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Abstract. Motivated by downside risk minimization on the wealth process in an incomplete
market model, we have studied in the recent work the asymptotic behavior as time horizon
T — oo of the minimizing probability that the empirical mean of a controlled semi-martingale
falls below a certain level on the time horizon 7. This asymptotic behavior relates to a risk-
sensitive stochastic control problem in the risk-averse case. Indeed, we obtained an expression of
the decay rate of the probability by the Legendre transform of the limit value of the value function
of the stochastic control problem, which is characterized as the solution to the H-J-B equation
of ergodic type. In the current work we present the results on its robust version, admitting model
uncertainty.

1. Introduction. Let X; be a solution to the following stochastic differential equation:
dX; = MNX;) dW; + B(X;)dt, Xo=x€ R, (1.1)

with M(z) € CLip(RY; RN @ RM), B(z) € CLip(RY;RY) and consider the following
asymptotic behavior of the probability for the given controlled semi-martingale Frr(X, h)
of falling below the target growth rate «:

Jolw) = Jim inflog P( Fr(X,h) < &), (1.2)

T—o0
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where
T T
FT(X.7h.)=Fo+/ f(Xs,hs>ds+/ o(Xo, he)* AW,
0 0

W, is an M-dimensional Brownian motion process defined on a probability space (2, F, P)
with filtration F;, Fy is an JFp-measurable random variable, and h; = h(t, X;) is an
Fi-progressively measurable R™-valued process with m, N < M. In particular, we con-
sider the case where

fh) = —% W*S(x)h+ h*g() + Ux), (e, h) = 6()h,
with
S(x) € C(RN;R™ ® R™), g(x) € C(RN;R™), 4(x)c C(RN;RM @ R™),

and U(x) € C(RM;R'). The problem is motivated by certain problems arising from
mathematical finance called “downside risk minimization”, which have been studied in
[T0], [18], [19], [20], [28] in various kinds of situation (cf. also references [9], [11], [23],
[24], [26], [25] on “upside chance maximization”). See also [13] about robust downside
risk minimization for a one factor model with 1 risky asset. In the recent article [22],
as a generalization of “downside risk minimization”, we have discussed such kinds of
asymptotic problem as apart from the problems in mathematical finance. In a
similar manner to those works, we relate to the limit value:

Xo(f) := lim %inf logE[eeFT(X"h')], 0 <0, (1.3)
T—o0 h.

which is interpreted as the averaging limit of the value function of the risk-sensitive

stochastic control problem and characterized by the solution to the relevant H-J-B equa-

tion of ergodic type. Indeed, we establish the duality relationship between and

as

Jo(k) == inf sup{6k — x0(0)}. (1.4)
k€(—o00,k] <0
Now, in the current paper, we shall further study the problem of its robust version,
admitting model uncertainty. Namely, suppose that the drift coefficient 8(x) is uncertain
and we take up the solution to

dX, = MXy) dWE + {B(Xy) + M( X)) dt, Xo =z € RV, (1.5)

instead of (1.1), introducing an uncertainty parameter process (;. Here, Wf is an
M-dimensional standard Brownian motion process under the probability measure PS¢

defined by
dpP¢ /T 1 /T
— | =exp ngWS—f/ Gl? ds).
P |5, (0 2 Jo Gl )

We consider the worst case probability that the controlled semi-martingale Fr added
by the correction term £ fOT |¢s|? ds falls below the target growth rate x among the set
of probability measures P¢, parameterized by uncertainty parameter ¢, each of which
is absolutely continuous with respect to the original probability measure P. Then we



LARGE DEVIATION ESTIMATES 161

investigate the asymptotic behavior of the infimum of the worst case probability:

T

J(k):= lim — 1nf Suplog PC( {FT(X h)+ a / |C|? ds} < /{) (1.6)
T—o0 T h. 2 0

over the set of admissible strategy h . To study (1.6]), we relate it to the following averaging

limit:

x(0) := lim ;1nfs?p log E¢ [exp(H(FT(X., h)+ g/OT |2 ds))} (1.7)

T—o0 h

and show the duality relationship:

J(k)=— inf sup{0k—x(0)} (1.8)
ke(—00,k] <0

for each given constant x'(—o0) < k < x'(—0), where x'(6) is the derivative of x(6) with

respect to 6 and x'(—0) = limgso X' (6).

Taking the supremum with respect to ¢ in , we consider the worst case probability
and are concerned with the robustness of the estimate. Analyzing this problem results in
providing analysis of the H-J-B equations of the stochastic control problem with a new
aspect. Indeed, we here come to deal with the H-J-B-Isaacs equations relevant to x(6).
This robust version of the asymptotic analysis is motivated by the modeling issues and
we here mention it. Suppose that the log prices of the securities in a financial market are
governed by stochastic differential equation . In that case we can obtain the enormous
market data about X;, which is considered to be the solution to . By using such data,
we need to estimate the coefficients consisting of the volatilities A and the drift 8 based on
the theory of statistical inference. However, to have accurate estimates of 3 is considered
almost impossible since for that one needs to utilize the data on an extremely long term,
which may be not accessible. To obtain the good estimates of volatilities A, one needs the
high frequency data in a relatively shorter period, which may be accessible. Thus, robust
approach admitting the drift uncertainty may be meaningful. Further, we mention the
meaning of the constant p appearing in the correction term 4 fOT |Cs|? ds. Tt reflects the
certainty level of the given drift coefficient S (cf. Remark since we have the estimate
||§(:r)||Li>§c < O(%) for the worst case uncertainty ¢(z). Namely, it goes to 0 as u tends
to 0o, which means the certainty level of 5 tends to oo.

From the practical view points, numerical implementation may be also important. In
the last section, we illustrate the case of linear Gaussian model, where the solution to
the H-J-B equation has the explicit form expressed by using the solution to the Riccati
equation. In that case, the relevant quantities are given in the concrete forms (cf. ,
(7-3) and (7.4)), which may be helpful in numerical implementation.

2. Studies of the problems on a finite time horizon. In the following we always
assume that Fy = 0 for simplicity and so

T T
Pr(X.,h) = / (X, ) ds + / o(Xa, ) dWV,
0 0
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is considered. Let us make the following assumptions.

A, B, S, g, 0 are smooth and globally Lipschitz,

U is a smooth function bounded below such that (2.1)
U(@)], |DU()| < Mila|? + M,

o6 0(x) < S(z) < e16%0(x), x€ RN, co,e0 >0 (2.2)

csIm < 06°0(x) < I, cs5,¢5 >0 (2.3)

eolé]? < EAN (2)€ < eslé]?,  c2,c3 >0, € €RY, (2.4)

where DU (x) is the gradient vector of the function U(x) with respect to the variable
x € R™, 6* denotes the transposed matrix of § and I,,, stands for the m X m unit matrix.
Note that, under these assumptions, Q9 defined by

Qo=S—06%0
satisfies
(co—0)5"0(x) < Qp(x) < (c1 — 0)5*d(x) (2.5)
and thus ) )
5 6(x) < (x) < 5*6(x)) L. 2.
—— (570(@) ! Q5 (@) < —— (5"8(@) (26)
Moreover,
- €0 5 T < Iy +00Q5 6% < Iy, (2.7)
0 —
Indeed, the left hand side of is seen since
0
< * o\ —1 o* < —1 ¢ox*
CO—HIM_ 00_95(5 0)7 16" < 00Q, 6",

which follows from (2.6)). The right hand side of (2.7) is obvious.
Let Zy be the totality of RM-valued Borel functions ((t,x) such that [((¢,z)] <
C(1+ |z|) for some C' > 0 and set
Z ={( : ¢ = ((t, Xy) is progressively measurable, ((¢,z) € Zp}.

