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FUNCTIONAL ANALYSIS

The One-Third-Trick and Shift Operators

by
Richard LECHNER

Presented by Gilles PISIER

Summary. We obtain a representation as martingale transform operators for the rear-
rangement and shift operators introduced by T. Figiel. The martingale transforms and
the underlying sigma algebras are obtained explicitly by combinatorial means. The known
norm estimates for those operators are a direct consequence of our representation.

1. Introduction. The proof of the T'(1) theorem by T. Figiel proceeds
by expanding the integral operator into an absolutely converging series of
basic building blocks T}, and U,,, rearranging and shifting the Haar system.
This involves the following norm estimates for those building blocks, which
T. Figiel obtained by combinatorial means:

(1.1) | T« Ly — L5 || < C(logy(2 + m])),
(1.2) | U+ Lhe — L& || < C(logy(2 + |m)))?,

where the constant C' > 0 depends only on p, the UMD-constant of X and
0 < o, 8 < 1. For the original proof see [Fig88| and [FWO01]. See also [NS97]
and [Mil05]. For extensions to spaces of homogeneous type see [MP12].

The purpose of the present paper is to obtain a representation of T},
and Up, as the sum of roughly logy(2+ |m|) martingale transform operators.
This is done by combinatorial analysis of the equations defining 7, and U,,.

Our combinatorial analysis exhibits the link of T. Figiel’s rearrangement
and shift operators to the so called one-third-trick originating in the work of
[Wol82], [GJ82], [Dav80] and [CWWS85].
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Related recent developments. Recently T. P. Hytonen [Hyt12] pre-
sented his own proof of T. Figiel’s vector-valued T'(1) theorem (see [Fig90]).
The basic aim of T. P. Hytonen in [Hyt12] is the same as ours, to find reduc-
tions of the general case to certain preferable situations where the so called
Figiel compatibility condition is satisfied. To this end the problem in [Hyt12]
is randomized and the properties of the so called random dyadic partitions
of Nazarov, Treil and Volberg [NTV97, INTVO03]| are exploited.

By contrast, the proof in the present paper proceeds by finding explicitly
those filtrations that turn a given bad combinatorial situation into a good
one, such that Figiel’s compatibility condition is satisfied. Our reduction is
self-contained and develops specific combinatorics of colored dyadic intervals.

2. Preliminaries

The Haar system in R. For any given finite interval I C R we define
hr=1p, — 11,

where 14 denotes the characteristic function of a set A, Iy = [inf I, (inf I 4
supl)/2[ and Iy = [(inf I +supl)/2,sup I[. Let 9; = {[277k,277 (k + 1)[
k€ Z},j € Z, and define the collection of dyadic mtervals by 2 =U

]EZ
The L*°-normalized Haar system is given by {h; : I € Z}.

Banach spaces with the UMD-property. By LP({2, u; X) we denote
the space of functions with values in X, Bochner-integrable with respect
to p. If £2 = R and p is the Lebesgue measure |- | on R, then set L5 (R) =
LP(R,|-|; X), if unambiguous further abbreviated as L%, .

We say X is a UMD space if for every X-valued martingale difference
sequence {d;}; C LP(£2,; X), 1 < p < oo, and choice of signs ¢; € {—1,1}

one has
) S B 2

(2.1) HZ 2 id|

where %,(X) does not depend on ¢; or d;. The constant %,(X) is called the
UMD-constant. We refer the reader to [Bur81].

Lp( ,uX

Kahane’s contraction principle. For every Banach space X, 1 < p
< oo, finite set {x;}; C X and bounded sequence {c;}; of scalars we have

‘ p 1/p : p 1/p
(2.2) (§)H2rj(t)cjxjHX dt) < sgp|cj\(§Her(t):erth> ,

where {r;}; denotes an independent sequence of Rademacher functions. For
details see [Kah85].
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Kahane’s inequality. Given 1 < p < oo, there exists a constant K,
such that for any Banach space X and any finite sequence {z;} C X we
have

2 (1S ron] )" < & 1| St

where {r;}; denotes an independent sequence of Rademacher functions. For
details see [Kah85].

The martingale inequality of Stein — Bourgain’s version. Let
(£2,F, 1) be a probability space, and let F; C --- C F,,, C F denote an in-
creasing sequence of o-algebras. For every choice of fi,..., f,, € LP(£2, u; X),
1 < p < o0, letting rq,...,7, denote independent Rademacher functions,
we have

1

CEUNT DIECECIER) -

0 =1 0 i=1

dt,

7;i(t) fi Lo (2,30)

NE

1
dt<CSH

where C' depends only on p and %,(X).

