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Summary. We describe the fields of rational constants of generic four-variable Lotka–
Volterra derivations. Thus, we determine all rational first integrals of the corresponding
systems of differential equations. Such systems play a role in population biology, laser
physics and plasma physics. They are also an important part of derivation theory, since
they are factorizable derivations. Moreover, we determine the fields of rational constants
of a class of monomial derivations.

1. Introduction. The main result of the paper is Theorem 2, which
gives the description of the field of rational constants of a generic four-
variable Lotka–Volterra derivation. Moreover, in Section 4 we describe the
fields of rational constants of some class of four-variable monomial deriva-
tions (Theorem 5). All our considerations are over an arbitrary field k of
characteristic zero.

Let us fix some notation:

• Q+, the set of positive rationals,
• Q−, the set of negative rationals,
• N, the set of nonnegative integers,
• N+, the set of positive integers,
• n, an integer ≥ 3,
• k[X] := k[x1, . . . , xn], the ring of polynomials in n variables,
• k(X) := k(x1, . . . , xn), the field of rational functions in n variables.
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Recall that if R is a commutative k-algebra, then a k-linear mapping
d : R→ R is called a derivation of R if for all a, b ∈ R,

d(ab) = ad(b) + d(a)b.

We call Rd = ker d the ring of constants of the derivation d. Then k ⊆ Rd,
and a nontrivial constant of d is an element of the set Rd \ k. If f1, . . . , fn ∈
k[X], then there exists exactly one derivation d : k[X] → k[X] such that
d(x1) = f1, . . . , d(xn) = fn. A derivation d : k[X] → k[X] is said to be
factorizable if d(xi) = xifi, where the polynomials fi are of degree 1 for i =
1, . . . , n. We may associate a factorizable derivation with any given derivation
of k[X]; that construction helps to obtain new facts on constants, especially
rational constants, of the initial derivation (see, for instance, [5], [7]).

There is no general procedure for determining all constants of a deriva-
tion. Even for a given derivation the problem may be difficult: see for instance
counterexamples to Hilbert’s fourteenth problem (all of them are of the form
k[X]d, but it took more than a half century to find at least one of them; for
more details we refer the reader to [6], [4]) or Jouanolou derivations (where
the rings and fields of constants are trivial, see [5], [6]).

The main motivations of our study are the following:

• applications of Lotka–Volterra systems in population biology, laser
physics and plasma physics (see, for instance, [1], [2], [3]);

• Lagutinskii’s procedure of associating a factorizable derivation (ex-
amples of such derivations are Lotka–Volterra derivations) with any
given derivation (see also Section 4);

• relations to invariant theory, mainly to connected algebraic groups
(see [6]).

2. Lotka–Volterra derivations and Darboux polynomials. Let
C1, . . . , Cn ∈ k. From now on, d : k[X]→ k[X] is a derivation of the form

d(xi) = xi(xi−1 − Cixi+1)

for i = 1, . . . , n (we adopt the convention that xn+1 = x1 and x0 = xn). We
call d a Lotka–Volterra derivation with parameters C1, . . . , Cn.

A polynomial g ∈ k[X] is said to be strict if it is homogeneous and
not divisible by the variables x1, . . . , xn. For α = (α1, . . . , αn) ∈ Nn, we
denote by Xα the monomial xα1

1 . . . xαn
n ∈ k[X]. Every nonzero homogeneous

polynomial f ∈ k[X] has a unique representation f = Xαg, where Xα is a
monomial and g is strict.

We call a nonzero polynomial f ∈ k[X] a Darboux polynomial of a deriva-
tion δ : k[X] → k[X] if δ(f) = Λf for some Λ ∈ k[X]. We will call Λ a
cofactor of f . Since d is a homogeneous derivation of degree 1, the cofactor
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of each homogeneous polynomial is a linear form. Denote by k[X](m) the
homogeneous component of k[X] of degree m.

Lemma 1 ([11, 3.2]). Let n = 4. Let g ∈ k[X](m) be a Darboux polynomial
of d with the cofactor λ1x1+· · ·+λ4x4. Let i ∈ {1, 2, 3, 4}. If g is not divisible
by xi, then λi+1 ∈ N. More precisely, if

g(x1, . . . , xi−1, 0, xi+1, . . . , x4) = x
βi+2

i+2 G and xi+2 - G,

then λi+1 = βi+2 and λi+3 = −Ci+2λi+1.