Then for given (. € Z, we can define a probability measure P¢ by

dP¢ /T 1 /T
—_— = exp CrdWy — f/ |Cs|2ds
dP |, (0 2 )

since we see that exp(f(;t CrdW, — %fot (5| ds), 0 <t < T, is a martingale for each T
Indeed, we can prove it in a similar manner to Lemma 4.1.1 in [I] (cf. also Lemma
below). Then W¢ = W; — fot (s ds becomes a standard Brownian motion process and
X, satisfies the stochastic differential equation . We are going to investigate the
asymptotic behavior

1 1 T
J(k) = lim — inf suplogP<(T{FT(Xl,h_)+g/ GRdsh<k),  (28)
0

T 00 T h €Ay CEZ

Ay = {hy; hy = h(t, Xy, ;) is progressively measurable, h(t,z,() € H}.
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Here, H denotes the totality of Borel functions h(t,z,¢) : [0,T] x RN x RM — R™ such
that |h(t,z,¢)] < C(1+ |z| +|¢]). To study (2.8) we are going to analyze

1 T
x(0) = lim — inf sup logES [exp(H{FT(X_,h.) + ﬁ/ |CS\2ds}>] (2.9)
Tooo L' h €My ¢ cz 2 Jo
For that we first set the lower value function for the differential game on a finite time
horizon by
u [T
u.(0,2;T) := inf sup log B¢ [exp(G{FT(X.,h‘) + 7/ [ ds})] (2.10)
h €Ay CEZ 2 0

Available strategies in would be considered to be a Markovian counterpart of
Elliott—Kalton strategies and confer [6] and [7] for Elliott—Kalton strategies concerning
differential games and their stochastic counterpart respectively. When introducing an-
other probability measure P%" defined by

dpSh

T ¢ 02 T )
“dPC :eXp(o/O @(Xs,hs) awg — */0 |§0(X53h5)| ds)

2

Fr

the lower value function is written as

ux(0,2;T) = h_ienAfH ngg log E¢ {exp(G{FT(X,, h)) + % /OT P ds})}

(2.11)

T
= inf suplogEC’h[exp(G/ n(Xs,hs,Cs)ds)],
hedwcez 0

where
1o, h, Q) = o h) 4+ R*6()" ¢+ 2 1P 4§ 15(a)hP
= S Qo)+ *(6(2)*C + g(a)) + U(w) + & [P

Note that it is also seen by Lemma [2.2] below that
t 92 t
exp(e/ O( Xy, h)* WS — 5/ |<p(XS7hS)|2ds), 0<t<T,
0 0

is a martingale under (Q, F;, P¢) and P%" is well defined. Then

t
Woh =we — 9/ ©(Xs, hs)ds

0

is a Brownian motion process under P$" and X, turns out to satisfy
dXy = MNXe) dWE™ 4+ (B(Xy) + MXe)C + 0N (Xi)he) dt. (2.12)

Then we see that to the lower value there corresponds the lower Isaacs H-J-B equation

ou 1 1
— 4= *D? *Du+ = (Du)*A\*Du + H_(x, Du) =
5 + 5 tr[ AN D*u] + f*Du + 5 (Du)*AN*Du+ H_(z,Du) =0 (2.13)

u(T,z) =0,
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where
H_(z,p) = S, nf Alz,p, ¢ h)
= sup inf [{C + 00(x)h}* Nx)*p + On(z, ¢, h)]
CERM heR™
1 *
T (NoA*p+00Q, " 9)* Ry, (NoA*p + 05Q; " g)
0
+3 (g+ 8" N'p)*Qy " (g + " \*p) + 0U,
and
1
Np=In +05Q,'0%, Re,=1In+ " 6Q, 6%, (2.14)

because

Awp.C.h) = {—g (= Q3 (0+ 0°C+ 5N D)} Qolh — Q5 g+ 8°C +0°X'p)

0

L Ou (2.15)
{< + g Ro b (NoX'p 405, g)} Rou{C+ o - Rou(NoX'p+05Q; ') |
-3 0 (NoA*p + 00Q5 " 9)* Ry 1 (NoX"p + 00Qy g)]
Indeed, set
lanp) = 5 By A(NoN D + 0305 '9) (2.16)
h(z,¢,p) = Qg (g + 8°C + 6" A\*p). (2.17)

Then, for a given solution u to lower Isaacs equation ([2.13)), ((t,x) and h(t, z,¢) defined
by

— ~

C(t,x) :== ((z, Du(t, )), l_z(t,x,g) = ﬁ(x,C,Du(t,x))

satisfy
h(t,z,¢) = arg nin, Az, Du(t,x),(, h)
((t,2) = arg max A(, Dult, ), ¢, h(t,,()
€ M
and

H_(z,Du) = sup inf A(z,Du(t,z),(,h)
CERM heR™

= A(z, Du(t, x), ((t, ), h(t, z, ((t, x))).
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Let us show that the Isaacs condition holds in the Isaacs equation (2.13)). To see that we
notice that

Hy(z,p):= inf S A(z,p, ¢, h)

= inf sup [{C+00(2)h} Ax)"p + On(x, ¢, h)]
€R CERM

= 2922 {(1 = 0)5" X" (@)p — Opg(2)}*Qyy,,(2){(1 = Op)* X" (x)p — Oug(x)}

1 * *
T AN (2)p + 06U ()
holds, since
O 1 . * 1 ..,
Az,p. ¢ h) = = [<+ g p+05h}] [g+ o p+95h}]
4 1 -1 * )k -1
-5 {h + o Qo1 (L =0p)6"X"p — Gug)} Qo-1/p
X {h+iQ‘1 (1= 60p)5"X*p — 0 )}
O CO-1/n K p—0tug

+

1 * * * — * * 1 * *
50,2 {(1 = 05" N'p = Oug} Qgty ), {(1 — )" N'p — Oug} — 20,7 AN'p + 60U
The following lemma says that the Isaacs condition holds in the current case. Instead
of appealing to the general theory of convex analysis, we give a direct proof of the lemma

in which we have useful formulae for the succeeding arguments.

LEMMA 2.1. The Isaacs condition holds for A(z,p;(, h):
Hy(z,p) = H_(z,p).

Proof. It suffices to prove that

1 -~ B B
_; Qy 's RH,}L(SQel +Q91 = Qg,ll/uv (2.18)
1 —1 —1 ¢x* (1 - 9/1/)2 —1 * 1
~ g NoRauNo +00Q5"6" = = 85 00,7, 0" — - T (2.19)
and . s
- Qy ' Ry - Np +0Qy 16" = — . BQyt,,0 (2.20)

We first show the following useful formula:
Qo1 = Qy 0" Ry ,0(570) . (2.21)
Since Qp—1/, = Qo + ié*é we have

— * D— * — * D— * — 1 * — * — * —
Qo-1/,(Qy 6" Ry 6(676) ") = 6" Ry 1 6(576) " + ;5 5Q5 6" Ry ,6(5%0)
= 6" Ry ,6(6%0) " + %5*1%9‘7;6@;15*5(5*5)*1

1
=0 Ry (I + p 6Q5 6 )8(5°0) " = Iy
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because from the definition of Rg, we can see that 6Q;15* and Ry ;1L are commutative.
Thus, (2.21)) holds. We further obtain the formula

No_1/, = Ry, No (2.22)
from . Indeed, we obtain
1
No_1/=1In + ( >5Q9 1/ =1y + (0 - ;>5Q;15*RE,L5(5*5)’15*
=+ (0 ;)M(IM — RyL) = ubLa + (1 - 0p)R; L = Ry LN,

since Iy = Ry | wt Re uéQe 16* and Ny = (1 — Op)Iar + OuRy. ..
Now let us show

1 1
- Qy 0" R, ,0Q, " + Q" = - (6%0)16%6Q, 10" Ry 1,6Q " + Q"
= —(6°6) 16" (Inr — R;L)éQ? +Q " = (670) 710" R, ,0Q,"

=Q, 16*R9 L 6(676) 7! =y "

Next we shall see .
1 -1 —1x 1 -1 Op—1 -1
—% NeRG,,uNQ +66Q, 0" = —@ NQRO’HNQ + Nog — Iy = T NGRO,M — Iy
since R;}LNQ (1-6u)R, + Oulpr. On the other hand
(1—0p)° 1 A=y o O
9/~L 6@9 1/M @IM +IM - 9M 6Q‘9—1/H6 + 9/14 IM
Op—1 5 Op—1
i {IM + ( *)5Q9 Vn } = o No—1/u
and thus, (2.22) implies ([2.19).
Finally we shall see (2.20)).
1 —1 ¢k p— —1 ¢x * 1- elLL —1 ¢cx p—
—;QGHS Ry No+0Q510" = —7Q915 (Ry., No — Oular) = — ; Q0" Ry !

while
Q;_ll/”(s* = Q;%*R;}j(&*é)_ld* = Q;lé*R;i

since §(6*8)~'6* and Ry, are commutative, and so are §(6*§)~'¢6* and R;L. Hence,
(2.20) is seen to hold. =

Owing to Lemma [2.1] H_(z,p) = H(z,p) and the Isaacs equation (2.13) can be
written as

% + 1tr[m* ul + {5 + (9 - 1/u)A5Q;E1/Mg}*Du

9/14_]- * 1 —1 * * 9 * —1 _ 223
+ g (Dw) )\(I+(0—;)6Q971/H6>>\ Du+39°Q5, 9 +0U =0 (223)

w(T,z) =0.
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Thus, we see that for a given solution u to lower Isaacs equation (2.13)), 5 (t,x) and
h(t,z,¢) defined by

. 1
t,a,h) = ——
g( 7:1;7 ) 9”

1 — * )k
h(tax) = _@ Qg_ll/u((l - 9#)6 A" Du — 9M9>

(A\*Du + 65h)

satisfy
h(t,z) = arg hmli%n A(z, Du(t,x),C(t, x, h), h)
R
((t,x,h) = A(z, Du(t h
C(t,, h) = arg max Az, Du(t, z),C, h)
and

Hi(z,Du) = inf sup A(x, Du(t,x),(,h)
heR™ CERM

= A(z, Du(t,x),{(t,z, h(t, 2)), h(t,z)).