The scalar-valued version of ([2:4]) by E. M. Stein can be found in [Ste70].
The vector-valued extension is due to J. Bourgain [Bou86|. A proof may be
found in [EWOI].

3. The one-third-trick. The one-third-trick originates in the work
of [Wol82|, |GJ82] and [CWWS5|.

3.1. Bilateral alternating one-third-shift. For every j € Z let

(3.) s = (~1)1 273,
and define
(3.2) s(I) = s;

for all intervals I having measure |I| = 277. Then define the one-third-shift
map

(3.3) o(l) =1+ s(I),
and the one-third-shift operator
(3.4) S(hr) = he(r)-

For every given interval I € & there exists a unique one-third-shifted
interval J € 0(2) with |J| = |I]/2, contained in I. Observe that for every
Jj €Zand I € Z; we have

4{J € a(Dj1) 1 TNT A0} =3,
#{J S 0(@j+1) :J C I} =1.
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So we can define w(l) by

(3.5) w(l)=J, where Je€o(2),|J|=|I]/2and JCI.
Note the basic properties summarized in:
LEMMA 3.1. The following statements are true:

0.

(i) 0(2) is a nested collection of dyadic intervals, and 2 N o (D)
(i) w: 2 — 0(2) is well defined and injective.
(i) If I € 2, then w(I) C I.
(iv) For every I € 2 we have dist(w(I),I¢) = |1|/6.
(v) If I,J € @ and |I| = |J|, then dist(w(I),w(J)) < |w(I)] if and only
if I =J.
(vi) For all I € 2 we have the identity

o(I) = w(I) U (w(I) + sign(s(1)) - [w(I)]).
Proof. The assertions are easily verified. m

We need some more notation. For all j € Z and
u = Z urhy
e

let (u); restrict the function u to level j, precisely

(3.6) (w); = > ushs.

IE@]'

If we define

(3.7) I(u); = Z urlry,
IG@j

then Kahane’s contraction principle (2.2) and Kahane’s inequality ([2.3]) yield

(33) (ot @~ Snoim)
0 jez X 0 jez

The following theorem establishes that the one-third-shift operator S :
L%, — L% is an isomorphism.

dt.

L

THEOREM 3.2. Let 1 < p < oo and X a Banach space with the UMD-
property. Then there exists a constant C' > 0 such that

1
clullzy, < 1Sullpy, < Cllulls,

for all w € L% . The constant C' depends only on Zy(X).
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Proof. Let u = Y ;.5 urhs|I|7* € L% be fixed throughout this proof
and set

v =" urhyplw(I)| 1,
Teo

(W)= > uhyplw)|™

lw(D)[=277
Note that {w(I) : I € 2} is nested (see Lemma BII{) & (). Observe that

[(w); = E(I(v); | Z;)

by Lemma B.I{), so the UMD-property, Kahane’s contraction principle
[22) and Kahane’s inequality (2.3]) yield

> "”j(t)(U)j‘ v

JEZ.

Z"”ﬂ ‘

JEZL

dt

<
HU”L§(

dt

)

) dt.
Ly

= || Y rwEaw;12)

0 jez
Now we apply Stein’s martingale inequality (2.4) followed by (B.8) to pass
from I(v); to (v);, so

i(‘er(t)E(H(v)- j‘L dt < HZ"”J ( dt
S

Recalling definition (3.4]) and applying Kahane’s contraction principle, in
view of w(I) C o(I) (see identity Lemma BII[)), we estimate

[ noton,, <2 Snonsn],, o

JEZL JEZL

and the UMD-property implies

)
[paietiet
Lk

JEZL

<
dt < ||Sull 5.

Thus, collecting the 1nequahtles yields

[ullze, < 15wl Ly,
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One can repeat the preceding argument with the roles of v and Swu in-
terchanged to obtain the converse inequality

ISullzs < lullzs - o
3.2. Unilateral one-third-shift. We now introduce modified versions

op and o of the one-third-shift map o. To this end we define 0g,01 : I —

o(2) by

(3.9) oo(I)=J, where Jeo(2),|J|=|I|and supJ € I,

(3.10) o1(I) =J, where Jeo(2),|J|=|I|and infJ € I.

