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Abstrat. Some riteria of strong roughness, roughness and pointwise roughness of Orliz normand Luxemburg norm on Musielak-Orliz funtion spaes are obtained.
1. Introdution. Leah and White�eld [1] introdued the onept of rough norm in1973. Later John and Zizler [2] and Li [3] introdued the onept of strong rough normand pointwise rough norm, respetively. X denotes a Banah spae, X∗ the dual of X.
S(X) is the unit sphere in X. B(X) denotes the unit ball of X. The norm of X is saidto be pointwise rough provided ε(x) > 0 for every point on S(X), where

ε(x) = sup{ε > 0 : ∃fn, gn ∈ X∗, ‖fn‖, ‖gn‖ → 1,

fn(x), gn(x)→ 1, lim
n→∞

‖fn − gn‖ ≥ ε}.
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‖·‖ is said to be rough provided inf{ε(x) : x ∈ S(X)} > 0, ‖·‖ is said to be strongly roughprovided inf{diamA(x) : x ∈ S(x)} > 0, where A(x) = {f ∈ S(X∗) : f(x) = ‖x‖ = 1},that is, A (x) is the gradient of x.Criteria for roughness of the norm in Orliz spaes are given in [10, 11]. This papergives riteria for roughness of the norms in Musielak-Orliz funtion spaes.The triple (T, Σ, µ) stands for a �nite nonatomi measure spae. A mapping T ×

[0,∞)→ [0,∞] is said to be a Musielak-Orliz funtion if it satis�es:(i) M(·, u) is Σ-measurable for any u ∈ [0,∞).(ii) for µ-a.e. t ∈ T , M(t, u) is a left ontinuous and onvex funtion of u.(iii) for µ-a.e. t ∈ T , M(t, 0) = 0, limu→∞ M(t, u) = ∞, and there exists u′ 6= 0 suhthat M(t, u′) <∞ for µ-a.e t ∈ T.The omplementary funtion of M is de�ned by
N(t, v) = sup{uv −M(t, u)} (µ-a.e. t ∈ T ; v ≥ 0)It is easy to see that N(t, v) is also a Musielak-Orliz funtion. We de�ne â(t) =

sup{v ≥ 0 : N(t, v) <∞}.
p(t, u) and p−(t, u) (resp. q(t, v) and q−(t, v)) stand for the right and left derivativeof M(t, u) (N(t, v), respetively). We know that for any u, v ≥ 0

uv ≤M(t, u) + N(t, v) (µ-a.e. t ∈ T )and uv = M(t, u) + N(t, v) if and only if p−(t, u) ≤ v ≤ p(t, u) or q−(t, v) ≤ u ≤ q(t, v).
M is said to satisfy the ∆2 ondition (for short, M ∈ ∆2) if there exist λ > 1 and ameasurable nonnegative funtion δ de�ned on T suh that ∫

T
δ(t)dµ <∞ and

M(t, 2u) ≤ λM(t, u) + δ(t) (a.e. t ∈ T,−∞ < u < +∞).By L0 we denote the set of all (equivalene lasses of) Σ-measurable real funtionsde�ned on T . The linear set
{

x(t) ∈ L0 : ̺M (λx) =

∫

T

M(t, λx(t))dµ for some λ > 0

}

endowed with the Luxemburg norm
‖x‖M = inf{λ > 0 : ρM (x/λ) ≤ 1}or the Orliz norm

‖x‖oM = sup

{
∫

T

x(t)y(t)dµ : ρN (y) ≤ 1

}

= inf
k>0

{

1

k
(1 + ρM (kx))

}

is a Banah spae. We all it the Musielak-Orliz spae and denote by LM or Lo
M , re-spetively.We de�ne a losed subspae Eo

