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Abstrat. In this paper we give a onstrution of operators satisfying q-CCR relations for q > 1:

A(f)A∗(g) − A
∗(g)A(f) = q

N 〈f, g〉Iand also q-CAR relations for q < −1:
B(f)B∗(g) + B

∗(g)B(f) = |q|N 〈f, g〉I,where N is the number operator on a suitable Fok spae Fq(H) ating as
Nx1 ⊗ · · · ⊗ xn = n x1 ⊗ · · · ⊗ xn.Some appliations to ombinatorial problems are also given.1. Introdution. Generalized Brownian motion (Gaussian random �eld) (GBM), G(f)were introdued in our papers with R. Speiher [15, 16, 18℄, where the main examplesame from the q-CCR relation for q ∈ [−1, 1]

a(f)a∗(g) − qa∗(g)a(f) = 〈f, g〉I,here f, g are in a real Hilbert spae H and
G(f) = a(f) + a∗(f).Other examples of (GBM) were onstruted by M. Bo»ejko and M. Guµ  [10℄, M. Bo-»ejko and J. Wysoza«ski [19, 20℄, M. Guµ  and H. Maassen [26, 27℄, M. Bo»ejko andH. Yoshida [21℄ and reently A. Buhholz [23℄ disovered a very interesting new lass of(GBM).2000 Mathematis Subjet Classi�ation: Primary 46L53; Seondary 81S05.Key words and phrases: q-CCR relations, q-Hermite polynomials, deformed Fok spaes,generalized Brownian motion, set partition statisti.Partially sponsored with KBN grant no 1P03A 01330 and the European Commission MarieCurie Host Fellowship for the Transfer of Knowledge �Harmoni Analysis, Nonlinear Analysisand Probability�, MTKD-CT-2004-013389.The paper is in �nal form and no version of it will be published elsewhere.[59℄ © Instytut Matematyzny PAN, 2007



60 M. BOŻEJKOIn this note we present a onstrution of q-CCR relations for q > 1 and q-CARrelations for q < −1.We also give a simple appliation to a ombinatorial problems on the set P2(2n) of
2-partitions of the set {1, 2, . . . , 2n}.Namely for a 2-partition V ∈ P2(2n) we have

pbr(V) + cr(V) =
1

2
ip(V).Here cr(V) is the number of rossings, whih is given by the number of pairs of bloks of

V whih ross, that is:
cr(V) = ♯{((a, b), (c, d)) : (a, b), (c, d) ∈ V , and a < c < b < d}.Also for V ∈ P2(2n) we de�ne the number of pairs embraings introdued by de Mediisand Viennot [37℄ and also studied by A. Nia [39℄ as
pbr(V) = ♯{((a, b), (c, d)) : (a, b), (c, d) ∈ V , and a < c < d < b}.In the same way we de�ne the number of inner points

ip(V) =
∑

(i,j)∈V

inpt(i, j),where for a blok (i, j) ∈ V we let inpt(i, j) be the number of natural k with i < k < j.2. Generalized Brownian motion. Let H be a real Hilbert spae. A family of self-adjoint operators G(f) = G(f)∗, f ∈ H, is alled Generalized Gaussian random variablesor Generalized Brownian Motion (GBM), if there exists a state ε on the von Neumannalgebra generated by G(f), f ∈ H and a funtion
t :

∞⋃

n=1

P2(2n) → Csuh that the following generalized Wik formula holds:
ε (G(f1) . . .G(fk)) =





0 if k is odd,
∑

V∈P2(2n)

t(V)
∏

(i,j)∈V

〈fi, fj〉 if k = 2n.If the dimension of the Hilbert spae is in�nite, then the above de�nition is equivalentto the following one (see F. Lehner � II part, [35℄): for eah orthogonal linear map O :

