj a

k
i(k−1,j) =∞ å�¬p«0:=±h9;2P¬!¯ § «]9 § :=±F¼ Ó µ § 7G«0:=·¹´�®ª09;ª�7�9;µ�ªÇ´�25:S:=<_¼
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