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Summary. We study concentration properties for vector-valued maps. In particular, we
describe inequalities which capture the exact dimensional behavior of Lipschitz maps with
values in R*. To this end, we study in particular a domination principle for projections
which might be of independent interest. We further compare our conclusions with earlier
results by Pinelis in the Gaussian case, and discuss extensions to the infinite-dimensional
setting.

NOTATION. In what follows, whenever we deal with R*, we endow it
with the standard Euclidean structure with scalar product - and norm || - ||.
By 7n, we denote the standard N(0,1d,) Gaussian measure on R™ with
density dry,/dx = (271‘)_”/26_”96“2/2. Let g,91,92,-.. be independent real
N(0,1) random variables, so that G,, = (g1, ..., 9gn) is an R"-valued normal
random vector with distribution ~,. For t € R, let T(t) = 7 ([t,00)) =
P(g > t). Obviously, T'(t) = 1 — &(t), where @ is the standard normal
distribution function but using the function 7" will be more convenient in
our computations. Let 6 be a random vector uniformly distributed on the
unit sphere S*~! C R*, independent of g, g1, g2, . . . . For the sake of brevity,
we denote throughout this work by C, Cy, Cy, ... different positive universal
constants (i.e. numerical constants which do not depend on n, k or any other
parameter). With little effort some more explicit numerical bounds can be
deduced from the proofs.

1. Introduction. In the recent work [5], Gromov considers and analyses
the question of isoperimetry of waists and measure concentration of maps.
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As a typical result, he shows that whenever f : R” — R* is a continuous
map, there exists z € R¥ such that for every h > 0,

(1) W ((f7H(2)n) = W (B(0, h))

where B(z, h) is the ball with center 2 and radius & > 0 in R¥, When k = 1,
this result follows from the Gaussian isoperimetric inequality with z = my
the median of f for ~,. Similar conclusions hold for more general strictly
log-concave measures and on the sphere [5].

Although this result is perhaps more of topological nature, it also has

consequences for measure concentration. Namely, whenever f : R* — R* is
1-Lipschitz,

(f7H=)n © f7H(B(z,h)).

In particular, inequality (1) provides an upper bound on the measure of the
set {||f — z|| > h}, namely

(2) Wlf =zl = h) < w(a: ||zl = h).

When k = 1, this amounts to the classical Gaussian control of the measure
of the set {|f —my| > h}. In particular, (2) may be seen as part of the con-
centration of measure phenomenon. The aim of this note is actually to apply
the general theory of measure concentration (for functions) to concentration
of vector-valued maps in the spirit of (2). We will deal with quantitative
estimates up to numerical constants, as is usual for measure concentration.
As in the scalar case, z will always be identified to the median or mean value
of the Lipschitz function.

As a result, we first observe that whenever (X, d, u) is a metric measure
space with a Gaussian decay of the concentration function, then for any
1-Lipschitz function f: X — R* with mean zero,

pllf = r) < Crye(a - ||zl = 7/Co)

for any » > 0 where C'1,Cy > 0 are independent of k. The spirit of these
concentration results is that they capture the exact dimensional behavior of
Lipschitz maps with values in R¥ (the various bounds are clearly sharp on
linear maps). The approach relies on simple moment comparisons. We next
try to reach sharper inequalities, in particular with Cy = 1, and develop to
this end a general domination principle to transfer concentration inequalities
for (one-dimensional) projections to vector-valued maps. We then compare
our conclusions with earlier work by Pinelis [10] in the Gaussian case. We
also discuss, following [10], comparison inequalities for maps with values
in finite- and infinite-dimensional normed spaces based on an inequality put
forward by Pisier [11], and describe general concentration results for maps on
a Gaussian space. We conclude with several open questions and conjectures.
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2. A general statement. We first recall some basic notions of measure
concentration (cf. [8]). Let (X, d, 1) be a metric measure space in the sense
of [4]. That is, (X, d) is a metric space and p a probability measure on the
Borel sets of X. The concentration function of (X,d, ) is defined as

a(r) = OZ(X,d,u)(T) =sup{l —u(A,): AC X, u(4) >1/2}, r>0,

where A, = {x € X : d(z,A) < r}. The concentration function appears
in the following property of Lipschitz functions: whenever f : X — R is
1-Lipschitz, and my is the median of f for yu, then, for every r > 0,

w(lf —mg| > r) < 2a(r).

Recall also that (X, d, u) has Gaussian concentration whenever there are
constants x > 1 and o > 0 such that

(3) a(r) < ke /%) s,

Typical examples that exhibit Gaussian concentration are the standard
Gaussian measures 7, on R" (with k = 0 = 1, independent of the dimen-
sion). While 02 may be interpreted as the observable diameter of (X, d, 1)
(cf. [4], [8]), the constant x is assumed for simplicity to be larger than or
equal to 1.