H → H
ε (G(f1) . . .G(fk)) = ε(G(O(f1)) . . .G(O(fk))).A typial example of (GBM) was obtained by R. Speiher and myself [15, 16℄ in 1991using q-CCR relations for −1 ≤ q ≤ 1, then putting G(f) = a(f) + a∗(f) and knowingthat a(f)Ω = 0 we obtain the following Wik formula interpolating between q = 1(Bose-Einstein statistis), q = −1 (Fermi-Dira statistis) and q = 0 (Maxwell statistis):

〈G(f1) . . . G(f2n)Ω, Ω〉 =
∑

V∈P2(2n)

qcr(V)
∏

(i,j)∈V

〈fi, fj〉.Here cr(V) is the number of rossings, whih is given by the number of pairs of bloks of
V whih ross.



REMARKS ON q-CCR RELATIONS 61To obtain the above Wik formula we need a deformed Fok spae Fq(HC) onstrutedby the ompletion of the free Fok spae
F(HC) = CΩ ⊕HC ⊕H⊗2

C
⊕ . . .by introduing a new salar produt on H⊗n

C
as follows. For ξ, η ∈ H⊗n

C
we de�ne a

q-deformed salar produt
〈ξ, η〉q = 〈P (n)

q ξ, η〉,where
P (n)

q =
∑

π∈S(n)

qcr(π)π,and for a permutation π ∈ S(n),
cr(π) = ♯ {(i, j) : 1 ≤ i < j ≤ n, and π(i) > π(j)}.In the onstrution of Fq(HC) we need the positivity of the operator P

(n)
q for −1 <

q < 1, whih was done by[11℄ and [15, 16℄. Then we form a reation operator
a+(f)ξ = f ⊗ ξand an annihilation operator

aq(f)x1 ⊗ . . . ⊗ xn =
n∑

k=1

qk−1〈f, xk〉x1 ⊗ . . . ⊗ x̌k . . . ⊗ xn.Hene for f ∈ H on the q-Fok spae Fq(HC) we have
[a+(f)]∗ = aq(f).Moreover for −1 < q < 1 and ‖f‖ = 1 we obtain

‖a(f)‖ = ‖a+(f)‖ =

{
(1 − q)−1/2 if 0 ≤ q < 1,
1 if −1 < q ≤ 0,and the vauum state

ε(·) = 〈·Ω, Ω〉is a trae on the von Neumann algebra generated by G(f), f ∈ H.Also for ‖f‖ = 1, we have
ε(G(f)k) =

∫ ∞

−∞

xkdµq(x),where
dµq(x) =

1

2π
q−1/8Θ1

(
ϑ

π
,

1

2πi
log q

)
dx,here Θ1 is the well-known Jaobi funtion (see Maassen, van Leuven [36℄) and 2 cos ϑ =

x
√

1 − q.The orresponding orthogonal polynomials with respet dµq(x) are q-Hermite poly-nomials satisfying the following reurrene relations, see Szegö [46℄:
xHn(x) = Hn+1(x) + (qn − 1)/(q − 1)Hn−1(x).



62 M. BOŻEJKO3. q-CCR for q > 1. In this setion we prove the existene of q-Gaussian �elds
G(f) = A(f) + A+(f)for q > 1 satisfying the following q-CCR relation:

A(f)A∗(g) − A∗(g)A(f) = qN 〈f, g〉I,where f, g are in a real Hilbert H. The operator N is the number operator on a suitableFok spae Fq(H) ating as
Nx1 ⊗ · · · ⊗ xn = n x1 ⊗ · · · ⊗ xn.For this sake we onsider the operator

P̃
(n)
q = P (n)

q w
(n)
0 = w

(n)
0 P (n)

q ,where w
(n)
0 = w0 is the permutation (1, n)(2, n− 1)(3, n − 2) . . ..Sine for σ ∈ S(n) we have

cr(σw0) = cr(w0σ) =
1

2
n(n − 1) − cr(σ)therefore we get

P̃
(n)
q = P (n)

q w
(n)
0 = w

(n)
0 P (n)

q = q
1

2
n(n−1)P

(n)
1/q .So if q > 1, we have that the operator P̃

(n)
q is positive, sine by the results of [11, 15, 16℄,the operator P

(n)
1/q is positive.We repeat the onstrution as before; we de�ne a new salar produt on H⊗n