M of Lo
M by

Eo
M = {x ∈ L0 : ρM (λx) <∞ for any λ > 0}.The spaes Eo

M and Lo
M oinide if and only if M ∈ ∆2.For any x ∈ Lo

M , write
do(x) = inf{‖x− y‖0M : y ∈ Eo

M}, d(x) = inf{‖x− y‖M : y ∈ EM},

θM (x) = inf{λ > 0 : ρM (x/λ) <∞} = ξ(x).It is known that θM (x) = do(x) = d(x).
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T
N(t, â(t))dµ > 1, we have [k∗

x, k∗∗
x ] 6= ∅ and we know (see [13℄, [14℄) that ‖x‖oM =

1
k
(1 + ρM (kx)) if and only if k ∈ [k∗

x, k∗∗
x ], where

k∗
x = inf

{

k > 0 :

∫

T

N(t, p(t, k|x(t)|))dµ ≥ 1

}

,

k∗∗
x = sup

{

k > 0 :

∫

T

N(t, p(t, k|x(t)|))dµ ≤ 1

}

.The dual spae of LM is represented as (LM )∗ = Lo
N ⊕ Φ, i.e. every f ∈ (LM )∗ isuniquely represented in the form f = y+φ, where φ is a singular funtional, i.e. φ(x) = 0for any x ∈ EM , and y is a regular funtional de�ned by the formula

〈x, y〉 =

∫

T

x(t)y(t)dµ (∀x ∈ LM ).If any f ∈ (LM )∗ is uniquely represented in the form f = y + φ, then ‖f‖o =

‖y‖oN + ‖φ‖o (see [4, Lemma 1.3℄), where
‖φ‖ = ‖φ‖o = sup{φ(x) : ρM (x) <∞} = sup{φ(x) : ρM (x) < ε} = sup

θM (x) 6=0

φ(x)

θM (x)if the norm ‖f‖0 is de�ned by ‖f‖0 = sup {x∗ (x) : ‖x‖M ≤ 1} .If f ∈ (Lo
M )∗, that is, f = y + φ, where y ∈ (LN ) is the regular funtional de�ned bythe formula

〈x, y〉 =

∫

T

x(t)y(t)dµ (∀x ∈ Lo
M )and φ is a singular funtional, then

‖f‖ = inf{ξ > 0 : ρN (y/ξ) + ‖φ‖/ξ ≤ 1}(see [14, Lemma 1.4℄), if the norm ‖f‖ is de�ned by the formula
‖f‖ = sup{x∗ (x) : ‖x‖0M ≤ 1}.We start with auxiliary lemmas.Lemma 1. The spaes Eo

M and EM are separable.Lemma 2. (i) The spaes Eo
M and EM are weakly Asplund.(ii) The spaes Eo

M and EM are Asplund if and only if M ∈ ∇2.Proof. By Lemma 1, the proof is similar to that for Orliz spaes (see [13], Theorem2.58).Lemma 3 ([6℄, Proposition 5.6). For any sequene (un) in LM we have that ρM (un)→ 1if and only if ‖un‖M → 1 if and only if M ∈ ∆2.Lemma 4 ([8℄, Lemma 1.7). There is no nonzero singular funtional φ ∈ (Lo
M )∗ attainingits norm on S(Lo

M )∗.Lemma 5. For any f ∈ (Lo
M )∗, f = y + φ (where y ∈ (LN ), φ is a singular funtional).If ‖f‖ = 1 is attained on S(Lo

M ), we obtain
∫

T

N(t, y (t))dµ + ‖φ‖ = 1.



256 J. M. ZHENG, L. H. SUN AND Y. A. CUIProof. Sine Lemma 4 holds, we an get the result in the same way as for Orliz spaes(see [6], Theorem 1.42).Lemma 6. The following onditions are equivalent:1) N ∈ ∆2, i.e., there exist λ > 1 and 0 ≤ δ(t) ∈ L1 satisfying
N(t, 2v) ≤ λN(t, v) + δ(t) (a.e. t ∈ T, v ∈ R).2) for any ε > 0, there exist λ > 1 and 0 ≤ δ(t) ∈ L1, suh that
N(t, v/ε) ≤ λN(t, v) + δ(t) (a.e. t ∈ T, v ∈ R).3) for any ε ∈ (0, 1), there exist θ ∈ (0, 1) and 0 ≤ δ(t) ∈ L1 satisfying
M(t, εu) ≤ θεM(t, u) + δ(t) (a.e. t ∈ T, u ∈ R).4) there exist ε, θ ∈ (0, 1) and 0 ≤ δ(t) ∈ L1 satisfying:
M(t, εu) ≤ θεM(t, u) + δ(t) (a.e. t ∈ T, u ∈ R).Proof. See [13].Lemma 7 (see [19]). If

