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Abstrat. We introdue the notion of the modulus of dentability de�ned for any point of theunit sphere S(X) of a Banah spae X. We alulate e�etively this modulus for denting pointsof the unit ball of the lassial interpolation spae L1 + L∞. Moreover, a riterion for dentingpoints of the unit ball in this spae is given. We also show that no denting point of the unit ballof L1 + L∞ is a LUR-point. Consequently, the set of LUR-points of the unit ball of L1 + L∞ isempty.1. Introdution. Let S(X) (resp. B(X), B(X)0) be the unit sphere (resp. the losedunit ball, the open unit ball) of a real Banah spae (X, ‖ · ‖X).A point x ∈ S(X) is alled

a) an extreme point of B(X) (written x ∈ δeB(X)) if for any y, z ∈ B(X) the equality
2x = y + z implies y = z.

b) a strongly extreme point of B(X) (written x ∈ δseB(X)) if for any sequenes (yn),

(zn) in B(X) we have ‖yn − x‖X → 0 whenever ‖yn + zn − 2x‖X → 0.

c) a denting point of B(X) (written x ∈ δdB(X)) if x /∈ co{B(X)\[x + εB(X)0]} foreah ε > 0.

d) a point of loal uniform rotundity of B(X) (LUR-point for short, written x ∈

δLURB(X)) if for eah ε > 0 there is δ(x, ε) > 0 suh that for all y ∈ B(X) the inequality
‖x− y‖X ≥ ε implies ‖(x + y)/2‖X ≤ 1− δ(x, ε).2000 Mathematis Subjet Classi�ation: 46E30, 46B20, 46B42.Key words and phrases: Köthe spae, interpolation spae, denting point, modulus of dentabil-ity, LUR-point.The paper is in �nal form and no version of it will be published elsewhere.[39℄ © Instytut Matematyzny PAN, 2008
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e) an H-point of S(X) (written x ∈ δHS(X)) if every sequene (xn) in S(X) we have
‖xn − x‖X → 0 whenever xn is weakly onvergent to x (write xn

w
−→ x).

f) a point of ontinuity of S(X) (written x ∈ δpcS(X)) if the identity map from
(S(X), τw) into (S(X), τ‖·‖X

) (where τw is the weak topology and τ‖·‖X
the norm topo-logy) is ontinuous at x.It is known (see [12℄) that

δdB(X) = δseB(X) ∩ δpcS(X).Moreover,
δLURB(X) ⊂ δdB(X) ⊂ δseB(X) ⊂ δeB(X), δdB(X) ⊂ δpcS(X) ⊂ δHS(X). (1.1)A Banah spae X is said to have property R (resp. MLUR, G, LUR, H, PC)if S(X) = δeB(X) (resp. S(X) = δseB(X), S(X) = δdB(X), S(X) = δLURB(X),

S(X) = δHS(X), S(X) = δpcS(X)).Given any x ∈ S(X) a funtion δx : [0, 1)→ [0, 1) de�ned for any ε ∈ [0, 1) by
δx(ε) = inf{‖x− y‖X : y ∈ co{B(X)\[x + εB(X)0]}}is said to be the modulus of dentability of x. Clearly, x ∈ δdB(X) if and only if δx(ε) > 0for any ε ∈ [0, 1).It is worth mentioning that the Radon-Nikodým property (RNP), one of the mostimportant properties of Banah spaes, an be de�ned in terms of denting points. Namely,H. B. Maynard [10℄ proved that a Banah spae X has the RNP if and only if every non-empty bounded losed set K in X has at least one denting point. It is also known that aBanah spae X has the RNP if and only if for any equivalent norm in X the respetiveunit ball B(X) has a denting point (see, e.g., [2, p. 30℄).2. Some results in Köthe spaes. Let (T, Σ, µ) be a σ-�nite and omplete measurespae and L0 = L0(T ) be the spae of all µ-equivalene lasses of real valued measurablefuntions de�ned on T. The notation x ≤ y for x, y ∈ L0 will mean that x(t) ≤ y(t) µ-a.e.in T.A Banah spae E = (E, ‖ · ‖E) is said to be a Köthe spae if E is a linear subspaeof L0 and(i) if x ∈ E, y ∈ L0 and |y| ≤ |x| µ-a.e., then y ∈ E and ‖y‖E ≤ ‖x‖E ;(ii) there exists a funtion x in E that is positive on the whole T.Every Köthe spae is a Banah lattie under the obvious partial order (x ≥ 0 if

x(t) ≥ 0 for µ-a.e. t ∈ T ). The set E+ = {x ∈ E : x ≥ 0} is alled the positive one of E.For any subset A ⊂ E de�ne A+ = A ∩ E+. For any x, y ∈ E,

(x ∨ y)(t) = max{x(t), y(t)}, (x ∧ y)(t) = min{x(t), y(t)}for µ-a.e. t ∈ T.The next lemma is a generalization of Lemma 1 from [4℄.Lemma 1. Let x ∈ δseB(E), x ∈ E+ and (pn) be a sequene suh that pn ∈ E+ for every
n ∈ N and pn → x in E. If yn ≥ pn and yn ∈ B(E) for any n ∈ N, then yn → x in E.



