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Abstract. Motivated by downside risk minimization on the wealth process in an incomplete
market model, we have studied in the recent work the asymptotic behavior as time horizon
T → ∞ of the minimizing probability that the empirical mean of a controlled semi-martingale
falls below a certain level on the time horizon T . This asymptotic behavior relates to a risk-
sensitive stochastic control problem in the risk-averse case. Indeed, we obtained an expression of
the decay rate of the probability by the Legendre transform of the limit value of the value function
of the stochastic control problem, which is characterized as the solution to the H–J–B equation
of ergodic type. In the current work we present the results on its robust version, admitting model
uncertainty.

1. Introduction. Let Xt be a solution to the following stochastic differential equation:

dXt = λ(Xt) dWt + β(Xt) dt, X0 = x ∈ RN , (1.1)

with λ(x) ∈ CLip(RN ;RN ⊗ RM ), β(x) ∈ CLip(RN ;RN ) and consider the following
asymptotic behavior of the probability for the given controlled semi-martingale FT (X,h)
of falling below the target growth rate κ:

J0(κ) := lim
T→∞

1
T

inf
h.

logP
( 1
T
FT (X., h.) ≤ κ

)
, (1.2)
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where

FT (X., h.) = F0 +
∫ T

0
f(Xs, hs) ds+

∫ T

0
ϕ(Xs, hs)∗ dWs,

Wt is anM -dimensional Brownian motion process defined on a probability space (Ω,F , P )
with filtration Ft, F0 is an F0-measurable random variable, and ht = h(t,Xt) is an
Ft-progressively measurable Rm-valued process with m,N ≤ M . In particular, we con-
sider the case where

f(x, h) := −1
2 h
∗S(x)h+ h∗g(x) + U(x), ϕ(x, h) = δ(x)h,

with

S(x) ∈ C(RN ;Rm ⊗Rm), g(x) ∈ C(RN ;Rm), δ(x) ∈ C(RN ;RM ⊗Rm),

and U(x) ∈ C(RN ;R1). The problem is motivated by certain problems arising from
mathematical finance called “downside risk minimization”, which have been studied in
[10], [18], [19], [20], [28] in various kinds of situation (cf. also references [9], [11], [23],
[24], [26], [25] on “upside chance maximization”). See also [13] about robust downside
risk minimization for a one factor model with 1 risky asset. In the recent article [22],
as a generalization of “downside risk minimization”, we have discussed such kinds of
asymptotic problem as (1.2) apart from the problems in mathematical finance. In a
similar manner to those works, we relate (1.2) to the limit value:

χ0(θ) := lim
T→∞

1
T

inf
h.

logE
[
eθFT (X.,h.)

]
, θ < 0, (1.3)

which is interpreted as the averaging limit of the value function of the risk-sensitive
stochastic control problem and characterized by the solution to the relevant H–J–B equa-
tion of ergodic type. Indeed, we establish the duality relationship between (1.2) and (1.3)
as

J0(κ) = − inf
k∈(−∞,κ]

sup
θ<0
{θk − χ0(θ)}. (1.4)

Now, in the current paper, we shall further study the problem of its robust version,
admitting model uncertainty. Namely, suppose that the drift coefficient β(x) is uncertain
and we take up the solution to

dXt = λ(Xt) dW ζ
t + {β(Xt) + λ(Xt)ζt} dt, X0 = x ∈ RN , (1.5)

instead of (1.1), introducing an uncertainty parameter process ζt. Here, W ζ
t is an

M -dimensional standard Brownian motion process under the probability measure P ζ
defined by

dP ζ

dP

∣∣∣∣
FT

:= exp
(∫ T

0
ζs dWs −

1
2

∫ T

0
|ζs|2 ds

)
.

We consider the worst case probability that the controlled semi-martingale FT added
by the correction term µ

2
∫ T

0 |ζs|
2 ds falls below the target growth rate κ among the set

of probability measures P ζ , parameterized by uncertainty parameter ζ, each of which
is absolutely continuous with respect to the original probability measure P . Then we
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investigate the asymptotic behavior of the infimum of the worst case probability:

J(κ) := lim
T→∞

1
T

inf
h.

sup
ζ.

logP ζ
( 1
T

{
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds

}
≤ κ

)
(1.6)

over the set of admissible strategy h.. To study (1.6), we relate it to the following averaging
limit:

χ(θ) := lim
T→∞

1
T

inf
h.

sup
ζ.