Then we can see that equation (2.23) has a sufficiently smooth solution satisfying nice
gradient estimates, similarly to Theorem 2.1 in [19]. Indeed, we have the following propo-
sition (cf. [3], [IT]).
PROPOSITION 2.1. Under the assumptions (2.1)—(2.4)) the Isaacs equation (2.23) has a so-
lution such that
v(t, z) < Ko,
ov Ov 0%v
UV, 77 A
ot 893@ 6:62893]

€ LP(0,T; LY (R™)) Vp>1,

loc

ov

=

ot — c

0%v 0% 93v d3v

€ LP(0,T; LP, (R™)) Vp>1,

92t Ox;0t’ 0z;0x;0x), " Ox;0x;0t
co—0)(1+c¢) /0v .
(Q=OULD (D4 0) < & (1DNo 3, + INouBe + IDON,
+ DB ul2r + |Bo,ul3r + 10U |27 + [0DU 2 + |97 Q.1 gl2r + | D (9% Qo,u9)l2r + 1),

x€ B, tel0,T),

|Dol* +
CpC2

where

1 _ Op—1
B =B+ (0= )00 9, Now ==

o
29/1 NO—l/ua Q@,uzngfl/lﬂ

B, ={z:|z| <r} and ¢ > 0 is an arbitrary positive constant, ¢’ is a positive constant
depending on cg,ce,c,C,0 and n but not on r, and —C' is the lower bound of U.

Here, we note that % > —C because of assumption (2.1) and the gradient estimates
have a minor difference from Theorem 2.1 in [20].
Let us set

TG () = Tog B4 [exp(s [ X b5, Xer ), ).
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where
h(Q) = ht,2,0), C€Z.

Then we can see that for the solution u(t, z;T) to (2.23)),
u(0,2:T) = J (¢, h(<)),

where
C=(tX0),  h(Q) = hlt, X, ([t X0)). (2.24)

Further, (¢, h({)) turns out to be a saddle point of the game and attain the value of the
game. Indeed, we have the following proposition.

PROPOSITION 2.2. Let u(t,z;T) be a solution to (2.23). Then, under the assumptions
(2.1)—(2.4), the pair of the strategies ¢ € Z and h(¢) € Ay defined by (2.24) is the saddle

point, namely,

J(C Q) < J(C,h(Q) < J(S, h(C)), (2.25)
and attains the value of the game:

w(0,2;T) = J(C, h(C)) = us (0, 2;T).

To prove this proposition, the following lemma is useful.
LEMMA 2.2. Let Y; be a solution to the stochastic differential equation
dYy = o(t,Yy) dWs + p(t,Y;) dt, Yo =z,
where o, 1 are locally Lipschitz continuous functions such that
|r(t,x)] < K(1+ |z|) (2.26)

for r = o,u and ¥(t,x) be a continuous function satisfying (2.26). We further assume
that o is bounded. Then, setting

t 1t
poimexp( [ 0¥ aw, = 5 [ juts, X ds)
0 0
we have
The proof of this lemma is similar to that of Lemma 4.1.1 in [I].
Proof of Proposition m Let us first show that ¢ := ((t,X;) € Z and that h; :=
h(t,X:,(t) € Ay. For that we shall show that (2.26) holds for each of r(t,z) = ((t, ),

h(t,z,{(t,x)) in light of the gradient estimates given in Propos1t10n Indeed, it follows
that

Co 1 1
- T N, I
Opu(eo — ) M= 9 Fo,uNo < m M
from and (| , and that
1 * 1 1 cx 1 * 1 * o\ —1
- - < - -
6179+1/u(6 )71 < Qy 0" Ry,,6(5%8)7" 0070+1/u(65)

from (2.6 and (2.21)). Therefore, since
Ry L0Qy" = Ry 10Q516°0(5%0) "t = 6Q5 "0 Ry L8(6°8)
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((t,x) is seen to satisfy - Similarly, we can see that |h(t,z,¢)| < C( + |z| +|¢])
and thus ) holds for h(t,x ,C(t,)). Therefore, owing to Lemma we see that
G = Clt, Xt) € Z and that h; = h(t X, G) € Ay

Next, we shall show that

J(C, h) = inf J(C, h(C0)). (2.27)

heAy
Let X; be a solution to

dX; = {B(Xe) + A(X)((t, Xp) + 06(Xi)h(C)e } dt + /\thE’ha Xo =z,

for a given h € Ay, Where h(¢): = h(t, X, ((t, X;)). Noting that the H-J-B equation for
the control problem (2.27)) turns out to be

%t + = tr[AN*D%u] + *Du + — (DU) AN Du
" hlg}qu [{C(ta)n () + o150} Du Q] =
u(T,x) = 0.

Thus, through the standard argument using It6’s formula, we see that

ESh [exp(@ /OT n(Xs, s, Cs) ds)]

_ T T 62
:Ec[exp@/ 1(Xs, hs, Cs )d5+0/ [6hs]* dWCf—/ |67 Pds)}
0 0 2
= (02 (2.28)
Indeed, by Itd’s formula,

_ T _
u(T,XT)—u(O,XO):/O (‘37:+L<u)(s,xs)ds+/0 (Du)* (s, X )A(X,) dWE

T T
— —0/ [Aohs]* Du(s, X,) ds — %/ (Du)*AN*Du(s, X) ds
0 0

T T
_/ n(XSa}_lwés)ds‘i’/ (D'U/)*/\(S,XS) C”/VSC
0 0

Thus,

T _ T 92
exp(a/ n(Xs,hs,(s)der@/ [6h]* dWLE/ |6hs Pds)
0 0

T s 1 T
= exp(u(O,x) —l—/o [05hs + X Du(s, X,)|* dWS — 5/0 |05hs + X Du(s, X,)|? ds).

and

_ T _ 1
Ec{exp(/ [06hs + A* Du(s, X,)]* dWCff/ 106k, + A" Dufs, X,)|” ds)]
0

T
- E[exp(/ [§S+95BS+A*DU(S,XS)]*dWS—§/ ’§S+9655+A*DU(S,XS)‘2ds)} =1
0 0

follows from the above lemma. Hence we see that (2.28) holds.
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Next, we shall prove that

— - T — —
e05) < OO exp (e/ n(Xe, h(C)s: Cs) ds) | (2.29)
0
for each h € A4. In a similar manner to the above we have

u(T,XT)—u(O,XO):/ (68;‘ Lfu )( s)ds+/0T(Du)*(s,Xs)dW§

0

T
> 9/ ASA(C)s]* Du(s, X,) ds — %/ (Du)*AX*Du(s, Xs) ds
0

T o T )
_/ Hn(Xs,h(C)s,Cs)ds+/ (Dw)*A(s, X) AW,
0 0

where h(¢)s = h(s, X5, (). Thus,

exp(ﬁ/OT (X5, h(C)s, Cs) ds+0/ [6hs)* dWE — 022/ 16h({)s Pds)

T - F - 2
Zexp(u(o,x)—i—/o [96h(§)3+>\*Du(s,Xs)]*dW§—§/O 105h(C) s+ A" Dus, X,)| ds)

Since we have

E° [exp(/oT[eah(C)s + N Du(s, X,)]* dW¢ — ;/0T|95h(<>s + A" Du(s, X,)|” ds)]

_ E[exp (/OT [Co + 06h(C)s + A" Du(s, X.)]" dW,

_ ;/OTKS +05h(C)s + A" Duls, X,)|*ds )| =1

because of the above lemma, we obtain (2.29)).
Finally we prove that

For that it SufﬁCGS to show that
¢,h(¢) [ ( /1 ( B(<) C ) )} < (0,z) ( 1)
ES: exp|( 0 X, s,(s)ds e\ 2.3
p o A >

for each ¢ € Z, where X} is a solution to
dX, = {5 X1) 4+ MX0)C + 05(X)h(t, Xy, G) e+ XdWET, Xo = .
By looking at (| we see that

%+7trm*p2 |4 B*Du + - (Du) A\*Du
+ {¢\*(2) + Oh(t, z,()* 6% () } Du + n(z, h(t,z,(),() <0, V¢ e RY,
U( bl ) - 07

and hence we obtain ([2.31)) similarly to the above. m

We further have the following proposition.
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PROPOSITION 2.3. h(t, Xy, C(t, X)) = h(t, X;).

To see the convexity of the value of the game with respect to @, rewriting the Isaacs
equation as follows is useful.

