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Abstrat. The existene and uniqueness of solutions to the Navier-Stokes equations in a ylin-der Ω and with boundary slip onditions is proved. Assuming that the azimuthal derivative ofylindrial oordinates and azimuthal oordinate of the initial veloity and the external fore aresu�iently small we prove long time existene of regular solutions suh that the veloity belongsto W

2,1
5/2

(Ω× (0, T )) and the gradient of the pressure to L5/2(Ω× (0, T )). We prove the existeneof solutions without any restritions on the lengths of the initial veloity and the external fore.1. Introdution. We examine the following problem (see [7℄):
v,t + v · ∇v − divT(v, p) = f in ΩT = Ω × (0, T ),

divv = 0 in ΩT ,

v · n̄ = 0 on ST = S × (0, T ),(1.1)
n̄ · D(v) · τ̄α = 0, α = 1, 2, on ST ,

v|t=0 = v(0) in Ω,where Ω ⊂ R
3 is a ylinder with the boundary S.By v = (v1, v2, v3) ∈ R

3 we denote the veloity of the �uid, p ∈ R the pressure,
f = (f1, f2, f3) ∈ R

3 the external fore, n̄ is the unit outward vetor normal to S, τ̄α,2000 Mathematis Subjet Classi�ation: 35Q35, 35K20, 76D05, 76D03.Key words and phrases: global existene of regular solutions, Navier-Stokes equations, inom-pressible �uid, solutions with large initial veloity and external fore, solutions lose to axiallysymmetri.The paper is in �nal form and no version of it will be published elsewhere.
[235]
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α = 1, 2, are tangent to S. Moreover, the dot · denotes the salar produt in R
3. By

T(v, p) we denote the stress tensor of the form
T(v, p) = νD(v) − pI,(1.2)where ν is the onstant visosity oe�ient, D(v) the dilatation tensor of the form

D(v) = {vi,xj
+ vj,xi

}i,j=1,2,3,(1.3)and I is the unit matrix.Let (x1, x2, x3) be a loal Cartesian system suh that the x3 axis is the axis of theylinder Ω. Let (r, ϕ, z) be the ylindrial oordinates suh that x1 = r cosϕ, x2 = r sinϕ,
x3 = z.Let for given R > 0, a > 0

Ω = {x ∈ R
3 : r < R, ϕ ∈ [0, 2π], z ∈ (−a, a)},

S = S1 ∪ S2 where
S1 = {x ∈ R

3 : r = R, ϕ ∈ [0, 2π], z ∈ (−a, a)},
S2 = {x ∈ R

3 : r < R, ϕ ∈ [0, 2π], z is either − a or a}.To prove the existene of solutions to problem (1.1) we apply the Leray-Shauder �xedpoint theorem. For this purpose we de�ne a mapping Φ whose �xed point is a solutionto problem (1.1).Let
M(ΩT ) = L4(0, T ;L∞(Ω)) ∩ L2(0, T ;W 1

3 (Ω)) ∩ L∞(0, T ;W 1
2,−δ(Ω))

∩L∞(0, T ;L4,−δ(Ω)) ∩ L2(0, T ;W 1
6/(1−2ε0)

(Ω)),where δ ∈ (0, 1/2), ε0 ∈ (0, 1/2).Now we onstrut the mapping Φ. Let v′ ∈ M(ΩT ) be given. By Lemmas 3.1�3.4and inequalities (4.4), (4.13) there exists a solution to problem below (2.12) denoted by
ṽ = ṽ(v′) ∈ M0(Ω

T ) = L10(Ω
T ) ∩ L10/3(0, T ;W 1

10/3(Ω)). The relation ṽ = ṽ(v′) de�nesthe mapping
Φ1 : M(ΩT ) ∋ v′ 7→ Φ1(v

′) = ṽ ∈ M0(Ω
T ).(1.4)Then problem (5.1) generates the mapping Φ2,

v = Φ2(ṽ, λ)(1.5)suh that
Φ2 : M0(Ω

T ) × [0, 1] → M∗(Ω
T ) = W 2,1

5/2(Ω
T ) ⊂ M(ΩT ).From (1.4) and (1.5) we de�ne the transformation

Φ : M(ΩT ) × [0, 1] → M∗(Ω
T )(1.6)by

Φ(v′, λ) = Φ2(Φ1(v
′), λ).From Lemmas 5.1 and 5.2 we have that Φ is uniformly ontinuous and ompat. Moreover,index Φ|λ=0 = 1.



REGULAR SOLUTIONS IN A CYLINDER 237Let us introdue the vetors: ēr = (cosϕ, sinϕ, 0), ēϕ = (− sinϕ, cosϕ, 0), ēz =

(0, 0, 1) onneted with the ylindrial oordinates r, ϕ, z, respetively. The ylindri-al oordinates of any vetor u are ur = u · ēr, uϕ = u · ēϕ, uz = u · ēz. Let g =

fr,ϕēr +fϕ,ϕēϕ +fz,ϕēz, h = vr,ϕēr +vϕ,ϕēϕ +vz,ϕēz, F = rot f , F ′ = (Fr, Fz), α = rot v,
α′ = (αr, αz), w = vϕ. Assume that the following quantities are �nite:

X(t) = ‖g‖L2,−(1+ε∗)(Ωt) + ‖fϕ‖L2,−(1/2+ε0)(Ωt) + ‖F ′‖L2(0,t;L6/5(Ω))

+ ‖h(0)‖H1
−(1+ε∗)

(Ω) + ‖w(0)‖H1
0 (Ω) + ‖α′(0)‖L2(Ω) + ‖v,z(0)‖L2(Ω) <∞,

Y1(t) = ‖Fϕ‖L2,−1(Ωt) + ‖αϕ(0)‖L2,−1(Ωt) <∞,

Y2(t) = ‖f‖L5/2(Ωt) + ‖v(0)‖
W

6/5

5/2
(Ω)

<∞,

(1.7)
where ε∗ > 0.Let ϕ1 be a nonnegative positive funtion whih appears in (4.1). Let A = σ[ϕ1(0)Y 2

1 +

c1Y2], where σ ≥ 2 and c1 is the onstant from (4.1). Then for su�iently smallX Lemma4.2 implies the estimate for a �xed point of mapping Φ,
‖v‖W 2,1

5/2
(ΩT ) + ‖∇p‖L5/2(ΩT ) ≤ A.(1.8)Hene, the Leray-Shauder �xed point theorem impliesTheorem 1.1. Let (1.7) hold. Let X be su�iently small. Then there exists a solutionto problem (1.1) suh that v ∈W 2,1

5/2(Ω
T ), ∇p ∈ L5/2(Ω

T ) and (1.8) holds.2. Notation and auxiliary results. By c we denote generi onstants and by c(σ) wedenote generi positive inreasing funtions depending on σ.To simplify onsiderations we introdue
|u|p,Q = ‖u‖Lp(Q), Q ∈ {Ω, S,ΩT , ST }, p ∈ [1,∞],

‖u‖s,Q = ‖u‖Hs(Q), Q ∈ {Ω, S}, s ∈ R+ ∪ {0},
‖u‖s,Q = ‖u‖

W
s,s/2
2 (Q)

, Q ∈ {ΩT , ST }, s ∈ R+ ∪ {0},where ‖u‖0,Q = |u|2,Q.Moreover,up,q,QT = ‖u‖Lq(0,T ;Lp(Q)) and




u




p,q,µ,QT = ‖u‖Lq(0,T ;Lp,µ(Q)), Q ∈ {Ω, S}, p, q ∈ [1,∞], µ ∈ R.Let us introdue
‖v‖V s

2 (ΩT ) = supt≤T ‖v(t)‖Hs(Ω) +

(
∫ T

0

‖∇v(t)‖2
Hs(Ω) dt

)1/2

.Finally, we introdue weighted spaes. Let Lp,µ(Q) be the set of funtions u suh that
‖u‖Lp,µ(Q) =

(
∫

Q

|u|prpµ dx

)1/p

<∞, p ∈ [1,∞], µ ∈ R, Q ∈ {Ω, S,ΩT , ST }with the notation
|u|p,µ,Q = ‖u‖Lp,µ(Q).



