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Summary. A space X is star-Hurewicz if for each sequence (U, : n € N) of open covers
of X there exists a sequence (V, : n € N) such that for each n, V, is a finite subset of U,
and for each z € X, z € St(JVn,Uy) for all but finitely many n. We investigate the
relationship between star-Hurewicz spaces and related spaces, and also study topological
properties of star-Hurewicz spaces.

1. Introduction. By a space, we mean a topological space. Let N denote
the set of positive integers. Let X be a space and U be a collection of subsets
of X. For A C X, let

St(A,U) = U eu:UNA#0}.

As usual, we write St(x,U) instead of St({z},U).

Let us recall that a space X is countably compact if every countable open
cover of X has a finite subcover. Van Douwen et al. [5] defined a space X to
be strongly starcompact if for every open cover U of X there exists a finite
subset F' of X such that St(F,U) = X. They proved that every countably
compact space is strongly starcompact and every strongly starcompact T5-
space is countably compact; however, the latter does not hold for T;-spaces
(see [12, Example 2.5]).

Van Douwen et al. [5] defined a space X to be starcompact if for every
open cover U of X there exists a finite subset V of U such that St(|JV,U)
=X.

In [7], a strongly starcompact space is called starcompact, and in [I1], a
starcompact space is called lé—starcompact.
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In 1925, Hurewicz [§] (see also [9]) introduced the Hurewicz covering
property for a space X in the following way:

H: For each sequence (U, : n € N) of open covers of X there exists a
sequence (V,, : n € N) such that for each n, V, is a finite subset of U,
and for each x € X, z € |JV, for all but finitely many n.

Cammaroto et al. [3] introduced and investigated a generalization of the
Hurewicz covering property. Bonanzinga et al. [I] introduced star selection
hypotheses similar to the above (see also [10]):

SH: A space X has the star-Hurewicz property (or is a star-Hurewicz
space) if for each sequence (U, : n € N) of open covers of X there
exists a sequence (V, : n € N) such that for each n, V, is a finite
subset of U, and for each x € X, x € St(|JVn,U,) for all but
finitely many n.

SSH: A space X has the strongly star-Hurewicz property (or is a Strongly
star-Hurewicz space) if for each sequence (U, : n € N) of open
covers of X there exists a sequence (A,, : n € N) of finite subsets
of X such that for each z € X, x € St(A,,U,) for all but finitely
many 7.

From the above definitions, we have the following diagram:

strongly starcompact —— strongly star-Hurewicz

l |

starcompact — star-Hurewicz

Bonanzinga et al. [I] studied star-Hurewicz and related spaces. The purpose
of this paper is to investigate the relationships between star-Hurewicz spaces
and related spaces, and also to study topological properties of star-Hurewicz
spaces.

Throughout this paper, the extent e(X) of a space X is the smallest
infinite cardinal x such that every discrete closed subset of X has cardinality
at most x. Let w denote the first infinite cardinal, wy the first uncountable
cardinal and ¢ the cardinality of the set of all real numbers. For a cardinal &,
let kT be the smallest cardinal greater than k. For any ordinals o, 3 with
a < B, we write [a, 8), (a, B) etc. for the usual ordinal intervals. As usual,
a cardinal is an initial ordinal and an ordinal is the set of smaller ordinals.
Every cardinal is often viewed as a space with the usual order topology.
Other terms and symbols that we do not define follow [6].

2. Main results. First we give some examples showing relationships
between strongly star-Hurewicz spaces and related spaces.
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EXAMPLE 2.1. There ezists a Tychonoff strongly star-Hurewicz (hence
star-Hurewicz) space X which is not starcompact (hence not strongly star-
compact).

Proof. Consider the subspace

X =([0,w] x [0,w]) \ {{w,w)}
of the product space [0,w] x [0,w]. Clearly, X is a Tychonoff space.

