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Abstract. This survey article presents certain results concerning natural left invariant para-
Hermitian structures on twisted (especially, semidirect) products of Lie groups.

1. Preliminaries. Let M be a connected C∞-differentiable manifold of even dimen-
sion 2n. All of the objects involved on M are of class C∞ too. By X(M) we denote the
Lie algebra of vector fields on M .

By an almost paracomplex structure on M we mean a (1, 1)-tensor field J on M such
that J2 = Id (the identity tensor field), and the eigendistributions T±M associated to
the eigenvalues ±1 of J , have the same dimension ([8], [6]). The manifold M admits
an almost paracomplex structure if and only if there exists a G-structure on M with
structural group GL(n,R)×GL(n,R).

Let J be an almost paracomplex structure on M and NJ be the Nijenhuis torsion
tensor field of J ,

NJ (X,Y ) = [JX, JY ]− J [X, JY ]− J [JX, Y ] + J2[X,Y ], X, Y ∈ X(M).

If NJ vanishes identically on M , then J is said to be paracomplex ([8]). Thus, the almost
paracomplex structure J is paracomplex if and only if the eigendistributions T±M are
completely integrable (in fact, this is a consequence of theorems concerning almost prod-
uct structures by Walker [18] and Yano [19]), or equivalently, there exists a differentiable
atlas of M with coordinate maps satisfying the so-called para-Cauchy-Riemann equations
([4], [6]).

If g is a pseudo-Riemannian metric onM for which the (almost) paracomplex structure
J is an antiisometry, that is,

g(JX, JY ) = −g(X,Y ), X, Y ∈ X(M),
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then the pair (J, g) is said to be an (almost) para-Hermitian structure on M and the
triple (M,J, g) an (almost) para-Hermitian manifold ([8]). With respect to such a metric,
the eigendistributions T±M become isotropic. If (J, g) is an almost para-Hermitian struc-
ture, then for any function f on M , the pair (J, g = e2fg) is an almost para-Hermitian
structure, too.

For an almost para-Hermitian manifold, the fundamental 2-form Ω (which is really
an almost symplectic form) is defined by Ω(X,Y ) = g(JX, Y ) for X,Y ∈ X(M).

An (almost) para-Hermitian manifold is said to be (almost) para-Kählerian if its
fundamental form Ω is closed ([8]). Every 2-dimensional almost para-Hermitian manifold
is para-Kählerian. An almost para-Hermitian manifold is para-Kählerian if and only if
∇J = 0, where ∇ indicates the Levi-Civita connection of g.

We say that an almost para-Hermitian manifold (M,J, g) is locally conformally para-
Kählerian if for any point p ∈ M there exist a neighborhood U of p and a function
f : U → R such that (J, e−2fg) is a para-Kählerian structure on U . An almost para-
Hermitian manifold (M,J, g) is locally conformally para-Kählerian if and only if it is
para-Hermitian and there is a 1-form ω on M satisfying the conditions ([5])

dΩ = 2ω ∧Ω, dω = 0.(1)

Note that when dimM = 2n ≥ 6, the condition dω = 0 follows from dΩ = 2ω ∧ Ω. If
dimM = 4, the condition dΩ = 2ω ∧ Ω is automatically fulfilled with a certain 1-form
ω, however dω 6= 0 in general ([10]).

The articles [2], [3] should be referred to for the generalities of the theory of almost
para-Hermitian structures.

2. Twisted products of Lie groups. Let G, H be Lie groups and assume that
there exist Lie group homomorphisms

λ : H 3 q 7→ λq ∈ Aut(G), µ : G 3 p 7→ µp ∈ Aut(H).