A first general concentration result for vector-valued maps is the following
simple statement that relies on moment comparison.

THEOREM 1. Let (X, d, u) be a metric measure space with Gaussian con-
centration (3). Then, for every 1-Lipschitz function f : X — R* with mean
zero with respect to p, and every r > 0,

p(lfll = 7) < Cry(a : [Jz]| = r/(Co))
where C' > 0 is numerical.

Proof. Under the Gaussian concentration hypothesis, whenever ¢ : X —R
is 1-Lipschitz with {¢ dp = 0, then

(ol > 7) < Crre /27200 >,

for some universal C; > 0 (cf. [8, Proposition 1.8]). Hence, for every p > 1,
[o¢] (o]
JlolP du= | ullol = r)d(r?) < Cax | e/ a(rr)
0 0
so that

Vol dp < 26pC}* 0P M,y

where M, = {; [z|9dyi(z) = 2927712 ((g + 1)/2), ¢ > 0.
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Now, let f : X — RF be 1-Lipschitz with mean zero. Then, for every
y € RF, . f: X — R is ||y||-Lipschitz with mean zero. Hence, by the
preceding,

ly - 17 dyu < 26pCY> 4 o7 M, [y
Therefore, for any p > 1,
VAP dp = b, Sy - £ ()P dp(z) dye(y)
< 26pC} 0P My M [yl i (v).

Easy calculation yields
S

S ‘ 20v/C1
where Cy > 1 is some numerical constant. We are now left with the fol-

lowing lemma that we learned from Pinelis and which we formulate with
probabilistic notation.

p
dp < Cor\ ||y [I” dyi(y)

LEMMA 1. Let U > 0 be a random variable such that for any p > 1,
E(U”) < BE(||Gx|I")
where B > 1. Then, for any r > 0,
P(U > 1) < CBP(|Gi| = 7/C)
for some numerical C > 0.

Proof. We may and do assume that £ > 2. Let a € (0,1/2) denote a
universal constant, to be specified later. If r < a=1'1/k/2, then

P(||Gkll > ar) > P(|Gkl|* > k/2) — 1

as k — oo by the law of large numbers. Hence the lemma holds in this case
provided C' > 0 is large enough.

Let now r > a~!4/k/2. From the hypothesis, for any p > 1,
2\ I'(p+k/2)
r2 rk/2) -
Choose then p > 1 such that p + k/2 = r2/2. It follows that, for some
numerical constant C3 > 0,

P(U 2 1) < B E(IGi) = B

1 1
P(U > ’I“) < BF(;) (C3r)k—le—r2/2 < CgBF(;) (Cgr)k_ze_r2/4,

where we have used Stirling’s formula. Now, integrating by parts (see the
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proof of Theorem 2 below), for every k > 2 and r > 0,

B(Gul > an > () () P s p(B) ()R s
k| > ar) > 5 . . . : : ) |

Choose a € (0,1/2) small enough to have exp(1/(16a?)) > 2C3/a > 1. Then

k k—2
er2/4e_T2/8 — er2/8 Z exp _k Z 2_03 Z 2_613
1642 a a

and therefore P(U > r) < C3BP(||Gg|| > ar). It is then easily seen that the
conclusion of the lemma holds for some well chosen C. m

3. A domination principle. In this section, we develop a domination
principle that will prove more precise than the general statement of the
preceding section. Starting from a sharp Gaussian concentration inequality
along linear functionals, the tail of vector-valued maps in R* will be con-
trolled by the norm of the Gaussian vector in R¥, with only a dimensional
factor in front of the probability. We will need several lemmas. All of them
are quite standard but we present their proofs for the sake of complete-
ness.

LEMMA 2. For every s > 0, T(s) < (2r)~Y2s72e=*"/2. Moreover,

(4) lim ST(S)682/2 = (2m)7Y/2,

§—00

Proof. Indeed,

2m)' V25T (s) = | se 2 da < | 2e 2 da = =/,

S S
The de 'Hospital rule easily shows that

) T(s)
sli{go 8716782/2

= (2m)"Y2

LEMMA 3. There exists a constant C1 > 0 such that for every k > 2 and
all a € (0,1),

P(0; > «) > C1k~1/2(1 — o) 1/2
and, for all a € (k=1/2,1),
B0 > a) > Cik~Y2a1(1 — o2)-D/2

where 01 denotes the first coordinate of an R*-valued random vector  which
is uniformly distributed on S*1.
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Proof. Recall that the surface measure of the unit sphere S¥~1 c R is
given by the formula wy,_; = 27%/2/I'(k/2). Therefore