logEζ
[
exp
(
θ(FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds)

)]
(1.7)

and show the duality relationship:

J(κ) = − inf
k∈(−∞,κ]

sup
θ<0
{θk − χ(θ)} (1.8)

for each given constant χ′(−∞) < κ < χ′(−0), where χ′(θ) is the derivative of χ(θ) with
respect to θ and χ′(−0) = limθ↑0 χ

′(θ).
Taking the supremum with respect to ζ. in (1.6), we consider the worst case probability

and are concerned with the robustness of the estimate. Analyzing this problem results in
providing analysis of the H–J–B equations of the stochastic control problem with a new
aspect. Indeed, we here come to deal with the H–J–B–Isaacs equations relevant to χ(θ).
This robust version of the asymptotic analysis is motivated by the modeling issues and
we here mention it. Suppose that the log prices of the securities in a financial market are
governed by stochastic differential equation (1.1). In that case we can obtain the enormous
market data about Xt, which is considered to be the solution to (1.1). By using such data,
we need to estimate the coefficients consisting of the volatilities λ and the drift β based on
the theory of statistical inference. However, to have accurate estimates of β is considered
almost impossible since for that one needs to utilize the data on an extremely long term,
which may be not accessible. To obtain the good estimates of volatilities λ, one needs the
high frequency data in a relatively shorter period, which may be accessible. Thus, robust
approach admitting the drift uncertainty may be meaningful. Further, we mention the
meaning of the constant µ appearing in the correction term µ

2
∫ T

0 |ζs|
2 ds. It reflects the

certainty level of the given drift coefficient β (cf. Remark 6.1) since we have the estimate
‖ζ̃(x)‖L∞loc

≤ O( 1
µ ) for the worst case uncertainty ζ̃(x). Namely, it goes to 0 as µ tends

to ∞, which means the certainty level of β tends to ∞.
From the practical view points, numerical implementation may be also important. In

the last section, we illustrate the case of linear Gaussian model, where the solution to
the H–J–B equation has the explicit form expressed by using the solution to the Riccati
equation. In that case, the relevant quantities are given in the concrete forms (cf. (7.1),
(7.3) and (7.4)), which may be helpful in numerical implementation.

2. Studies of the problems on a finite time horizon. In the following we always
assume that F0 = 0 for simplicity and so

FT (X., h.) =
∫ T

0
f(Xs, hs) ds+

∫ T

0
ϕ(Xs, hs)∗ dWs
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is considered. Let us make the following assumptions.
λ, β, S, g, δ are smooth and globally Lipschitz,
U is a smooth function bounded below such that

|U(x)|, |DU(x)| ≤M1|x|2 +M2

(2.1)

c0δ
∗δ(x) ≤ S(x) ≤ c1δ∗δ(x), x ∈ RN , c0, c1 > 0 (2.2)

cδIm ≤ δ∗δ(x) ≤ c′δIm, cδ, c
′
δ > 0 (2.3)

c2|ξ|2 ≤ ξ∗λλ∗(x)ξ ≤ c3|ξ|2, c2, c3 > 0, ξ ∈ Rn, (2.4)

where DU(x) is the gradient vector of the function U(x) with respect to the variable
x ∈ Rn , δ∗ denotes the transposed matrix of δ and Im stands for the m×m unit matrix.
Note that, under these assumptions, Qθ defined by

Qθ = S − θδ∗δ

satisfies
(c0 − θ)δ∗δ(x) ≤ Qθ(x) ≤ (c1 − θ)δ∗δ(x) (2.5)

and thus
1

c1 − θ
(δ∗δ(x))−1 ≤ Q−1

θ (x) ≤ 1
c0 − θ

(δ∗δ(x))−1. (2.6)

Moreover,
c0

c0 − θ
IM ≤ IM + θδQ−1

θ δ∗ ≤ IM . (2.7)

Indeed, the left hand side of (2.7) is seen since
θ

c0 − θ
IM ≤

θ

c0 − θ
δ(δ∗δ)−1δ∗ ≤ θδQ−1

θ δ∗,

which follows from (2.6). The right hand side of (2.7) is obvious.
Let Z0 be the totality of RM -valued Borel functions ζ(t, x) such that |ζ(t, x)| ≤

C(1 + |x|) for some C > 0 and set

Z = {ζt : ζt = ζ(t,Xt) is progressively measurable, ζ(t, x) ∈ Z0}.