In other words, λ and µ are actions by automorphisms ofH onG andG onH, respectively.
Assume additionally that

µp(q)q−1 ∈ Ker(λ), λq(p)p−1 ∈ Ker(µ)(2)

for any p ∈ G, q ∈ H. The twisted product G×λ,µH is the Lie group defined in the follow-
ing way: its underlying manifold is just the product manifold G×H and the multiplication
is defined by

(p1, q1) (p2, q2) = (p1 λq1(p2), q1 µp1(q2))

for any pi ∈ G, qi ∈ H, i = 1, 2 (see [16]). The Lie group homomorphisms λ, µ induce,
in an obvious way, the Lie algebra homomorphisms A : h→ Der(g), B : g→ Der(h) (op.
cit.), which satisfy the following additional conditions

ABX2Y
X1 −ABX1Y

X2 = 0, BAY2X
Y1 −BAY1X

Y2 = 0

for any X,X1, X2 ∈ g, Y, Y1, Y2 ∈ h.
The Lie algebra of G×λ,µH is the twisted sum g⊕A,Bh. Simplifying notations, we

identify the linear space g⊕A,Bh with the direct sum of the linear spaces g and h and
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write an element Z ∈ g⊕A,Bh as the sum Z = X + Y with X ∈ g, Y ∈ h. Then the Lie
brackets in g⊕A,Bh are given by

[X1, X2] = [X1, X2]g, [X,Y ] = −[Y,X] = −AYX +BXY, [Y1, Y2] = [Y1, Y2]h

for X,X1, X2 ∈ g and Y, Y1, Y2 ∈ h. Since A and B are Lie algebra homomorphisms, we
have additionally

A[Y1,Y2]h = AY1 ◦AY2 −AY2 ◦AY1 = [AY1 , AY2 ]Der(g),

B[X1,X2]g = BX1 ◦BX2 −BX2 ◦BX1 = [BX1 , BX2 ]Der(h),

and since AY ∈ Der(g) and BX ∈ Der(h), it holds

AY [X1, X2]g = [AYX1, X2]g + [X1, AYX2]g,

BX [Y1, Y2]h = [BXY1, Y2]h + [Y1, BXY2]h

for any X,X1, X2 ∈ g, Y, Y1, Y2 ∈ h.
It is clear that in the case when

λq = IdG for any q ∈ H, or µp = IdH for any p ∈ G,
the twisted product becomes a semidirect product of Lie groups (for this notion see e.g.
[7]); and in the case when

λq = IdG for any q ∈ H, and µp = IdH for any p ∈ G,
it is just the direct product of Lie groups. Note that for semidirect products we do
not have to assume additionally (2) since it is always fulfilled in this case. To fix the
convention in the rest of this article, a semidirect product will be denoted by G×λH
(assuming µp = IdH for every p ∈ G).

3. Natural para-Hermitian structures. Let G×λ,µH be a twisted product Lie
group with dimG = dimH = n.

Define a left invariant almost paracomplex structure J on G×λ,µH by assuming

J |g = − Id |g, J |h = Id |h.
Since the eigendistributions T− = g, T+ = h are completely integrable, J is paracomplex.
Let g be an arbitrary left invariant pseudo-Riemannian metric of signature (n, n) on
G×λ,µH for which g, h are both isotropic, i.e., g|g = 0 and g|h = 0. Then the pair (J, g)
is a left invariant para-Hermitian structure on G×λ,µH.

Thus, we have:

Theorem 1 ([14]). A twisted product Lie group G×λ,µH with dimG = dimH = n

admits left invariant para-Hermitian structures.

Any para-Hermitian structure defined in the above way will be called a natural left
invariant para-Hermitian structure on the twisted product G×λ,µH. In the sequel, we
will consider only the para-Hermitian structures (J, g) of this kind.

For simplicity and if it is not otherwise stated, X,X1, X2, . . . and Y, Y1, Y2, . . . will
denote arbitrary elements of g and h, respectively, while Z,Z1, Z2, . . . will be arbitrary
elements of g⊕A,Bh.
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The fundamental 2-form Ω corresponding to (J, g) is given by

Ω(X1, X2) = 0, Ω(X,Y ) = −g(X,Y ), Ω(Y1, Y2) = 0.

The para-Hermitian metric g and the Lie algebra homomorphisms A, B enable us to
define bilinear endomorphisms Ac : h× h→ h and Bc : g× g→ g by assuming that

g(BcX1
X2, Y ) = g(BX1Y,X2), g(AcY1

Y2, X) = g(AY1X,Y2).

The following theorems characterize (up to locally conformal changes) para-Kählerian
structures among natural para-Hermitian structures.