Corollary 1 ([11, 3.3]). Let n = 4. If g ∈ k[X] is a strict Darboux
polynomial of d, then its cofactor is a linear form with coefficients in N.

For any derivation δ : k[X]→ k[X] there exists exactly one derivation δ̄ :
k(X)→ k(X) such that δ̄|k[X] = δ. By a rational constant of the derivation
δ : k[X] → k[X] we mean a constant of the corresponding derivation δ̄ :
k(X)→ k(X). For simplicity, we write δ instead of δ̄. The rational constants
of δ form a field. In the remainder of this section we quote some results which
will be used in the two main sections.

Proposition 1 ([6, 2.2.2]). Let δ : k[X]→ k[X] be a derivation and let
f and g be nonzero relatively prime polynomials from k[X]. Then δ(f/g) = 0
if and only if f and g are Darboux polynomials of δ with the same cofactor.

Proposition 2 ([6, 2.2.3]). Let δ be a homogeneous derivation of k[X]
and let f ∈ k[X] be a Darboux polynomial of δ with cofactor Λ ∈ k[X]. Then
Λ is homogeneous and each homogeneous component of f is also a Darboux
polynomial of δ with the same cofactor Λ.

Proposition 3 ([6, 2.2.1]). Let δ be a derivation of k[X]. Then f ∈ k[X]
is a Darboux polynomial of δ if and only if all factors of f are Darboux
polynomials of δ. Moreover, if f = f1f2 is a Darboux polynomial, then the
sum of the cofactors of f1 and f2 equals the cofactor of f .

3. The field of rational constants of a generic four-variable LV
derivation. Throughout this section we assume n = 4. Lemma 2 is a gen-
eralization of Proposition 4.5 from [8].

Lemma 2. The field k(X)d contains a nontrivial rational monomial con-
stant if and only if at least one of the following two conditions is fulfilled:

(1) C1, C3 ∈ Q and C1C3 = 1,
(2) C2, C4 ∈ Q and C2C4 = 1.

Proof. Let η = cxr1x
s
2x
t
3x
u
4 , where c ∈ k \ {0} and r, s, t, u ∈ Z. Then

d(η) = cxr1x
s
2x
t
3x
u
4

(
(s− uC4)x1 + (t− rC1)x2 + (u− sC2)x3 + (r − tC3)x4

)
.
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If d(η) = 0, then we get two systems of linear equations:{
s− uC4 = 0,

u− sC2 = 0,

and {
t− rC1 = 0,

r − tC3 = 0.

Clearly η /∈ k if and only if (r, s, t, u) 6= (0, 0, 0, 0), that is, if and only if at
least one of the above systems has a nonzero solution. Equivalently, at least
one of the conditions (1) or (2) is fulfilled.

We know the ring of polynomial constants of a generic LV derivation:

Theorem 1 ([11, 5.1]). Let C1, . . . , C4 /∈ Q+. If C1C2C3C4 = 1, then

k[X]d = k[x1 + C1x2 + C1C2x3 + C1C2C3x4].

If C1C2C3C4 6= 1, then k[X]d = k.

Now we describe the field of rational constants of a generic LV derivation.

Theorem 2. Let C1, . . . , C4 /∈ Q. If C1C2C3C4 = 1, then

k(X)d = k(x1 + C1x2 + C1C2x3 + C1C2C3x4).

If C1C2C3C4 6= 1, then k(X)d = k.

Proof. Both inclusions ⊇ are straightforward. We show the inclusions ⊆.
Let ψ = f/g ∈ k(X)d, where f, g ∈ k[X] \ {0} and gcd(f, g) = 1.

By Proposition 1 both f and g are Darboux polynomials of d with common
cofactor. Let d(f) = Λf and d(g) = Λg for some Λ ∈ k[X]. Let f =

∑
fj and

g =
∑
gj , where fj and gj are homogeneous polynomials of degree j. Since

d is homogeneous, by Proposition 2 we have d(fj) = Λfj and d(gj) = Λgj
for all j ∈ N.