238 W. M. ZAJĄCZKOWSKILet us de�ne Hs
µ(Q) for Q ∈ {Ω, S}, s ∈ Z+ ∪ {0}, µ ∈ R by
‖u‖Hs

µ(Q) =

(

∑

|α|≤s

∫

Q

|Dα
xu|2r2(µ−s+|α|)dQ

)1/2

<∞

and Hs,s/2
µ (Q) for Q ∈ {ΩT , ST }, s

2 ∈ Z+ ∪ {0}, µ ∈ R by
‖u‖

H
s,s/2
µ (Q)

=

(

∑

|α|+2i≤s

∫

Q

|Dα
x∂

i
tu|2r2(µ−s+|α|+2i)dQ

)1/2

<∞.To simplify notation we introdue
‖u‖s,µ,Q = ‖u‖Hs

µ(Q) for Q ∈ {Ω, S}and
‖u‖s,µ,Q = ‖u‖

H
s,s/2
µ (Q)

for Q ∈ {ΩT , ST }.Finally, we de�ne
V s

p,µ(Ω) =

{

u : ‖u‖V s
p,µ(Ω) =

(

∑

|α|≤s

∫

Ω

|Dα
xu|prp(µ−s+|α|) dx

)1/p

<∞
}

.Now we reall inequalities and imbedding theorems used in this paper.From [5℄ we have the imbedding
‖u‖V s

q,β+s−l+ n
p

−
n
q

(Ω) ≤ c‖u‖V l
p,β(Ω), Ω ⊂ R

n,(2.1)and s− l + n
p − n

q ≤ 0.From Lemmas 4.2.3 and 4.2.4 in [7℄ we have the following Korn inequality:
‖v‖2

1,Ω ≤ c

(

EΩ(v) +

∣

∣

∣

∣

∫

Ω

vϕ(0)r dx

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∫

Ωt

fϕr dx dt
′
∣

∣

∣

∣

2)

,(2.2)where
EΩ(v) =

∫

Ω

(vi,xj
+ vj,xi

)2 dx,and the summation onvention over the repeated indies is assumed. Moreover, to show(2.2) we used the onservation law
∫

Ω

vϕ(t)r dx =

∫

Ωt

fϕr dx dt
′ +

∫

Ω

vϕ(0)r dx.In view of (2.2) we have the following energy inequality for solutions to problem (1.1)Lemma 2.1. Assume that v(0) ∈ L2(Ω), vϕ ∈ L2(Ω
t), f ∈ L2(Ω

t) ∩ L2,1(Ω
t), t ≤ T .Then

‖v‖V 0
2 (Ωt) ≤ c(|v(0)|2,Ω + |f |2,Ωt + |vϕ|2,Ωt), t ≤ T,(2.3)where c does not depend on T .Let us introdue the quantities
h = vr,ϕēr + vϕ,ϕēϕ + vz,ϕēz, q = p,ϕ

α = rot v, χ = αϕ, w = vϕ, F = rot f,(2.4)
u = vϕ,z, g = fr,ϕēr + fϕ,ϕēϕ + fz,ϕēz.



REGULAR SOLUTIONS IN A CYLINDER 239From Setion 4.3 in [7℄ we have the following problem for χ,
χ,t + v · ∇χ+ (vr,r + vz,z)χ− ν

[(

r

(

χ

r

)

,r

)

,r

+
1

r2
χ,ϕϕ + χ,zz + 2

(

χ

r

)

,r

]

=
2ν

r

(

− hϕ,z +
1

r
hz,ϕ

)

− 1

r

(

w,zhr − w,rhz +
w

r
hz

)

+
2

r
vϕvϕ,z + Fϕ,

χ|S = 0,

χ|t=0 = χ(0),

(2.5)
where v, h, w are treated as given funtions.Moreover, from Setion 4.3 in [7℄ we obtain the problem for w,

w,t + v · ∇w +
vr

r
w − ν∆w + ν

w

r2
=

1

r
q +

2ν

r2
hr + fϕ in ΩT ,

w,r =
1

R
w on ST

1 ,

w,z = 0 on ST
2 ,

w|t=0 = w(0) in Ω,

(2.6)
where v, q, h are treated as given funtions.We need also the relations

αr =
hz

r
− w,z

αϕ = vr,z − vz,r ≡ χ,(2.7)
αz = w,r +

1

r
w − 1

r
hr.Finally we need the following problems for αr (see (5.2.3) in [7℄)

αr,t + v · ∇αr − (vr,rαr + vr,zαz) −
χ

r
hr − ν∆αr

+ν
αr

r2
= −2ν

r2
(hr,z − hz,r) + Fr in ΩT ,

αr,r = − 1

R2
hz −

1

R
w,z on ST

1 ,(2.8)
αr = 0 on ST

2 ,

αr|t=0 = αr(0) in Ωand for αz (see (5.2.5) in [7℄)
αz,t + v · ∇αz − (vz,rαr + vz,zα2) −

χ

r
hz

−ν∆αz = F2 in ΩT ,

αz =
2

R
w on ST

1 ,(2.9)
αz,z = 0 on ST

2 ,

αz|t=0 = αz(0) in Ω.Di�erentiating (2.6) with respet to z yields the problem



240 W. M. ZAJĄCZKOWSKI

u,t + v · ∇u+
vr

r
u− ν∆u+ ν

u

r2
= −v,z · ∇w − vr,z

r
w

+fϕ,z +
1

r
q,z +

2ν

r2
hr,z in ΩT ,

u,r =
1

R
u on ST

1 ,(2.10)
u = 0 on ST

2 ,

u|t=0 = u(0) in Ω,where the funtions v, w, q and h are treated as given.Next, for a given v we see that (h, q) is a solution to the problem
h,t − divT(h, q) = −v · ∇h− h · ∇v + g ≡ G in ΩT ,

divh = 0 in ΩT ,(2.11)
n̄ · h = 0, n̄ · T(h, q) · τ̄α = 0, α = 1, 2 on ST ,

h|t=0 = h(0) in Ω.Finally, we onsider the ellipti problem
rot v = α in Ω,

divv = 0 in Ω,(2.12)
v · n̄ = 0 on S.Lemma 2.2. Assume that g ∈ L2(0, T ;L6/5(Ω)), h(0) ∈ L2(Ω), v ∈ L2(0, T ;W 1

3 (Ω)).Then solutions to problem (2.11) satisfy
|h(t)|2,Ω + ν∗‖h‖L2(0,t;H1(Ω)) ≤ c exp(








v,x









2
3,2,Ωt)[





g




6/5,2,Ωt + |h(0)|2,Ω],(2.13)
t ≤ T,where c does not depend on T and 0 < ν∗ < ν.Proof. Multiplying (2.11)1 by h, integrating over Ω, and using the boundary onditionsyields

1

2

d

dt
|h|22,Ω + ν|D(h)|22,Ω ≤

∫

Ω

|h · ∇v · h| dx+

∫

Ω

|g · h| dx.Using the Korn inequality ‖h‖1,Ω ≤ c|D(h)|2,Ω, and applying the Hölder and Younginequalities we have
1

2

d

dt
|h|22,Ω + ν∗‖h‖2

1,Ω ≤ ε1|h|26,Ω + c(1/ε1)|∇v|23,Ω|h|22,Ω + ε2|h|26,Ω + c(1/ε2)|g|26/5,Ω,where ν∗ < ν.For su�iently small ε1 and ε2 we obtain
d

dt
|h|22,Ω + ν∗‖h‖2

1,Ω ≤ c|∇v|23,Ω|h|22,Ω + c|g|26/5,Ω.Integrating the above with respet to t implies (2.13). This ends the proof.Let δ ∈ (0, 1) and
N(ΩT ) = L∞(0, T ;L4,−δ(Ω)) ∩ L∞(0, T ;W 1

2,−δ(Ω)) ∩ L2(0, T ;W 1
3 (Ω)).