1
% +3 tr[AN*D?u] + (B — A6(6%8) " Lg)*Du
1—0u g, Ou et . Op sy -1
2 {)\ Du = g 0(6°0) g} N(,,W{A Du = g 6(6°0) g}
Ou -1
——— g (6" U =
+2(1_0u)g( ) g+0U =0
u(T,z) =0,
which can be regarded as
1
% +3 tr[AN*D?u] + (8 — X6(6%6) "' g)* Du
Ou -1 Op -1
+ sup =———2"N, ", 2+ 2" (N\*Du — 0(6%6) g
ZGRM{Q(lfGM) 0=1/n ( 1—0p (@0) )} (2.32)
Op -1
———g*(0%¢ U =
+2(1_9M)g( ) g+ 06U =0
u(T,z) = 0.

Equation (2.32)) is seen to be the H-J-B equation of the stochastic control problem

T
@.(0,2;T) = sup E[/ O(X,, Z,)ds|, (2.33)
Z €z 0
9/.1/ * ar—1 9:“ * * o\—1
0] : = N, _ 7
(x,2;0) 50— 1) 0107 1*9MZ 5(6%0)" g

9:“’ *( ok o\ —1

with the controlled process X; governed by the stochastic differential equation
where
G(x) = B —N\3(6*0) " g.

Here, Z is the totality of RM-valued, progressively measurable processes Z; such that
T 2
E[[, |Z,|* ds] < oc.

LEMMA 2.3. The above defined ®(z,z) = ®(x, z;0) is a convex function of 6.

Proof. Noting that

Ing = (1= )Ny
Op

)

-1 —1
N9—1/M =R Ny =
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we see that
1 * 1 * NT— 9:“’ * * o\ —
@(x,z):mz -5 N, 1(@271—9”2 5(6%0) tg(x)

0:“ *(ok e\ —1 T T
L (670) " g(x) + 60U () -

(2 = 0ud(676) " g(x))" (2 — Opd(676) " g(x))

- 1
- 2(1-0p)
1 0
— 52Ny @)z + 7’” g*(6%8) g(z) + 0U (x).

Set

ﬁ (2 — 016(5°0)"1g)" (= — Ou3(6°6)g).

Then we can see by calculation that

o(x, z;0) ==

32(,0 H2 * —1 * * —1
Further, we have
82N_1
5 92 =0. (2.37)
Indeed, since 83%" = —0"0 we have
0Q," 3@ s
= Q" S Q' = Q5! (239)
and thus,
ONy —1 % —1 % —1 ¢cx —1 ¢x —1 ¢x
20 = 0Qy 0" +00Q, 670Q, 0% =0Q, 0" Ng = NgdQ, 5*. (2.39)
Therefore,
9*N, 3N !
69;’ =9 ien L5* 4+ Npd gg 5 = 2N, (5Q516%)2.
Then )
N
862 = —N; ! 788_7;79 Nyl=—6Qy 0" Nt = —N;16Q, 6"
and so we see (2.37) as follows.
9*N, ! ON; ' ONg ., L0?°Ny _1 ONg ON,; !
002~ ap a0 N0 N g Mo N 5g Ty

0_1((5626_1(5*)2 _ 2N0_1(6Q9 16*)2 + Ng_l((ng_l(s*)Q =0
Hence, convexity of ® follows from ([2.35)), (2.36)) and (2.37)). =

LEMMA 2.4. Let assumptions (2.1)(2.4]) be satisfied and let u(t,z;T) be a solution to
H-J-B equation (2.32). Then u(0,z;T) is a convex function of 6.

Proof. Set

Z(t,x) = L= 6u No_1/u(x) ()\*(ac)Du(t, x) —

m 5(6%9) " g(a))),
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and let X; be a solution to (12.34)) for Z; = 7, = Z(t, X:). Then the verification theorem
for problem ([2.33)) holds:

(0,2, T) = E{/T ®(X,, 2,) dt} = u(0, ;7).
0

Therefore, since ®(z, z) is a convex function of § by Lemma convexity of w(0,x;T)
follows. =

3. H-J-B equations of ergodic type. Set « = —u. Then

ou 1 * 12 - * = 1 —\ * * ) 1 *
e + 3 tr[AN"D7u] + B, Du — 3 (Du)*ANg A" Du — 59 Qo,u9 — 60U =0, 3.1)
a(T,z) =0.

Now let us consider the infinite horizon counterpart of H-J-B equation (3.1]) (or (2.23)),
which is called H-J-B equation of ergodic type. We have the following according to [2]
and Proposition 3.2 in [20].

PROPOSITION 3.1.
i) Assume that
lim inf {g*(0*6) 'g(z) + U(x)} = o0 (3.2)
T—00 ‘x‘Zr
besides assumptions (2.1)—(2.4). Then we have a solution (x(0),w) of
1 1 1
X(0) =5 tr[AN*D*w] + B; , D — 5 (DW)*ANg A" D — 5 9°Qp,9—0U,  (3.3)
such that w(x) is bounded below. Moreover, such a solution (x,w) is unique up to additive
constants with respect to w and w(x) — oo as |x| — oo. Further, the solution satisfies
the following estimate

|Dw(z)|* < Cylz|* + CL. (3.4)
If we assume the stronger assumption than ,
calof? — e5 < 5 g7 (5°8) Mglw) + Ule) (35)
then we have
cwlz? — ¢, <w(x), ey, ¢y >0. (3.6)
ii) Assume that
Blx)*z < —cglz + 5, g >0, ¢ >0 (3.7)

besides assumptions (2.1)—(2.4)). Then there exists a positive constant b, > 0 such that
Py (1) 1= —b,|x|? satisfies

F(p)(x) = 00, as |z| — oo,
where
1 * * 1 * * 1 * y—
F(y) = 3 tr[AN*D*y] + B, Dip — 3 (D))" ANg A" D1p — 59 Qg,ig —0U.

Moreover, we have a solution (x(0),w) to (3.3) such that w — p(x) with 0 < b < by is
bounded below.
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Here we note that ¢, in is a positive constant such that
—046‘
4
and Cpg is the one such that |8y ,(z)| < Cslz| + C and can be seen in [20].
Existence and uniqueness of the solution to are due to [2].
In the statement ii), that F (¢« )(x) — 00, |x| = 0o, can be seen by looking at

{(9 - %))\5Q;,11/#9}*D7/1b - gg*Q;fl/Hg
:_g@_(l_%ﬁvamFQ;m{y—@—%ﬁ&va}

91 1 2D *AOQ L, SN D
+§( *@) (D) 20Qp 4, Py

since Bp,,, = 6+ (6 — i)/\éQe__ll/Hg and Qg = gQ;_ll/u. Indeed, we see that

20303 + Cew <

Jew, d, >0 F(gpe) > eufal® = ¢,

by taking sufficiently small b*. Thus, when considering w — v, in place of w the equation
(3.3]) can be written as

X(6) = 3t D?(@ — )] + (8,5 — ANo A" D) D — o)

— %D(ﬂ} - ’(/Jb)*)\Ng#L)\*D(uﬁ) - ’L/Jb) + F(’(/Jb),

and then the case of ii) is reduced to i). Indeed, this equation has a solution (x(6),w —y)
because of Proposition [3.1]i), while it means that (,w) is the solution to (3.3).
In what follows we shall proceed assuming the assumptions of Proposition i) with
. We can develop parallel arguments as well in the case of ii) of the proposition.
Let us write H-J-B equation as

ou 1 * M2~ u) =
5 + 5 W D% + H(z, Di) =0, (3.1')
d(T, -T) = 0)

by introducing

H(w,p) = i u(2)p — 5 D ANoX*(2)p — 5 9" Qo) — 60 (z),

which is concave with respect to p. Here we note that the optimal diffusion process
for stochastic control problem ([2.25)) turns out to be governed by stochastic differential
equation
dYy = MNY;) dW, + D, H(Y;, u(t, ;) dt, Yo = =,

where OH (r.p)

H(x,p
D,H(x,p) = Tp
Now let us extend the solution to (3.1') to (—o0,0]. It is indeed possible because the
coefficients of the H-J-B equation do not depend on ¢ and for each —s < 0, the solution
u(—s,x;T) is identical to w(0,z;T + s), which is the solution (-, ;T + s) of (3.1') with

= ,Bg)u + )\N@)”/\*p.
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the terminal condition @(T + s,2;T + s) = 0. Thus, we have u(—s,z;T) defined on
—T < s < oo. In what follows we specify the solution w(z) of H-J-B equation
such that w(z) > 0 by suitably taking an additive constant. Then from the maximum
principle it follows that

u(=s,x;T) <w(x)+x(T+s), —T<s<oo, (3.8)
since w(x) 4+ x(T + s) is a super-solution to (3.1)). Now we have the following proposition.
PROPOSITION 3.2. Under the assumptions of Proposition i) with (3.5)),

u(=s,2;T) — (w(z) + (T +5)) = —cpla]* — (3.9)
where cg, and ¢y are positive constants independent of s.