This induces the one-third-shift operators Sy and S; given by the linear
extension of

(3.11) So(hr) = hootry, 1€ 9,
(3.12) S1(h1) = hoyny, 1€ 9.
Observe that if I € Z; and j is odd we have
oo(I)=0o(I) and o1(I)=0o(I)+|I],
and if j is even
oo(I)=0c()—|I| and o1(I)=0o(I).
Furthermore, since
0i(2;) =0(2;) foralli=0,1andjeZ,
we deduce from Lemma B[ that 0;(2) is nested.
Finally, we can see that
[Inoo(D) = 5111, [ Ne(I)] = 511l
for all I € 2. The proof of Theorem with minor modifications yields
Theorem B3] below.

THEOREM 3.3. Let 1 < p < 0o and X a Banach space with the UMD-
property. Then there exists a constant C > 0 such that

1
iy, < lSoullzs, < Cllullpy,

1
clullzy, < lIStullpy < Cllufl gy,

for all u € L%.. The constant C' depends only on %y(X).
Proof. Define wy and wy by
wo(l) =J, where J e o(2),|J|=|I|/4and supJ =supoo({),
wi(l) =J, where J e o(2),|J|=|I|/4and infJ = info;(I),

for all I € 2. Now all we need to do is repeat the proof of Theorem 3.3 with
w replaced by ws in order to estimate Sg, for each § € {0,1}. =
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4. The shift operator T,,. Here we define 16 + 4logy(|m|), m # 0,
subcollections of the Haar system, so that on each such subcollection, T;,, acts
as a martingale transform operator on either the dyadic grid or the one-third-
shifted dyadic grid. In Section 3] we established that changing the dyadic grid
to the one-third-shifted dyadic grid is an isomorphism. Thus we may assume
that T;, is representable as a martingale transform operator on each of the
16 + 4logy(|m|) subcollections, which yields the well known estimate

1T L = L] < Cllogy(2 + m)))*,

for some 0 < «a < 1, established by T. Figiel [Fig88|.
Define the shift map 7,,,, m € Z, by

(4.1) Tm(I) = I +ml|I|
for all I € 2 Uo(2). This induces the shift operator T,,, given by
(4.2) Tnhi = hq,, (1)

forall I € 2Uo(2). It is crucial that the one-third-shift operator S defined
in ([3.4) and the shift operator T,,, commute, that is,

(43) (S 0 Tou)(u) = (T  8) (1)
for all u € L% . Analogously, we have

(4.4) (So 0 Trn)(u) = (Th 0 Sp)(u),
(4.5) (S10Tw)(u) = (Tpy, 0 S1)(u),

for all u € L% (see (39)-(B.12)).

We aim at splitting the dyadic intervals & into collections %’Z@ such that
we may bound 7}, 0 S? on functions supported on 05(%’55)), 0 € {0,1}. Note
that if § = 0, then S° = Id and ¢° = Id.

Given a shift width m € Z, m # 0, we will partition the dyadic intervals
2 into 16 + 4logy(|m|) disjoint collections denoted by %Z@. The collections
are constructed in such way that for each ¢ and § € {0,1} fixed, whenever

Ic ,%’Z-(é), the intervals o®(I) and (7, o 6°)(I) share the same dyadic prede-
cessor with respect to the collection 05(%(5)). The details are elaborated in

A
Lemma [4.1] below.

LEMMA 4.1. For every integer m € Z, m # 0 let 7, denote the map
given by
Tm(I) = I +m|I|
forall I € 2 Uo(2D). Then there exist a constant K(m) < 7+ 2log,(|m|)
and disjoint collections of dyadic intervals %(5), 0<i< K(m),de {01},

7
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with
K(m)
- U Uz
6e{0,1} =0
such that
(4.6) {1, 7 (1), T U (D) : T € (B0}

is a nested collection of sets, for all 0 < i < K(m) and 6 € {0,1}.