REGULAR SOLUTIONS IN A CYLINDER 241Lemma 2.3. Let v ∈ N(ΩT ), δ ∈ (0, 1), g ∈ L2(0, T ;L6/5(Ω)) ∩ L2,−(1+ε∗)(Ω
T ), h(0) ∈

H1(Ω)∩H1
−(1+ε∗)(Ω), 0 < ε∗ < δ and let ε∗ be su�iently small. Then solutions of (2.11)satisfy

‖h‖2,−(1+ε∗),ΩT + ‖q‖L2(0,T ;H2
−(1+ε∗)

(Ω))(2.14)
≤ ϕ(‖v‖N(ΩT ))(





g




6/5,2,ΩT + |h(0)|2,Ω)

+c(|g|2,−(1+ε∗),ΩT + ‖h(0)‖1,−(1+ε∗),Ω),where ϕ is an inreasing positive funtion and c does not depend on T .Proof. For solutions to problem (2.11) we have (see [8℄)
‖h‖2,−(1+ε∗),ΩT + ‖q‖L2(0,T ;H1

−(1+ε∗)
(Ω))(2.15)

≤ c(|G|2,−(1+ε∗),ΩT + ‖h(0)‖1,−(1+ε∗),Ω).By some interpolation inequalities we obtain
(

∫ T

0

|v · ∇h|22,−1−ε∗,Ω dt

)1/2

≤
(

∫ T

0

|v|24,−δ,Ω|∇h|24,δ−1−ε∗,Ω dt

)1/2(2.16)
≤ ε1‖h‖2,δ−1−ε∗,ΩT + ϕ1(1/ε1,





v




4,∞,−δ,ΩT )|h|2,δ−1−ε∗,ΩT ,where ϕ1 is an inreasing positive funtion.By the Hardy inequality and for δ > ε∗ we have
|h|2,δ−1−ε∗,ΩT ≤ c|∇h|2,δ−ε∗,ΩT ≤ c|∇h|2,ΩT ,(2.17)for a bounded domain. Similarly,

(
∫ T

0

|h · ∇v|22,−1−ε∗,Ω dt

)1/2

≤
(

∫ T

0

|∇v|22,−δ,Ω|h|2∞,δ−1−ε∗,Ω dt

)1/2(2.18)
≤ ε2‖h‖2,δ−1−ε∗,ΩT + ϕ2(1/ε2,





∇v2,∞,−δ,ΩT )|h|2,δ−1−ε∗,ΩT ,where the last norm is estimated by (2.17) and ϕ2 is an inreasing positive funtion.Assuming ε1, ε2 su�iently small we obtain from (2.13), (2.16), (2.18) inequality(2.14). This ends the proof.3. Estimates. In this setion we obtain a global a priori estimate for solutions to (1.1).From Lemma 4.3.1 from [7℄ we haveLemma 3.1. Assume that h∈H2,1
−1 (ΩT ), u∈L2(0, T ;L4,− 3

4−ε0
(Ω)), w∈L∞(0, T ;H1(Ω)),

fϕ ∈ L2,−1(Ω
T ), χ(0) ∈ L2,−1(Ω) and ε0 > 0 is any small number. Then solutions toproblem (2.5) satisfy
|χ(t)|22,−1,Ω + ν

∫ t

0

‖χ(t′)/r‖2
1,Ω dt

′ ≤ c exp(c




h






2
3,2,−1,Ωt) ·(3.1)

[

(1 + supt′≤t‖w(t′)‖2
1,0,Ω)‖h‖2

L2(0,t;H2
−1(Ω))

+supt′≤t‖w(t′)‖2
1,0,Ω

∫ t

0

|u(t′)|24,−3/4−ε0,Ω dt
′ + |Fϕ|22,−1,Ωt + |χ(0)|22,−1,Ω

]

, t ≤ T,where the onstant c does not depend on T .



242 W. M. ZAJĄCZKOWSKITo estimate the seond fator from the seond term on the r.h.s. of (3.1) we needLemma 3.2. Assume that v ∈ L2(0, T ;L∞(Ω)), w ∈ L∞(0, T ;H1
0 (Ω)) ∩ L2(Ω

T ), v,z ∈
L2(0, T ;L 3

1−µ
(Ω)), fϕ ∈ L2,−µ(ΩT ), q ∈ L2,−(1+µ)(Ω

T ), h ∈ L2,−(1+µ)(Ω
T ), u(0) ∈

L2,−µ(Ω) and µ ∈ (0, 1). Then solutions of (2.10) satisfy the inequality
|u(t)|22,−µ,Ω + |∇u|22,−µ,Ωt + |u|22,−(1+µ),Ωt(3.2)

≤ c exp(ct+ c




v






2
∞,2,Ωt)[supt‖w‖2

1,0,Ω








v,z









2
3

1−µ ,2,Ωt

+|fϕ|22,−µ,Ωt + |q|22,−(1+µ),Ωt + |h|22,−(2+µ),Ωt + |u(0)|22,−µ,Ω],where t ≤ T and c does not depend on T .Proof. Multiplying (2.10)1 by ur−2µ and integrating over Ωε∗
= {x ∈ Ω : 0 < ε∗ < r}and using that u|r=ε∗

= 0 yields
1

2

d

dt
|u|22,−µ,Ωε∗

+ ν(1 − ε0)|∇u|22,−µ,Ωε∗
+ ν

(

1 − µ2

ε0

)

|u|22,−(1+µ),Ωε∗
(3.3)

≤ −
∫

Ωε∗

(

v · ∇u u

r2µ
+
vr

r

u2

r2µ

)

dx−
∫

Ωε∗

(

v,z · ∇w +
vr,z

r
w

)

u

r2µ
dx

+ν

∫

Ωε∗

div(∇uur−2µ) dx+

∫

Ωε∗

fϕ,z
u

r2µ
dx+

∫

Ωε∗

(

1

r
q,z +

2ν

r2
hr,z

)

u

r2µ
dx.The �rst term on the r.h.s. equals

−(1 + µ)

∫

Ωε∗

vr

r

u2

r2µ
dx ≡ I1,where

|I1| ≤ ε1|u|22,−(1+µ),Ωε∗
+ c(1/ε1)|v|2∞,Ωε∗

|u|22,−µ,Ωε∗
.The seond term on the r.h.s. of (3.3) is estimated by

ε2|u|22s
s−2 ,−2µ,Ωε∗

+ c(1/ε2)|v,z|2s,Ωε∗
‖w‖2

1,0,Ωε∗
,where 3

s = 1 − µ, s > 2.By (2.1) we have
|u| 2s

s−2 ,−2µ,Ω ≤ c‖u‖1,−µ,Ω.(3.4)The last two terms on the r.h.s. of (3.3) equal
−

∫

Ωε∗

(

fϕ +
q

r
+

2ν

r2
hr

)

u,z

r2µ
dx ≡ I2,so

|I2| ≤ ε3|u,z|22,−µ,Ωε∗
+ c(1/ε3)(|fϕ|22,−µ,Ωε∗

+ |q|22,−(1+µ),Ωε∗
+ |h|22,−(2+µ),Ωε∗

).In view of the boundary onditions (2.10)2,3 the third term on the r.h.s. of (3.3) equals
ν