Obviously, for all a € (0,1),

—a? Ve X
0 0
We also have, for every o € (k=1/2,271/2),
V1—o? 1 1—a2
| 2 - 12dt > or AR
0 ¢ Ji2az
1
= ((1— a2)*=D/2 _ (1 — 942)(k=1)/2)
\/ioz(k: -1)
S (1—e V(1 - a2)k-1/2
- V2a(k —1)

since
(1 - 2a2)(k—1)/2<1 o a2)—(k—1)/2 < (1 - a2)(k—1)/2 < (1 o l/k)(k—l)/2
< e~ (k=1)/(2k) < g=1/4,
To finish the proof observe that
inf L(k/2)
k22 D((k —1)/2)Vk

by Stirling’s formula. =

LEMMA 4. Let ¢ be an RF-valued random vector. Then for any r > s> 0,

P(|¢ - v| > s)
Plieh=r) < sw gigT=5/m:

Proof. Without loss of generality we can assume that a random vector
6 uniformly distributed on S*~! is independent of ¢£. By the rotation in-
variance of 6, for any z € R¥ and s > 0, P(|z - 0] > s) = P(||z| |01] > s).
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Hence
v:;l}glﬂ”(lﬁ v 2 8) 2 P(IS- 0] = 5) = EcPy(I€ - 0] > s)
= EePy([[€]]101] = 5) = P(|01] = s/7, €] = 7)
= P(|01] = s/r)P(E]] = 7).
which is the conclusion.
The next theorem describes the domination principle that allows us to
deduce sharp concentration inequalities for vector-valued maps from the cor-

responding bounds on one-dimensional projections with a good care of the
constants depending upon dimension.

THEOREM 2. Let v > 1/Vk. Assume that € is an RF-valued random
vector such that for every v € S*~1 and s > 0, P(|¢-v| > 5) < KT(s). Then,
for every r > 0,

P(|[€]| = r) < CVERP(||Gr|| > 7)
where C' > 0 1s some numerical constant.

The result readily applies to probability measures p on a metric space
(X,d) and 1-Lipschitz mean zero maps f : X — RF such that, for any
ve SH 1 and all s > 0,

w(lv- fl = s) < wT(s)
(if ¢ has distribution u, take & = f(()). We then have, for all » > 0,
p(Ifll = r) < CVEryg(a : ||| > 7).

The result applies in particular to the standard Gaussian measure v, on
X = R, although in this case the factor vk is not necessary as we will see
in the next section. As discussed in the remark below, it is however necessary
in general.

Proof. For k=1 the assertion is trivial, so assume k> 2. For 0 < r < \/E,
Gtg+ o tgi—
- >0
Vi
and the last expression is a positive universal constant by the Central Limit

Theorem (for another argument, giving a more explicit estimate, see for
example [7, Lemma 2|). Hence it suffices to prove that for every r > V/k,

PG 2 1) > i P16 > V) = i P

P(|¢]| = ) < CVEKP(|Gy|| = 7)

where C > 0 is some universal constant.
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Assume 7 > vk and put s = (12 — (k — 1))'/2 so that 72 — s> = k — 1.
Observe that a = s/r € (k='/2,1). Therefore Lemmas 4, 3 and 2 yield

P(l¢] > KT(s) o (m) sl
B P(W | > 8/7’) ~ 201k Y2071 (1 — a2)(k-1)/2
VE krk—2e=7/2¢(r?=5%)/2
cn/%(ra — 2y

o\ (=12 ,
= Cgﬁ( > krh—2e=77/2

k—1

for some universal Cy > 0. On the other hand,

P(|Gxll 2 7) = 2m) ™ §wpthle /2 dt

r

o
> (21) 7R 2y k2 S te /2 dt

_ (27‘(‘)_k/227'rk/2f(kj/2)_lrk_Qe_T2/2
_ 2—(k—2)/2p(k/2)—1rk—26—r2/2

(k—1)/2
€ k—2 —7"2/2
>
> Cg(k_ 1> %

for some universal C3 > 0, by Stirling’s formula. This ends the proof of the
theorem. m

REMARK 1. In general the factor 'k in Theorem 2 is necessary.

