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EXISTENCE OF THE SMALLESTSELFADJOINT EXTENSIONF.-H. VASILESCUU.F.R. de Mathématiques, Université des Sienes et Tehnologies de LilleLaboratoire Paul Painlevé, 59655 Villeneuve d'Asq Cedex, FraneE-mail: fhvasil�math.univ-lille1.fr
First of all we �x the notation and terminology. For further details see [DuS℄ or [Rud℄.Let H be a omplex Hilbert spae with inner produt 〈∗, ∗〉. By an operator in H wemean a linear transformation, say T , de�ned on a linear subspae of H, say D(T ), whihis the domain of de�nition of T , with values in H.If G(T ) = {(x, Tx); x ∈ D(T )} is the graph of T , the losure of T is the operatorwhose graph is G(T ), provided G(T ) is a graph.If T1, T2 are operators in H, we write T1 ⊂ T2 (or T2 ⊃ T1) if T2 extends T1, that is,
D(T1) ⊂ D(T2) and T2|D(T1) = T1.A symmetri operator in H is an operator S suh that 〈Sx, y〉 = 〈Sx, y〉 for all x, y ∈

D(S). A selfadjoint operator is an operator A suh that D(A) is dense in H and A = A∗,where A∗ is the adjoint of A.If A is selfadjoint, then the operator i − A : D(A) → H is injetive and surjetive,and so its inverse (i − A)−1 is everywhere de�ned and bounded.We say that two selfadjoint operators A1, A2 ommute if the bounded operators
(i − A1)

−1 and (i − A2)
−1 ommute. The next de�nition was introdued in [Vas℄.Definition. Let S = (S1, . . . , Sn) be a tuple onsisting of symmetri operators in aHilbert spae H. We say that S has a smallest selfadjoint extension if there exist aHilbert spae K ⊃ H and a tuple A = (A1, . . . , An) onsisting of ommuting selfadjointoperators in K with the following properties:(1) Aj ⊃ Sj , j = 1, . . . , n;(2) if B = (B1, . . . , Bn) is a tuple onsisting of ommuting selfadjoint operators in aHilbert spae L ⊃ H suh that Bj ⊃ Sj , j = 1, . . . , n, then L ⊃ K and Bj ⊃ Aj , j =

1, . . . , n.Remarks. (i) In the previous de�nition, we write K ⊃ H when there exists a linearisometry from H into K, whih allows the identi�ation of H with a losed subspae of K.[323℄ © Instytut Matematyzny PAN, 2007



324 F.-H. VASILESCUAs a onsequene of this identi�ation, the smallest selfadjoint extension, when it exists,is uniquely determined.(ii) Let S = (S1, . . . , Sn) be a tuple onsisting of symmetri operators in a Hilbertspae H suh that the losures A1, . . . , An of S1, . . . , Sn are ommuting selfadjoint oper-ators. Then A = (A1, . . . , An) is the smallest selfadjoint extension of S.If n = 1, and the de�ieny indies are equal, the ondition that the losure of S = S1be selfadjoint is also neessary for the existene of a smallest selfadjoint extension. Indeed,if S = S1 is a losed symmetri operator whose de�ieny indies are equal, then D(S)equals the intersetion of the domains of all selfadjoint extensions of S, as proved in theAppendix of [Dev℄. Assuming that S has a smallest selfadjoint extension A = A1, weinfer readily that S = A.For n > 1, the smallest selfadjoint extension, whose struture is not yet well un-derstood, may have unexpeted properties. For instane, it follows from Theorem 4.4 of[BeTh℄ (see also Theorem 2 below) that, for some tuples of symmetri operators, thesmallest selfadjoint extension may exist in a Hilbert spae stritly larger than the givenone.A haraterization of the smallest selfadjoint extension for some tuples of symmetrioperators is expressed by the following result (whih is Theorem 3.3 from [Vas℄).Theorem 1. Let S1, . . . , Sn be symmetri operators in a Hilbert spae H, suh that D =

D(S1) = · · · = D(Sn), is invariant under S1, . . . , Sn. Let also A1, . . . , An be ommutingselfadjoint operators in a Hilbert spae K ⊃ H, with Aj ⊃ Sj, j = 1, . . . , n. Let
K0 = {(1 + A2

1)
−m · · · (1 + A2

n)−mx; x ∈ D, m ∈ Z+},whih is a linear subspae of K invariant under A1, . . . , An.The tuple A = (A1, . . . , An) is the smallest selfadjoint extension of the tuple S =

(S1, . . . , Sn) if and only if
(1) the subspae K0 is dense in K;
(2) if B1, . . . , Bn are ommuting selfadjoint operators in a Hilbert spae L ⊃ H, suhthat Bj ⊃ Sj , j = 1, . . . , n, then