Theorem 2 ([14]). Let (J, g) be the natural left invariant para-Hermitian structure
on a twisted product Lie group G×λ,µH with dimG = dimH = n.

1) Let n ≥ 3. The structure (J, g) is locally conformally para-Kählerian if and only if
there exists a left invariant 1-form ω on G×λ,µH such that

[X1, X2] = −BcX1
X2 +BcX2

X1 − 2ω(X1)X2 + 2ω(X2)X1,(3)

[Y1, Y2] = −AcY1
Y2 +AcY2

Y1 − 2ω(Y1)Y2 + 2ω(Y2)Y1.(4)

The 1-form ω realizing (3), (4) satisfies also the following conditions

ω(BcX1
X2) = ω(BcX2

X1), ω(BXY ) = ω(AYX), ω(AcY1
Y2) = ω(AcY2

Y1).(5)

2) Let n = 2. There exists a left invariant 1-form ω on G×λ,µH such that (3) and (4)
are fulfilled. The structure (J, g) is locally conformally para-Kählerian if and only if the
1-form ω satisfies the conditions (5).

It should be added that the form ω occurring in the above theorem is just the form
realizing (1). The theorem below is a direct consequence of the previous one.

Theorem 3 ([14]). Let (J, g) be the natural left invariant para-Hermitian structure
on a twisted product Lie group G×λ,µH. The structure (J, g) is para-Kählerian if and
only if

[X1, X2] = −BcX1
X2 +BcX2

X1, [Y1, Y2] = −AcY1
Y2 +AcY2

Y1.

As a consequence of the above two theorems, it is possible to formulate necessary and
sufficient conditions for a natural para-Hermitian structure on a semidirect product of
Lie groups to be (locally conformal) para-Kählerian (see also [11]).

4. Para-Hermitian structures on twisted products of generalized Heisen-
berg groups. Let H2k+1, k ≥ 1, be the generalized Heisenberg group consisting of the
matrices of the form 



1 x1 x2 · · · xk x2k+1

0 1 0 · · · 0 xk+1

0 0 1 · · · 0 xk+2

...
...

...
. . .

...
...

0 0 0 · · · 1 x2k

0 0 0 · · · 0 1




,

where x1, . . . , xk, xk+1, . . . , x2k, x2k+1 are arbitrary real numbers. H2k+1 is a connected
simply-connected 2-step nilpotent Lie group of dimension 2k + 1 (see e.g. [1]).
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Consider the twisted products G×λ,µH, where G = H = H2k+1 and λ, µ are the Lie
group actions by the interior automorphisms, that is,

λy(x) = y · x · y−1, µx(y) = x · y · x−1, x ∈ G, y ∈ H.
These twisted products are also 2-step nilpotent Lie groups [16].

For such twisted products, we have the following theorem.

Theorem 4 ([14]). Let (J, g) be the natural left invariant para-Hermitian structure
on the twisted product H2k+1×λ,µH2k+1, where λ, µ are the actions by the interior auto-
morphisms. If k = 1 and (J, g) is locally conformally para-Kählerian, then it is necessarily
para-Kählerian. If k ≥ 2, then (J, g) is never locally conformally para-Kählerian.

In [14] it was also shown that it is possible to construct para-Kählerian structures on
H3×λ,µH3.

5. Other examples ([14]). Let Kn the connected simply-connected non-Abelian
solvable Lie group consisting of the matrices of the form




e−x
1

x2 . . . xn

0 1 . . . 0
...

...
. . .

...
0 0 . . . 1


 ,

where x1, x2, . . . , xn are arbitrary real numbers. The underlying manifold of Kn is just
the Cartesian space Rn.

It can be shown that there exists a left invariant 1-form φ on Kn such that

[X,Y ] = − φ(X)Y + φ(Y )X, X, Y ∈ kn,

where kn denotes the Lie algebra of Kn.
Let G = H = Kn and λ : H → Aut(G), µ : G→ Aut(H) be the Lie group homomor-

phisms defined by

λy(x) = (x1, x2eay
1
, . . . , xneay

1
), µx(y) = (y1, y2ebx

1
, . . . , ynebx

1
)

for any x ∈ G, y ∈ H, where a, b are certain fixed real constants. The conditions

λy(x) · x−1 ∈ Ker(µ), µx(y) · y−1 ∈ Ker(λ)

are clearly fulfilled for any x ∈ G, y ∈ H. Thus, we have defined the twisted product
G×λ,µH.