Let fj = Xαjhj , whereXαj is a monomial and hj is strict (analogously we
proceed for gj). By Proposition 3 both Xαj and hj are Darboux polynomials
of d. We describe all strict Darboux polynomials of d. Let

λ = λ1x1 + · · ·+ λ4x4

be the cofactor of hj . By Lemma 1 we have

λi+3 = −Ci+2λi+1

for all i in the cyclic sense. However Corollary 1 gives λi ∈ N for i = 1, . . . , 4.
Since C1, . . . , C4 /∈ Q, we have λ1 = · · · = λ4 = 0 and the only strict
Darboux polynomials of d are constants of d. In view of Theorem 1 we have
hj ∈ k[x1+C1x2+C1C2x3+C1C2C3x4] or hj ∈ k, respectively. Furthermore,
by Proposition 3, the cofactor of Xαj is equal to Λ, since the cofactor of hj
equals 0.
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Analogously, gj = Xβj lj , where lj ∈ k[X]d and Xβj is a Darboux mono-
mial with the cofactor Λ. Then Xαj/Xβi ∈ k(X)d, by Proposition 1. In
view of Lemma 2, Xαj/Xβi ∈ k. Similarly, Xβj/Xβi ∈ k. Thus we may
express ψ as a rational function, where both the numerator and the denomi-
nator are linear combinations of strict polynomials belonging to k[X]d. Thus
ψ ∈ k(x1 + C1x2 + C1C2x3 + C1C2C3x4) or ψ ∈ k, respectively.

Denote by D0 the field of fractions of an integral domain D.

Corollary 2. If C1, . . . , C4 /∈ Q, then k(X)d = (k[X]d)0.

This is not true for an arbitrary Lotka–Volterra derivation.

Example 1. Let d : k[x1, . . . , x4] → k[x1, . . . , x4] be the derivation de-
fined by

d(xi) = xi(xi−1 + xi+1)

for i = 1, . . . , 4. Then x1/x3 ∈ k(x1, . . . , x4)
d, although neither x1 nor x3 is

in k[x1, . . . , x4]
d, which by Theorem 1 coincides with k[x1 − x2 + x3 − x4].

4. Monomial derivations. We say that a derivation δ : k(X)→ k(X)
is monomial if

δ(xi) = xβi11 · · ·x
βin
n

for i = 1, . . . n, where each βij is an integer. Let

ωδ = det


β11 − 1 β12 . . . β1n

β21 β22 − 1 . . . β2n
...

...
. . .

...
βn1 βn2 . . . βnn − 1

 .
Theorem 3 ([7, 4.8]). Let δ1 : k(X)→ k(X) be a monomial derivation

such that ωδ1 6= 0, and let δ2 : k[X] → k[X] be the factorizable derivation
associated with δ1. Then δ1 has a nontrivial rational constant if and only if
δ2 has a nontrivial rational constant.

From now on, n = 4. For arbitrary C1, C2, C3, C4 ∈ k we may consider
the three sentences:

s1 : C1C2C3C4 = 1.

s2 : C1, C3 ∈ Q+ and C1C3 = 1.

s3 : C2, C4 ∈ Q+ and C2C4 = 1.

In case s2 let C1 = p/q, where p, q ∈ N+ and gcd(p, q) = 1. In case s3 let
C2 = r/t, where r, t ∈ N+ and gcd(r, t) = 1. Denote by ¬si the negation of
the sentence si. Theorem 4 below is a generalization of Theorem 1.
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Theorem 4 ([10, 5.1]). Let d : k[X]→ k[X] be a derivation of the form

d =
4∑
i=1

xi(xi−1 − Cixi+1)
∂

∂xi
,

where C1, C2, C3, C4 ∈ k. Then the ring of constants of d is always finitely
generated over k with at most three generators. In each case it is a polynomial
ring, more precisely:

(1) if s1 ∧ ¬s2 ∧ ¬s3, then k[X]d = k[x1 +C1x2 +C1C2x3 +C1C2C3x4],

(2) if ¬s1 ∧ ¬s2 ∧ ¬s3, then k[X]d = k,

(3) if ¬s1 ∧ ¬s2 ∧ s3, then k[X]d = k[xt2x
r
4],

(4) if ¬s1 ∧ s2 ∧ ¬s3, then k[X]d = k[xq1x
p
3],

(5) if s1∧¬s2∧s3, then k[X]d = k[x1+C1x2+C1C2x3+C1C2C3x4, x
t
2x
r
4],

(6) if s1∧s2∧¬s3, then k[X]d = k[x1+C1x2+C1C2x3+C1C2C3x4, x
q
1x
p
3],

(7) if s2∧s3, then k[X]d = k[x1+C1x2+C1C2x3+C1C2C3x4, x
q
1x
p
3, x

t
2x
r
4].