MODULUS OF DENTABILITY IN L1+L∞ 41Proof. Sine 1 = ‖x‖E ← ‖pn‖E ≤ ‖yn‖E ≤ 1, ‖yn‖E → 1. De�ne zn = 2pn − yn and
An = {t ∈ T : zn(t) ≥ 0} for any n ∈ N. Then, by the fat that pn ≤ yn, we have

|zn| = (2pn − yn)χAn
+ (yn − 2pn)χTrAn

≤ pnχAn
+ ynχTrAn

≤ yn.Consequently, ‖zn‖E ≤ ‖yn‖E ≤ 1 and ‖zn‖E ≥ |2‖pn‖E−‖yn‖E | for any n ∈ N, whene
1 = lim

n→∞
|2‖pn‖E − ‖yn‖E | ≤ liminf

n→∞
‖zn‖E ≤ limsup

n→∞
‖zn‖E ≤ 1,i.e. limn→∞ ‖zn‖E = 1. Moreover zn + yn = 2pn → 2x in E. Therefore, by the fat that

x ∈ δseB(E), we onlude that yn → x in E.We use Lemma 1 to prove the following.Lemma 2. Let x ∈ S(E) be suh that |x| ∈ δdB(E). Then for any ε > 0 there is δ > 0suh that
co{y ∈ E : |y| ∈ B(E)\[|x|+ εB(E)0]} ∩ {z ∈ E : |z| ∈ [|x|+ δB(E)0]} = ∅.Proof. If the lemma is not true, then there exist ε > 0 and sequenes (am

i ) and (xm
i ) in

R+ and X, respetively, suh that
N(m)
∑

i=1

am
i = 1, |xm

i | ∈ B(E)\[|x|+ εB(E)0] (2.1)for any m ∈ N, i = 1, 2, . . . , N(m) and
lim

m→∞

∣

∣

∣

N(m)
∑

i=1

am
i xm

i

∣

∣

∣
= |x|. (2.2)Sine every denting point of B(E) is a strongly extreme point of B(E), by our assumptions

|x| ∈ δseB(E). De�ne ym =
∑N(m)

i=1 am
i |x

m
i |. Clearly, by the triangle inequality for thenorm, ‖ym‖E ≤ 1. Moreover

ym =

N(m)
∑

i=1

am
i |x

m
i | ≥

∣

∣

∣

N(m)
∑

i=1

am
i xm

i

∣

∣

∣for every m ∈ N. Hene, in virtue of Lemma 1, we have
lim

m→0
ym = |x|,whih is impossible, beause |x| is a denting point and ym is a onvex ombination ofpoints from the set B(E)\[|x|+ εB(E)0]. This ontradition �nishes the proof.Remark 1. Lemma 2 is a speial ase of Lemma 4.2.2 from [11℄, but our method of proofis muh simpler. Moreover, Lemma 4.2.2 from [11℄ an be proved in the same way also.Proposition 1. Let E be a Köthe spae. Then δx(ε) = δ|x|(ε) for any x ∈ S(E) and

ε ∈ [0, 1). In partiular, x ∈ δdB(E) if and only if |x| ∈ δdB(E).Proof. Take x ∈ S(E) and ε ∈ [0, 1). Then there are sequenes (am
i ) and (ym

i ) in R+and X, respetively, suh that
N(m)
∑

i=1

am
i = 1, ym

i ∈ B(E)\[x + εB(E)0]