First we show that X is strongly star-Hurewicz. To this end, let {U,, :
n € N} be a sequence of open covers of X. For each n € N, let

K, = ([0,w] x [0,n —1]) U ([0,n — 1] X [0, w]).
Then K, is the union of finite compact subsets of X. We can find a finite
subset A, of K, such that K, C St(A,,U,). Note that (J,.n Kn = X. For
any x € X, there exists ng € N such that x € K,,, thus x € St(A,,U,) for
each n > ng, which shows that X is strongly star-Hurewicz.
Next we show that X is not starcompact. For each n € w, let

Up={n} x[0,w] and V, = (n,w]x {n}.
Let us consider the open cover
U={U,:newtU{V,: :new}

of X. It suffices to show that St(|JV,U) # X for any finite subset V of U.
To see this, let V be any finite subset of U. There exist n; € w and no € w
such that U, ¢ V for each n > n; and V,, ¢ V for each n > ng. Pick
n' > max{ni,n2}; then V,y N (JV) = 0, hence (n',w) ¢ St(JV,U), since
Vs is the only element of U containing (n’,w). This shows that X is not
starcompact. m

EXAMPLE 2.2. There exists a Tychonoff star-Hurewicz space which is not
strongly star-Hurewicz.

Proof. Let D = {d, : & < ¢} be a discrete space of cardinality ¢ and let
D* = D U {d*} be one-point compactification of D, where d* ¢ D.
Consider the subspace

X = (D" x [0, )\ {{d",¢"))

of the product space D* x [0,¢"]. Then X is Tychonoff.

To show that X is star-Hurewicz, it suffices to show that X is starcom-
pact, since every starcompact space is star-Hurewicz.

To this end, let &/ be an open cover of X. For each o < ¢, there exists
U, € U such that (dy,cT) € U,, hence we can find 3, < ¢t such that
{da} X (BaycT] C Uy. Let B = sup{Bs : @ < ¢}. Then 8 < ¢t. Let K =
D* x {B}. Then K is compact and U, N K # ) for each a < ¢. Since U
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covers K, there exists a finite subset U’ of U such that K C (JU'. Thus
D x {ct} C St(UZ/{',Z/I).

On the other hand, since D* x [0,¢") is countably compact, it is strongly
starcompact (see [0, [11]), so we can find a finite subset U” of U such that

D* x [0,¢") C St(Uu”,u).
If we put V = U'UU", then V is a finite subset of U such that X = St(|JV,U),

which shows that X is starcompact.
Next we show that X is not strongly star-Hurewicz. For each o < ¢, let
Us = {do} x [0,¢T].
For each n € N, let
Uy ={Uy :a < c}U{D* x [0,¢)}.

Then U, is an open cover of X. Let (A, : n € N) be any sequence of
finite subsets of X. It suffices to show that there exists x € X such that
x ¢ St(An,Uy,) for all n € N.

For each n € N, since A,, is finite, there exists «,, < ¢ such that
A, NU, =0 for each o > auy,.
Let 8 = sup{ay, : n € N}. Then 8 < ¢ and

(U An> NU, =0 for each o > 3.

neN
If we pick o’ > 3, then (dy, ¢t) & St(A,,Uy) for each n € N, since U, is the
only element of U, containing (d,/,c"); this shows that X is not strongly
star-Hurewicz. m

REMARK 2.1. Example 2.2 also shows that there exists a Tychonoff star-
compact space that is not strongly starcompact.

Recall that the Alexandorff duplicate A(X) of a space X is constructed
in the following way: The underlying set of A(X) is X x {0,1}; each point
of X x {1} is isolated and a basic neighborhood of (z,0) € X x {0} is of the
form (U x{0})U ((U x {1})\ {(z,1)}), where U is a neighborhood of x in X.

It is well known that a space X is countably compact if and only if so is
A(X). In the following, we give two examples to show that this result cannot
be generalized to star-Hurewicz spaces.

EXAMPLE 2.3. There exists a Tychonoff star-Hurewicz space X such that
A(X) is not star-Hurewicz.

Proof. Let X = (D* x [0,¢t]) \ {{d*,¢")} be the space of Example 2.2.
Then X is a star-Hurewicz space with e(X) = ¢.
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However, A(X) is not star-Hurewicz. In fact, (D x {c}) x {1} is an open
and closed subset of X with [(D x {c¢}) x {1}| = ¢, and each point ((dq,¢), 1)
is isolated for each o < ¢. Hence A(X) is not star-Hurewicz, since every open
and closed subset of a star-Hurewicz space is star-Hurewicz, and (D x {c})
x {1} is not star-Hurewicz. m

To show the next result, we need a lemma from [4].
LEMMA 2.4. For a Ti-space X, e(X) = e(A(X)).

From the proof of Example 2.3, it is not difficult to deduce the following
result.

THEOREM 2.5. If X is a Th-space and A(X) is a star-Hurewicz space,
then e(A(X)) < wi.