KM := sup
‖x‖o

M
=1

{

k > 0 : ‖x‖oM =
1

k
(1 + ρM (kx))

}

,then KM <∞ if and only if N ∈ ∆2.Proof. Neessity. Sine N 6∈ ∆2, taking any ε > 0, putting
δ(t) = sup

{

v ≥ 0 : M(t, εv) >
ε

ε + 1
M(t, v)

}

we have ∫

T
M(t, δ(t))dt =∞. Indeed otherwise
M(t, εv(t)) ≤

ε

ε + 1
(M(t, v) + M(t, δ(t))) (a.e. t ∈ T, v ∈ R),whene, by Lemma 6, we get N ∈ ∆2, a ontradition.In this way, we get u(t) ≥ 0 suh that

M(t, εv(t)) >
ε

ε + 1
M(t, v(t)) and ∫

T

M(t, v(t))dt >
ε + 1

ε
.Then ∫

T
M(t, εv(t))dt > 1, whene ‖εu‖o > 1. Therefore, there exists Ω ⊂ T suh that

‖εu|Ω‖
o = 1. Take k ∈ K(εu|Ω), i.e.

1 = ‖εu‖o =
1

k
(1 + ρM (kεu)).We have k > 1, so

1

k
+ ρM (kεu|Ω) ≤

1

k
(1 + ρM (kεu|Ω)) = ‖εu|Ω‖

o

≤ ε

(

1 + ρM

(

1

ε
· εu|Ω

))

= ε(1 + ρM (v|Ω))

≤ ε

(

1 +
ε + 1

ε

∫

Ω

M(t, εu(t))dµ

)

= ε + (1 + ε)ρM (εu|Ω).
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1

k
≤ ε + ερM (εu|Ω) ≤ 2ε.By the arbitrariness of ε > 0, we obtain that KM =∞, a ontradition.Su�ieny. Beause N ∈ ∆2, by Lemma 6, there exist η > 0 and 0 < δ(t) ∈ L1 suhthat

M(t, 2u) ≥ 2(1 + 2η)M(t, u)− δ(t) (a.e. t ∈ T, u ∈ R).Hene, for u ≥ 0 satisfying M(t, u) > δ(t)/2η, we obtain
M(t, 2u) ≥ 2(1 + η)M(t, u). (1)Pik D big enough suh that

D − 1−
1

2η

∫

T

δ(t) ≥ 1.For any x ∈ S(Lo
M ), denote

Hx = {t ∈ T : M(t, D|x(t)|) > δ(t)/2η}.In view of 1 = ||x||oM ≤
1
D

(1 + ρM (Dx)), we get ρM (Dx) ≥ D − 1. Moreover
∫

Hx

M(t, Dx(t))dµ = ρM (Dx)−

∫

T\Hx

M(t, Dx(t))dµ

≥ D − 1−
1

2η

∫

T\Hx

δ(t)dµ ≥ D − 1−
1

2η

∫

T

δ(t)dµ ≥ 1. (2)Sine N ∈ ∆2, we have â(t) =∞ a.e. For any x ∈ S(Lo
M ), we obtain that K(x) 6= ∅. If

k ∈ K(x), then k ≤ D or k > D. If k > D, there exists j ≥ 1 suh that 2j−1D < k ≤ 2jD.From (1) and (2), we have
2jD ≥ k = 1 + ρM (kx) >

∫

Hx

M(t, kx(t))dµ ≥

∫

Hx

M(t, 2j−1D|x(t)|)dµ

≥ 2j−1(1 + η)j−1

∫

Hx

M(t, D|x(t)|)dµ ≥ (1 + η)j−12j−1.This shows that j − 1 ≤ log2
1+η D. Therefore k ≤ D · 2log2