Proof. Fix k > 2. Choose r > V/k such that py,(r) = k(e/k)*/2rk—2¢=7"/2
satisfies pr(r) < 1 and pi(r) < T'(r/2). Some large enough r will do because
of (4). We will prove that for any s € (0,r),

(5) Pr(r)B(8) > s/r) < C4T(s),

where C4 > 0 is numerical. Indeed, for s € (0,7/2] the inequality triv-
ially follows from the fact that T'(s) > T'(r/2) and from the choice of r. If
s € (r/2,r), then a = s/r € (1/2,1) so that

V1—a?
S 521 — 2)71/2 gt
0

P60y > s/r) = F(%Q

)
I'((k—1)/2)y7
1—a?

<CsVka' | #FPdt < CekTP(1 - o)
0
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and therefore, by Lemma 2,
—1,-52/2
T(s) > C s"'e

P(6, > s/r) k=1/2(1 — a2)(k-1)/2
(

> k-2 —r2/2 _ €

> Crvkrt e (r2 — s2)(k=1)/2
> Ok rF2e7"/2 in% u~(k=D/2gu/2

u>

:C7\/E7’k_2€_r2/2< e >(k—1)/2

r2—s2)/2

k—1
> CSPk(T)a
where Cs, Cg, C7, Cg are some universal positive constants.
Let 6 be, as before, uniformly distributed on S¥~1 and let 7 be a random
variable independent of § with P(n = r) = pg(r), P(n = 0) = 1 — pg(r). Let
¢ = nf. We have proved (5), which means that for s > 0 and all v € S*¥~1,

P(I€ - v > s) < 2C4T(s).

On the other hand, P(||¢|| > 7) > pi(r), whereas P(||G|| > r) < Cok™'/?py.(r)
where Cg > 0 is numerical (to see this, modify the end of the proof of The-
orem 2). Hence the factor Vk in Theorem 2 cannot be avoided in general. m

4. Gaussian concentration results of Pinelis. In this section, we
compare and discuss earlier results by Pinelis [10] based on moment com-
parison which provide improved constants in a Gaussian setting. Pinelis’ in-
vestigation covers the case of Lipschitz maps with values in both Euclidean
space R¥ and arbitrary (finite- or infinite-dimensional) normed spaces.

A first optimal result in Fuclidean space is the following statement
from [10]. With regard to Theorem 2, it shows that the dimensional factor
Vk is not necessary for Gaussian measures. Recall that ~, is the standard
Gaussian measure on R”.

THEOREM 3. Let f : R® — RF be a 1-Lipschitz function such that
{ fdvy, =0. Then, for any convex function ¥ : R — R,

V(71 dya < §o(2]l) dr).

In particular, for any r > 0,

Wmlf = 7) <ew(: |lz]| = 7).

For the reader’s convenience we extract from Pinelis’ paper a direct ar-
gument showing that the convex domination implies the tail inequality with
factor e (Pinelis traces this argument back to Kemperman and cites the
book by Shorack and Wellner [12, pp. 797-799]). It is well known and quite
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easy to prove that the random variable ||Gg|| has logarithmically concave
tails, i.e. yvp(z @ [|z]| > t) = e ®® for some convex, increasing function
w : [0,00) — [0,00). Given > 0 one can find an affine function t — a + bt,
with @ € R and b > 0, supporting the function w at the point ¢ = r, so that
P(|Gx|| > 7) = e and P(||Gx|| > t) < 77 for ¢ > 0. In particular,
by setting ¢t = 0 we deduce that a < 0. Let ¢ =r —1/b. If ¢ < 0 then br < 1,
so that also a + br < 1 and therefore

eyl s ||z = r) = eP(|Gy]| = ) = 7 21 2 (I f] = 7).

If ¢ > 0 then consider a nondecreasing, convex function ¥(¢) = (t — ¢)+ and
observe that

Wl =7) = 0(r = )l fIl = r) = & (r)y(([fI] = 7).

Therefore,

Yl fl = 7) < bY@ (If 1) dya < bY@ (2l]) dyp(w) = BE(IGr]l — )+

Now,

bE(Gxll =€)+ =b Y P((IGll =€)+ > t)dt =b | P(|G|| > t) dt
0 c
<b S e—a—bt dt —a—be

l—a—br

and the conclusion follows since e = evi(z : ||z > 7).

Let du = e Vdz on R™ with V" > cId, ¢ > 0. By a theorem of Caf-
farelli [3]|, the Brenier map [2] S : R” — R™ that transports v, to u is
Lipschitz with norm ¢~ /2. Theorem 3 thus readily extends to this family
of log-concave measures. In particular, if f : R” — R is 1-Lipschitz and

{ fdu =0, then for any p > 1,

VIFIPP dp < e § 2] dg ().