C
asfollows. For ξ, η ∈ H⊗n

C
we de�ne a q-deformed salar produt

〈ξ, η〉q = 〈P̃ (n)
q ξ, η〉.Let Fq(HC) be the ompletion of the free Fok spae under the new salar produt. Thereation operator is equal to

A+(f)ξ = f ⊗ ξ, for ξ ∈ Fq(HC) and f ∈ H.One an alulate that the annihilation operator
A(f) = [A+(f)]∗is of the form:

A(f)(x1 ⊗ . . . ⊗ xn) =
n∑

k=1

qn−k〈f, xk〉x1 ⊗ . . . ⊗ x̌k . . . ⊗ xn = qn−1a1/q(f)x1 ⊗ . . . ⊗ xn.Remark 3.1. If H is one-dimensional and q > 1, then the left and right q-annihilationoperators are the same and
A(f) = aq(f) for f ∈ H.This fat will be useful for us later.The proof follows from the fat that if H = C f , then

A(f)f ⊗· · ·⊗f = (1+q+ · · ·+qn−1)〈f, f〉 = (qn−1 + · · ·+q+1)〈f, f〉 = aq(f) f ⊗· · ·⊗f.Now we an state



REMARKS ON q-CCR RELATIONS 63Proposition 3.1. (i) For f, g ∈ H, and q > 1, we have q-CCR relations
A(f)A∗(g) − A∗(g)A(f) = qN 〈f, g〉I,where
N(x1 ⊗ . . . ⊗ xn) = n(x1 ⊗ . . . ⊗ xn).(ii) If

fj ∈ H, G(fj) = A(fj) + A+(fj),then the following Wik formula holds:
〈G(f1) . . . G(f2n)Ω, Ω〉 =

∑

V∈P2(2n)

qpbr(V )
∏

(i,j)∈V

〈fi, fj〉.(iii) For f ∈ H the operator G(f) = A(f)+A+(f) is symmetri and of the de�ienyindex (1, 1) and the orresponding orthogonal polynomials are q-Hermite for q > 1

xHn(x) = Hn+1(x) +
qn − 1

q − 1
Hn−1(x).Sine A(f) = A+(f)∗, A∗(f) is the losure of A+(f).Proof. (i) Sine

A(f) = qn−1a1/q(f) on H⊗nand also
a1/q(f)a+(g) − q−1a+(g)a1/q(f) = 〈f, g〉I,multiplying the last equation by qn we get

(qna1/q(f))a+(g) − a+(g)(qn−1a1/q(f)) = qn〈f, g〉I,and this gives
A(f)A∗(g) − A∗(g)A(f) = qN 〈f, g〉I.The proof of (ii) is lassial and oming by simple indution on n, so we omit it.To get (iii) we need to onsider the one-dimensional ase and it is well known (seeKrólak [32℄) that for q > 1 we get undeterminate moment problem, so the operator hasindex (1, 1), (see Ahieser [2℄, Ismail, Manson [31℄) and from the onstrution of thereation and annihilation operators we get q-Hermite polynomials.4. Combinatorial appliations. Next we obtain de Mediis-Viennot (see [37℄) inter-esting ombinatorial formula:Corollary 4.1. For q ∈ C we have

∑

V∈P2(2n)

qcr(V) =
∑

V∈P2(2n)

qpbr(V).Proof. Sine for q > 1 and H = Ce is one dimensional and ‖e‖ = 1, we have
ε((A(e) + A+(e))2n) =

∑

V∈P2(2n)

qpbr(V).On the other hand
A+(e) = a+(e) and A(e) = aq(e).