Proof. By symmetry we may assume that m > 1, and we set K(m) =
K(—m) if m < —1. So fix a shift width m > 2 and a A > 4 such that

(4.7) 23 <m < 2272

and define L(m) = XA — 1. If m = 1, then let A = 4 and set L(1) = 3. Now
we split 2 into disjoint collections &7, 0 < i < L(m), by omitting L(m)
consecutive levels of 2. More precisely, for every 0 <i < L(m) we define

(4.8) di=|J{Ie2:|1|=2""}

JEZ

Next we want to divide each 7 into two collections ;zfi(o) and ;zfi(l) SO
that every I € ﬂ{i(o) has the same predecessor in %(0) as T, (I), and ﬂ{i(o)

is maximal. As a consequence, the collection %(1) consists of all intervals I
such that I and 7,,,(I) do not share the same predecessor. But, if we apply

the one-third-shift map o to %(1), then every I € J(szi(l)) has the same
(1))

We will now construct these two collections. To this end let ¢ denote one
of the collections <%, o(%), 0 <i < L(m), and define

GG, 1) ={J e :|J=2"MN|, JcCIand7,(J)CI},
GG, ) ={Jc¥:|J =2"MNI|,JCIand 7,(J)NI =0}

predecessor in (<7, ) as T, ().

Revisiting the definition of the one-third-shift maps o, o1 and considering
the restriction (4.1) one can see that

(4.10) o(#1(H T)) C Golo (), 01(D)
for all I € o, 0 < i < L(m). Note that for I € 9; we have o1(I) = o(I)
if j is even and o1(I) = o(I + |I|) if j is odd. Thus (£I0) implies that all
intervals J € o (%1 (4, 1)) are such that J and 7,,,(.J) share o1 (I) as common

predecessor with respect to the collection 0(4272-(1)). In Figure [ one can see
the action of the one-third-shift map o on the collection ;.
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1
z a2 27
: 3277 327 9= : 3277
L i 1 L
? : S '
. e .
lg*jf}:\? :
3 H<—>|' fe—>{
9=i=A a(J)
15_2ij + %2*]‘*)\ iQ*J %(2*]’ _ 2*]’*)\)
o(l)

Fig. 1. The one-third-shift map o actingon I € 2, |I| =277 and J € 2, |J| = 2777,
where J C I and 7 (J) NI = (. In this picture X is even.

Now define for every 0 < i < L(m) the following collections of dyadic
intervals:

A0 =\ Jl6o(#4, 1) : I € o},

(4.11)
JZ{i(l) — o \%(0)'

Finally, for all 0 < i < L(m) and § € {0, 1} we split 7 into two disjoint
collections

Q) (6)
(4.12) %, and '%i-l—L(m)—f—l
such that
(4.13) B 7 (BY) =0

forall 0 < ¢ < K(m) and 6 € {0,1}, where we set K(m) = 2L(m) + 1.
Considering (A7) and L(m) = A —1 we find that K(m) < 7+ 2logy(m). For
this purpose consider the collection

E={n(I): 1€ 2,infI =0,0<k<m-—1},
and observe that
9 = U ij(@@) U U ij(ég) = Deven U Dodd-

JEZ JEZL
j even j odd
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Now define the collections

6 _ /) (6)
(414) ‘%z - % N -@evena %iJrL(m)Jr
for all 0 <i < L(m) and 6 € {0,1}.

Taking into account ([@I0), (£9) and noting that 7,,(I) € Zoqq if and
only if I € Peyen, we have verified (4.6]), finishing this proof. =

| = %(5) N Dodd,

REMARK 4.2. Note that we actually proved the slightly stronger result
(4.15) TUT,(I) c 7(I)

for all T € 05(%’1(5)), 0 <i< K(m), 6§ € {0,1}. For a given interval I €
0%(2), m(I) is the unique interval J € ¢°(2) such that J > I and |.J| = 2|I|.

As the combinatorial Lemma [£.1] exhibits the link between the shift map
Tm, the one-third-shift map o and Figiel’s compatibility condition (£.6]), The-
orem 4.3 below will translate the combinatorial results into analytical results,
exhibiting the link between the shift operator T,,, the one-third-shift oper-
ator S and martingale transform operators.

In the following context it is understood that 1 < p < oo, X is a Banach
space with the UMD-property and m € Z, m # 0. Now we define projections
Pi(é) : L5 — L%, associated with the collections %’Z@ of Lemma [E.1] by

(4.16) PPu= 3" (uhp)hg I}
1e#”
for all 0 < i < K(m), § € {0,1} and u € L%. The UMD-property of X

implies uniform bounds on the projections Pi(é). Note the identity

(4.17) u= > Y P

de{0,1} =0

for all u € L%, since the collections %’Z@, 0<i< K(m),de{0,1}, form a
partition of 7 (see Lemma [A.T)).

Exploiting the fact that the one-third-shift operator S is an isomorphism
on L% (see Theorem B:2)), we will now estimate the shift operator T}, on the

range of each PZ@.