R1+2µ

∫

S1

u2 dS1 ≡ I3.By the extension theorem we have
I3 ≤ ε4|∇u|22,Ω∗

+ c(1/ε4)|u|22,Ω∗
.
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1

2

d

dt
|u|22,−µ,Ωε∗

+ ν(1 − ε0 − ε2 − ε3 − ε4)|∇u|22,−µ,Ωε∗
(3.5)

+ν

(

1 − µ2

ε0
− ε1 − ε2 − ε3

)

|u|22,−(1+µ),Ωε∗

≤ c|v|2∞,Ωε∗
|u|22,−µ,Ωε∗

+ c|v,z|2 3
1−µ ,Ωε∗

‖w‖2
1,0,Ωε∗

+c(|fϕ|22,−µ,Ωε∗
+ |q|22,−(1+µ),Ωε∗

+ |h|22,−(2+µ),Ωε∗
) + c|u|22,Ωε∗

.Assuming that ε0 − ε4 are suh that the oe�ients near the last two terms on the l.h.s.of (3.5) are positive, integrating the result with respet to time and passing with ε∗ to 0we obtain (3.2). This ends the proof.Let us onsider problem (2.6).Lemma 3.3. Let v ∈ L2(0, T ;L∞((Ω)), q ∈ L2(Ω
T ), h ∈ L2(0, T ;L2,−1(Ω)), fϕ ∈

L2(Ω
T ), w(0) ∈ L2(Ω). Then solutions of (2.6) satisfy

|w(t)|22,Ω + ν

∫ t

0

‖w(t′)‖2
1,0,Ω dt

′ ≤ c exp(ct+ c




v






2
∞,2,Ωt)(3.6)

×[|q|22,Ωt + |h|22,−1,Ωt + |fϕ|22,Ωt + |w(0)|22,Ω], t ≤ T,where c does not depend on t.Proof. Multiplying (2.6)1 by w and integrating over Ωε∗
(for the de�nition see the proofof Lemma 3.2) yields

1

2

d

dt
|w|22,Ωε∗

+ ν|∇w|22,Ωε∗
+ ν|w|22,−1,Ωε∗

− ν

R
|w|22,S1

(3.7)
= −

∫

Ωε∗

vr

r
w2 dx+

∫

Ωε∗

(

1

r
q +

2ν

r2
hr + fϕ

)

w dx.The last term on the l.h.s. is estimated by
ε1|∇w|22,Ωε∗

+ c(1/ε1)|w|22,Ωε∗
.By the Young and the Hölder inequalities we estimate the �rst term on the r.h.s. of (3.7)by

ε2|w|22,−1,Ωε∗
+ c(1/ε2)|v|2∞,Ω∗

|w|22,Ωε∗
.Finally, the last term on the r.h.s. of (3.7) is estimated by

ε3|w|22,−1,Ωε∗
+ c(1/ε3)(|q|22,Ω∗

+ |h|22,−1,Ωε∗
|fϕ|22,Ωε∗

).Using the above estimates in (3.7) with su�iently small ε1 − ε3 we obtain
d

dt
|w|22,Ωε∗

+ ν|∇w|22,Ωε∗
+ ν|w|22,−1,Ωε∗

(3.8)
≤ c|w|22,Ωε∗

+ c|v|2∞,Ωε∗
|w|22,Ωε∗

+ c(|q|22,Ωε∗
+ |h|22,−1,Ωε∗

+ |fϕ|22,Ωε∗∗
).Integrating (3.8) with respet to time and passing with ε∗ to 0 yields (3.6). This onludesthe proof.
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‖w(t)‖2

1,0,Ω ≤ c exp(c




v






2
∞,2,Ωt)[(1 +





v






4
∞,4,Ωt)supt|w(t)|22,1,Ω(3.9)

+ |w|22,Ωt + |q|22,Ωt + |h|22,−1,Ωt + |fϕ|22,1,Ωt + e−t‖w(0)‖2
1,0,Ω],where Lemma 6.3.5 from [7℄ gives

|w(t)|2,1,Ω ≤ |w(0)|2,1,Ω + c

∫ t

0

(|q(t′)|2,Ω + |h(t′)|2,−1,Ω(3.10)
+ |fϕ(t′)|2,1,Ω) dt′, t ≤ T.Finally we obtain an estimate for solutions to problems (2.8), (2.9):Lemma 3.4. Assume that α′ = (αr, αz), v ∈ L2(0, T ;W 1

3 (Ω)) ∩ L∞(0, T ;L3(Ω)), w ∈
W

1,1/2
2 (ΩT ) ∩ L∞(0, T ;Hs(Ω)), s > 1/2, h ∈ L∞(0, T ;L3/2(Ω)) ∩ L2(0, T ;H1

−1(Ω)),
u ∈ L2(0, T ;H1(Ω)), χ/r ∈ L2(0, T ;L6(Ω)), F ′ = (Fr, Fz) ∈ L2(0, T ;L6/5(Ω)), α′(0) ∈
L2(Ω).Then solutions of problems (2.8) and (2.9) satisfy

|α′(t)|22,Ω + ν

∫ t

0

‖α′(t′)‖2
1,Ω dt

′(3.11)
≤ c exp(








v,x









2
3,2,Ωt)

[





v






2
3,∞,Ωt‖w‖2

W
1,1/2
2 (Ωt)

+







v,x









2
3,2,Ωt‖w‖2

L∞(0,t;Hs(Ω))

+




h






2
3/2,∞,Ωt








χ/r









2

6,2,Ωt +

∫ t

0

(‖h(t′)‖2
1,−1,Ω + ‖u(t′)‖2

1,Ω) dt′

+







F ′





2
6/5,2,Ωt + |α′(0)|22,Ω

]

+ ‖w‖L∞(0,t;Hs(Ω)) + ‖w‖
W

1,1/2
2 (Ωt)

,where t ≤ T and s− 1
2 is an arbitrary small positive number.Proof. Multiplying (2.8)1 by αr and integrating over Ω yields

1

2

d

dt
|αr|22,Ω + ν‖αr‖2

1,0,Ω ≤
∣

∣

∣

∣

∫

S1

(

1

R3
hz +

1

R
u

)

αr dS1

∣

∣

∣

∣

(3.12)
+

∣

∣

∣

∣

∫

Ω

χ

r
hrαr dx

∣

∣

∣

∣

+

∫

Ω

|vx|(α2
r + α2

z) dx+ 2ν

∫

Ω

1

r2
|h,x||αr| dx

+

∣

∣

∣

∣

∫

Ω

Frαr dx

∣

∣

∣

∣

.The �rst term on the r.h.s. is estimated by
c|αr|4,S1

(|h|4/3,S1
+ |u|4/3,S1

) ≤ ε1‖αr‖2
1,Ω + c(1/ε1)(‖h‖2

1,Ω + ‖u‖2
1,Ω),the seond by

ε2|αr|26,Ω + c(1/ε2)|χ/r|26,Ω|h|23/2,Ω,the third by
ε3(|αr|26,Ω + |αz|26,Ω) + c(1/ε3)|v,x|23,Ω(|αr|22,Ω + |αz|22,Ω),the fourth by