42 A. BOHONOS AND R. PŁUCIENNIKfor any m ∈ N, i = 1, 2, . . . , N(m) and
δx(ε) = lim

m→∞

∥

∥

∥

N(m)
∑

i=1

am
i ym

i − x
∥

∥

∥

E
.De�ne xm

i = ym
i signx. Then
‖xm

i − |x|‖E = ‖ signx(ym
i − x)‖E = ‖ym

i − x‖E ≥ εand onsequently xm
i ∈ B(E)\[|x|+ εB(E)0]. Moreover,

δx(ε) = lim
m→∞

∥

∥

∥

N(m)
∑

i=1

am
i xm

i signx− x
∥

∥

∥

E
= | signx| lim

m→∞

∥

∥

∥

N(m)
∑

i=1

am
i xm

i − |x|
∥

∥

∥

E
≥ δ|x|(ε).Conversely, by the de�nition of δ|x|(ε), there are sequenes (am

i ) and (xm
i ) in R+ and X,respetively, suh that

N(m)
∑

i=1

am
i = 1, xm

i ∈ B(E)\[|x|+ εB(E)0]for any m ∈ N, i = 1, 2, . . . , N(m) and
δ|x|(ε) = lim

m→∞

∥

∥

∥

N(m)
∑

i=1

am
i xm

i − |x|
∥

∥

∥

E
.De�ning ym

i = xm
i signx and repeating the above argument, we prove that δ|x|(ε) ≥ δx(ε).Hene δx(ε) = δ|x|(ε) and onsequently x ∈ δdB(E) if and only if |x| ∈ δdB(E).3. Denting points in L1 + L∞. Consider the lassial interpolation spae L1 + L∞equipped with the norm
‖x‖L1+L∞ = inf{‖y‖1 + ‖z‖∞ : y + z = x, y ∈ L1, z ∈ L∞}(see [1℄, [9℄). It is well known that if µ(T ) ≥ 1, then

‖x‖L1+L∞ =

∫ 1

0

x∗(t)dt,where x∗ is the noninreasing rearrangement of x (see [9℄). Reall that dx denotes thedistribution funtion of |x|, that is,
dx(λ) = µ({t ∈ [0, µ(T )] : |x(t)| > λ})for all λ ≥ 0. The dereasing rearrangement of x is denoted by x∗ and is de�ned by

x∗(t) = inf{λ > 0 : dx(λ) ≤ t}. We also know (see [7℄) that L1 + L∞ is an Orliz spaegenerated by the Orliz funtion Φ∞,1 de�ned by the formula Φ∞,1(u) = max{0, |u|−1}.Moreover, ‖ · ‖L1+L∞ = ‖ · ‖0Φ∞,1
. The loal geometry of L1 + L∞ was onsidered e.g. in[5℄, [6℄, [8℄. We are going to haraterize the denting points of the unit ball of this spae.To do it, we will start with the followingLemma 3. If 1 < µ(T ) <∞, then the norms ‖ · ‖1 and ‖ · ‖L1+L∞ are equivalent and

‖x‖L1+L∞ ≤ ‖x‖1 ≤ µ(T )‖x‖L1+L∞



MODULUS OF DENTABILITY IN L1+L∞ 43for any x ∈ L1 + L∞. The equality ‖x‖1 = µ(T )‖x‖L1+L∞ holds only in the ase when
|x(t)| = cχT µ-a.e. in T for some real number c ≥ 0.Proof. The left hand inequality is obvious in view of the de�nition of the norm ‖·‖L1+L∞ .Take an arbitrary x ∈ L1 + L∞ suh that ‖x‖1 = c. Denote

A = {t ∈ T : |x(t)| > c/µ(T )} and B = {t ∈ T : |x(t)| < c/µ(T )}.Then x∗(t) > c/µ(T ) for t ∈ 〈0, µ(A)〉, x∗(t) = c/µ(T ) for t ∈ (µ(A), µ(T \ B)) and
x∗(t) < c/µ(T ) for t ∈ 〈µ(T \B), µ(T )〉. By our assumptions, we have

∫ µ(A)

0

(

x∗(t)−
c

µ(T )

)

dt−

∫ µ(T )

µ(T\B)

(

c

µ(T )
− x∗(t)

)

dt

=

∫ µ(T )

0

(

x∗(t)−
c

µ(T )

)

dt =

∫ µ(T )

0

x∗(t)dt− c = ‖x‖1 − c = 0.Hene
∫ µ(A)

0

(

x∗(t)−
c

µ(T )

)

dt =

∫ µ(T )

µ(T\B)

(

c

µ(T )
− x∗(t)

)

dt. (3.1)To prove the assertion, onsider the following ases.
i) µ(A) ≥ 1. Then

‖x‖L1+L∞ =

∫ 1

0

x∗(t)dt =

∫ 1

0

cdt

µ(T )
+

∫ 1

0

(

x∗(t)−
c

µ(T )

)

dt >
c

µ(T )
.

ii) 0 < µ(A) < 1 and µ(B) < µ(T )− 1. Then
‖x‖L1+L∞ =

∫ µ(A)