THEOREM 4.3. Let1 < p < oo and X be a Banach space with the UMD-
property. Then for every m € Z, 0 < i < K(m) and § € {0,1} the inequality
é 1)
(4.18) 1T 0 PPull s, < CIPCull g
holds true for allu € L%, where the constant C' depends only on %,(X). The

projections Pi(é), 0<i< K(m), 6 €{0,1}, are defined according to (EI0),
and K(m) < 7+ 2logy(1 + |m|).
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Proof. Note that by symmetry once we establish ([LI8) for m > 1, the
theorem will be proved.

Recalling the properties of the partition 932(5), 0<i< K(m),6e{0,1},
of 7 (see Lemma [A.]]), we know that the collection
(4.19) (I, (D), T U (1) : I € 0* (B}
is nested, for all 0 < i < K(m) and § € {0,1}. Throughout this proof let

meZ 0<i<K(m)de€ {01} and u € PZ-(J)(LI;() be fixed. According
o (AI6]) we may assume that u has the representation

U= Z th]|I|71.

1e#?®
For every J € a® (2) let
(4.20) A(5)(J) =JuU Tm(J),
and define
(4.21) A = {AD () T € 0% 75) n0° (A1)}
for all j € Z. Then specify the filtration {32 }] by
() _
(4.22) T = U—alg(U ngz ))
1<j

and observe that due to [{I9) every A®)(J), J € 0°(%;), is an atom for F fj( ),
The sigma algebra o-alg(UiS ; %(5)) is the smallest sigma algebra containing
Ui< ; %(5). The one-third-shift operator is given by
(4.23) Su= > whpsplll ' = > ugsphalJ]

1€8% Jead ()
(see ([B4) for details). We recall the notation

(wj= Y whlI”t and I(w);= )  urdfl]™,

|[I|=2-7 |[I|=2-7
and note that

(4.24) | T S%ull 5, ~ HZTJ (T}, S%u); HLX dt
JEZ

see — .IfIE.@ﬂ%’()then
(see (3.6)-(3.8)) N B,

) _ 1
E(lLosqry | 7,) = 1490 (D)™ a0 05(1)) 2 5 Lrm(os(1):
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therefore
1T S%u); < 2B(1(Su); | 7).

Thus, Kahane’s contraction principle and Bourgain’s version of Stein’s mar-
tingale inequality yield

OHJEZZ?”] (T, Sou ) HL dt< H]EZZT] ) 2E(I (55 )J‘yj(é))‘Lg(dt
<SHZ7“J'(t)H(S‘SU)j( | dt
0 jez Lx
~ [1S%ul g -

Combining the latter estimate with (£24)), Theorem proves
§
(4.25) 1T S5l S lulze

According to (3] the shift operator T}, and the one-third-shift operator
S commute, so we have the identity

T = (S7° 0 T}, 0 8% (u),

and we obtain, by an application of Theorem [3.2]
(4.26) Tl . S (T 0 S%) (W)l -
We conclude the proof by combining (£.26) and (£.25]). =

REMARK 4.4. By slightly adjusting the construction of ,%’Z-(é) we could
replace Bourgain’s version of Stein’s martingale inequality by the martingale
transforms in [Fig88, Proposition 2, Step 0] in order to obtain ([4.25]).

Within this remark we shall make use of the following notation. If I €
2 U o(2), then Ij is the uniquely defined interval J € 2 U o(2) with
|J| = |I]/2 such that inf J = inf I, and I; is the uniquely defined interval
J e P2Uo(2) with |J| = |I|/2 such that supJ = sup[.

Let us now describe the aforementioned modifications. We have to replace
A by A+ 1 and redefine %y and 4, as

Go(I, ) ={J € g |J)=2"MI|, J C Iy and 7,,(J) C Iy}
U{J e |J=2"M|, JCI and 7,,(J) C I},
G, o) ={J e d:|J|=2"MI|, J C Iy and 7,,,(J) N Iy = 0}
U{Jed:|J| =272, JcCI and 1,(J) NI, = 0}
(cf. (£8) and (£9])). This results in the collection
(4.27) {0, T (D)0s J1y Ton (D)1, T Ut () : T € 0%(B)}
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being nested for all 0 < i < K(m) and 6 € {0,1}. With these modifications
let us define

5 5 1
A5} = 50y ) and d§) = Sy = b)),

DN =

for all J € 05(%’2@). Since (A.27) is nested, {d%,d% :J € 0(%’2@)} forms

a martingale difference sequence. Observe h; = dfﬁ + df](g and h. (5 =

d% — d%, hence we may swap h; and h (7 without using Bourgain’s

version of Stein’s martingale inequality.