It is worth mentioning that a slight improvement of this moment comparison
may be obtained by an alternative semigroup proof which we briefly discuss
now, for p an integer. For a probability measure p on R™, denote by A its
Poincaré constant defined as the largest A such that for all smooth enough
functions f: R™ — R with { fdu =0,

A 2du <\ IVFI* dp.

PROPOSITION 1. Let du = e Vdx on R™ with V" > ¢Id, ¢ > 0. Then,
for any 1-Lipschitz function f : R* — RF such that {fdu = 0 and any
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integer p > 1,

SHszpdu<p'H V121 dryi ().

cz+)\

It is classical (cf. [8]) that under the assumptions of the proposition,
A1 > ¢ (with equality in the Gaussian case). In particular,

VIFIPP dp < P\ ]| o (a0)-

Proposition 1 provides a somewhat sharper result than the conjunction of
Caffarelli’s theorem with the Gaussian case of Theorem 3 since the inequality
A1 > ¢ may be strict.

Proof. Let (P);>( be the semigroup generated by the second order dif-
ferential operator A — V- VV. Since V" > ¢Id, it is known (cf. e.g. [8]) that
for all smooth enough functions ¢ : R™ — R and all £ > 0,

IVPel? < e > B([[Vel*).
In particular, if ¢ is 1-Lipschitz, ||V Pp||? < =2,

Given now ¢ : R — R 1-Lipschitz smooth and such that {pdu = 0,

write, for every t > 0,

% (“ (Psp)? du) ds

oo

<2p2p-1) | 6_2“(“ (Pup)®™? du) ds.

V(Pip)* dpp = —

H-L,g

Iterating, we obtain

Vo dp < 2p2p—1)(2p—2)---3

00 00
X S e 2. .. S e~ 2elp1 S (Ptpﬂ‘P)Q dpdty---dtp_y.
0 tp72

Now, the Poincaré inequality provides an exponential decay in L?() along
the semigroup P; in the form (cf. e.g. [8])

1
X(Ptp71¢)2 d,U/ S 672/\1&7-18902 d'u S )\_1 672)\11517_1‘

Therefore,

(2p)! pﬁ 1

gin cl+ A1

This is the result in the one-dimensional case.
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Let now f = (¢1,...,¢k) : R — RF, Write

k
{111 i = 23, §§ S win()|” () de)
=1

where we recall that My, = SR x2P dryy. For every fixed y = (y1,...,yr) € R,

the map = — Zle yipi(x) is Lipschitz with Lipschitz coefficient less than
or equal to ||y||. The conclusion then follows from the preceding since Ms, =
(2p)!/(2°p}). =

We next turn to Lipschitz functions on Gaussian spaces with values in
arbitrary vector spaces, and point out several extensions and generalizations.
As developed in [10], comparison results are obtained here from a Poincaré
type inequality put forward by Pisier [11]. In the following, F' denotes a
normed vector space.

THEOREM 4. For every conver measurable function ¥ : F — R and
every (smooth, sufficiently integrable) function f : R™ — F with \ f d, =0,

(7). <530 (50 91@)) (o)l

The example of F' = ¢! shows that the factor 7/2 in this inequality cannot
be improved (cf. [11]). We briefly recall the simple proof of Theorem 4. Let
G be a random vector with distribution ~, and G’ an independent copy of
G. For any 0 € R, set Gy = G'sinf + G' cosf and G, = Gcosf — G'sin 6.
Then, for a smooth enough function f : R” — F such that { f dy, =0,

/2 d w/2
F@) = f(&) = | 25 f(Go)do = | G-V f(G)db.
0 0

Apply then ¥ and take expectation. On the one hand, by Jensen’s inequality
(in "), EW(f(G)— f(G")) > E¥(f(G)) since f has mean zero, and on the
other, by Jensen’s inequality again but in df,
s m do
!
B (I(@) < | E(av<§ Gj- Vf(%))) o

The conclusion follows since for each 6, the couple (Gy,Gj) has the same
distribution as (G, G").

Although the extension below is not strictly necessary for the purposes
of measure concentration, it might be worth mentioning that Caffarelli’s
contraction theorem extends Theorem 4 to all strictly log-concave measures
on R™. We leave the details to the reader.

COROLLARY 1. Let du = e Vdx on R™ with V" > ¢Id, ¢ > 0. Then, for
every conver measurable function ¥ : F' — R and every (smooth, sufficiently
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integrable) vector-valued function f : R™ — F with § f dp =0,
T
U(f)du<\\¥| —y-V d d .
) dn <50 (020 V1@ ) dute) )

Theorem 4 allows us to derive concentration inequalities for functions on
Gaussian spaces with values in arbitrary vector spaces that are Lipschitz in
an appropriate sense.