0

x∗(t) dt +

∫ 1

µ(A)

x∗(t) dt

=

∫ µ(A)

0

(

c

µ(T )
+

(

x∗(t)−
c

µ(T )

))

dt +

∫ 1

µ(A)

c

µ(T )
dt

=

∫ 1

0

c

µ(T )
dt +

∫ µ(A)

0

(

x∗(t)−
c

µ(T )

)

dt >
c

µ(T )
.

iii) 0 < µ(A) < 1 and µ(B) > µ(T )− 1. Then, by the inequality (3.1), we get
‖x‖L1+L∞ =

∫ µ(A)

0

x∗(t)dt +

∫ µ(T\B)

µ(A)

x∗(t)dt +

∫ 1

µ(T\B)

x∗(t) dt

=

∫ µ(A)

0

(

c

µ(T )
+

(

x∗(t)−
c

µ(T )

))

dt +

∫ µ(T\B)

µ(A)

c

µ(T )
dt

+

∫ 1

µ(T\B)

(
c

µ(T )
− (

c

µ(T )
− x∗(t))) dt

=

∫ 1

0

c

µ(T )
dt +

∫ µ(A)

0

(

x∗(t)−
c

µ(T )

)

dt−

∫ 1

µ(T\B)

(

c

µ(T )
− x∗(t)

)

dt

=
c

µ(T )
+

∫ µ(T )

1

(

c

µ(T )
− x∗(t)

)

dt >
c

µ(T )
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iv) If µ(A) = 0, then µ(B) = 0 and
‖x‖L1+L∞ =

∫ 1

0

c

µ(T )
dt =

c

µ(T )and onsequently ‖x‖1 ≤ µ(T )‖x‖L1+L∞ for any x ∈ L1 + L∞, whih �nishes the proofof the lemma.Lemma 4. If 1 < µ(T ) <∞, then
µ(T )

∫

T

((|x(t)| − 1) ∨ 0)dµ ≤

∫

T

((1− |x(t)|) ∨ 0)dµfor any x ∈ B(L1 + L∞).Proof. Fix x ∈ B(L1 + L∞) and de�ne
A = {t ∈ T : |x(t)| − 1 > 0} and B = {t ∈ T : |x(t)| − 1 < 0}.Then x∗(t) > 1 for t ∈ 〈0, µ(A)〉, x∗(t) = 1 for t ∈ (µ(A), µ(T \ B)) and x∗(t) < 1 for

t ∈ 〈µ(T \ B), µ(T )〉. We laim that µ(A) < 1 and µ(B) > µ(T ) − 1. Indeed, supposingthat µ(A) ≥ 1, we get, by x∗(t) > 1 for t ∈ [0, µ(A)],

‖x‖L1+L∞ =

∫ 1

0

(1 + (x∗(t)− 1))dt > 1,i.e. x /∈ B(L1+L∞). This ontradition proves that µ(A) < 1. Further, if µ(B) ≤ µ(T )−1,then
‖x‖L1+L∞ =

∫ µ(A)

0

(1 + (x∗(t)− 1))dt +

∫ 1

µ(A)

dt = 1 +

∫ µ(A)

0

(x∗(t)− 1)dt > 1and onsequently x /∈ B(L1 + L∞). This ontradition �nishes the proof of the laim.Notie that
∫

T

((|x(t)| − 1) ∨ 0)dµ =

∫ µ(A)

0

(x∗(t)− 1) dtand
∫

T

((1− |x(t)|) ∨ 0)dµ =

∫ µ(T )

µ(T\B)

(1− x∗(t))dt.Sine
∫ µ(A)

0

(x∗(t)− 1)dt−

∫ 1

µ(T\B)

(1− x∗(t))dt =

∫ 1

0

x∗(t)dt−

∫ 1

0

dt = ‖x‖L1+L∞ − 1 ≤ 0,we have
∫ 1

µ(T\B)

(1− x∗(t))dt ≥

∫ µ(A)

0

(x∗(t)− 1)dt. (3.2)Moreover, it is easy to see that
x∗(t) ≤ x∗(1) ≤ 1−

∫ 1

µ(T\B)

(1− x∗(t))dt (3.3)



MODULUS OF DENTABILITY IN L1+L∞ 45for all t > 1. Finally, applying inequalities (3.2) and (3.3), we have
∫

T

((1− |x(t)|) ∨ 0)dµ =

∫ 1

µ(T\B)

(1− x∗(t))dt +

∫ µ(T )