5. A martingale decomposition for U,,. Recall that in ([@I]) we de-
fined the shift map 7, for every m € Z by
Tm (1) =1+ m|I|
for all I € 2 Uo(2). We introduce the operator U, by setting
(5.1) Unhr =1, ) — 1

forall I € 2Uc(2). Although the operators T, and Uy, appear to be similar,
U, is much harder to analyze than 7,. This is rooted in the observation that
{Timhr}ices is a martingale difference sequence for any choice of &/ C 2,
whereas whether {U,,,h1} re 5 forms a martingale difference sequence strongly
depends on the choice of # C 2. Essentially the same method we used to
bound T}, for functions supported on the collections %’fo), 0 <i< K(m),
qualifies for estimating U,,, since Lemma [Tl ensures that {U,,hr : [ € %,i(o)}
forms a martingale difference sequence. So the main obstacle is to estimate
U,, on ,%’Z-(l), since {Uphy : I € 9%(1)} is not a martingale difference sequence.

The remedy to this problem is the martingale difference sequence decom-
position of U,, into

Unp=ar+br+cy, IE€ %Z-(l’s),
for suitable subcollections %,2(1,5), e € {0,1}, of %’fl), such that the collections
{ar: I € %’i(l’g)}, {br : I € 932.(1’5)} and {cy : I € %’i(l’g)} form martingale
difference sequences. Since there are 56 4+ 141og,(|m|) subcollections ,%’Z-(J’E),
we can obtain the estimate

Uy, = LA — L5 || < C(logy(2 4 |m|))?  for some 0 < B < 1,

established in [Fig88| by the same method we used for T}, in Section [l
First, let us define the maps 3y, 51 and 8 by

(5.2) Bo(I) = ao(1) \ 1,
(5.3) pil) =o1(I)N 1,
(5.4) B(I) = Bo(I) U B1(I),
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where oo and o7 are given by (8.9]) and (B.10). Secondly, set

(5.5) Yo(I) = oo(I) N1,
(5.6) () =o1(I)\ 1,
(5.7) (1) =y (I) Um ().

The functions g, o1, By, S1 and g, 1 are visualized in Figure

21l 2 A 21l N 2 A
L : Tn(1)
o) al) o) o)
Bo(D) 1 Bl WD) (D))
i i i — —

Fig. 2. The functions oo, o1, Bo, B1 and 70,1 applied to I or 7, (I)

Similar to the combinatorial Lemma ] for the operator T, we shall now
display a combinatorial lemma for U,,, which will enable us to use the same
method to estimate U, as well. The estimates of U, will be established in
Theorem

LEMMA 5.1. Let m € Z, m # 0 and let %’55), 0<i<K(m),de{0,1},
and K(m) be defined as in Lemma[dIl If we split each collection ,%’Z-(l) into
68) B =2 {n():Te P, infI =0, kmod?2=c}
for all 0 <i < K(m), € € {0,1}, then
(5.9) (I, 7m(I), I U (1) : T € B},

(10)  {oo(D) o1 (D)), 00(T) Uar(rn(D)) : T € B9},
(5.11) {Bo(1), B1(I), Bo(I) U pr(I) : T € B},
o1

(612) {0 Un(D) I e (@)
are nested collections of sets, for all 0 <i < K(m) and € € {0,1}.
Proof. By symmetry we may assume m > 1. Let m € Z, m > 1, 0 <

i < K(m) and € € {0,1} be fixed throughout the rest of this proof. Given
I € 6%(2) its predecessor m(I) is the uniquely determined interval J € o°(2)

such that J D I and |J| = 2|I|. Given intervals J € %’i(l) and K = 7(J)
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observe that
(5.13)  tm()NEK =0, infJ>infK+ %uq, () C K.