The first result concerns maps f : R” — F that are Lipschitz in the
usual sense. If ¥(z) = ¢(||z||), z € F, where ¢ : Ry — R is convex and
non-decreasing, for any 1-Lipschitz map f : R” — F (with respect to the
norm on F) with { f dv, =0,

[ 171 dn < gw(% uyu) dny).

By the comparison theorems of [10] (see the comment following Theorem 3),
it follows that

Wmfl = 7) < eyl :[laf| = 2r/7)

for every r > 0.

Let now v be a centered Gaussian measure on a real separable Banach
space F. A map f : R® — F is then said to be 1-Lipschitz with respect
to v if for every & € F', ({,f) : R® — R is Lipschitz with coefficient
(§(¢, )2 dv(x))Y/2. Of course, the choice of v = v, on F = R leads to
the usual definition of 1-Lipschitz function f : R® — RF. With the help
of Theorem 4, we may thus extend the concentration of maps to Lipschitz
functions with respect to a given Gaussian measure v.

COROLLARY 2. Let du = e Vdx on R™ with V" > ¢Id, ¢ > 0. Let
furthermore v be a centered Gaussian measure on a Banach space F'. Then,
for any function f : R® — F 1-Lipschitz with respect to v and such that
§ fdp=0,

pdlfll = r) < Kv(a : [Jz]| = Ver/K)

for every r > 0, where K is some positive universal constant.

Proof. By standard smoothing arguments (convoluting f with a C§° ap-
proximation of §p) we can assume that f is smooth. By Caffarelli’s result, it
is enough to deal with the Gaussian case p = -, (alternatively, use Corol-
lary 1). By definition of 1-Lipschitz with respect to v, for any fixed x, and
any £ € I/,

&y V@) dyn(y) < (& v)? du(y).

This covariance domination implies that v is a convolution of (V f(x)).«yn
(the image of 7, under linear transportation by V f(z)) with some other cen-
tered Gaussian measure. Therefore, by Jensen’s inequality, for every convex
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function ¥ : F' — R and any = € R",

Vo(y- V@) dm(y) <2 () dv(y).
Now, by Theorem 4,

Vwef/m)dy, < \\(y- V@) dm(y) dyn() < (@) dv(y).
The comment following Theorem 3 does not apply here since the norm on F'
may differ from the Euclidean norm induced by r. We need another argu-
ment. Let G be an F-valued Gaussian random vector with distribution v.
Denote by M the median of ||G|| and let o = supgeF/:”5”:1(E<§,G>2)1/2.
The Gaussian isoperimetry implies that for g ~ N (0, 1),

Eexp((||G]| — M)?/(40%)) < Be? /! = V2

(ck. [9]). Let w(y) = exp(ly|2/(802)). Since G2 < 202 +2(||G]| - M)? we
have

(21 /m) dy < BU(G) < M/ E exp((|GI| - M)/ (42)

< /2 eM?/ (407,
If r < wM then obviously v, (||f|| > r) < 2P(||G|| > r/n). If r > 7M then,
by Chebyshev’s inequality,
M?/(402) —r?/(2n%02) —r2/(4n%02)
(I fl = 7) < V2e e <V2e

g\/ﬁA‘l-T<L>,

2ro

where A = infs>g T(s)e*” is a positive universal constant (see Lemma 2).

Choose & € F' such that ||£]| = 1 and (E(¢, G)?*)'/2 > 5/2. Then

”(z: Izl = %) =P<HGII > ﬁ) > IP’<<§,G) > %)

o r r A
> ]P’<2 = 47T> T<2m> > 75 Il =)
and the proof is finished by setting K = max(y/2/A, 4r). =

The couple (R",7,) may be replaced in the above statements by an
abstract Wiener space. Lipschitz has then to be understood in the directions
of the reproducing kernel Hilbert space.

The preceding results have counterparts on the discrete cube {0,1}". It
has been shown by Pisier [11] that for every f : {0,1}" — F with mean zero
with respect to the uniform measure y on the cube, and every p > 1,

©) §A17di < 00| S weas o) o) )
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where D;f(z) = 3[f(z) — f(si(2))] and s;(z) is obtained from z € {0,1}"
by changing the ith coordinate. In general, the constant C is 2elogn and
cannot be improved for arbitrary spaces F'. It is however independent of n
in the case of ' = R* with its classical Euclidean structure (see [13]).