Proof. For given —s < 0, let Y; be a solution to
dYy = MY;) AW, + D, H(Y;,u(—s +t,Y;)) dt, Yo = . (3.10)
Then we see that
T+s T+s B B
a(—s,2;T) = infE[/ —O(Y,, 2) ds} - E{/ —B(Y,, 2(—s +1,Y})) dt}

z. 0 0

and also
T+s
w@) +X(T+5) SB[ [~ dt+ oV
0
for each control z;. Therefore,
u(=s,2:T) — (0(x) + X(T + 5)) 2 ~Ela(Yrss)] 2 —co B[[Y145]%] + €.

We conclude the present proposition since we see that E[|Yr|?] < Clz|? + C’ for some
positive constants C' and C independent of s from the following lemma and the estimate
|w(z)|? < Cl|z|* + C" obtained from (3.4).

LEMMA 3.1. Let the assumptions of Propositz'on be satisfied and set ¥(x) = —c.|z|?
with a positive constant c, such that

cgey + %3 2 < —eyf. (3.11)
Then
BleaPrasl?) < =T ((a) — g(@)) + © (1 -eT*), T <s<oo,  (312)
for sufficiently small « > 0 and a positive constant C'.

Proof. First note that there exist positive constants ¢y and c;, such that
1 *
5 tr[AN*D*y] + H(z, DY) > cylz|* — ¢, (3.13)

because of the estimates [8; ,Dy| < cpeilz|®* + C, 3 (DY)*ANg  A*Dy < £ 2, and
assumption . Further, since H(z,p) is concave in p we have
H(z,Dvy)— H(x,Du) < D,H(x,Du) - (DY — Du).
Therefore, by setting
(—s+t,x;T)=u(—s+t,o;T) —{v(x) + x(T —t+s)}, 0<t<T+s,
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and applying It&’s formula to e®*i(—s +t,x;T), we see that
eatﬂ(—s + t7 )7757 5 T) - ﬂ(—s’ Z; T)

t
_ / " {Li(-5 + 1, Y,) + DyH(Y,, Dit(—s + 1,Y,))* Dit(—s + 1, Y;)} dr
0

t
+ a/ e (=5 4+ 7,Y,) dr + local mart.,
0

. Ou
where Lu := %

T Bl(T, Xpys; T)| — (—s, ;)

+ %tr[/\/\*DQU]. Thus, by using the stopping time arguments, we obtain

T+s
< / ¢ B[Li(—s +1,Y,) + H(Y,, Di(—s +1,Y,))] dr
0
T+s _ _ _
[ L N D) + BT DT )] e
0
T+s _
+ a/ e*"Eli(—s +r,Y,)] dr
0

T+s _ _
< [ e Ela - )T el + ]
0

from (3.13) and (3.8)). Since a(w — ) (x) < cy|z|? + C’ for sufficiently small o > 0, we
have (3.12)) from (3.8). =

REMARK 3.1. Let X; be the solution to

dX; = MNX;) dW; + D, H(X,;, Dw(X,)dt, X, =,
and set )
L% = 3 tr[AN*D?u] + D, H (x, Dw)* Du

1
=3 tr[AXN*D?u] + 85, Du — (Dw)*ANg,, A* Du.

(3.14)

Then the diffusion process X; is ergodic under the assumptions of Proposition i).
Indeed, we see that w(x), and also K (z;w) defined by

K(esm) 1= ~L™(x) = 5 (DB)* ANo, A D) — 3 6° Qo ug(x) — U (x) ~ x(6) (315)

goes to oo as |x| — oo and thus the Hasminskii’s conditions are satisfied.
On the other hand, we assume the conditions in Proposition(3.1/ii) and take up w — )y
in place of w and operate L? to w — 1. Then we can see that

X(6) = L(@ — ) + 5 (D@ — Dyu)* AN, D(@ — ) + F(4h)
and thus
K(z;w — ) := —L"(w — ) = % (Dw — 1by)*ANg (A" D(w — b)) + F () — x(0)

goes to oo as |z| — co. Hence, we can see that L% is ergodic under the assumptions in
Proposition [3.1]ii).
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Now set
0(0,2;T) := u(0,z; T) — {w(z) + xT}

for a specified solution w(z) to H-J-B equation (3.3]) such that w(z) > 0. Then we have
the following theorem.

THEOREM 3.1. Under the assumptions ofProposition asT — o0, v(0,z;T) converges
to a constant co € R uniformly on each compact set.

Proof. Let us first note that ©(0,z;7) is nonpositive and bounded below by
—cly — cplz]? owing to and (3.9). Thus, its bounds do not depend on T'. More-
over, |Dv(0,2;T)|? < Cg, x € Br, where Cg is a positive constant depending only on R.
Thus, we see that {@(0,2;T)}r>1 is relatively compact in C(RY) and so, there exists a
sequence T such that 9(0,z;Tj) converges to a function ve, € C(RN) as T; — oo. Set

V= {ve € C(RN) : Tlim 9(0,2;T;) = voo in C(RYN), for some {T}}}.
j 200

Then proving that V = {c} for some constant ¢, € R makes the proof of the theorem
complete. Apply Itd’s formula to v(—s + t,2;7), 0 <t < T + s, and we have

@(_8 + t7Xt; T) - @(_87 Xo; T)

t t
=/ {LT)+DpH(~,Dw)*Da}(—s+r,)_(r)dr+/ Dv(—s + 7, X,)*ANX,.) dW,
0 0
t 1 _ t _ -~
:/ 5(D@)*ANQM/\*DT;(—5+r,Xr)dr+/ Di(—s + 1, X, )" MX, ) dW,
0 0

t t
= / Q(X,, Dv(—s+r, X,))dr +/ Di(—s + 7, X, )*N(X,.) dW,
0 0
when noting that
1
H(z, Dw + p) — H(z, Dw) = D,H (2, Dw)*p — §p*)\N9,HA*p.

Thus, setting v := WCOO—M’

t
exp(—9(~s,2:T) / Di(—s + . X, ) MX,) dWV,
0
’)’2 t _
- 7/ (DT)* AN Di(—s + 1, X, dr)
2 0
t
= eXp(—’y'D(—s + t7Xt7T) + 7/ Q(XT‘a DQ_}(_S + T, XT)) d’F
0

2 t ) )
_ % / (DO)*AN*Dv(—s +r, X,.) dr> > o VO(=s+t,X;T)
0

since Q(x,p) > 7 |p|*. Therefore we have

E[e—’yﬁ(—s-‘rt,Xt;T)] < e—’)’ﬁ(—saﬂﬂ;T)7 0<t<T+s.
Choose a sequence T; such that {o(T — Tj,2;T)} = {v(0,2;7T;)} converges to some
Uoo € C(RN) as T; — oo and set s =t =T; — T. Then we obtain

E[ef'yf)(O,XTj —T;T)] < ef'yv?(Tij ,z;T)
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which implies that
/e*vf}(O,w;T) me(dz) < e Yueo(®)

where my(dx) is the invariant measure of the diffusion process with the generator L¥.
Taking T' = T} sending it to oo again, we have

/efwoc(y) me(dy) < lim [ e 7POUT) gy (dy) < e Ve (®)

Tj*}OO

for each 2 € RN . By taking the infimum of both sides with respect to 2 we obtain

/(67”“‘”@) — inf eiﬂ’“‘x’(w)) mg(dz) <O0.
TER™

Since suppmy = RY we see that u is a constant function.
Suppose that ©(0,z;7;) (respectively ©(0,z;77)) converges to a constant c
(vesp. i), as Tj and Tj — oo. Then we see that

/efvﬁ(o;y;T) me(dy) < e~ 7%=,
By setting 7' = T} and sending 7T to co we have
e~ V% < e Ve

and thus we obtain ¢, > co.. By replacing the roles of the both we also see that ¢ > ¢/
and hence coo = ¢ . ®

Now the following is the direct consequence of Theorem and Lemma
COROLLARY 3.1. Under the assumptions of Theorem 3.1} for some constant coo,

lim {u(0,2;T) — X(0)T — coo — w(z)} =0,

T—o0

uniformly on each compact set, which implies that

T CLIED B

T—o0 T

where (x(0),w(x)) is the solution to H-J-B equation of ergodic type:
x(0) = 3 tr[AN*D*w] + 5 ,Dw + 3 (Dw)* ANy, \* Dw + 59" Qoug +0U. (3.16)
Further, x(0) is conver.

Moreover, similarly to Lemma 4.2 in [20], we have the following useful lemma.

LEMMA 3.2. Under the assumptions of Theorem for each 0, < 0 < 0y there exist
positive constants 6 and C independent of T and 0 € [0y, 6p] such that

E[’*(X)] < (. (3.17)
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4. Differentiability of H-J-B equation. Let us take a solution (x(f),w) to (3.3)

such that w(xz) > 0. Then consider the equation formally obtained by differentiating
equation ({3.3)) with respect to 6.