1+η D+1, so KM <∞.Lemma 8. The spae EM is smooth if and only if p(t, u) is ontinuous with respet to u,
t ∈ T . The support funtional of u ∈ EM is the funtion

v(t) =
p(t, u(t)/‖u‖M ) sign u(t)

‖p(t, u(t)/‖u‖M)‖o
µ-a.e.Proof. It is analogous to the proof of Theorem 2.15 in [6].Lemma 9 ([8℄, Lemma 1.9). If x ∈ (Lo

M ) and θM (x) > 0, there exist two distint singularfuntionals φi, ‖φi‖ = 1, satisfying φi(u) = ξ0(u), i = 1, 2.Lemma 10. If p(t, u) is ontinuous with respet to u, t ∈ T , then µ-a.e. u ∈ S(LM ) is asmooth point of B(LM ) if and only if the support funtional of u belongs to S(Lo
N ), and

u 6= θ.Proof. By Lemmas 8, 9, the proof is similar to the proof for Orliz spaes (see [6℄, Theorem2.17).



258 J. M. ZHENG, L. H. SUN AND Y. A. CUILemma 11. u ∈ S(LM ) is a smooth point of B(LM ) if and only if(1) |u(t)| < B(t) (a.e. t ∈ T );(2) ρM (u) = 1, p−(|u|) ∈ Eo
N ;(3) p−(t, |u(t)|) = p(t, |u(t)|), where B(T ) = sup{u ≥ 0 : M(t, u) <∞}.Proof. Sine Lemma 10 holds, we an repeat the proof from [16].Lemma 12 ([17℄). x ∈ S(Lo

M ) is an extreme point of B(Lo
M ) if and only if

(a) the set K(x) onsists of one element from (0, +∞),
(b) kx(t) ∈ SM for µ-a.e. t ∈ T , where {k} = K(x).Lemma 13. x0 ∈ S (X) is a smooth point if and only if its support funtional is anextreme point of B (X∗).Lemma 14 (see [18℄). If M ∈ ∆2 and x0 ∈ S(LM ) is an extreme point of B(Lo

M ), then
x0 is an H-point.2. The Orliz normTheorem 2.1. The following onditions are equivalent:(i) Lo

M is rough.(ii) Lo
M is pointwise rough.(iii) M 6∈ ∇2.Proof. (i)⇒(ii) is trivial.(ii)⇒(iii) If M ∈ ∇2, by Lemma 2(ii), we obtain that Eo

M is an Asplund spae. ByCorollary 2 in [12℄, p. 177, there is at least one F-di�erential point x0 of Eo
M on S(Eo

M ).Now, we need only prove that x0 is also an F-di�erential point of Lo
M .Let fn ∈ (Lo

M )∗, fn = yn + φn, ‖fn‖ → 1 and fn(x0)→ 1, where yn ∈ LN and φn is asingular funtional,
fn(x) =

∫

T

x(t)yn(t)dµ + φn(x) (x ∈ Lo
M ).Sine ∫

T
x0(t)yn(t)dµ =

∫

T
x0(t)yn(t)dµ + φn(x0) = fn(x0), limn→∞‖yn‖N ≥ 1. If

limn→∞‖yn‖N > 1, there exists λ > 0 suh that ‖yn‖N > 1 for an in�nite number of n.Therefore, ‖ yn

1+λ
‖ > 1 and ρN ( yn

1+λ
) ≥ 1. We have

(2.1) ‖fn‖ = inf{ξ > 0 : ρN (yn/ξ) + φn/ξ ≤ 1}.It is easy to prove that ‖fn‖ ≥ 1 + λ. This ontradition proves that
lim

n→∞
‖yn‖N ≤ 1,whene ‖yn‖N → 1. By limn→∞ ‖fn‖ = 1 and (2.1), there exists ξn → 1 satisfying