Proof. By Lemma 2.4, we need to show that e(X) < w;. Suppose that
e(X) > wi. Then there exists a discrete closed subset B of X such that
|B| > wy. Hence B x {1} is an open and closed subset of A(X) and every
point of Bx {1} isisolated. Thus A(X) is not star-Hurewicz, since every open
and closed subset of a star-Hurewicz space is star-Hurewicz, and B x {1} is
not star-Hurewicz. m

REMARK 2.2. The author does not know if the Alexandorff duplicate
A(X) of a star-Hurewicz Ti-space X with e(X) < w; is star-Hurewicz.

It is not difficult to prove the following result.

THEOREM 2.6. Every continuous image of a star-Hurewicz space is star-
Hurewicz.

Proof. Let f: X — Y be a continuous mapping from a star-Hurewicz
space X onto a space Y. Let (U, : n € N) be a sequence of open covers of Y.
For each n € N, let V,, = {f~Y(U) : U € U,}. It is an open cover of X.
Since X is star-Hurewicz, there exists a sequence (V), : n € N) such that for
each n, V), is a finite subset of U,,, and for each = € X, z € St(JV),,U,,) for
all but finitely many n. For each n € N, let U}, = {f(U) : U € V,}. Then U),
is a finite subset of U,,.

We will show that each y € Y is in St(JU,,,U,) for all but finitely
many n. In fact, let y € Y. Then there is € X such that f(z) = y. Hence
x € St(|UV),, V) for all but finitely many n. Thus y = f(z) € St(U{f(U) :
UeV.L{fU):UeV,}) =St(JU,,U,) for all but finitely many n, which
shows that Y is star-Hurewicz. m

Next we turn to preimages. We show that the preimage of a star-Hurewicz
space under a closed 2-to-1 continuous map need not be star-Hurewicz.

EXAMPLE 2.7. There exists a closed 2-to-1 continuous map f: X — Y
such that 'Y is star-Hurewicz, but X is not.
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Proof. Just consider the projection map A(X) — X, where X is the
space of Example 2.3. =

Now we give a positive result:

THEOREM 2.8. If f is an open perfect continuous map from a space X
onto a star-Hurewicz space Y, then X is star-Hurewicz.

Proof. Let (U, : n € N) be a sequence of open covers of X and let y € Y.
For each n € N, since f~!(y) is compact, there exists a finite subcollection
Upn, of Uy, such that f~(y) € UUy,, and U N f=1(y) # 0 for each U € Uy,
Since f is closed, there exists an open neighborhood V,,, of y in Y such that

F Vo) S U U €U, }.

Since f is open, we can assume that

(1) Vo, S WFWU) U €U, }.

Since V, = {Vi, : y € Y} is an open cover of Y. Y is star-Hurewicz, there
exists a sequence (V) : n € N) such that for each n € N, V), is a finite subset
of V,,, and for each y € Y, y € St(JV),, V) for all but finitely many n.
Without loss of generality, we can assume that V), = {Vnyi : i < n'}. Let
Uy, = U<y Un,,,- Then U, is a finite subset of U, and

(2) ~(Uvs) < Uu.

Next we show that each x € X is in St(lU,,Uy) for all but finitely
many n. Let z € X. Then y = f(z) € St(lJV),, V) for all but finitely
many n. For n € N, if y = f(z) € St(JV),, V), then there exist i < n’ and
y' € Y such that Vi, N Vny/ # 0 and y € Vny,. Since

vef'WVa,) S| U U e},
we can choose U € Uy, with z € U. Then V,, , C f(U) by (1). Hence

Unf=YUJV.) # 0. Thus x € St(f (U V%), Uy). Therefore x € St(JUL,U,)
by (2), which shows that each x € X is in St(|JU/,,U,) for all but finitely
many n. Consequently, X is star-Hurewicz. u

We have the following corollary from Theorem 2.8.

COROLLARY 2.9 ([1]). The product of a star-Hurewicz space and a com-
pact space is star-Hurewicz.

However, the product of two star-Hurewicz spaces need not be star-
Hurewicz. In fact, the following well-known example shows that the product
of two countably compact (hence star-Hurewicz) spaces need not be star-
Hurewicz. We sketch the proof for completeness.
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EXAMPLE 2.10. There exist two Tychonoff countably compact (hence
star-Hurewicz) spaces X and Y such that X XY is not star-Hurewicz.