1
X'(0) = 3 tr[AN*D*w'] + B, Dw’ — (Dw)* ANy , A* D’

869,# * — 1 —\ % aN@,M * — 1 *8620,;4
+ (S55t) D - 5 (DB) A b X D — 5 g" S g U,
namely,
_ * 1 1
Y(0) = L™ + (ag‘g“) Do — 5 (Dw)*AaN"’ﬂ ND - 59" agg’“ —U, (4.1
where w’ = %—};’. Thus, we are led to consider a solution (p(6),v) to the linear equation
p(0) = L0(z) + [ (x), (4.2)
where
3&9 * 1 _ 0Ny _ 1 8@9
(0) _ (Z0n - * Sy % T« N2 o
FO(x) ( - ) Di(x) = 5 (D)X 2 N Dib(a) = 5 9" 55 g(a) = Ua). (4:3)
Note that
— * — 1 —\ * * —
FO@) = (ANg-1/,6Qy " ,,,9)" Div(x) — 5n (Dw)*ANg_1/, N Dw(z) — U(z)

u—1
201

1, 1 e

+ 9 g (Qg_ll/# + 9@9_11/“5 5@9_11/#)9(17) (4 4)
; :

=5 (6(5%0) "9 = X*Dw) "Ny _1/,0Q,,,6*(6(5%8) g — A" D) (z) — U(x)

_ L
202

1 *x—1 * —1
- ﬂg Qg_l/ué 5@9_1/“9(I)

(DW)*ANg_1/,6Q, ", /8N D ()

[\)

—\ * * — 1 —\ * _ k| 3k —
(DW)*ANg_1/, A" D(z) + 0 (Dw)* ANg-1/,6Q5", ;0" N D (x)

holds since

6ﬁ9;“ _ aNG*l/# * o\ —1
g = A gy 0, (4.5)
8]\]971/ _ « 1 _ % — * - *
S 5,8+ (9 _ ;)5%_11/“5 0Q51,,08" = No—1/,0Q5,,,06°  (4.6)
9Ny, 1 1 ~1 g
6" = g Mo (1= ) No-10Q32, 8 .7
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86’20,#
00

= Q;*ll/u + 0Q9111/#5*5Q;*11/M

. 1\ 1o
= QO—ll//L + (0 - ;)Qe—ll/ua 5Q9—11/[L + ; QG—ll/ué 5Q9—11/lt ( )
4.8

* o\ —1 o 1 — * — 1 — * —
= o) o(r+ (0~ ;)5%_11/”5 )07, + 4 Q1,02

* o\ —1 ¢* — 1 — * -
= (0%0) 710" No—1/,0Q5", ,, + ;erwé 5Q5 ),

Noting that I < Ny, we see that for sufficiently large Ry > 0

—co
0(1 + peo — pd)w
and condition (A.3) of Appendix in [20] is satisfied for L™ and w. The other conditions
are also satisfied. Thus, setting

K(z;w) = —L"w(z) >

(Dw)*AN"Dw(x), =€ By, = {z;|r] > Ro}.

u()|
FID = { H/ 2,p . | < }
loc eses;}lp w($> o0

and

Fr = {f € L5, :esssup |f(:1:)_| < oo},
eh K (wiw)

we see that equation (4.2) has a solution v € Fy; such that

6) = [ 1@y mofiz) (49)
(cf. Corollary 5.1 in [20]). Indeed, we can see that
K(z,w) > Clz|* - C, =z € B,
for sufficiently large R > 0 because of and , while
[f O (@)? < Mylaf® + My
holds for some positive constants M; and My in light of and .

5. Interpretation in terms of a stochastic differential game. Let us introduce a
stochastic differential game

T T
J(0,z;T) = inf sup EC’W /f(XS,hs)ds+/ @(Xs,hs)*dWS}

hGAHC v.EZ
Ou 9 1
+5 |gg| ds — 5 |us+95 Dhs|® ds} (5.1)

where X; is a solution to the controlled stochastlc dlﬂerentlal equation
dX; = {B(Xe) + MXe)((e + v+ 06(Xy)he) } dt + N(Xy) dW;,  Xo =,

vt is a progressively measurable process such that v, = v(t, X;) with |v(t, 2)| < C(1+]z|)
for some positive constant C' by the definition of Z similarly to ¢;, PS"" is a probability
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measure defined by

¢, h,v ¢ r * ¢ 1 r 2
POhv(A) = E [exp( (Vs + 03(X)hs) dWSE = 5 [ lvs +00(X)h| ds);A}
0 0

and

t t
W, =Wf — / (vs + 05(X)hs) ds = W, — / {Co +vs +05(X)hs} ds.
0 0
Note that

T T m T
(o [ ahyds [ ot aw.+ b [P as)
0 0 2 0
1 T
77/ |us+96(Xs)hs|2ds}
2 0

Troo 0
= 6 [ [ HQu(X0 b+ 013X, + 6()C) +0U(X) + G ds
1 T
- 5/0 |vg|? ds]

Ei(@, h,v;60) = —g W Qo(x)h + 61" (9(x) + 6(x)C) + 60U () + 97“ < - % V.

Then (5.1)) is written as

and set

T
JO,z;T) = inf sup ESM {/ Z1(Xs, s, o, vs: 0) ds]
h €l ¢cez 0

In this fictitious game the player controlling h; wants to minimize the criterion taking
into account all possibility of uncertainty processes ¢(; and the other player (considered
to be the nature) controlling v; tries to maximize the criterion. Control parameters h;
and v; separately act in the above defined controlled dynamics and do not correlate in
the cost functional Z;. Therefore, we can change the order of the infimum over h and the
supremum over v. Thus, its corresponding lower Isaacs equation is seen to be

1
% + 3 tr[AN* D?u) + sup irﬁf[{ﬁ + AV + ¢+ 06h)}* Du+ (2, h,(,v;0)] = 0.
1%

It is also written as

Gu + 2 tr[AXN*D*u] 4+ 8*Du+ sup {v*A\*Du — % |v|*} + supinf A(z, Du,(,h) =0

ot vERM ¢ h

and thus seen to be the same equation as . Thus, we have an interpretation of our
problem in terms of a stochastic differential game of classical type. We do not need
the proof of the verification theorem which shows the solution u to is identical to
the value, namely J(0,z;T) = u(0,z;T). In the proof of our duality theorem to be seen
later, we only need the expression of the H-J-B equation of ergodic type as the one
of the stochastic differential game which is the infinite horizon counterpart of .
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When considering the problem on infinite time horizon with the averaging cost crite-
rion, we obtain the ergodic type equation
1
x(0) = = tr[A\*D?*w] +  sup inf {8+ A+ A(v+00h)} Dw+ Zy(x, h,(,v)],
2 vER™,CERM heR™
which can be written as

X(e) = Lu_}w—’—El(‘xahﬁgvﬁ)a (52)
where R }
h=Qy(g+6C+ "\ Dw)
1

(= o Ry (NN Dw + 05Q, ' g)
U= ADuw.
It is same as
_ 1 1
x(0) = LYw — 3 (Dw)* ANy, , A*Dw + 3 9" Qo9 + 60U, (5.3)
whose derivative with respect to 6 is
; IBo,u\* 1 ONy 1, 0Q
/ _qgw,.,/ M i * My Z % M
V(0) = L%’ + 7 ) Duw + 5 (Dw)'A =2 N Dw+ 5 g* “=it g +U. - (5.4)

From (5.3) and (5.4) we obtain
x(0) = 0x'(0) = LY (w — w’)
1 * — * * —
- 5 {NG—l/uA Dw + 06@9_11/ug} {NG—I//J)‘ Dw + 96@9_11/ug}7 (55)

which is seen to be

1 -
x(0) —6x'(0) = LY (w — 0w') — 3 |+ 06| (5.6)
Indeed, from (4.6) it follows that
1 _ 09Ny
2% 2 0
1 1 01 1 1 .
== (1= g ) Nowm = 5 { gy Moo+ (1= g ) No-1u@3 8"}
1 1 1 _1 * 1
= D) No—1/p — 9 (9 - ;)NH—l/udQe—l/ué = D) No—1/uNo—1/p-
On the other hand, from (4.8]) we obtain
1 0 0Qp, 0 4 0 -1 0> 1 *s—1
D) Qo.u— 2790 = 2 Qo-1/u D) Q9—1/M Y Qe—l/u(s 5Q9—1/u
02 —1 * —1
= _5 Q9—1/u5 6Q0—1/u'
Further,

9Bo,u “150 ONg—1/4
— 92 — g (5*6) e — L \*D
a0 9°(9%9) a0 v
= —Gg*(6*5)_15*N9_1/#5Q;}1/H5*)\*Dw = —Gg*ngl/Hé*Ng_l/ﬂé)\*Dw.
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Thus, we see that (5.5)) holds, while

7+ 606h = \*Dw — 1 6Q9111/u((1 — Op)§* N Dw — pug)
i

1 —1 * * —1
= (1+(o- ;)5%_1/#5 )X D + 0505, .9
= Ny_1/, A" Dw + 95Q9__11/Hg,

from which we obtain ([5.6]).
Formula (5.6 is useful in the proof of our duality theorem.