ρN (yn/ξn) + ‖φn‖/ξn ≤ 1.Sine N ∈ ∆2 and ‖yn‖N → 1, by Lemma 3, we get ρN (yn/ξn)→ 1, so ‖φn‖/ξn → 0, i.e,
‖φn‖ → 0. Sine x0 is an F-di�erential point of Eo

M , and ‖yn‖N → 1, so {yn} is a Cauhysequene. Combining this fat with ‖φn‖ → 0, we get that {fn} is a Cauhy sequene,too. Hene x0 is an F-di�erential point of Lo
M .
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M ), f = y + φ ∈ (Lo

M )∗, ‖f‖ = 1 and f(x0) = ‖x‖oM
= 1. By Lemma 5,
(2.2)

∫

T

N(t, y(t))dµ + ‖φ‖ = 1 for a.e. t ∈ T,Sine N 6∈ ∆2, there exists v ∈ S(LN) and ε0 > 0 satisfying
‖vχTi

‖ ≥ ε0, i = 1, 2, . . . ,where Ti = {t ∈ T : |v(t)| ≥ i}.De�ning vi = vχT\Ti
/‖vχT\Ti

‖, we have ‖vi‖ = 1. De�ne fi, gi ∈ (Lo
M )∗ by

fi(x) =

∫

T\Ti

x(t)y(t)dµ +

∫

Ti

vix(t)dµ + φ(x),

gi(x) =

∫

T\Ti

x(t)y(t)dµ−

∫

Ti

vix(t)dµ + φ(x) (x ∈ Lo
M ).In view of

∫

T\Ti

x0(t)y(t)dµ→

∫

T

x0(t)y(t)dµand
∫

Ti

vix(t)dµ ≤

∫

Ti

M(t, x0(t))dµ +

∫

Ti

N(t, vi)dµ→ 0,we get limi→∞fi(x0) = 1, whene limi→∞‖fi‖ ≥ 1. On the other hand, as i → ∞, forany ε > 0, there exists Tio
suh that ∫

Tio
N(t, vio

)dt < ε, a.e. t ∈ T . By (2.2), we knowthat
∫

T\Ti

N(t, y(t))dt +

∫

Ti

N(t, vi(t))dt + ‖φ‖ ≤ ρN (y) + ‖φ‖+ ε = 1 + ε, i ≥ i0.Taking into aount (2.1), ‖fi‖ ≤ 1 + ε. Therefore limi→∞ ‖fi‖ = 1.Similarly, limi→∞ gi(x0)=1, limi→∞ ‖gi‖=1. But we have proved that limi→∞ ‖viχTi
‖

= 1, hene limi→∞‖fi − gi‖ = 2. This shows that ε(x0) ≥ 2. In view of the arbitrarinessof x0, we get that inf{ε(x) : x ∈ S(Lo
M )} = 2, and Lo

M is rough.Theorem 2.2. The spae Lo
M is not strongly rough.Proof. By Lemma 1, Lemma 2(i) and Lemma 5, the proof is the same as for Orliz spaes,see [10].3. The Luxemburg normTheorem 3.1. The spae LM is pointwise rough if and only if M 6∈ ∇2.Proof. Su�ieny. A non-smooth point must be a rough point. Next we prove that everysmooth point is a rough point.Suppose that x0 ∈ S(LM ) is a smooth point. By Lemma 10, there exists a supportfuntional of x0− y0, whih belongs to S(Lo

N ). By the proof of Lemma 11, we know that
K(y0) 6= ∅. Choose k0 > 0 satisfying 1