First, note that (5.9]) is covered by Lemma A1
Secondly, we will show that (5.10) is nested. Henceforth, we shall abbre-

viate %’fl’s) by #A. Let I,J € £ be such that

(UO(J) U Ul(Tm(J))) N (JO(I) U Ul(Tm(I))) # (.
Note that if |I| = |J|, then I = J by definition of Z. So assume that |J| < |I|.
Defining K := 7(J) and recalling (5I3) we see inf.J > inf K + 3|K]|,
therefore o¢(J) C o1(K). Furthermore, considering the constraints for the
parameters A and m we obtain

2 1
sup o1(7m(J)) < sup K + g\J\ +m|J| <sup K + g\K|,
thus o1 (7 (J)) C 01(K) as well. So we have proved that oo(J) U o1(J) C
01(K). The nestedness of the one-third-shifted intervals implies either o1 (K)

C oo(I) or 01(K) C o1(I), hence
oo(J)Uaor(J) Coo(I) or oo(J)Uoi(J) C or(I).

Thirdly, we prove the nestedness of (5.I1]). To this end, let I,J € & be
such that

B(J) N BI) # 0.

As in the proof of (5.I0) we see that |I| = |J| implies I = J. Let us now
assume |J| < |I],
(A) B)NBUI) #0 and  B(J) N BT # 0.
Considering that 3(I) = Bo(I)UB1(I) and B(J) C JUT_1(J), assumption (A)
is covered by the following four cases:

(1) inf Bo(I) € JUT_1(J),

(2) supfBo(I) € JUT_1(J),

(3) inf 51(I) € JUT_1(J),

(4) supBi(I) € JUT_1(J).
Assume case () is true. Define K = 7*(J) and note that |K| < |I| by

definition of Z. Since the endpoint of the one-third-shifted interval oo(1) is
contained in a non-shifted smaller interval K, we obtain

(5.14) inf Bo(I) = inf K + g\m

for some z € {1,2}, depending on the direction of the one-third-shift. We
know from (5.I3) that inf J > inf K + 2|K|, hence

11 2
inf JU7T_1(J) > inf K + E|K| > ian—|—§|K|,
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which contradicts (BI4]). If we assume case (2) is true, then sup fy(I) =
inf I and we find that inf J = inf I. Consequently, inf J = inf 7*(.J), which
contradicts J € . Case () is analogous to (1), and case (4) is analogous
to ([2)). Altogether we have proved that assumption (Al is false, therefore,
considering that dist(8y(I),51(I)) > 5|I| and diam(B(J)) < &|I| yields

B(T) C Bo(I) or  B(J) C Bi(I)

for all I, J € B with |J| < |I| such that B(J) N B(I) # 0.

The proof that (5.12)) is nested uses essentially the same argument pre-
sented in the proof of (B5.I1]), therefore we omit the details. Both of these
cases use that if J € 7,,,(%), then v(J) € JU T (J), 7*(J) = 7 (r1(J)) and
inf 71 (J) # inf 72 (71(J)). =

With m € Z fixed, we introduce the functions

(5.15) ar = 151 (1 (1)) — Loo(1): e,
(5.16) b1 = 1a0(1) = 15,(1); reo,
(5.17) € = Log(rn(D) ~ n(rm(n), 1€Z

(see Figure [3).

XTIV 1V LI TV TR D
§+1

: CT : EU L : : . :

. . . . . :Tm([) .

-1 : :

s 1

UO(I)E 7 ar : t :

5 oo(rn(1) 1 r(rm(D)

_15 : : :
ST o ey »

— s — 7 )

ot - ol -

Fig. 3. Martingale decomposition of U,
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Accordingly, we define operators A, B and C as the linear extensions of

(5.18) Ahr=ar, €9,
(5.19) Bhr=b;, €9,
(5.20) Chr=c;, I€9.
Note the identities
Unhr =ar + by + ¢y, 1 €9,
(5.21) Unu=Au+Bu+Cu, uelLk,

At = (Un 0 So)w),  u e X,
as well as the estimates
br| < |hs] + [So(h1)l, Ieg,

5.22
(5:22) le1] < |Ton(Sohr)| + [Tm(Sihs)l, 1€ 2

(see Figure [3).