1

(1− x∗(t))dt

≥

∫ µ(A)

0

(x∗(t)− 1)dt +

∫ µ(T )

1

(1− x∗(1))dt

=

∫ µ(A)

0

(x∗(t)− 1)dt + (µ(T )− 1)(1− x∗(1))

≥

∫ µ(A)

0

(x∗(t)− 1)dt + (µ(T )− 1)

∫ 1

µ(T\B)

(1− x∗(t))dt

≥

∫ µ(A)

0

(x∗(t)− 1)dt + (µ(T )− 1)

∫ µ(A)

0

(x∗(t)− 1)dt

= µ(T )

∫ µ(A)

0

(x∗(t)− 1)dt = µ(T )

∫

T

((|x(t)| − 1) ∨ 0)dµ,so the onlusion of the lemma follows.Theorem 1. a) The set δdB(L1 + L∞) is non-empty if and only if 1 < µ(T ) <∞.

b) Let 1 < µ(T ) < ∞. A point x ∈ S(L1 + L∞) is a denting point if and only if
|x| = χT . Moreover, for any ε ∈ (0, 1) and any x ∈ δdB(L1 + L∞) we have

δx(ε) = min

{

(µ(T )− 1)ε

2µ(T )
,

ε

µ(T )

}

.Proof. By Corollary 5 from [5℄, the set of strongly extreme points of B(L1 + L∞) isempty whenever µ(T ) ≤ 1. Sine every denting point of the unit ball B(X) is a stronglyextreme point of B(X) for any Banah X, the unit ball B(L1+L∞) has no denting pointsif µ(T ) ≤ 1. By Theorem 2.5 from [8℄, none of extreme points is an H-point provided
µ(T ) = ∞. Hene if µ(T ) = ∞, the set of denting points of B(L1 + L∞) is also emptybeause any denting point is always an H-point. Therefore denting points of B(L1 +L∞)an exist only in the ase when 1 < µ(T ) < ∞. By Corollary 5 from [5℄, x is a stronglyextreme point of B(L1 + L∞) if and only if |x(t)| = 1 for µ-a.e. t ∈ T. Hene, to �nishthe proof of both assertions, it is enough to show that a point x suh that |x| = χT is adenting point of B(L1 + L∞). But, by Proposition 1, we an redue our onsiderationsto the ase x = χT . Fix ε > 0, take z ∈ B(L1 + L∞) suh that ‖χT − z‖L1+L∞ ≥ ε anddenote α =

∫

T
((|z(t)| − 1) ∨ 0)dµ. De�ning A = {t ∈ T : |z(t)| − 1 > 0} and taking intoaount that z ∈ B(L1 + L∞), similarly to the beginning of the proof of Lemma 4, weonlude that µ(A) < 1. Then

α =

∫ µ(A)

0

(z∗(t)− 1)dt <

∫ µ(A)

0

z∗(t)dt ≤

∫ 1

0

z∗(t)dt = ‖z‖L1+L∞ ≤ 1,whene α ∈ [0, 1). De�ne the funtion
Fz(α) =

∫

T

((1− |z(t)|) ∨ 0)dµ−

∫

T

((|z(t)| − 1) ∨ 0)dµ =

∫

T

((1− |z(t)|) ∨ 0)dµ− α.



46 A. BOHONOS AND R. PŁUCIENNIKThen, by Lemma 4, we have
Fz(α) ≥ µ(T )

∫

T

((|z(t)| − 1) ∨ 0)dµ− α = α(µ(T )− 1). (3.4)Sine z ∈ B(L1 + L∞), we have
0 ≤ 1− ‖z‖L1+L∞ =

∫ 1

0

dt−

∫ 1

0

z∗(t)dt

=

∫ 1

0

((1− z∗(t)) ∨ 0)dt−

∫ 1

0

((z∗(t)− 1) ∨ 0)dt =

∫ 1

0

((1− z∗(t)) ∨ 0)dt− α.This implies that
∫ 1

0

((1− z∗(t)) ∨ 0)dt ≥ α. (3.5)Hene
z∗(1) = 1−

∫ 1

0

(1− z∗(1))dt ≤ 1−

∫ 1

0

((1− z∗(t)) ∨ 0)dt ≤ 1− α. (3.6)Assume additionally that α < ε and onsider the following two ases.1. Suppose that µ(T ) ≥ 2. Then we have
ε ≤ ‖χT − z‖L1+L∞ =

∫ 1

0

(χT − z)∗(t)dt

≤

∫ µ(A)

0

(z∗(t)− 1)dt +

∫ µ(T )