6. Duality theorem. In this section we shall present the robust estimates of the large
deviation probability for the controlled semi-martingales given in Section 1. We have the
following duality theorem.

THEOREM 6.1. For k € (x'(—00), X' (0-)), we have

1 1 w [T
lim — inf suplo P<<— Fr(X,h +7/ 82d5 <[{):—I/{’
Jim g id suplog P (7 (X h) + 8 [ 16 ds) < (x)

I(k) := 3215{% —x(0)}-

Moreover, for 6(k) such that x'(0(k)) = k € (X'(-00),X'(0-)) take a strategy
RO (t, 2, ¢) = RO (t 2. C). Then

1 =71 - - T
Jim —1og P { Pr(X, RO (X, 0)) + g/o G2 ds) < k) = ~I(r)
where (, = C(Xs).

Proof. Let us first give an upper estimate. For a given constant y/'(—o0) < k < x/'(0—)
and 0 < 0,

T
log PS (FT(X,,h,) + g/ ICs|2 ds < I«UT)
0

= logPC(exp(Q(FT(X_,h_) +/;/OT ICs|? ds)) > 60“T>

<log E¢ [exp(Q(FT(X., h)+ g/T [ ds) - HHT)}
0
= o ¥ [oxp (0 (Fr () + 4 [ 167 as))] - ot

Therefore,

?gglogPC((FT(X,,h,) + % /OT |C5\2ds) < /@T)

< EgglogE‘C [exp(@(FT(X_,h,) + % /OT |Cs|2ds))] — 0T
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and so

T
£ log PS((Fr(X L 24s) < kT
inf suptog PE((Frcn) +§ [ (6P ds) < w)

T
< inf suplog E¢ [exp(@ (FT(X,, h)+ K / ¢ ds))} —OkT = u(0,z;T) — OKT,
helAy cez 2 0
which implies
lim 1 inf sup log P¢ (FT(X h)+ £ /T €2 ds < /@T) < x(0) — 0k
T oo L h€lAy cez 2 /o 7 - -

for all 8 < 0. Hence, we obtain

1 T
lim — inf SuplogPC<FT(X h)+ g/ |<8|2d8§HT)

Tooo I h€As cez

< inf{y(0) — 0k} = —I(k) = — inf I(k).
- égo{X( ) ot (x) ke(x’l(n*OO)xN] ()

Now, let us prove the converse inequality. Take a constant x and € > 0 such that
X(0—) —e > Kk — € > x/(—00). Then there exists . such that

Inf {x(6) = 0(r — )} = x(6c) = 0ex'(9c)-

We write 6. as 0 for simplicity in the following. Assuming the probability space (€2, F, P)
is the canonical one, introduce a probability measure P with the density

dp -
a exp / {((X,) + 06(X,) (X, }*dWCff/ |7(X,) + 65(X )h(XS)|2ds).
Then7 as we have seen above, the solution X; to satisfies
dX; = {B(Xe) + MX) (G + o1 + 95(Xt>l~1t)} dt + MXy) dW,, X =z,

with the Brownian motion process W; = WE - fot{ﬁs + 05(X,)hs} ds under P, where
hs = h(Xs) and 75 = D(X). Let us first show the following lemma.

LEMMA 6.1. For each €, by taking sufficiently large T,

T T u [T
P(/ f(XS,hs)ds—&—/ @(Xs,hs)*dWs—kf/ |CS|2ds>/<;T) <e (6.1)
0 0 2 Jo
holds for h € Ayy.
Proof. We see that

T T T
of [ sxanyds+ [Cotxnyaw+ 5 16 Ras)
0 0 2 0
T _ _ T~ _
- / (X, b 70, o 0) ds + 0 / Fab(X.)* dF,
" T ~ ’ ~ 1 T _ 9 (62)
+0/ (he — ha)* (6(Xa)* — SY2(X.) Ep i) dWS+§/ |75 + 06(X)hs|™ ds
0 0

T T
+ 9/ (hs — hg)*SY2(X () Epp py AW — 5/ (hs — hs)*S(X,)(hs — hy) ds.
0 0
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Indeed,
T T 6‘/14 T N
9/ f(Xs,hs)ds+9/ ¢(Xs,hs)*dws+7/ G| ds
0 0 0
T ~ ~
:9/ [f(Xs,hs)+h:6(Xs)*{z7$+(s+96(Xs)hs}] ds
9N 2 “5(X,)* 7
|§s| ds +9 h dW,
= 9/ (X hs) + ﬁ;a(xs)*{ﬁs + (s + 06(X,)hs}] ds
9" |§s|2ds+9/ RES(X,)* dW, +9/ (X,)* dW,

+0/0 F(Xarhg) = (X )+ (he — ha) 5(X)* {7 + & + 05(X )} ds

Then we can see that
~ _ . - 0y -
0f(x, 1) + 01 (7 + C + 66h) + 7“ )2

0 - 1 -
:—thh h*(6¢ )+9U+—|§|2 \D|2+§|ﬂ+96h|2

(2,5, 7,G36) + 5| + 05T

(1]

and that
0f(x,h) — 0f(z,h) + 0(h — h)*6* (7 + C + 05h)
= —g h*Qoh + 0h* (g + 6% 4 6*C) — % h*6*6h
- g h*Qoh — Oh* (g + 0% + 6*() — g h*6*5h + 02h* 6T 6h
= Qe+ P 5 OY @tk Q3 g+ 7 +0%0))
+g S 1= Q9+ 077+ 670} Qof{h— QN (g + 077+ 570)}
— ﬁ (h — h)*6*6(h — h)

0 - - 62 - - 0 - -
=-3 (h—=h)"Qo(h —h) — 5 (h—h)*6"6(h—h) = —3 (h—h)*S(h —h)
since Z(z, h, v, (;0) = =4 h*Qoh+0h*(g+8°C) +0U + % |2~ L w2, h = Q; (g + 6+
0*), and Qo = S — 05*6. Therefore, we obtain (6.2)).
Let E,, ar be the m x M matrix such that (Ep, ar)ij = 6,5, for i,j = 1,...,m and
(Bmm)ij=0,form+1<j<M,i=1,...,m, and set

t
Mth = / (hs - hs)*Sl/z(Xs)Em,M dWG
0
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Then, since

T T
w(X7) — w(Xy) = /0 LUw(X,) ds + /0 (Dw)* \(X.) AV,

T T
:X(Q)T—/ E(Xs,ﬁs,ﬁs,fs;e)ds—i—/ (Dw)*\(X,) dW,
0 0
we have

o [ sknast [ oxny awo b [ iEpas)

T
=x(O)T +w(Xo) —w(Xr) +/ {(Dw)*A\(X,) 4 0hgd(X,)*} dW,
0 (6.3)

T
+ e/ (hs — hs)* (0(Xs)" = SY*(Xs)Epar) AW
+1/ 7+ 00(X )| ds + 00 ~ Loy, ).
2 )
Thanks to (| -, we have
(w— 0w )(X7) — (w — Ow')(Xo)

T ~
:/ L (w — 0w (X,) dW, +/ D(w — 0w')(X)" N Xs) dW, (6.4)

/ 5+06*R|2(X,) ds + (x(0) — 9;((9))T+/0 D(w—0w')(X,)* N X,) dW.

Therefore,

T T i H T -
of [ reehyas [ pxony aw,+ 5 [Fiapas)
T
= 0X'(0)T + 6w’ (Xo) —Hw’(XT)Jre/ {(DW' ) N X) + (X)) dW (6.5)
0

n G/T(hs — R (6(X)* — SY2(X,) Erag) AW, + 9(M1’z - % (Mh>T>.
0

Now we can prove (6.1)). Since k = x'(6) + €,

T T T
P(/O f(Xs,hs)der/O go(Xs,hs)*dWs+g/ |§S|2ds>nT)

< (w0t = L) 4 ([ Durra - )

+P(/0Tﬁ*5( O dW, >%)+P(MT77<Mh> EST)

+P(/OT<hs—ﬁs>*<6<Xs>*—5”2< Xo) B ar) 7, > )

5
=Q1+Q2+ Q3+ Qs+ Q5.
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Then
2

Q1 < a7 Ef|lw'(X7) — w'(Xo)|?].