Then for given ζ. ∈ Z, we can define a probability measure P ζ by
dP ζ

dP

∣∣∣∣
FT

:= exp
(∫ T

0
ζ∗s dWs −

1
2

∫ T

0
|ζs|2 ds

)
since we see that exp

(∫ t
0 ζ
∗
s dWs − 1

2
∫ t

0 |ζs|
2 ds

)
, 0 ≤ t ≤ T , is a martingale for each T .

Indeed, we can prove it in a similar manner to Lemma 4.1.1 in [1] (cf. also Lemma 2.2
below). Then W ζ = Wt −

∫ t
0 ζs ds becomes a standard Brownian motion process and

Xt satisfies the stochastic differential equation (1.5). We are going to investigate the
asymptotic behavior

J(κ) := lim
T→∞

1
T

inf
h.∈∆H

sup
ζ.∈Z

logP ζ
( 1
T
{FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds} ≤ κ

)
, (2.8)

where

∆H = {ht;ht = h(t,Xt, ζt) is progressively measurable, h(t, x, ζ) ∈ H}.



LARGE DEVIATION ESTIMATES 163

Here, H denotes the totality of Borel functions h(t, x, ζ) : [0, T ]×RN ×RM → Rm such
that |h(t, x, ζ)| ≤ C(1 + |x|+ |ζ|). To study (2.8) we are going to analyze

χ(θ) = lim
T→∞

1
T

inf
h.∈∆H

sup
ζ.∈Z

logEζ
[
exp
(
θ
{
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds

})]
. (2.9)

For that we first set the lower value function for the differential game on a finite time
horizon by

u∗(0, x;T ) := inf
h.∈∆H

sup
ζ.∈Z

logEζ
[
exp
(
θ
{
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds

})]
. (2.10)

Available strategies in (2.10) would be considered to be a Markovian counterpart of
Elliott–Kalton strategies and confer [6] and [7] for Elliott–Kalton strategies concerning
differential games and their stochastic counterpart respectively. When introducing an-
other probability measure P ζ,h defined by

dP ζ,h

dP ζ

∣∣∣∣
FT

= exp
(
θ

∫ T

0
ϕ(Xs, hs)∗ dW ζ

s −
θ2

2

∫ T

0
|ϕ(Xs, hs)|2 ds

)
the lower value function is written as

u∗(0, x;T ) = inf
h.∈∆H

sup
ζ.∈Z

logEζ
[
exp
(
θ
{
FT (X., h.) + µ

2

∫ T

0
|ζ|2 ds

})]
= inf
h.∈∆H

sup
ζ.∈Z

logEζ,h
[
exp
(
θ

∫ T

0
η(Xs, hs, ζs) ds

)]
,

(2.11)

where

η(x, h, ζ) = f(x, h) + h∗δ(x)∗ζ + µ

2 |ζ|
2 + θ

2 |δ(x)h|2

= −1
2 h
∗Qθ(x)h+ h∗(δ(x)∗ζ + g(x)) + U(x) + µ

2 |ζ|
2.

Note that it is also seen by Lemma 2.2 below that

exp
(
θ

∫ t

0
ϕ(Xs, hs)∗ dW ζ

s −
θ2

2

∫ t

0
|ϕ(Xs, hs)|2 ds

)
, 0 ≤ t ≤ T,

is a martingale under (Ω,Ft, P ζ) and P ζ,h is well defined. Then

W ζ,h = W ζ − θ
∫ t

0
ϕ(Xs, hs) ds

is a Brownian motion process under P ζ,h and Xt turns out to satisfy

dXt = λ(Xt) dW ζ,h
t + (β(Xt) + λ(Xt)ζt + θλδ(Xt)ht) dt. (2.12)

Then we see that to the lower value there corresponds the lower Isaacs H–J–B equation
∂u

∂t
+ 1

2 tr[λλ∗D2u] + β∗Du+ 1
2 (Du)∗λλ∗Du+H−(x,Du) = 0

u(T, x) = 0,
(2.13)
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where
H−(x, p) = sup

ζ∈RM
inf

h∈Rm
Λ(x, p, ζ, h)

≡ sup
ζ∈RM

inf
h∈Rm

[
{ζ + θδ(x)h}∗λ(x)∗p+ θη(x, ζ, h)

]
= − 1

2θµ (Nθλ∗p+ θδQ−1
θ g)∗R−1

θ,µ(Nθλ∗p+ θδQ−1
θ g)