ε4|αr|22,−1,Ω + c(1/ε4)|h,x|22,−1,Ω,
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ε5|αr|26,Ω + c(1/ε5)|Fr|26/5,Ω.Hene, for su�iently small ε1 − ε5 we have

d

dt
|αr|22,Ω + ν‖αr‖2

1,0,Ω ≤ c(‖h‖2
1,Ω + ‖u‖2

1,Ω + |h|23/2,Ω|χ/r|26,Ω(3.13)
+|v,x|23,Ω(|αr|22,Ω + |αz|22,Ω) + |h,x|22,−1,Ω + |Fr|26/5,Ω).To examine problem (2.9) we introdue a funtion β suh that

β,t − ν∆β = 0 in ΩT ,

β|S1
= 2

Rw on ST
1 ,(3.14)

β,z|S2
= 0 on ST

2 ,

β|t=0 = 0 in Ω.Introduing the new funtion
α′

z = αz − β,(3.15)we see that it is a solution to the problem
α′

z,t − ν∆α′
z = −v · ∇αz + (αrvz,r + αzvz,z) + χ

r hz + Fz in ΩT ,(3.16)
α′

z|S1
= 0, α′

z,z |S2
= 0, α′

z|t=0 = αz(0).Multiplying (3.16)1 by α′
z and integrating over Ω we obtain

1

2

d

dt
|α′

z|22,Ω + ν‖α′
z‖2

1,Ω = −
∫

Ω

v · ∇αzα
′
z dx(3.17)

+

∫

Ω

(αrvz,r + αzvz,z)α
′
z dx+

∫

Ω

χ

r
hzα

′
z dx+

∫

Ω

Fzα
′
z dx.The �rst term on the r.h.s. equals

−
∫

Ω

v · ∇(α′
z + β) · α′

z dx = −
∫

Ω

v · ∇βα′
z dx ≡ I1,where

|I1| ≤ ε1|α′
z|26,Ω + c(1/ε1)|v|23,Ω|∇β|22,Ω.The seond term on the r.h.s. of (3.17) is estimated by

ε2|α′
z|26,Ω + c(1/ε2)|v,x|23,Ω(|αr|22,Ω + |αz|22,Ω),the third term by
ε3|α′

z|26,Ω + c(1/ε3)|χ/r|26,Ω|h|23/2,Ω,and �nally the last term by
ε4|α′

z|26,Ω + c(1/ε4)|Fz|26/5,Ω.In view of the above estimates and for su�iently small ε1 through ε4 we obtain from(3.17) the inequality
d

dt
|α′

z|22,Ω + ν‖α′
z‖2

1,Ω ≤ c[|v|23,Ω|∇β|22,Ω(3.18)
+|v,x|23,Ω(|αr|22,Ω + |αz|22,Ω) + |χ/r|26,Ω|h|23/2,Ω + |Fz|26/5,Ω].
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d

dt
|αr|22,Ω + ν‖αr‖2

1,0,Ω ≤ c|v,x|23,Ω(|αr|22,Ω + |α′
z|22,Ω)(3.19)

+c|v,x|23,Ω|β|22,Ω + c(‖h‖2
1,Ω + ‖u‖2

1,Ω) + c|h|23/2,Ω|χ/r|26,Ω

+c|h,x|22,−1,Ω + c|Fr|26/5,Ωand in (3.18),
d

dt
|α′

z|22,Ω + ν‖α′
z‖2

1,Ω ≤ c|v,x|23,Ω(|αr|22,Ω + |α′
z|22,Ω)(3.20)

+c(|v|23,Ω|∇β|22,Ω + |v,x|23,Ω|β|22,Ω) + c|h|23/2,Ω|χ/r|26,Ω

+c|Fz|26/5,Ω.Adding (3.19) and (3.20) and integrating the result with respet to time yields
|αr(t)|22,Ω + |α′

z(t)|22,Ω + ν

∫ t

0

(‖αr(t
′)‖2

1,0,Ω + ‖α′
z(t

′)‖2
1,Ω) dt′(3.21)

≤ c exp(c







v,x









2
3,2,Ωt)

[





v






2
3,∞,Ωt |∇β|22,Ωt +








v,x









2
3,2,Ωt





β






2
2,∞,Ωt

+




h






2
3/2,∞,Ωt








χ/r









2

6,2,Ωt +

∫ t

0

(‖h(t′)‖2
1,Ω + ‖u(t′)‖2

1,Ω + |h,x(t′)|22,−1,Ω) dt′

+







F ′





2
6/5,2,Ωt + |α′(0)|22,Ω

]

,where F ′ = (Fr, Fz), α′ = (αr, αz).Using again (3.15) we obtain
|α′(t)|22,Ω + ν

∫ t

0

‖α′(t′)‖2
1,Ω dt

′ ≤ c exp(c







v,x









2
3,2,Ωt)(3.22)

·
[





v






2
3,∞,Ωt |∇β|22,Ωt +








v,x









2
3,2,Ωt





β






2
2,∞,Ωt

+




h






2
3/2,∞,Ωt








χ/r









2

6,2,Ωt +

∫ t

0

(‖h(t′)‖2
1,−1,Ω + ‖u(t′)‖2

1,Ω) dt′

+







F ′





2
6/5,2,Ωt + |α′(0)|22,Ω

]

+




β






2
2,∞,Ωt + ν

∫ t

0

‖β(t′)‖2
1,Ω dt

′.By the potential theory tehniques we have (see Lemmas 6.1, 6.2)




β




2,∞,St ≤ c




w




2,∞,St ≤ csupt‖w‖s,Ω, s >
1

2
,(3.23)

(
∫ t

0

‖β(t′)‖2
1,Ω dt

′
)1/2

≤ c‖w‖
W

1/2,1/4
2 (St)

≤ c‖w‖
W

1,1/2
2 (Ωt)

.Employing (3.23) in (3.22) yields (3.11). This onludes the proof.To estimate the seond fator of the seond term in the square braket on the r.h.s.of (3.1) we employ (3.2) for µ = 1
2 + ε0. Then (3.1) takes the form

|χ(t)|22,−1,Ω + ν

∫ t

0

‖χ(t′)/r‖2
1,Ω dt

′ ≤ c exp(c




h






2
3,2,−1,Ωt)(3.24)
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×[(1 + ‖w‖2

L∞(0,t;H1
0 (Ω)))‖h‖2

L2(0,t;H2
−1(Ω)) + ‖w‖2

L∞(0,t;H1
0 (Ω)) exp(ct+ c





v






2
∞,2,Ωt)

×(‖w‖2
L∞(0,t;H1

0 (Ω))








v,z









2
6

1−2ε0
,2,Ωt

+|fϕ|22,− 1
2−ε0,Ωt + |q|2

2,−( 3
2+ε0),Ωt + |h|2

2,−( 5
2+ε0),Ωt + |u(0)|2

2,−( 1
2+ε0),Ω

)

+|Fϕ|22,−1,Ωt + |χ(0)|22,−1,Ωt ], t ≤ T.4. Estimate of a �xed point. First we obtain an inequality implying an estimate fora �xed point of transformation (1.6).Lemma 4.1. Let
Z0(t) = ‖v‖2,5/2,Ωt ,

X(t) = |g|2,−(1+ε∗),Ωt + |fϕ|2,−(1/2+ε0),Ωt +







F ′



6/5,2,Ωt

+‖h(0)‖1,−(1+ε∗),Ω + ‖w(0)‖1,0,Ω + |α′(0)|2,Ω + |u(0|2,Ω <∞,

Y1(t) = |Fϕ|2,−1,Ωt + |χ(0)|2,−1,Ωt <∞,

Y2(t) = |f |5/2,Ωt + ‖v(0)‖6/5,5/2,Ω <∞,where ε∗, ε0 are positive arbitrary small numbers and t ≤ T . Then
Z0 ≤ ϕ1(ϕ(t)Z0X)[ϕ1(t, Z0)X(1 + Y1) + Y1]