µ(T )−1

(1− z∗(t))dt = α +

∫ µ(T )

µ(T )−1

(1− z∗(t))dt,whene
∫ µ(T )

µ(T )−1

(1− z∗(t))dt ≥ ε− α.Moreover, by (3.5) and (3.6), we obtain
∫ µ(T )−1

0

((1− z∗(t)) ∨ 0)dt =

∫ 1

0

((1− z∗(t)) ∨ 0)dt +

∫ µ(T )−1

1

(1− z∗(t))dt

≥ α +

∫ µ(T )−1

1

(1− z∗(1))dt

≥ α + α(µ(T )− 2) = α(µ(T )− 1).Therefore
Fz(α) =

∫

T

((1− |z(t)|) ∨ 0)dµ− α =

∫ µ(T )

0

((1− z∗(t)) ∨ 0)dt− α

=

∫ µ(T )−1

0

((1− z∗(t)) ∨ 0)dt +

∫ µ(T )

µ(T )−1

(1− z∗(t))dt− α

≥ α(µ(T )− 1) + ε− 2α = ε + α(µ(T )− 3).Combining the last inequality with inequality (3.4) we get the system of inequalities
{

Fz(α) ≥ ε + α(µ(T )− 3),

Fz(α) ≥ α(µ(T )− 1).



MODULUS OF DENTABILITY IN L1+L∞ 47If µ(T ) ≥ 3, then the smallest number Fz(α) orresponds to α = 0. Hene
Fz(α) ≥ ε (3.7)for any α ∈ [0, ε). If 2 ≤ µ(T ) ≤ 3, then the slopes µ(T )− 3 and µ(T )− 1 have oppositesigns, and the smallest number Fz(α) is attained for α = ε

2 . We an �nd it by solving theequation
ε + α(µ(T )− 3) = α(µ(T )− 1).Hene

Fz(α) ≥
ε

2
(µ(T )− 1) (3.8)for any α ∈ [0, ε), whenever 2 ≤ µ(T ) ≤ 3.2. Now suppose that 1 < µ(T ) < 2. As in the previous ase, it an be proved that

∫

T

((1− |z(t)|) ∨ 0)dµ ≥

∫ µ(T )

µ(T )−1

((1− z∗(t)) ∨ 0)dt ≥ ε− α. (3.9)If α ≤ ε2−µ(T )
3−µ(T ) , then

Fz(α) ≥ (ε− α)− α ≥ ε− 2ε
2− µ(T )

3− µ(T )
= ε

µ(T )− 1

3− µ(T )
≥

ε

2
(µ(T )− 1).Now suppose that α > ε2−µ(T )

3−µ(T ) . This inequality is equivalent to
(ε− α)(2− µ(T )) < α.Sine the funtion (1− z∗(t)) ∨ 0 is non-dereasing, by (3.9), we obtain

∫

T

((1− |z(t)|) ∨ 0)dµ ≥

∫ 1

0

((1− z∗(t)) ∨ 0)dt +

∫ µ(T )

1

(1− z∗(t))dt

≥ α + (µ(T )− 1)(ε− α).Hene
Fz(α) ≥ (µ(T )− 1)(ε− α).Combining the last inequality with inequality (3.4), we get again the system of inequalities

{

Fz(α) ≥ ε(µ(T )− 1)− α(µ(T )− 1),

Fz(α) ≥ α(µ(T )− 1).Solving the equation
ε(µ(T )− 1)− α(µ(T )− 1) = α(µ(T )− 1),we onlude that the smallest number Fz(α) is attained at α = ε

2 . It leads again toinequality (3.8) for any α ∈ [0, ε), whenever 1 < µ(T ) < 2.Summing up, we have
Fz(α) ≥

{

ε
2 (µ(T )− 1) if 1 < µ(T ) < 3,

ε if µ(T ) ≥ 3,
(3.10)for any α ∈ [0, ε), i.e. Fz(α) ≥ min{ ε

2 (µ(T )− 1), ε}.