+ θ

2 (g + δ∗λ∗p)∗Q−1
θ (g + δ∗λ∗p) + θU,

and

Nθ = IM + θδQ−1
θ δ∗, Rθ,µ = IM + 1

µ
δQ−1

θ δ∗, (2.14)

because

Λ(x, p, ζ, h) =
[
−θ2 {h−Q

−1
θ (g + δ∗ζ + δ∗λ∗p)}∗Qθ{h−Q−1

θ (g + δ∗ζ + δ∗λ∗p)}

+ θ

2 (g + δ∗λ∗p)∗Q−1
θ (g + δ∗λ∗p) + θU

+ θµ

2

{
ζ + 1

θµ
R−1
θ,µ(Nθλ∗p+ θδQ−1

θ g)
}∗
Rθ,µ

{
ζ + 1

θµ
R−1
θ,µ(Nθλ∗p+ θδQ−1

θ g)
}

− 1
2θµ (Nθλ∗p+ θδQ−1

θ g)∗R−1
θ,µ(Nθλ∗p+ θδQ−1

θ g)
]
.

(2.15)

Indeed, set

ζ̂(x, p) = − 1
θµ

R−1
θ,µ(Nθλ∗p+ θδQ−1

θ g) (2.16)

ĥ(x, ζ, p) = Q−1
θ (g + δ∗ζ + δ∗λ∗p). (2.17)

Then, for a given solution u to lower Isaacs equation (2.13), ζ̄(t, x) and h̄(t, x, ζ) defined
by

ζ̄(t, x) := ζ̂(x,Du(t, x)), h̄(t, x, ζ) := ĥ(x, ζ,Du(t, x))

satisfy

h̄(t, x, ζ) = arg min
h∈Rm

Λ(x,Du(t, x), ζ, h)

ζ̄(t, x) = arg max
ζ∈RM

Λ(x,Du(t, x), ζ, h̄(t, x, ζ))

and
H−(x,Du) = sup

ζ∈RM
inf

h∈Rm
Λ(x,Du(t, x), ζ, h)

= Λ(x,Du(t, x), ζ̄(t, x), h̄(t, x, ζ̄(t, x))).



LARGE DEVIATION ESTIMATES 165

Let us show that the Isaacs condition holds in the Isaacs equation (2.13). To see that we
notice that

H+(x, p) := inf
h∈Rm

sup
ζ∈RM

Λ(x, p, ζ, h)

≡ inf
h∈Rm

sup
ζ∈RM

[
{ζ + θδ(x)h}∗λ(x)∗p+ θη(x, ζ, h)

]
= 1

2θµ2 {(1− θµ)δ∗λ∗(x)p− θµg(x)}∗Q−1
θ−1/µ(x){(1− θµ)δ∗λ∗(x)p− θµg(x)}

− 1
2θµ p

∗λλ∗(x)p+ θU(x)

holds, since

Λ(x, p, ζ, h) = θµ

2

[
ζ + 1

θµ
{λ∗p+ θδh}

]∗[
ζ + 1

θµ
{λ∗p+ θδh}

]
− θ

2

{
h+ 1

θµ
Q−1
θ−1/µ((1− θµ)δ∗λ∗p− θµg)

}−1
Qθ−1/µ

×
{
h+ 1

θµ
Q−1
θ−1/µ((1− θµ)δ∗λ∗p− θµg)

}
+ 1

2θµ2 {(1− θµ)δ∗λ∗p− θµg}∗Q−1
θ−1/µ{(1− θµ)δ∗λ∗p− θµg} − 1

2θµ p
∗λλ∗p+ θU.

The following lemma says that the Isaacs condition holds in the current case. Instead
of appealing to the general theory of convex analysis, we give a direct proof of the lemma
in which we have useful formulae for the succeeding arguments.

Lemma 2.1. The Isaacs condition holds for Λ(x, p; ζ, h):

H+(x, p) = H−(x, p).