By the comparison between Rademacher and Gaussian averages, we may
increase the right-hand side of (6) replacing du(y) by dv,(y) (at the expense
of a multiplicative factor). Now, the same reasoning as for Theorem 1 may
be applied. If f : {0,1}" — R¥ is such that { f du = 0 and, for every ¢ € R¥,

n
D (€-Dif(x))* < [l€]?
=1
uniformly in z, then

VIAIP du < P IlyllP dy(y)-

Together with Lemma 1, we conclude that

pdlfll = r) < Cy(a - |zl = 7/C)

for every r > 0.

5. Concluding comments and questions. In what follows, sup
denotes the supremum over all 1-Lipschitz functions f : R — R*. In view
of Gromov’s result [5] described in the Introduction it is natural to
ask what is the optimal rate of concentration of f around some value of
f—namely, what is the asymptotics of sup,, supinfyegn || f(z) — Ef(Gy)||
as k — oo and, for fixed k, what is the asymptotics (as t — o0) of
sup,, sup s infyern P(|| f(z) — f(Gn)| > 1).

Dealing with concentration properties of (X x X,y ® p) rather than
(X, i) (see e.g. Barthe’s isoperimetric inequality for S"~! x $"~! [1, Propo-
sition 11]) can lead to concentration results of a slightly different form: in-
stead of estimating from above P(||f(G,) — Ef(Gy)|| > t) one can bound
P(||f(Grn) — f(GL)|| > t) where G, is an independent copy of G,. Another
possible direction of research is related to the following definition.

DEFINITION 1. Let F' be a separable real Banach space and let X and
Y be F-valued random vectors. We will say that X is weakly dominated by
Y if for every bounded linear functional ¢ € F’ and all ¢ > 0,

P([(p, X)| > t) < P([{p, Y)| > 1).

It is of interest under what additional assumptions about distributions
of X and Y weak domination implies E|| X|| < CE|Y||, or even

P(|X] > t) < CP(]]Y]| > t/C) forallt>0.
Note that the latter inequality easily implies E|| X | < C?E||Y]].
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It is not very difficult to see that this is always so if both X and Y are
centered Gaussian vectors (see [9] or [6, Chapter 5.5]—we have used a similar
approach in the proof of Corollary 2). Some results of the present paper, es-
pecially Theorem 2, refer to the case when F is equal to R* equipped with the
standard Euclidean structure. Recently Kwapieri and Latala (private com-
munication) obtained several interesting results concerning the case when
we make some additional assumptions about Y only. Also, Latata proved
that the following natural conjecture would be a corollary to the so-called
Bernoulli conjecture of Talagrand (which is still open, see [14, p. 130]):

CONJECTURE 1. Let ri,7ro,... be an i.i.d. sequence of symmetric £1
random variables. There exists a universal constant C > 0 such that for any
separable real Banach space F' and every choice of vectors vy, wi, ..., Un, Wy
in F such that X = Y%, rjv; is weakly dominated by Y = Y77 rjw;, we
also have

P(|X]| >t) <CP([|[Y]| > t/C)  for all t > 0.

Below we will show an example of R¥-valued random vectors X and Y,
both rotation invariant with respect to the standard Euclidean structure,
indicating that even under such additional assumptions, weak domination
cannot in general imply that P(|| X || > t) < CP(||Y'|| > ¢/C) for all ¢t > 0.

Recall that T is a continuous and strictly decreasing function. Fix C' > 1.
Choose z¢ > 0 so great that 2CT(x¢) < 1/4. Then choose 3 € (0,1/(2C))
so small that

200 0 TECH
1-p3 z€[0,z¢] T(.’L‘)

The choice of x¢ implies that, for all z > z¢,

(7) 20T (z) — (1 - B)T(2Cx) < 5/4.
Now we will choose b € (0, 1) so little that for all z > 0,
(8) 206T(x) < (1 - pB)T(2Cx) + T (bx).

From the choice of 3 we deduce that (8) is satisfied whenever z € [0, z(]
and b > 0. Hence it suffices to choose a proper b for > z¢. One can easily

check that (4) implies T7(s)/1/2In(1/s) — 1 as s — 0% and therefore
lim 77 (2CT(x) - (1 - AT(2C2)/8)/x = 1,
so that there exists y > x¢ such that for every x > y,
2008T () < (1 = pB)T(2Cx) + BT (z/2).
On the other hand, by (7), we have for every = € [z¢, 1],
20HT(x) < (1 - H)T(2Cx) + B4 < (1 — HYT(2C) + BT(T(1/4)z/y).