48 A. BOHONOS AND R. PŁUCIENNIKIf α ≥ ε, then ‖χT−z‖L1+L∞ ≥ 2α ≥ 2ε > ε. Moreover, by (3.4), the smallest number
Fz(α) is taken for α = ε. Hene

Fz(α) ≥ ε(µ(T )− 1)for any α ∈ [ε, 1). But
ε(µ(T )− 1) ≥ min

{

ε

2
(µ(T )− 1), ε

}

,so (3.10) is satis�ed for any α ∈ [0, 1).Now, we will show that x = χT is a denting point. Take a �nite sequene (zi)
m
i=1 inthe unit ball B(L1 + L∞) suh that ‖χT − zi‖L1+L∞ ≥ ε for i = 1, 2, . . . , m, and a �nitesequene of positive numbers (ai)

m
i=1 suh that ∑m

i=1 ai = 1. Set αi =
∫

T
((|zi(t)|−1)∨0)dµfor i = 1, 2, . . . , m. Then, by Lemma 3 and the inequality (3.10), we have

∥

∥

∥
χT −

m
∑

i=1

aizi

∥

∥

∥

L1+L∞
≥

1

µ(T )

∥

∥

∥
χT −

m
∑

i=1

aizi

∥

∥

∥

1
=

1

µ(T )

∫

T

∣

∣

∣
χT (t)−

m
∑

i=1

aizi(t)
∣

∣

∣
dµ

≥
1

µ(T )

∫

T

m
∑

i=1

ai(χT (t)− zi(t))dµ

=
1

µ(T )

m
∑

i=1

ai

∫

T

(χT (t)− zi(t))dµ

≥
1

µ(T )

m
∑

i=1

ai

(
∫

T

((1− |zi(t)|) ∨ 0)dµ−

∫

T

((|zi(t)| − 1) ∨ 0)dµ

)

=
1

µ(T )

m
∑

i=1

aiFzi
(αi) ≥

1

µ(T )

m
∑

i=1

ai min

{

ε

2
(µ(T )− 1), ε

}

= min

{

(µ(T )− 1)ε

2µ(T )
,

ε

µ(T )

}

.Consequently, by Proposition 1, every x ∈ L1 +L∞ suh that |x| = χT is a denting pointof B(L1 + L∞) and
δx(ε) ≥ min

{

(µ(T )− 1)ε

2µ(T )
,

ε

µ(T )

}

. (3.11)Now, we will show the onverse inequality by onsidering two ases.1. Let 1 < µ(T ) < 3. Take ε ∈ (0, 1). De�ne An
i = [ i−1

n
µ(T ), i

n
µ(T )) and

xn
i =

(

nε

2µ(T )
+ 1

)

χAn
i

+

(

1−
nε

2(n− µ(T ))

)

χT\An
ifor n = 6, 7, . . . and i = 1, 2, . . . , n. Then

‖xn
i ‖L1+L∞ =

1

n
µ(T )

(

nε

2µ(T )
+ 1

)

+

(

1−
1

n
µ(T )

)(

1−
nε

2(n− µ(T ))

)

=
ε

2
+

1

n
µ(T ) +

n− µ(T )

n
−

ε

2
= 1



MODULUS OF DENTABILITY IN L1+L∞ 49for any integer n ≥ 6 and i = 1, 2, . . . , n. Moreover,
‖xn

i − χT ‖L1+L∞ =

∥

∥

∥

∥

nε

2µ(T )
χAn

i
−

nε

2(n− µ(T ))
χT\An

i

∥

∥

∥

∥

L1+L∞

=
µ(T )

n
·

nε

2µ(T )
χAn

i
+

(

1−
1

n
µ(T )

)

nε

2(n− µ(T ))
= εfor any integer n ≥ 6 and i = 1, 2, . . . , n. Now, for any n ≥ 6 we onsider the onvexlinear ombination with oe�ients an

i = 1
n
for i = 1, 2, . . . , n, namely

n
∑

i=1

an
i xn

i (t) =
1

n

(

nε

2µ(T )
+ 1

)

+
n− 1

n

(

1−
nε

2(n− µ(T ))

)

=
ε

2µ(T )
+

1

n
+

n− 1

n
−

(n− 1)ε

2(n− µ(T ))

= 1 +
ε

2µ(T )
−

(n− 1)ε

2(n− µ(T ))for any n ≥ 6 and t ∈ [0, µ(T )). Hene
∥

∥

∥

n
∑

i=1

an
i xn

i − χT

∥

∥

∥

L1+L∞
=

∥

∥

∥

∥

(

1 +
ε

2µ(T )
−

(n− 1)ε

2(n− µ(T ))

)

χT − χT

∥

∥

∥

∥

L1+L∞

=

∣

∣

∣

∣

ε

2µ(T )
−

(n− 1)ε

2(n− µ(T ))