Proof. Let D be a discrete space of cardinality ¢. We define X =, <w, Ba
and Y = U(Kw1 F,, where E, and F, are subsets of 5D which are defined
inductively so as to satisfy the following conditions:

(1) EaNFz=Dif o # f;

(2) |Ea| < cand |Fg| < ¢

(3) every infinite subset of E, (resp., Fj) has an accumulation point in

Eot1 (resp., Fot1).
The sets F, and F, are well-defined since every infinite closed set in 5D
has cardinality 2¢ (see [13]). The diagonal {(d,d) : d € D} is an open and
closed subset of X x Y with cardinality ¢ and {(d,d)} is isolated for each
d € D. Thus X x Y is not star-Hurewicz, since open and closed subsets of
star-Hurewicz spaces are star-Hurewicz, and the diagonal {(d,d) : d € D} is
not star-Hurewicz. =

In [5] Example 3.3.3], van Douwen et al. gave an example of a countably
compact (and hence star-Hurewicz) space X and a Lindel6f space Y such
that X x Y is not strongly star-Lindel6f. Now, we shall show that X x Y is
not star-Hurewicz either. We need the following lemma.

LeEmMMA 2.11 (]2]). A space X is a star-Hurewicz space iff for every se-
quence (U, : n € N) of open covers of X there exists a finite V,, C Uy, (n € N)
such that for every x € X, St(xz,U,) N (UVn) # 0 for all but finitely many
n € N.

EXAMPLE 2.12. There ezist a countably compact (hence star-Hurewicz)
space X and a Lindeldf space Y such that X XY is not star-Hurewicz.

Proof. Let X = [0,w;) with the usual order topology and Y = [0, w;]
with the following topology: each point o with o < wy is isolated and a
set U containing w; is open if and only if Y \ U is countable. Then X is
countably compact and Y is Lindelof.

Now, we show that X x Y is not star-Hurewicz. For each a < wy, let

Uy =1[0,a] X [a,w1] and V, = (a,wr) x {a}.

Then
Uy,NVy =0 forany o < wy and o/ < wy,

and
VaNVy =0 ifa#d.
For each n € N, let
Uy ={Upy:a<w }U{Vy:a<w}.
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Then U,, is an open cover of X X Y. By Lemma 2.11 it suffices to show that
for any sequence (V,, : n € N) of finite sets such that V, C U, for each
n € N, there exists a point a € X x Y such that St(a,U,) N (JVn) = 0 for
alln e N.

Let (V,, : n € N) be any sequence such that for each n € N, V), is a finite
subset of U,,. For each n € N, since V,, is finite, there exists «;,, < w; such
that

Vo ¢V, for each o > au.
Let 8 = sup{ay, : n € N}. Clearly, f < wy. Thus we have
Vo ¢V, foreach a> 3 and n e N.

Pick a> . Since V,, is the only element of U, containing the point (a+1, «),
and Vo, NV =0 for each V €V, and ne€N, it follows that St({(a+1,a),U,)
=Voand VoN(UVn)=0forneN. u

Next we give a condition under which paraLindeléfness implies Lindel6f-
ness. Recall that a space X is paraLindeldf if every open cover U of X has
a locally countable open refinement.

THEOREM 2.13. FEwvery paraLindeldf star-Hurewicz space is Lindeldf.

Proof. Let X be a paralLindel6f star-Hurewicz space and U be an open
cover of X. Then there exists a locally countable open refinement )V of /. For
each x € X, there exists an open neighborhood V. of x such that V, C V for
some V e Vand {VeV:V,NV # 0} is countable. Let V' = {V, : x € X}.
Then V' is an open refinement of V. Since X is star-Hurewicz, there exists a
sequence (V) : n € N) such that for each n, V), is a finite subset of V', and
for each z € X, z € St(|JV},, V') for all but finitely many n.

For each n € N, let
V, = {V €V : there exists some V' € V), such that VNV’ # (}.

Then V, is a countable subset of V. Let W = | J,,cyy V- Then W is a countable
open cover of X. For each V' € W, choose Uy € U such that V' C Uy.
Then {Uy : V € W} is a countable subcover of U, which shows that X is
Lindeldf. m

Since every paracompact space is paralindel6f, the following corollary
follows from Theorem 2.13.

COROLLARY 2.14. A paracompact star-Hurewicz space X is Lindeldf.
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