Theorem 5. Let s1, . . . , s4 ∈ N+, where (s1, s3) 6= (1, 1) and (s2, s4) 6=
(1, 1). Let D : k(X)→ k(X) be a derivation of the form

D(xi) = x
si−1+1
i−1 xsi+1

i x
si+2

i+2

for i = 1, . . . , 4 (in the cyclic sense). Then k(X)D = k.

Proof. Let D2 : k(X)→ k(X) be the derivation defined by

D2 = x−s11 x−s22 x−s33 x−s44 D.

Clearly k(X)D2 = k(X)D. Then

D2(xi) = xi−1xix
−si+1

i+1

for i = 1, . . . , 4. We have

ωD2 = det


0 −s2 0 1

1 0 −s3 0

0 1 0 −s4
−s1 0 1 0

 = −1 + s1s3 + s2s4 − s1s2s3s4.

Therefore
ωD2 = −(1− s1s3)(1− s2s4) 6= 0.

Let ∆ : k(y1, . . . , y4) → k(y1, . . . , y4) be the factorizable derivation asso-
ciated with D2. In view of Theorem 3 we have k(X)D2 = k if and only if
k(y1, . . . , y4)

∆ = k. The construction of the factorizable derivation associated
with a given derivation is described for instance in [7]. Let yi = D2(xi)/xi
for i = 1, . . . , 4. Then

∆(yi) = yi(yi−1 − si+1yi+1)
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for i = 1, . . . , 4. Put Ci = si+1 for i = 1, . . . , 4. Hence

∆(yi) = yi(yi−1 − Ciyi+1)

for i = 1, . . . , 4. For simplicity of notation, we will write xi instead of yi.
For the derivation ∆ we have C1, . . . , C4 ∈ N+, (C1, C3) 6= (1, 1) and

(C2, C4) 6= (1, 1), therefore ¬s1 ∧ ¬s2 ∧ ¬s3. Thus Theorem 4 implies that
k[X]∆ = k.

Let ψ = f/g ∈ k(X)∆, where f, g ∈ k[X] \ {0} and gcd(f, g) = 1. By
Proposition 1, we have ∆(f) = Λf and ∆(g) = Λg for some Λ ∈ k[X]. Let
f =

∑
fj and g =

∑
gj , where fj and gj are homogeneous forms of degree j.

In view of Proposition 2 we have ∆(fj) = Λfj and ∆(gj) = Λgj for all j ∈ N.
Let fj = Xαjhj , whereXαj is a monomial and hj is strict. By Proposition

3 both Xαj and hj are Darboux polynomials of ∆. Let λ = λ1x1 + · · ·+λ4x4
be the cofactor of hj . By Lemma 1 we have

(4.1) λi+3 = −Ci+2λi+1

for all i in the cyclic sense. However, by Corollary 1, the left-hand side of
(4.1) is nonnegative, whereas the right-hand side of (4.1) is nonpositive.
Therefore λ1 = · · · = λ4 = 0 and the only strict Darboux polynomials of ∆
are constants of ∆. Hence hj ∈ k. Moreover, by Proposition 3, the cofactor
of Xαj is equal to Λ.

Similarly, gj = Xβj lj , where lj ∈ k and Xβj is a Darboux monomial
with the cofactor Λ. Then Xαj/Xβi ∈ k(X)∆. By Lemma 2, we have
Xαj/Xβi ∈ k. Analogously, Xβj/Xβi ∈ k. Thus we may express ψ as a
rational function, where both the numerator and the denominator are linear
combinations of elements of k. Thus ψ ∈ k. Therefore, k(X)∆ = k, and
consequently k(X)D = k.

Note that k(X)∆ = k does not follow from Theorem 2. Let us also note
that the case C1 = C2 = C3 = C4 = 1 was solved in [9]; then k(X)∆ has
three generators, namely k(X)∆ = k(x1 + x2 + x3 + x4, x1x3, x2x4).

For a derivation δ of k(X) the set k(X)δ \ k coincides with the set of all
rational first integrals of the corresponding system of ordinary differential
equations (for more details we refer the reader to [6]). Therefore, we described
all rational constants of generic (for k = R or k = C) four-variable Lotka–
Volterra derivations and of some monomial derivations and all rational first
integrals of the corresponding systems of differential equations.
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