‖(1 + B2
1)−m · · · (1 + B2

n)−mx‖ = ‖(1 + A2
1)

−m · · · (1 + A2
n)−mx‖for all x ∈ D, m ∈ Z+.Although neessary for theoretial purposes, in partiular for the proof of Theorem2, the statement above is not expliit enough for some onrete problems, espeially formoment problems. Spei�ally, ondition (2) from Theorem 1 is not easily veri�ed.Knowing expliitly the struture of the smallest selfadjoint extension would have usefulonsequenes onerning the uniqueness of the solution of the several variable Hamburgermoment problem (see Theorem 2 below, whih is Theorem 3.4 from [Vas℄). Let us explainthe meaning of this assertion.Let us denote by Z

n
+ the set of all multi-indies α = (α1, . . . , αn), i.e., αj ∈ Z+ forall j = 1, . . . , n. Let Pn be the algebra of all polynomial funtions on R

n, with omplexoe�ients. We shall denote by tα the monomial tα1

1 · · · tαn

n , where t = (t1, . . . , tn) is theurrent variable in R
n, and α ∈ Z

n
+.



EXISTENCE OF THE SMALLEST SELFADJOINT EXTENSION 325An n-sequene γ = (γα)α∈Z
n

+
of real numbers is said to be positive semi-de�nite if theassoiated linear map Lγ : Pn → C is positive semi-de�nite, where Lγ(tα) = γα, α ∈ Z

n
+.The n-sequene γ = (γα)α∈Z

n

+
is said to be amoment sequene if there exists a positivemeasure µ on R

n suh that Pn ⊂ L2(µ), and Lγ(p) =
∫

pdµ, p ∈ Pn. In this ase, themeasure µ is said to be a representing measure for the n-sequene γ. The Hamburgermoment problem means to haraterize those n-sequenes whih are moment sequenes.Let γ = (γα)α∈Z
n

+
be a positive semi-de�nite n-sequene, and let N = {p ∈ Pn;

Lγ(pp̄) = 0}, whih is an ideal in Pn. Then Lγ indues a salar produt 〈∗, ∗〉 on thequotient Pn/N , and let H = Hγ be the ompletion of the quotient Pn/N with respetto this salar produt.We de�ne in H the operators
Tj(p + N ) = tjp + N , p ∈ Pn, j = 1, . . . , n,whih are symmetri and densely de�ned, with D(Tj) = Pn/N for all j.Theorem 2. Let γ = (γα)α∈Z

n

+
be a moment n-sequene. The representing measure of

γ is unique if and only if the tuple T = (T1, . . . , Tn) has a smallest selfadjoint extension.The existene of general selfadjoint extensions (in the same basi Hilbert spae) hasbeen reently studied in [AlVa℄, using methods partially inspired from the theory ofompletely bounded maps developed in [Arv℄ and [Pow℄.Let Pn,α be the vetor spae generated by the monomials tβ = tβ1

1 · · · tβn

n , with βj ≤

2αj , j = 1, . . . , n, α ∈ Z
n
+. For eah integer m ≥ 1, we denote by Mm(Pn,α) the spae ofall m × m matries with entries from Pn,α.We also onsider the polynomials pα(t) = (1 + t21)

α1 · · · (1 + t2n)αn , as well as therational funtions qα(t) = pα(t)−1, t = (t1, . . . , tn) ∈ R
n, where α = (α1, . . . , αn) ∈ Z

n
+is arbitrary.The next result is a partiular ase of Theorem 3.3 from [AlVa℄. The symbol ‖ ∗ ‖mstands for the norm of a m × m omplex matrix.Theorem 3. Let S = (S1, . . . , Sn) be a tuple of symmetri, linear operators de�ned ona dense subspae D of the Hilbert spae H. Assume that D is invariant under S1, . . . , Snand that S1, . . . , Sn ommute on D.The tuple S admits a selfadjoint extension in H if and only if for all α ∈ Z

n
+, m ∈ Nand x1, . . . , xm, y1, . . . , ym ∈ D with

m
∑

j=1

〈pα(S)xj, xj〉 ≤ 1,
m

∑

j=1

〈pα(S)yj , yj〉 ≤ 1,and for all p = (pj,k) ∈ Mm(Pn,α) with supt ‖qα(t)p(t)‖m ≤ 1, we have
∣

∣

∣

m
∑

j,k=1

〈pj,k(S)xk, yj〉
∣

∣

∣

≤ 1.

Problem. Charaterize, as expliitly as possible (i.e., only in terms of the given data),those tuples of symmetri operators having a smallest selfadjoint extension and desribethe struture of suh an objet, when it exists.



326 F.-H. VASILESCUAs the symmetri operators in Theorem 2 have all equal de�ieny indies, even asolution of the previous problem with this supplementary ondition would be of interest.
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