Noting that the law P o X! defined in Section 3 is nothing but P and that v’ is of at
most polynomial growth, we see that Ef|w’(X7) — w'(X)|?] is bounded by a positive
constant C' independent of 7' thanks to Lemma [3.1} Thus, @ is seen to be small enough
when T is sufficiently large. Next, since

2} 52

Qs < ;;EH/OT(DIU')*A(XS) s [/OT E(Dw')*M*Dw'(XS)} ds

and (Dw')*AN*Dw’ is of at most polynomial growth again, E[(Dw’)*\\*Duw’(X,)] is
bounded by a positive constant. Therefore, ()2 is small enough when T is sufficiently

large. As for Q3 and Q5, the same arguments apply since hy = B(XS) and hs = h(s, X;)
with functions h, h which are of at most linear growth. Concerning @4, we have

Q4 < e—eT/5E[eM7’E—<Mh>T/2] < e—€T/5.

Hence we obtain (6.1). m

Then let us complete the proof of Theorem It can proceed in a similar way to the
proof of Theorem 2.4 in [20]. Indeed, set

t -
- / {ﬁs + 95(Xa)}~la}dwf
0

and _
A1 = {7MT Z 76T}

Ay = {=3 (M%) > (x(8) — 0xX'(6) — )T}
Az ={Fr(X.,h) < wT}.
Thanks to (6.4) we have

PG (%)r + (x(0) ~ 0X'(O))T > T
~ T ~
= P((w — 0u/)(Xr) — (w — fu)(Xo) - /0 D(w — w')* NX,) dIV, > €T,
and similarly to the above we see that
B(5 (1% + (x(6) — 0 ()T > eT) < ¢

holds for sufficiently large T. Thus we see that P(A$)
P(A5) < e. Tt is similar to the above showing that P(A$

( /0 G2 ds < HT)

_ _ T
_ E{e—Mg—l/Q(M(?)T;FT(XJh')+ H/ |Cs|2 ds < KT}
0

< €. We have already seen that
) < €. Thus,

2
> BleMr—1/20M"7. A1 0 Ay 0 Ag] > eXOX'O=29T B4 1 4,0 As)

> eXO=0XO)=29T 11 _ P(AS) — P(AS) — P(AS)} > eXO-X'(0)=2)T (1 _ 3¢),
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Therefore,

1 : pot:
lim — inflog PS(Fr(X , h)+ = <2 ds < kT
T%Tm og (T( O ‘)+2/0 |Cs] 37“)

> x(0) — 0xX'(0) — 2 = x(0) — 0(k — €) — 2¢ > ggi(’){x(ﬂ) —0(k—€)} —2¢

for each e. Since x(6) is smooth and convex, supy_o{fx — x()} is convex, and thus
continuous. Hence

1 T
lim - inf suplog P< (Pr(X., h) + & / (G2 ds < wT) > —sup{6r — x(0)}
Tooo I h. ¢ 2 Jo 0<0
because

T
sup log P (FT(X,,h,) + %/ G2 ds < HT)
C. 0

. T
>logP<(FT(X_,h,)—|—%/ |Cs|2ds§/£T).
0

Now, for x/(—00) < k < X'(0—), take a strategy h(®(*):T)(¢) defined in Proposition
Then

T
sup log P (FT(X,, RO )y 4 B / ICs|2 ds < /-;T)
ez 2 Jo

< 522 log E¢ [exp(G(FT(X,, RO () + % AT |Cs|? ds) - QKT)}

= ?1612 log B {exp(@(FT(X_, ROET) () + g /OT ¢ ds))} — 0kT
=u(0,z;T) — OxT.

Therefore,

=— 1 g Sy e L B[
T log P (Pr(X.,h €) + 5/0 C,[2ds < wT)
< x(0(k)) —0(k) = — 2218{9"@ - x(0)}-
On the other hand,

1 : _ . L.
lim — log PS (FT(X_,h(G(”)’T)(C)) + H/ G| ds < KJT)
T— o0 T 2 0

1 = T
> lim g inflog P4 (Fr(X. )+ [ 1Gds < 6T) = —sup{os — x(6))
Tooo I . 2 Jo 9<0

is obvious and hence we obtain our theorem. m

REMARK 6.1. The worst case uncertainty process is ¢(X;) with

- 1

C(x) = m R;lll(NgA*Dw +05Q,"g)
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and in the gradient estimate (3.4)) for w we can see that there exists ug > 0 such that C,,

and C!, do not depend on p for 1 > pg but po. Thus, we see that ”Q:”Lﬁ?c = O(i) since
I Byt Nollzes, = IV 1/ullies, = O(3) and |2 Ry6Q7 Mz, = L1605, llue =
O(%) (cf. the formulae appearing in the proof of Lemma . Therefore p is to be taken
as the certainty level of the drift coefficient 8 and the worst case uncertainty ¢ (z) would

make the strategy E(g(ﬁ))(t7 X,,{(Xy)) in Theorem [6.1] robust to have the large deviation

estimate at the certainty level. It is because, owing to the above order estimates, p = oo
should correspond to the worst case uncertainty ¢(x) = 0 which means § is the true drift
coefficient.

7. Linear Gaussian case. We consider a linear Gaussian case where the following
conditions are assumed:

B(z) =Bz +b, g(z)=Az+a, U(z)=32*Va+m,
a,b, m are constant vectors,
A 6,5, A, B,V are all constant matrices

such that S is positive definite and V' is nonnegative definite.

In this case the lower Isaacs equation (2.13) has the solution wu(t,z) of the following
explicit form:

u(t, ) = 5 2" P(0)7 + g(t)" o+ 1(1),

where P(¢) is the solution to the Riccati ordinary differential equation
1—0u

P(t) — P(t)ANg_1/,\*P(t) + K{ P(t) + P(t)K; — C*C + 60V =0
P(T)=0
with
1 -1
K, =B+ (0 . ;)z\ng_l/MA

C*C = —0A"Q,, A, C:=V=0,/6Q,",,,6%6(5°0)"' A

and ¢(¢) and [(t) are solutions to the ordinary equations, respectively,

, . 1-0 )
)+ (K5 = =5 % POMNy-1,\")alt) + P(1)b
* - 1- 9/’[’ —
—0A%6Qg ", 0 — — P(t)A6Qg 1,0 =0
q(T) =0

and

i(t) + %tr[)\)\*P(t)] + % (1- %)q(t))\Ng,l N ()

1 ~1 * 0 -1 _
+ <b+ (9 - ;))‘5@0—1/#“) q(t) + 70 Qe_l/#a +0m=0
I(T) = 0.
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In this case, if we moreover assume that
(i) B is stable,
or
(ii) AA* and A*A are positive definite,
then
Pt;T)— P, qt;T)— q, T — oo,

where P is the unique, negative semi-definite solution to the stationary equation

1— 0 L
- GM“PANg,l/HA*P+K;P+PK1 —C*C+6V =0 (7.1)
such that
1-9 _
K- B ANy_1,,A*P is stable (7.2)

and ¢ is the solution to

. 1—0u— A e 1—0u—= _
(Kl - TM PANg_1/,\ )q +Pb— 0A6Q, ", a0~ T“ PA6Q; ", ,a=0. (7.3)

Further,
T
l(Oj,j ) —x(0), T — oo
1 1 1N .
X(0) = 5t DXP] + 5 (1 _ @>qAN9_1/M)\ q

* (b + (9 - %)A(;Q;jl/pa)*qu ga*Qe_la + om. (7.4)

Indeed, if condition i) is satisfied, then by setting K = 1_:)” 5@;}1/#/1 we see that

K, + MK = B is stable and therefore (K7, )\) is stabilizable. While, by setting K’ =
(V-0 + ﬁ), /5Q0:11/M5*>‘* we have K7 + C*K’' = B*, which is stable. Thus, we see
that (C, K1) is detectable and it implies (vC*C — 0V, K;) is detectable. Hence, there
exists a negative semi-definite solution P to (7.1)) satisfying (7.2) (cf. [29]).

On the other hand, we assume ii). Then we set

I'=K-\XO\)"YB+1I).
Since K7 + AI' = —I, (K1, A) is seen to be stabilizable. Moreover, setting
1 — * o\ — * — *
' =K' + e 0Qy 21 /,0%0(8%8) 1 Qg 1/, A(A*A)H(=B* — 1),

we see that K7 +C*T" = —1I. Therefore, (C, K1) is detectable and hence (vC*C — 0V, K;)
is detectable, which ensures the existence of the solution to (7.1]) satisfying (7.2)) (cf. [29]).

Thus, in the both cases, we have a solution (x(8),w(z)) to H-J-B equation of ergodic
type (3.16) such that w(z) = %x*ﬁx +@*x with the solution P of (7.1)) and g of (7.3)),
and x(0) is given by (7.4]).

Further, differentiability of P, ¢, and x(#) with respect to € is seen in a similar way
to Hata—Nagai—Sheu [I0] and thus we can obtain the duality theorem.
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