∣

∣

∣

∣

‖χT ‖L1+L∞ =
(n− 1)ε

2(n− µ(T ))
−

ε

2µ(T )for any n ≥ 6. Consequently,
δx(ε) ≤ lim

n→∞

(n− 1)ε

2(n− µ(T ))
−

ε

2µ(T )
=

ε

2
−

ε

2µ(T )
=

(µ(T )− 1)ε

2µ(T )
. (3.12)2. Let µ(T ) > 3. Take ε ∈ (0, 1) and denote by [µ(T )] the greatest integer not biggerthan µ(T ). For any n ≥ 2 de�ne k(n) ∈ {0, 1, . . . , n− 1} suh that

k(n)

n
≤ µ(T )− [µ(T )] ≤

k(n) + 1

n
. (3.13)For any integer n ≥ 2 and i = 1, 2, . . . , n[µ(T )] + k(n), let

Bn
i =

{

[ i−1
n

, n+i−1
n

) if n+i−1
n
≤ µ(T ),

[ i−1
n

, n[µ(T )]+k(n)
n

] ∪ [0, n+i−1−n[µ(T )]−k(n)
n

] if n+i−1
n

> µ(T ),and de�ne
xn

i = χT − εχBn
i
.Notie that

‖xn
i ‖L1+L∞ =

∫ 1

0

(xn
i )∗(t)dt =

∫ 1

0

dt = 1and
‖xn

i − χT ‖L1+L∞ = ε‖χBn
i
‖L1+L∞ = ε



50 A. BOHONOS AND R. PŁUCIENNIKfor any integer n ≥ 2 and i = 1, 2, . . . , n[µ(T )] + k(n). Taking an
i = 1

n[µ(T )]+k(n) , we get
n[µ(T )]+k(n)

∑

i=1

an
i xn

i (t) =
n

n[µ(T )] + k(n)
(1− ε) +

n[µ(T )] + k(n)− n

n[µ(T )] + k(n)

= 1−
nε

n[µ(T )] + k(n)for any integer n ≥ 2 and t ∈ [0, µ(T )]. Hene
∥

∥

∥

n[µ(T )]+k(n)
∑

i=1

an
i xn

i − χT

∥

∥

∥

L1+L∞
=

∥

∥

∥

∥

(

1−
nε

n[µ(T )] + k(n)

)

χT − χT

∥

∥

∥

∥

L1+L∞

=
nε

n[µ(T )] + k(n)
‖χT ‖L1+L∞ =

nε

n[µ(T )] + k(n)for any integer n ≥ 2. Notie that
nε

n[µ(T )] + k(n)
=

ε

[µ(T )] + k(n)
nwhene, by (3.13),

ε

µ(T )
=

ε

[µ(T )] + (µ(T )− [µ(T )])

≤
ε

[µ(T )] + k(n)
n

=
ε

[µ(T )] + k(n)+1
n
− 1

n

≤
ε

[µ(T )] + (µ(T )− [µ(T )])− 1
n

=
ε

µ(T )− 1
nfor any n ≥ 2. Hene, by the Sandwih Theorem for in�nite sequenes, we get

δx(ε) ≤ lim
n→∞

nε

n[µ(T )] + k(n)
=

ε

µ(T )
. (3.14)Combining inequalities (3.12) and (3.14), we have

δx(ε) ≤ min

{

(µ(T )− 1)ε

2µ(T )
,

ε

µ(T )

}

,whene, by (3.12), we obtain the desired onlusion.Corollary 1. The set δLURB(L1 + L∞) is empty.Proof. Sine for any Banah X every LUR-point of B(X) is a denting point of B(X),the unit ball B(L1 + L∞) has no LUR-points whenever µ(T ) ≤ 1 or µ(T ) = ∞. If
1 < µ(T ) <∞, by Theorem 1, every x ∈ S(L1+L∞) suh that |x| = χT is a denting pointof B(L1+L∞). Therefore, if 1 < µ(T ) <∞, the only LUR-points of B(L1+L∞) are those
x ∈ L0 with |x| = χT . Take x ∈ L1 + L∞ suh that |x(t)| = 1 for µ-a.e. t ∈ T. Let A ⊂ Tbe a set suh that µ(A) = 1 and de�ne y = xχA. Obviously, ‖x‖L1+L∞ = ‖y‖L1+L∞ = 1.Moreover, for any positive ε < min{1, µ(T\A)} we have

‖x− y‖L1+L∞ = ‖xχT\A‖L1+L∞ = ‖χT\A‖L1+L∞ = min{1, µ(T\A)} > ε.On the other hand
‖x + y‖L1+L∞ = ‖2χA + χT\A‖L1+L∞ =

∫ 1

0

2dµ = 2.Hene x /∈ δLURB(L1 + L∞) and onsequently δLURB(L1 + L∞) = ∅.
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