k0
(1+ρN (k0y0)) = ‖y0‖

o
N = 1. Sine N 6∈ ∆2, we getfrom the proof of Theorem 2.1 that vi = vχT\Ti

/‖vχT\Ti
‖, where Ti = {t ∈ T : |v(t)| ≥ i}



260 J. M. ZHENG, L. H. SUN AND Y. A. CUIsatis�es ‖vi‖ = 1. Therefore, as i → ∞, for any ε > 0, there exists Tio
suh that

∫

Tio
N(t, vio

)dt < ε for a.e. t ∈ T and io > i. De�ne yi, zi ∈ Lo
N by

yi(t) =

{

y0(t), t ∈ T \ Ti,

vi/k0, t ∈ Ti,
zi(t) =

{

y0(t), t ∈ T \ Ti,

−vi/k0, t ∈ Ti.Then
∫

T\Ti

x0(t)y0(t)dµ +
vi

k0

∫

Ti

x0(t)dt→

∫

T

x0(t)y0(t)dµ = 1.Hene limi→∞‖yi‖
o
N ≥ 1. Moreover,

‖yi‖
o
N ≤

1

k0
(1 + ρN (k0yi)) =

1

k0
(1 +

∫

T\Ti

N(t, k0y0(t))dt +

∫

Ti

N(t, vi)dt)

≤
1

k0
(1 + ρN (k0yi)) + ε

1

k0
= 1 + ε

1

k0
.Therefore, limn→∞‖yi‖

o
N ≤ 1, whene limi→∞ ‖yi‖

o
N = 1.In the same way one an prove that ∫

T
x0(t)zi(t)dµ→ 1, ‖zi‖

o
N → 1. But

‖yi − zi‖
o
N ≥ ‖yi − zi‖N ≥

2

k0
‖vi‖N .Hene limn→∞‖yi − zi‖

o
N ≥ 2/k0, whih shows that x0 is a rough point of LM .Neessity. If M ∈ ∇2, by Lemma 2(ii), EM is an Asplund spae. Moreover, ‖fn‖

o
M =

‖yn‖
o
M + ‖φn‖, whene the proof is similar to the proof for Orliz spaes.Theorem 3.2. The spae LM is not strongly rough.Proof. Sine Lemma 1 and Lemma 2 (1) hold, the proof is as in the ase of Orliz spaes,see [10].Theorem 3.3. The spae LM is rough if and only if M 6∈ ∇2 and M ∈ ∆2.Proof. Su�ieny. Sine M ∈ ∆2, the support funtional at any point x0 on S(LM )belongs to S(LN ). Sine M 6∈ ∇2, by the proof of the su�ieny in Theorem 2.1, ε(x0) ≥

2/ky, where ‖y‖oN =1,
∫

T
x0(t)y(t)dµ=1. Again by Lemma 7, we have sup{ky : ‖y‖oN =1}

= k <∞, whene inf{ε(x) : x ∈ S(LM )} ≥ 2/k, whih shows that LM is rough.Neessity. Roughness implies pointwise roughness, so it follows immediately fromTheorem 2.1 that M 6∈ ∇2.In order to prove that M ∈ ∆2, we onsider the following four steps.(I) If M 6∈ ∆2, for any positive integer n, there exists a smooth point x0 on S(LM ).From the proof of Lemma 11, we get y0 in the support of x0 satisfying K(yo) 6= ∅,moreover we prove that kyo
> n.Assume that M 6∈ ∆2, take any ε > 0 (ε = 1/2n) and put

δ(t) = sup

{

v ≥ 0 : N(t, εv) >
ε

ε + 1
N(t, v)

}

.Then ∫

T
N(t, δ(t))dt =∞. Indeed, otherwise

N(t, εv(t)) ≤
ε

ε + 1
(N(t, v) + N(t, δ(t))) (a.e. t ∈ T, v ∈ R),so by Lemma 6, we get that M ∈ ∆2, a ontradition.



ROUGHNESS ON MUSIELAK-ORLICZ SPACES 261In this way, we get v(t) ≥ 0, satisfying: v(t) is a strit inrease point of q(t, v) withrespet to v for eah t ∈ T and
N(t, εv(t)) >

ε

ε + 1
N(t, v(t)),

∫

T

N(t, v(t))dt >
ε + 1

ε
.Therefore ∫

T
N(t, εv(t))dt > 1, whene ‖εv‖ > 1. Moreover, ‖εv‖o ≥ ‖εv‖, so we obtain

‖εv‖o > 1. Consequently there exists Ω ⊂ T suh that ‖εv|Ω‖o = 1. Take k ∈ K(εv|Ω),i.e.
1 = ‖εv‖o =