2 + c1Y2,(4.1)where ϕ,ϕ1 are inreasing positive funtions.Proof. Applying Lemmas 2.2 and 2.3 we obtain from (3.6), (3.9), (3.10) the inequality
‖w(t)‖1,0,Ω ≤ ϕ(t, Z1(t))X1(t),(4.2)where ϕ is an inreasing positive funtion and

Z1(t) =




v




∞,4,Ωt +







v,x







3,2,Ωt +







v,x







2,∞,−δ,Ωt +




v




4,∞,−δ,Ωt ,

X1(t) = |g|2,−(1+ε∗),Ωt + |fϕ|2,Ωt + ‖h(0)‖1,−(1+ε∗),Ω + ‖w(0)‖1,0,Ω,
(4.3)and 1 > δ > ε∗ > 0.In virtue of (4.2) and Lemma 2.3 inequality (3.24) assumes the form

‖χ/r‖V 0
2 (Ωt) ≤ ϕ(t, Z2(t))X2(t) + ϕ(Z2(t)X2(t))Y1(t),(4.4)where ϕ is an inreasing positive funtion and
Z2(t) = Z1(t) +








v,x








6

1−2ε0
,2,Ωt ,

X2(t) = X1(t) + |fϕ|2,−(1/2+ε0),Ωt ,(4.5)
Y1(t) = |Fϕ|2,−1,Ωt + |χ(0)|2,−1,Ω,where ε0 > 0 is an arbitrary small number. Next, (3.11) yields

‖α′‖V 0
2 (Ωt) ≤ ϕ(Z2)[‖w‖W

1,1/2
2 (Ωt)

+ ‖w‖L∞(0,t;H1(Ω)) +X2‖χ/r‖V 0
2 (Ωt)(4.6)

+X1(t) + ‖u‖L2(0,t;H1(Ω)) +X3(t)],where
X3(t) =








F ′



6/5,2,Ωt + |α′(0)|2,Ω.(4.7)
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‖α′‖V 0

2 (Ωt) ≤ ϕ(Z2)[ϕ(t)(X4(t) +X2Y1)(4.8)
+ ‖w‖L2(Ω;W 1/2(0,t)) + ‖u‖L2(0,t;H1(Ω))],where
X4(t) = X2(t) +X3(t).(4.9)Using (3.2) for µ = 0, (4.2) and Lemma 2.3 we obtain

‖u‖V 0
2 (Ωt) ≤ ϕ(t, Z2)(X2 + |u(0)|2,Ω).(4.10)From Lemma 6.3.3 from [7℄ we have

|w,t|2,Ωt ≤ c‖w(0)‖1,0,Ω




v




∞,2,Ωt + c(|q|2,−1,Ωt + |h|2,−2,Ωt + |fϕ|2,Ωt)(4.11)
+c‖w‖L2(0,t;H1(Ω)) + c‖w(0)‖1,0,Ω.Using (4.2) and Lemma 2.3 in (4.11) implies

|w,t|2,Ωt ≤ ϕ(t, Z2)X1(t).(4.12)Employing (4.10) and (4.12) in (4.8) yields
‖α′‖V 0

2 (Ωt) ≤ ϕ(t, Z2)X(t)(1 + Y1),(4.13)where
X(t) = X4 + |u(0)|2,Ω.(4.14)In view of (4.4) and (4.13) we obtain for solutions to problem (2.12) the inequality

|v|10,Ωt + |∇v|10/3,Ωt ≤ ϕ(t, ZX)Y1 + ϕ(t, Z)X(1 + Y1),(4.15)where Z = Z1 + Z2. In view of (4.15) and the estimate
Z(t) ≤ cZ0(t),(4.16)we obtain for solutions of problem (1.1) inequality (4.1). This onludes the proof.Lemma 4.2. Let the assumptions of Lemma 4.1 hold. Let T < ∞ be given. Let A =

σ[ϕ1(0)Y 2
1 +c1Y2], where σ ≥ 2 and let ϕ1 be the funtion from (4.1). Then for su�ientlysmall X,

Z0(t) ≤ A.(4.17)The proof follows diretly from (4.1).5. Existene. To prove the existene of solutions to problem (1.1) we onstrut a map-ping Φ2 de�ned by the problem (see [4℄)
v,t − divT(v, p) = −λṽ(v′) · ∇ṽ(v′) + f in ΩT ,

divv = 0 in ΩT ,(5.1)
v · n̄ = 0 n̄ · T(v, p) · τ̄α = 0, α = 1, 2, on ST ,

v|t=0 = v(0) in Ω,where λ ∈ [0, 1]. Hene
v = Φ2(ṽ, λ).(5.2)



REGULAR SOLUTIONS IN A CYLINDER 249The quantity ṽ is alulated from problem (2.12) where α is determined by (4.4), (4.8)with Z2 = Z2(v
′) and v′ is assumed to be a presribed element of the spae

M(ΩT ) = {u : Z2(u) <∞}.Then problem (2.12) determines the transformation
M(ΩT ) ∋ v′ → Φ1(v

′) = ṽ ∈ M0(Ω
T )where

M0(Ω
T ) = {u : u ∈ L10(Ω

T ) and ∇u ∈ L 10
3

(ΩT )}.Hene
Φ2 : M0(Ω

T ) × [0, 1] → M∗(Ω
T ) = W 2,1

5/2(Ω
T ).De�ning

Φ = Φ2 ◦ Φ1we see that (4.17) is the estimate of a �xed point of Φ.To prove the existene of solutions to problem (1.1) we apply the Leray-Shauder�xed point theorem. Therefore we have to show the following properties of the mapping
Φ : M(ΩT ) × [0, 1] → M∗(Ω

T ) :

• Compatness.
• Continuity.
• Existene of a unique solution for λ = 0.Lemma 5.1. The mapping Φ is ompat and for λ = 0 index Φ = 1.Proof. Compatness follows from the ompat imbedding M∗(ΩT ) ⊂ M(ΩT ).For λ = 0 the unique existene of solutions to the orresponding Stokes system followsfrom [1℄. This ends the proof.Finally, we show the ontinuity.Lemma 5.2. Let the assumptions of Lemmas 4.1 and 4.2 hold. Then the mapping Φ :

M(ΩT ) × [0, 1] → M∗(ΩT ) is ontinuous.Proof. Assume that funtions v′s ∈ M(ΩT ), s = 1, 2, are given. Then we have problems(2.5), (2.6), (2.8), (2.9), (2.10), (2.11) for funtions hs, qs, us, ws, χs, α′
s = (αsr, αsz),orresponding to v′s, s = 1, 2. Then problem (2.12) determines ṽs orresponding to αs,

s = 1, 2. Introduing the di�erenes
V ′ = v′1 − v′2, H = h1 − h2, Q = q1 − q2, W = w1 − w2, K = χ1 − χ2,

U = u1 − u2, Ar = α1r − α2r, Az = α1z − α2z, Ṽ = ṽ1 − ṽ2,we see that they are solutions to the problems
H,t − divT(H,Q) = −V ′ · ∇h1 − v′2 · ∇H −H · ∇v′1 − h2 · ∇V ′,

divH = 0,(5.3)
n̄ ·H = 0, n̄ · D(H) · τ̄α = 0, α = 1, 2, on ST ,

H|t=0 = 0;
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W,t − ν∆W + ν
W

r2
= −V ′ · ∇w1 − v′2 · ∇W

−V
′
r

r
w1 −

v′2r

r
W +

1

r
Q+

2ν

r2
H,(5.4)

W,r =
1

R
W on ST

1 , W,z = 0 on ST
2 ,

W |t=0 = 0;