Let φ, ψ be the left invariant 1-forms on G, H, for which

[X1, X2] = − φ(X1)X2 + φ(X2)X1, X1, X2 ∈ g,

[Y1, Y2] = − ψ(Y1)Y2 + ψ(Y2)Y1, Y1, Y2 ∈ h.

The Lie algebra homomorphisms A : h→ Der(g), B : g→ Der(h) are given by

AYX = aψ(Y )(X − φ(X)E), BXY = bφ(X)(Y − ψ(Y )F )

for any X ∈ g, Y ∈ h, where E ∈ g and F ∈ h are such that φ(E) = 1 and ψ(F ) = 1.
Let (J, g) be an arbitrary natural left invariant para-Hermitian structure on G×λ,µH,

for which φ(·) = g(·, F ) and ψ(·) = g(·, E) additionally.
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It is verified in [14] that the structure (J, g) is locally conformally para-Kählerian with
the form ω (cf. Theorem 2) given by

ω|g =
1
2

(1− b)φ, ω|h =
1
2

(1− a)ψ.

We see that the structure is para-Kählerian if and only if a = b = 1.

6. Curvature conditions. With respect to the conformal flatness of natural para-
Hermitian structures, we have obtained the following results, which concern semidirect
products only.

Theorem 5 ([12], [13]). Let (J, g) be a natural left invariant para-Hermitian struc-
ture on a semidirect product of Lie groups G×λH with dimG = dimH = 2. Then the
metric g is conformally flat if and only if the structure (J, g) is locally conformally para-
Kählerian.

Theorem 6 ([12]). If a natural left invariant para-Hermitian structure (J, g) on a
semidirect product of Lie groups G×λH with dimG = dimH ≥ 3 is locally conformally
para-Kählerian, then the metric g is conformally flat.

The assertions of Theorems 5 and 6 are not valid in the class of all para-Hermitian
manifolds. Indeed, the existence of para-Kählerian manifolds which are not conformally
flat is rather obvious. For concrete examples, one can consult for instance [15], where non-
conformally flat para-Kählerian manifolds of recurrent conformal curvature are studied.

The converse to Theorem 6 does not hold in general. Namely, in [13] we have estab-
lished the existence of a natural left invariant locally conformally para-Kählerian structure
on a semidirect product of SU(2) and R3, which is not conformally flat.

In [12], we have also studied various curvature conditions of natural left invariant
locally conformally para-Kählerian structures on semidirect products of Lie groups. We
determined necessary and sufficient conditions for such structures to be flat as well as
locally symmetric or semisymmetric in the sense of [17]. Among other results, we proved
that if a natural left invariant para-Hermitian structure is para-Kählerian, then this
is flat; and that the converse is not true in general. Moreover in that paper, various
examples of natural left invariant locally conformally para-Kählerian structures realizing
these curvature conditions were constructed on semidirect products Rn×λRn, Rn×λKn,
Kn×λRn and Kn×λKn, where Kn is the Lie group defined in Section 5.

It is still not known whether the assertions of Theorems 5, 6 and the other theorems
from paper [12] remain true if we replace the semidirect products by twisted products.
Investigations about this problem will be continued by the author in the future.

Finally let us recall that conformally flat para-Kählerian manifolds (the general case)
have already been classified from the local point of view in [9].
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[4] A. Crumeyrolle, Variétés différentiables à structure complexe hyperbolique. Application à
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[5] P. M. Gadea and J. Muñoz Masqué, Classification of almost para-Hermitian manifolds,
Rend. Mat. Roma (Ser. 7) 11 (1991), 377–396.

[6] S. Kaneyuki and M. Kozai, Paracomplex structures and affine symmetric spaces, Tokyo
J. Math. 8 (1985), 81–98.

[7] A. W. Knapp, Lie Groups Beyond an Introduction, Progr. Math. 140, Birkhäuser, Boston,
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