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Abstrat. We onsider an embedding of the group of invertible transformations of [0, 1] intothe algebra of bounded linear operators on an Orliz spae. We show that if this embeddingpreserves the group ation then the Orliz spae is an Lp-spae for some 1 ≤ p <∞.1. Introdution. Let us denote the Lebesgue measure on the σ-algebra of Borel subsetsof [0, 1] by m. We all a Borel mesurable funtion τ : [0, 1] → [0, 1] a transformation if it isnonsingular, that is, if m(A) = 0 implies m(τ−1(A)) = 0. Transformations equal almosteverywhere are identi�ed. A transformation is alled invertible if it is injetive, onto [0, 1]and its inverse, whih is Borel measurable (see [4℄, § 39, V, Theorem 1), is nonsingular.We denote by G the group of all invertible transformations.Let φ : [0,∞) → [0,∞) be onvex, φ(x) = 0 i� x = 0, and let φ satisfy the ondition ∆′globally (whih means that there exists c > 0 suh that φ(xy) ≤ cφ(x)φ(y) for x, y > 0).It is shown in [2℄, Proposition 2.1, that if τ ∈ G and ωτ stands for the Radon�Nikodymderivative of the measure m ◦ τ−1 with respet to m then the formula
T (φ)

τ (f) = (f ◦ τ−1)(φ−1 ◦ ωτ )de�nes a bounded linear operator T (φ)
τ on the Orliz spae Lφ(m) (for information onOrliz spaes see, for example, [5℄). This is a generalization of a similar formula for

Lp-spaes (ompare [3℄, § 5).If φ(x) = λxp for x ∈ [0,∞), where λ > 0 and p ≥ 1 (the ase of (Lp(m), λ||·||p)), thenthe embedding τ 7→ T
(φ)
τ of G into L(Lφ(m)) preserves the group ation with onstant

λ. This is a onsequene of the formulas given at the beginning of the proof below. Theembedding in question need not preserve the group ation for Orliz spaes in general2000 Mathematis Subjet Classi�ation: Primary 46E30; Seondary 47B37.Key words and phrases: measurable transformation, Lp-spae, Orliz spae, bounded linearoperator.The paper is in �nal form and no version of it will be published elsewhere.[53℄ © Instytut Matematyzny PAN, 2008



54 M. BURNECKI(for an example see [2℄, Remark 2.3.4). We are going to show that the preservation of thegroup ation haraterizes, in fat, Lp-spaes.2. The haraterization. We write χX for the harateristi funtion of a subset X of
[0, 1]. As usual, the set of non-negative integers is denoted by N. The symbol |PQ| standsfor the length of the interval PQ, where P,Q ∈ R

2.Let pn, qn ∈ (0,∞) be hosen so that the set {(pn, qn) : n ∈ N} is dense in (0,∞)2.Choose Pn = (xn, yn), Qn = (yn, zn) in [0, 1]2 with the following properties:(a) P0 = Q0 = (0, 0),(b) 0 < |PnPn+1| ≤ 1/2n+1 and 0 < |QnQn+1| ≤ 1/2n+1 for n ∈ N,() tan∢(OX,PnPn+1) = pn and tan∢(OX,QnQn+1) = qn for n ∈ N.Set α∞ = limn→∞ αn for a onvergent sequene (αn) in R or in R
2.De�ne π, ρ : [0, 1] → [0, 1] by the following onditions:1. the graph of π−1 onsists of the intervals PnPn+1 and of the interval P∞(1, 1),2. the graph of ρ−1 onsists of the intervals QnQn+1 and of the interval Q∞(1, 1).Clearly, π, ρ ∈ G.
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Fig. 1. Transformation π−1: tanφn = pn Fig. 2. Transformation ρ−1: tanψn = qnLemma. Let π, ρ be as de�ned above and 0 < λ < ∞. If φ : [0,∞) → [0,∞) is onvex,
φ(x) = 0 i� x = 0, and φ satis�es the ondition ∆′ globally then the following twoonditions are equivalent:1. T (φ)

π◦ρ(χ[0,1]) = λT
(φ)
π ◦ T

(φ)
ρ (χ[0,1]);2. there exists 1 ≤ p <∞ suh that φ(x) = λxp for x ∈ [0,∞).Proof. We show that (1) implies (2). For f ∈ Lφ(m) and arbitrary τ, σ ∈ G we have

T
(φ)
τ◦σ(f) = (f ◦ σ−1 ◦ τ−1)φ−1 ◦ ((ωσ ◦ τ−1)ωτ ),

T (φ)
τ ◦ T (φ)

σ (f) = (f ◦ σ−1 ◦ τ−1)(φ−1 ◦ ωσ ◦ τ−1)(φ−1 ◦ ωτ ).
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T

(φ)
τ◦σ(χ[0,1]) = φ−1 ◦ ((ωσ ◦ τ−1)ωτ )and

T (φ)
τ ◦ T (φ)

σ (χ[0,1]) = (φ−1 ◦ ωσ ◦ τ−1)(φ−1 ◦ ωτ ).Let now τ = π and σ = ρ. We obtain
T

(φ)
π◦ρ

(

χ[0,1]

)

=

∞
∑

n=0

χ(xn,xn+1)φ
−1(pnqn) + aχ(x∞,1)and

λT (φ)
π ◦ T (φ)

ρ

(

χ[0,1]

)

= λ
∞
∑

n=0

χ(xn,xn+1)φ
−1(pn)φ−1(qn) + bχ(x∞,1)for some a, b ∈ R. This gives

φ−1(pnqn) = λφ−1(pn)φ−1(qn)for every n ∈ N.Sine {(pn, qn) : n ∈ N} is dense in (0,∞)2 and φ is ontinuous and inreasing, thereexists 0 < p < ∞ suh that φ−1(t) = t1/p/λ for t ∈ (0,∞) (ompare [1℄, 2.1.2). By theonvexity of φ, we have 1 ≤ p <∞.In partiular, when λ = 1 and all invertible transformations are onsidered, we obtainthe following theorem.Theorem. Let φ : [0,∞) → [0,∞) be onvex, φ(x) = 0 i� x = 0, and let φ satisfy theondition ∆′ globally. Then the following two onditions are equivalent:1. the embedding τ 7→ T
(φ)
τ of G into L(Lφ(m)) preserves the group ation (withonstant 1);2. there exists 1 ≤ p <∞ suh that φ(x) = xp for x ∈ [0,∞).Aknowledgments. The author whould like to thank Professor Zbigniew Lipeki formany helpful remarks whih have improved the text signi�antly.
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