K,t + V ′ · ∇χ1 + v′2 · ∇K + (V ′
r,r + V ′

z,z)χ1 + (v′2r,r + v′2z,z)K

−ν∆K + ν
K

r2
=

2ν

r

(

−Hϕ,z +
1

r
Hz,ϕ

)

− 1

r
(W,zh1r + w2,zHr)

−W,rh1z − w2,rHz +
W

r
h1z +

w2

r
Hz +

2

r
Wu1 +

2

r
w2U,(5.5)

K = 0 on ST , K|t=0 = 0;

U,t + V ′ · ∇u1 + v′2 · ∇U +
V ′

r

r
u1 +

v′2r

r
U − ν∆U + ν

U

r2

= −V ′
,z · ∇w1 − v′2,z · ∇W −

V ′
r,z

r
w1 −

v′2r,z

r
W +

1

r
Q,z +

2ν

r2
H,z,(5.6)

U,r =
1

R
U on ST

1 , U = 0 on ST
2 , U |t=0 = 0;

Ar,t + V ′ · ∇α1r + v′2 · ∇Ar − (V ′
r,rα1r + V ′

r,zα1z)

−(v′2r,rAr + v′2r,zAz) −
K

r
h1r −

χ2

r
Hr − ν∆Ar + ν

Ar

r2

= −2ν

r2
(Hr,z −Hz,r),(5.7)

Ar,r = − 1

R2
Hz −

1

R
W,z on ST

1 , Ar = 0 on ST
2 , Ar|t=0 = 0;

Az,t + V ′ · ∇α1z + v′2 · ∇Az − (V ′
r,rα1r + V ′

z,zα1z) − (v′2z,rAr + v′2z,zAz)

−K
r
h1z −

χ2

r
Hz − ν∆Az = 0,(5.8)

Az =
2

R
W on ST

1 , Az,z = 0 on ST
2 , Az|t=0 = 0;

rot Ṽ = Ā,

divṼ = 0(5.9)
Ṽ · n̄|S = 0,where Ā = (Ar,K,Az), A′ = (Ar, Az).To obtain estimates for solutions to problems (5.3)�(5.9), we use Lemmas 4.1 and 4.2.Hene,

‖v′s‖M(Ωt) ≤ A, s = 1, 2.(5.10)In view of (5.10) we obtain for solutions to problems (2.5)�(2.11) the estimates
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‖hs‖2,−(1+ε∗),Ωt + ‖qs‖L2(0,t;H1

−(1+ε∗)
(Ω)) ≤ ϕ(A),

‖χs/r‖V 0
2 (Ωt) ≤ ϕ(A),

‖us‖V 0
2,−µ(Ωt) ≤ ϕ(A), µ ∈ (0, 1),(5.11)

‖ws‖L∞(0,t:H1
0 (Ω)) + |ws,t|2,Ωt ≤ ϕ(A),

‖α′
s‖V 0

2 (Ωt) ≤ ϕ(A), s = 1, 2, t ≤ T,where V 0
2,−µ(ΩT ) is V 0

2 (ΩT ) with the L2(Ω) norm replaed by L2,−µ(Ω).In view of (5.11) we obtain for solutions to problems (5.3)�(5.8) the inequalities
‖H‖2,−(1+ε∗),Ωt + ‖Q‖L2(0,t;H1

−(1+ε∗)
(Ω)) ≤ ε(A)‖V ′‖M(Ωt),

‖K/r‖V 0
2 (Ωt) ≤ ϕ(A, t)(‖V ′‖M(Ωt) + supt‖W (t)‖1,0,Ω

+‖U‖L2(0,t;L3,−1(Ω))),(5.12)
‖U‖V 0

2,−µ(Ωt) ≤ ϕ(A, t)[‖V ′‖M(Ωt) + supt‖W‖1,0,Ω], µ ∈ (0, 1),

supt(‖W (t)‖1,0,Ω + |W (t)|2,Ω) + |W,t|2,Ωt ≤ ϕ(A)‖V ′‖M(Ωt),

‖A′‖V 0
2 (Ωt) ≤ ϕ(A, t)‖V ′‖M(Ωt).From (5.12) we have

‖Ā‖V 0
2 (Ωt) ≤ ϕ(A, t)‖V ′‖M(Ωt),so problem (5.9) implies

‖Ṽ ‖M0(Ωt) ≤ ϕ(A, t)‖V ′‖M(Ωt).(5.13)Let V = v1 − v2, P = p1 − p2. Then problem (5.1) implies
V,t − divT(V, P ) = −λ(V · ∇v1 + v2 · ∇V ),

divV = 0(5.14)
n̄ · V |S = 0, n̄ · T(V, P ) · τ̄α|S = 0, α = 1, 2,

V |t=0 = 0.Hene, (5.13) yields
‖V ‖M∗(Ωt) ≤ ϕ(A)‖Ṽ ‖M0(Ωt) ≤ ϕ(A, t)‖V ′‖M(Ωt).(5.15)This implies ontinuity of the mapping Φ and ends the proof.6. Appendix. In this setion we onsider the problem

ut − ∆u = 0 in ΩT ,

u|S = ϕ on ST ,(6.1)
u|t=0 = 0 in Ω.First we examine problem (6.1) in the half-spae x3 > 0.The fundamental solution to (6.1)1 has the form

Γ(x, t) =
1

(4πt)3/2
e−

x2

4t , t > 0,

Γ(x, t) = 0, t < 0.
(6.2)



252 W. M. ZAJĄCZKOWSKIThen a solution to problem (6.1) in the half-spae x3 > 0 has the form
u(x, t) = −2

∫ t

0

dt′
∫

R2

∂Γ(x′ − y′, x3, t− t′)

∂x3
ϕ(y′, t′)dy′.(6.3)Using the form of Γ,

Γ(x′ − y′, x3, t− t′) =
1

[4π(t− t′)]3/2
exp

[

− (x′ − y′)2 + x2
3

4(t− t′)

](6.4)we obtain (6.3) in the form
u(x, t) =

x3

(4π)3/2

∫ t

0

dt′

(t− t′)5/2

∫

R2

exp

[

− (x′ − y′)2 + x2
3

4(t− t′)

]

ϕ(y′, t′) dy′,(6.5)where x = (x′, x3), x′ = (x1, x2), y′ = (y1, y2).To obtain an estimate we introdue new variables τ = t − t′, x′ − y′ = z′. Hene weget
u(x, t) =

x3

(4π)3/2

∫ t

0

dτ

τ5/2

∫

R2

exp

[

− z
′2 + x2

3

4τ

]

ϕ(x′ − z′, t− τ ) dz′.(6.6)First we estimate
‖u(x3)‖Lq(0,T,Lp(R2))(6.7)

≤ x3

(4π)3/2

∫ ∞

0

dτ

τ5/2

∫

R2

exp

[

−z
′2 + x2

3

4τ

]

‖ϕ‖Lq(0,T ;Lp(R2)) dz
′.Next we alulate

(
∫ a

0

‖u(x3)‖p
Lq(0,T ;Lp(R2)) dx3

)1/p

≤ c

(
∫ a

0

∣

∣

∣

∣

x3

∫ ∞

0

e−
x2
3

4τ
dτ

τ5/2

∫

R2

e−
z
′2

4τ dz′
∣

∣

∣

∣

p

dx3

)1/p(6.8)
×‖ϕ‖Lq(0,T ;Lp(R2)).Let us alulate the integral on the r.h.s. of (6.8). Introduing the new variables

z′′ =
z′

2
√
τ
, dz′ = (2

√
τ)2 dz′′,the integral takes the form

(
∫ a

0

∣

∣

∣

∣

x3

∫ ∞

0

e−
x2
3

4τ
dτ

τ5/2
4τ

∫

R2

e−z
′′2

dz′′
∣

∣

∣

∣

p

dx3

)1/p

≤ c

(
∫ a

0

∣

∣

∣

∣

x3

∫ ∞

0

e−
x2
3

4τ
dτ

τ3/2

∣

∣

∣

∣

p

dx3

)1/p

≡ I1.Introduing z = x3

2
√

τ
, dz = − x3

4τ3/2 dτ yields
I1 ≤ c

(
∫ a

0

dx3

∣

∣

∣

∣

∫ ∞

0

e−z2

dz

∣

∣

∣

∣

p)1/p

≤ c

(
∫ a

0

dx3

)1/p

≤ ca1/p.Finally, for a <∞ the estimate
‖u‖Lp(0,a;Lq(0,T ;Lp(R2))) ≤ c‖ϕ‖Lq(0,T ;Lp(R2))(6.9)holds.