1

k
(1 + ρN (k)).Then k > 1 and

1

k
+ ρN (kεv|Ω) ≤

1

k
(1 + ρN (kεv|Ω)) = ‖εv|Ω‖

o

≤ ε

(

1 + ρN

(

1

ε
· εv|Ω

))

= ε(1 + ρN (v|Ω))

≤ ε

(

1 +
ε + 1

ε

∫

Ω

N(t, εv(t))dµ

)

= ε + (1 + ε)ρN (εv|Ω),whih shows that 1
k
≤ ε + ερN (εv|Ω) ≤ 2ε, i.e. kεv|Ω > n.Sine ∫

T
N(t, δ(t)) = ∞, ε = 1/2n and v(t) < δ(t), we get ∫

T
N(t, εv(t)) < ∞.Therefore N(t, εv(t)) is bounded for µ-a.e. t ∈ T . Hene εv(t) is bounded for µ-a.e. t ∈ T .Therefore εv(t)|Ω ∈ E0

N . By the Hahn�Banah Theorem, there is an x0 ∈ S(LM ) suhthat x0(εv|Ω) = ‖εv|Ω‖
0
N = 1 = ‖x0‖M . Therefore εv|Ω is a support funtional at x0.Setting y0 = εv|Ω, from the above proof we obtain that ky0

> n.

(∐) Sine εv is a strit inrease point of q(t, v) with respet to v for eah t ∈ T , weknow that N(t, v) is stritly onvex with respet to v for eah t ∈ T , ky0 is a stritlyonvex point of N(t, v). By Lemma 12, we obtain that y0 is an extreme point of L0
N . Soby Lemma 13, x0 is a smooth point of LM .(III) Put yn ∈ L0

N , ‖yn‖
0
N = 1 and ∫

T
x0(t)yn(t)dµ→ 1. Then yn(t)− y0(t)

µ
−→ 0. Bythe same method of Lemma 14, we get yn(t)− y0(t)

µ
−→ 0 on Ω.Next we will prove that yn(t)−y0(t)

µ
−→ 0 on t ∈ T \Ω. Sine ∫

T
yn(t)χΩx0(t)dµ→ 1,we have ‖yn‖

0
N → 1. Notie that

1← ‖yn‖
0
N =

1

kn

(1 + ρN (knynχT\Ω)) ≥ ‖ynχT\Ω‖
0
N + ρN (ynχT\Ω).Therefore ρN (ynχT\Ω)→ 0, whene yn → 0 on t ∈ T \ Ω.(IV) We have limn→∞‖yn − y0‖

0
N ≤ 4/k. For any ε > 0, there exists δ > 0 suh that

e ⊂ t, µ(e) < δ implies ρN (ky0χe) < ε and ‖y0χe‖
0
N < ε. Pik e0 ⊂ t suh that µ(e0) < δ,and yn(t) onverges to y0(t) uniformly on T \ e0. Then for n large enough, we have

1 + ε ≥ ‖yn‖
0
N =

1

kn

(1 + ρN (knynχT\e0
) + ρN (knynχe0

))

≥ ‖ynχT\e0
‖0N +

ρN (knynχe0
)

2k
≥ ‖ynχT\e0

‖0N − ε

+
ρN (knynχe0

)

2k
≥ 1− 2ε +

ρN (knynχe0
)

2k
,
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) < ε. Therefore, for n large enough

ρN

(

k

4
(yn − y0)

)

≤ ρN

(

k

4
(yn − y0)χT\e0

)

+
1

2
ρN

(

k − kn

2
ynχe

)

+
1

4
ρN (knynχe0

) +
1

4
ρN (ky0χe0

) = o(ε).Hene
‖yn − y0‖

0
N ≤

4

k

(

1 + ρN

(

k

4
(yn − y0)

))

≤
4

k
+ o(ε).So limn→∞ ‖yn − y0‖

0
N ≤

4
k
. This shows that ε(x0) ≤ 8/k ≤ 8/n, whene inf{ε(x) : x ∈

S(LM )} = 0, i.e. LM is not rough.
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