64 M. BOŻEJKOTherefore by [15, 16℄ we get
ε((A(e) + A+(e))2n) =

∑

V∈P2(2n)

qcr(V).Hene for q > 1 we obtain
∑

V∈P2(2n)

qcr(V) =
∑

V∈P2(2n)

qpbr(V),and then by analyti ontinuation that equality holds for all q ∈ C.Now we present another appliation of the q-Gaussian �eld to get a new ombinatorialidentity between the three funtions on 2-partitions of 2n-element set:
cr(V), pbr(V) and ip(V).From Proposition 3.1 and Theorem 6 in Bo»ejko and Yoshida's paper [21℄, puttingthere s = q1/2 and q−1 instead q we obtain the following proposition:Proposition 4.1. If q ≥ 1, fj ∈ H and G(fj) = A(fj) + A+(fj) are q-Gaussian randomvariables, then

〈G(f1) . . . G(f2n)Ω, Ω〉 =
∑

V∈P2(2n)

q1/2i p(V)−cr(V)
∏

(i,j)∈V

〈fi, fj〉

=
∑

V∈P2(2n)

qpbr(V)
∏

(i,j)∈V

〈fi, fj〉.As a orollary we get the following ombinatorial result:Corollary 4.2. For 2-partitions V ∈ P2(2n) we have:
pbr(V) + cr(V) =

1

2
ip(V).The proof of the orollary follows at one from the following lemma:Lemma 4.1. If for fj ∈ H and ti : P2(2n) → C we have

∑

V∈P2(2n)

t1(V)
∏

(i,j)∈V

〈fi, fj〉 =
∑

V∈P2(2n)

t2(V)
∏

(i,j)∈V

〈fi, fj〉,then
t1(V) = t2(V) for all V ∈ P2(2n).Proof. It is not di�ult to show that for a given 2-partition Ṽ ∈ P2(2n) we an �nd asuitable family fj ∈ H suh that
∑

V∈P2(2n)

t1(V)
∏

(i,j)∈V

〈fi, fj〉 = t1(Ṽ)and this �nishes the proof of Lemma 4.1 and Corollary 4.2.5. Remarks on q-CAR relations for q < −1. For q < −1, a possible de�nition of
q-CAR relations is the following:

B(f)B∗(g) + B∗(g)B(f) = |q|N 〈f, g〉I.



REMARKS ON q-CCR RELATIONS 65For the onstrution of suh relations we introdue again a new salar produt on thefree Fok spae
F(HC) = CΩ ⊕HC ⊕ . . .using as before the new positive operator

P̂ (n)
q = |q|(

n

2)P
(n)
1/q .Then if we take, as always, the new reation as the free left reation operator B+(f) =

a+(f), and the annihilation operator B(f) = |q|N−1a1/q(f) then one an verify that the
q-CAR relation holds:

B(f)B∗(g) + B∗(g)B(f) = |q|N 〈f, g〉I.Similarly one an show that the following proposition holds:Proposition 5.1. If q ≥ 1, fj ∈ H and G(fj) = B(fj)+B+(fj) are q-Gaussian randomvariables, then
〈G(f1) . . . G(f2n)Ω, Ω〉 =

∑

V∈P2(2n)

|q|1/2ip(V)q−cr(V)
∏

(i,j)∈V

〈fi, fj〉

=
∑

V∈P2(2n)

|q|pbr(V)(−1)cr(V)
∏

(i,j)∈V

〈fi, fj〉.Also B∗(f) is the losure of B+(f).Remark 5.1. As in previous ases also for q < −1, we obtain a similar reurrene re-lation for the q-Hermite polynomials from the above onstrution of the q-reation and
q-annihilation operators:

xHn(x) = Hn+1(x) + (−1)n−1 qn − 1

q − 1
Hn−1(x).Problem 5.1. Try to get the q-Mehler formula for q < −1 similar to that in the ase

q > 1, whih was done in the paper of Ismail and Masson [31℄.Aknowledgements. We thank Anna Krystek, Wojtek Bo»ejko, Eri Riard and theanonymous referee for very areful reading and great help in the preparation of thesubmitted manusript.
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