Therefore b = min(1/2,T~1(1/4)/y) satisfies our requirements. Recall that
L(Gy) = N(0,1d) and let || - || denote the standard Euclidean norm on R¥,
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as usual. Consider random vectors (Gaussian mixtures) X and Y with dis-
tributions given by L£(X) = (1 — 2CB)dy + 2CLL(GE) and L(Y) =
(1—B)L((20) " Gy) + BL(Gk/b). The inequality (8) means that X is weakly
dominated by Y. By the law of large numbers, limy_. P(||Gy|| > wv/k) is
equal to 0 if w > 1 and it is equal to 1 if w € (0,1), so that

P(||X]|| > 0.9VE) = 2C8P(||Gyl| > 0.9VE) "= 20,
whereas
CP(|Y[| > 0.9VE/C) < C(1 - BP(|Gil| > 1.8Vk) + CB =% Cp.
Hence, in general, the weak domination cannot yield the inequality
P(|X] >t) <CP(]|[Y] > t/C) forallt >0,

for any universal C. However, one can quite easily prove such an inequality
with C' depending on k.

On the other hand, note that for this example (and for any pair of rotation
invariant R¥-valued X and Y such that X is weakly dominated by Y'), for
every p > 0,

E|IX[” < B[y |

for any norm || - || on R* (not necessarily Euclidean).

Indeed, because of the rotation invariance we have E|| X ||? = E|| X |5 and
E[|Y|P = E|Y |5, where |Jv|o = <SO(l~c) |U0)||P dog(U))? (the integral is
taken with respect to the normalized Haar measure oy) for v € R¥. The
norm || - ||, is rotation invariant and our assertion follows from the fact that

|| - |lo must be proportional to another rotation invariant norm ||v|eo :=
(E|6 - v|P)/P. Obviously, E|- X [P < E|f- Y|P for § independent of X and Y.

Acknowledgements. We thank I. Pinelis for his interest in this work
and his help in the proof of Lemma 1. We also thank the anonymous referee
for useful comments. Part of the work was done when the second named
author visited Institut de Mathématiques at Université Paul Sabatier in
Toulouse. It is a pleasure to acknowledge their kind hospitality.

References

[1] F. Barthe, Extremal properties of central half-spaces for product measures, J. Funct.
Anal. 182 (2001), 81-107.

[2] Y. Brenier, Polar factorization and monotone rearrangement of vector-valued func-
tions, Comm. Pure Appl. Math. 44 (1991), 375-417.

[3] L. Caffarelli, Monotonicity properties of optimal transportation and the FKG and
related inequalities, Comm. Math. Phys. 214 (2000), 547-563.

[4] M. Gromov, Metric Structures for Riemannian and Non-Riemannian Spaces,
Birkhauser, 1998.



278 M. Ledoux and K. Oleszkiewicz

[5] M. Gromov, Isoperimetry of waists and concentration of maps, Geom. Funct. Anal.
13 (2003), 178-215.

[6] S.Kwapieri and W. A. Woyczyrniski, Random Series and Stochastic Integrals: Single
and Multiple, Probab. Appl., Birkh&user, 1992.

[7] R. Latala and K. Oleszkiewicz, Small ball probability estimates in terms of width,
Studia Math. 169 (2005), 305-314.

[8] M. Ledoux, The Concentration of Measure Phenomenon, Math. Surveys Monogr.
89, Amer. Math. Soc., 2001.

[9] M. Ledoux and M. Talagrand, Probability in Banach Spaces. Isoperimetry and Pro-
cesses, Ergeb. Math. Grenzgeb. (3) 23, Springer, 1991.

[10] I. Pinelis, Optimal tail comparison based on comparison of moments, in: High Di-
mensional Probability (Oberwolfach, 1996), Progr. Probab. 43, Birkhiuser, 1998,
297-314.

[11] G. Pisier, Probabilistic methods in the geometry of Banach spaces, in: Probabil-
ity and Analysis (Varenna, 1985), Lecture Notes in Math. 1206, Springer, 1986,
167-241.

[12] G.R. Shorack and J. A. Wellner, Empirical Processes with Applications to Statistics,
Wiley, New York, 1986.

[13] M. Talagrand, Isoperimetry, logarithmic Sobolev inequalities on the discrete cube,
and Margulis’ graph connectivity theorem, Geom. Funct. Anal. 3 (1993), 295-314.

[14] —, The Generic Chaining. Upper and Lower Bounds of Stochastic Processes,
Springer Monogr. Math., Springer, Berlin, 2005.

Michel Ledoux Krzysztof Oleszkiewicz

Institut de Mathématiques Institute of Mathematics

Université Paul-Sabatier Warsaw University

31062 Toulouse, France Banacha 2

E-mail: ledoux@math.ups-tlse.fr 02-097 Warszawa, Poland

E-mail: koles@mimuw.edu.pl

Received January 22, 2007;
recetved in final form June 16, 2007 (7508)