REGULAR SOLUTIONS IN A CYLINDER 253Let us onsider the ase of bounded ylindrial domain with the boundary S = S1∪S2.Then solutions to (6.1) are expressed in the form (for more details see [4, Ch. 4, Set. 16℄)
u(x, t) =

∫ t

0

dτ

∫

S

ni(ξ)
∂Γ(x− ξ, t− τ )

∂ξi
µ(ξ, τ) dSξ,(6.10)where µ(ξ, τ) is a density and n̄ = (n1, n2, n3) the unit normal vetor to S.Considering the limit

lim
x→η∈S

u(x, t) =

∫ t

0

dτ

∫

S

ni(ξ)
∂Γ(η − ξ, t− τ )

∂ξi
µ(ξ, τ) dSξ ∓

1

2
µ(η, t)we obtain the integral equation for µ

µ(η, t) = 2

∫ t

0

dτ

∫

S

ni(ξi)
∂Γ(η − ξ, t− τ )

∂ξi
µ(ξ, τ) dSξ − 2ϕ(η, t)(6.11)in the ase of the interior problem. This is a Volterra type equation with a weakly singularkernel. Hene µ has the same regularity as ϕ. Applying a partition of unity to the integralover S in (6.10), using estimate (6.9) and the Minkowski inequality (see [2, Ch. 1, Set. 2℄)

‖u‖Lq(0,T ;Lp(R2×(0,a)) ≤ c‖u‖Lp(0,a;Lq(0,T ;Lp(R2))whih holds for 1 ≤ p ≤ q ≤ ∞, we getLemma 6.1. Let ϕ ∈ Lq(0, T ;Lp(S)), 1 ≤ p ≤ q ≤ ∞. Then solutions of (6.1) are suhthat u ∈ Lq(0, T ;Lp(Ω)) and
‖u‖Lq(0,T ;Lp(Ω)) ≤ c‖ϕ‖Lq(0,T ;Lp(S)).(6.12)Problem (6.1) in the half-spae x3 > 0 has the form

ut − ∆u = 0, x3 > 0,

u = ϕ, x3 = 0,(6.13)
u|t=0 = 0, x3 > 0.To solve (6.13) we apply the Fourier-Laplae transform

ũ(ξ, x3, s) =

∫ ∞

0

dt e−st

∫

R2

e−ix′·ξu(x, t) dx′,(6.14)where s = γ + iξ0, Re s = γ > 0, x′ = (x1, x2), ξ = (ξ1, ξ2), x′ · ξ = x1ξ1 + x2ξ2. Aftertransformation (6.14) problem (6.13) takes the form
(−∂2

x3
+ τ2)ũ = 0,

ũ|x3=0 = ϕ̃,
(6.15)where τ2 = s+ |ξ|2, arg τ ∈

(

−π
4 ,

π
4

).To obtain (6.15) we used problem (6.13) with solution u extended by zero for t < 0.Looking for solutions of (6.15) vanishing for x3 = ∞ we obtain
ũ = ϕ̃e−τx3 .(6.16)Let us onsider the norm (see [3, 6℄)

|||u|||21,γ,R3
+×R

=

∫

R2

dξ

∫ ∞

−∞
dξ0

∫

R+

dx3[|ũ(ξ, x3, s)|2(|ξ|2 + |s|) + |∂x3
ũ(ξ, x3, s)|2] ≡ I1.



254 W. M. ZAJĄCZKOWSKIUsing the estimates (see [3, 6℄)
∫ ∞

0

|e−τx3 |2 dx3 ≤ c|τ |−1,

∫ ∞

0

|∂x3
e−τx3 |2 dx3 ≤ c|τ |,we obtain for solutions (6.16) the estimate

|||u|||21,γ,R3
+×R

≤ c

∫

R2

dξ

∫

R

dξ0|ϕ̃|2|τ | = c|||ϕ|||21/2,γ,R2×R
.(6.17)From [3, 6℄ we know the equivalene

c1‖u‖Hl,1/2 ≤ |||u|||l,γ ≤ c2‖u‖Hl,1/2 .Hene (6.17) assumes the form
‖u‖

W
1,1/2
2 (R3

+×R)
≤ c‖ϕ‖

W
1/2,1/4
2 (R2×R)

.(6.18)To obtain an estimate of the form (6.18) for solutions of (6.1) we examine (6.10). Let
{ψα(x)} be a partition of unity for Ω and {ϕβ(s)}, s ∈ S, be a partition of unity for S.Then, from (6.10) we have

ψαu = ψα

∫ t

0

dt

∫

S

∑

β

ϕβ(ξ)ni(ξ)
∂Γ(x− ξ, t− τ )

∂ξi
µ(ξ, τ) dSξ(6.19)

= ψα

∑

β

∫ t

0

dt

∫

S∩suppϕβ

ϕβ(ξ)ni(ξ)
∂Γ(x− ξ, t− τ )

∂ξi
µ(ξ, τ) dSξ.We introdue the loal oordinates η = (η1, η2, η3) on S ∩ suppϕβ, and transform S ∩

suppϕβ on the plane η3 = 0. Moreover, in suppψα we introdue a loal oordinate system
y = (y1, y2, y3) suh that y3 = 0 is the plane η3 = 0. Then (6.19) takes the form

u′(y1, y2, y3) =

∫ t

0

dτ

∫

R2

∂Γ(y′ − η′, y3, t− τ )

∂y3
µ′(η′, τ ) dη′,(6.20)where µ′ and u′ have ompat supports and y′ = (y1, y2), η′ = (η1, η2). Moreover, wehave

‖µ′‖
W

1/2,1/4
2 (R2×R+)

≤ c‖µ‖
W

1/2,1/4
2 (ST )

.(6.21)Formula (6.20) desribes a solution of the problem
u′,t − ∆u′ = 0,

u′|x3
= µ′, u′|t=0 = 0.

(6.22)In view of (6.18) we have for the solutions of (6.22) the estimate
‖u′‖L2(R+;H1(R2)) ≤ c‖µ′‖

W
1/2,1/4
2 (R2×R+)

.(6.23)Then for the solutions of the integral equation (6.11) we have
‖µ‖

W
1/2,1/4
2 (ST )

≤ c‖ϕ‖
W

1/2,1/4
2 (ST )

.(6.24)Using (6.23), (6.21) and (6.24) and summing over all subdomains of the introdued par-titions of unity we obtain the following estimate for solutions to problem (6.1),
‖u‖L2(0,T ;H1(Ω)) ≤ c‖ϕ‖

W
1/2,1/4
2 (ST )

.(6.25)Hene, we have
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1/2,1/4
2 (ST ). Then there exists a solution to problem (6.1) suhthat u ∈ L2(0, T ;H1(Ω)) and (6.25) holds.
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