We will introduce projections Pi(o), Pi(l’s), 0 <i< K(m), e € {0,1},
and estimate the operators A, B and € on their respective images (see The-
orem [5.2]). Recall that

PPu= 3" (uhp)h|II7Y,  0<i< K(m),

was already defined in ([@.I6]). Accordingly, we set

(5.23)  PMu= 3" (uhphI7Y,  0<i< K(m), e € {0,1},
189
for all u € L%, where %’i(l’e) is defined in (5.8). Note that Pi(l) = PZ-(I’O) +

P~(1’1), where Pz‘(l) was defined in ([@I6]). Thus, ([@I7)) implies the identity

(2
K(m)
(5.24) U= Z Pi(o)u + Pi(l’o)u + Pz-(l’l)u, uwe LX.
i=0
Consider the splitting of Z into the sets ,%’i(é), 0<i<K(m),oe{0,1}
(see Lemma [L] for details), which we used in Theorem (3] to treat the
operator T),. Retracing our steps in the proof of Theorem 3] we shall find
that with the result in Lemma [5.1] we could actually repeat this proof with
the operator T, on.(é), d € {0, 1}, replaced by one of the operators Uy, oPZ.(O)
or AoPZ.(LE), e € {0,1}. The residual terms B on.(l’E) and GoPi(l’E) occurring
in the martingale decomposition of U, are dominated by (Id + Sp) o Pi(l’s)

and (T, o (So + S1)) o Pz.(l’g), respectively.
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THEOREM 5.2. Let m € Z, m # 0 and let Pi(o), Pz-(l’e), e € {0,1}, be
defined according to ([AI0) and (5:23). Then

K(m)
(5.25) Upu=Y_ {(Um o PN+ Y (A+B+C)o Pz.(l’e))(u)}
i=0 ec{0,1}

for all w € L% . Furthermore, we have the estimates

(5.26) (U 0 POY)| . < CIP w1,

(5.27) I(A 0 PO w)n < OB ull 2
(5.28) (B o P) ()| < CIUPSull e,
(5.29) €0 PM)(w)ll . < OB ull

forallu e LY, 0 <i< K(m) and € € {0,1}. The constant C depends only
on %,(X) and we have the estimate K(m) <7+ 2logy(|m|).

Proof. Let m € Z, m # 0, 0 < i < K(m) and ¢ € {0,1} be fixed
throughout the proof. By symmetry we may assume that m > 1.

Note that (2.21) and (5.24) imply identity (5.235]).

From Lemma [5.I] we know that each of the collections

(Unhy :Te BV, {Ah;: T e 29y,

(Bh;: Te By, {Ch;:Te B
forms a martingale difference sequence. Hence, in order to estimate {Up,hs :
I e %EO)} and {Ah; : I € ,%’Z-(l’g)} we can essentially repeat the proof of
Theorem (3] thereby obtaining (5:26]) and ([.27)). Since |br| < |hr|+|So(h1)]
(see (B.22))), we deduce from the UMD-property, Kahane’s inequality (2.3)
and Kahane’s contraction principle ([2.2)) that

1, 1, 1,

1B 0 PO @l < 1PVl + 1150 0 B (w) s,
The latter estimate together with Theorem B.3]implies (5.28]). Observe |cr| <
| T (Sohr)| + | T (S1h1)| (see (5:22)), thus the UMD-property, Kahane’s in-
equality and Kahane’s contraction principle imply
l@o PN @)lg, S 11So 0 T o B ) @)l g, +11(S1 0 Ton 0 P () 1z
Note that (B.I0) implies that
{05(1), 05(rm (D)), 05(1) Uos(rin(1)) : I € B}

is nested, hence we can replicate the proof of Theorem 4.3 once more. =

From Theorems and £.2] one can obtain the estimates stated in The-
orem [5.3] below by exploiting the type and cotype inequalities for T,,, and
only the cotype inequality for U,,. Inserting the estimates of Theorems [4.3]
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and into [Fig88 Lemma 1| one can obtain [Fig88, Theorem 1|, stated
below for the sake of completeness.

THEOREM 5.3 ([Fig88]). Let 1 < p < oo, and X be a Banach space with
the UMD-property. For m € Z let 1,, denote the shift map defined by
I—T1+mll|
Let T,,, Uy, denote the linear extensions of the maps
Thr = he,, (1)
and
Unhr = 1., — 11,
respectively. Then
(5.30) 1T+ L% — L | < Cllogy(2 + m]))*,
(5.31) U = L — L5 || < C(logy(2 + [m)))”,

where the constant C > 0 depends only on %y,(X) and 0 < o, f < 1. More-

over, if L has type T and cotype €, then one can take o« =1/T —1/C and
B=1-1/C.

These bounds are used to establish equivalence of some bases to the Haar
system, e.g. the Franklin system (cf. [Fig88|). In [Fig90|, T. Figiel bounds
singular integral operators S acting on vector-valued LP spaces by means

of the estimates (0.30) and (5.31]). This is achieved by decomposing S into
weighted series of the rearrangement operators T, and U,,.
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