Proof. It suffices to prove that

− 1
µ
Q−1
θ δ∗R−1

θ,µδQ
−1
θ +Q−1

θ = Q−1
θ−1/µ, (2.18)

− 1
θµ

NθR
−1
θ,µNθ + θδQ−1

θ δ∗ = (1− θµ)2

θµ2 δQ−1
θ−1/µδ

∗ − 1
θµ

IM (2.19)

and
− 1
µ
Q−1
θ δ∗R−1

θ,µNθ + θQ−1
θ δ∗ = −1− θµ

µ
Q−1
θ−1/µδ

∗. (2.20)

We first show the following useful formula:

Q−1
θ−1/µ = Q−1

θ δ∗R−1
θ,µδ(δ

∗δ)−1. (2.21)

Since Qθ−1/µ = Qθ + 1
µ δ
∗δ we have

Qθ−1/µ(Q−1
θ δ∗R−1

θ,µδ(δ
∗δ)−1) = δ∗R−1

θ,µδ(δ
∗δ)−1 + 1

µ
δ∗δQ−1

θ δ∗R−1
θ,µδ(δ

∗δ)−1

= δ∗R−1
θ,µδ(δ

∗δ)−1 + 1
µ
δ∗R−1

θ,µδQ
−1
θ δ∗δ(δ∗δ)−1

= δ∗R−1
θ,µ

(
IM + 1

µ
δQ−1

θ δ∗
)
δ(δ∗δ)−1 = Im
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because from the definition of Rθ,µ we can see that δQ−1
θ δ∗ and R−1

θ,µ are commutative.
Thus, (2.21) holds. We further obtain the formula

Nθ−1/µ = R−1
θ,µNθ (2.22)

from (2.21). Indeed, we obtain

Nθ−1/µ = IM +
(
θ − 1

µ

)
δQ−1

θ−1/µδ
∗ = IM +

(
θ − 1

µ

)
δQ−1

θ δ∗R−1
θ,µδ(δ

∗δ)−1δ∗

= IM +
(
θ − 1

µ

)
µ(IM −R−1

θ,µ) = µθIM + (1− θµ)R−1
θ,µ = R−1

θ,µNθ

since IM = R−1
θ,µ + 1

µ R
−1
θ,µδQ

−1
θ δ∗ and Nθ = (1− θµ)IM + θµRθ.µ.

Now let us show (2.18).

− 1
µ
Q−1
θ δ∗R−1

θ,µδQ
−1
θ +Q−1

θ = − 1
µ

(δ∗δ)−1δ∗δQ−1
θ δ∗R−1

θ,µδQ
−1
θ +Q−1

θ

= −(δ∗δ)−1δ∗(IM −R−1
θ,µ)δQ−1

θ +Q−1
θ = (δ∗δ)−1δ∗R−1

θ,µδQ
−1
θ

= Q−1
θ δ∗R−1

θ,µδ(δ
∗δ)−1 = Q−1

θ−1/µ.

Next we shall see (2.19).

− 1
θµ

NθR
−1
θ,µNθ + θδQ−1

θ δ∗ = − 1
θµ

NθR
−1
θ,µNθ +Nθ − IM = θµ− 1

θµ
NθR

−1
θ,µ − IM

since R−1
θ,µNθ = (1− θµ)R−1

θ,µ + θµIM . On the other hand

(1− θµ)2

θµ2 δQ−1
θ−1/µδ

∗ − 1
θµ

IM + IM = (1− θµ)2

θµ
δQ−1

θ−1/µδ
∗ + θµ− 1

θµ
IM

= θµ− 1
θµ

{
IM +

(
θ − 1

µ

)
δQ−1

θ−1/µδ
∗
}

= θµ− 1
θµ

Nθ−1/µ

and thus, (2.22) implies (2.19).
Finally we shall see (2.20).

− 1
µ
Q−1
θ δ∗R−1

θ,µNθ + θQ−1
θ δ∗ = − 1

µ
Q−1
θ δ∗(R−1

θ,µNθ − θµIM ) = −1− θµ
µ

Q−1
θ δ∗R−1

θ,µ

while
Q−1
θ−1/µδ

∗ = Q−1
θ δ∗R−1

θ,µδ(δ
∗δ)−1δ∗ = Q−1

θ δ∗R−1
θ,µ

since δ(δ∗δ)−1δ∗ and Rθ,µ are commutative, and so are δ(δ∗δ)−1δ∗ and R−1
θ,µ. Hence,

(2.20) is seen to hold.

Owing to Lemma 2.1, H−(x, p) = H+(x, p) and the Isaacs equation (2.13) can be
written as
∂u

∂t
+ 1

2 tr[λλ∗D2u] +
{
β +

(
θ − 1/µ

)
λδQ−1

θ−1/µg
}∗
Du

+ θµ− 1
2θµ (Du)∗λ

(
I +

(
θ − 1

µ

)
δQ−1

θ−1/µδ
∗
)
λ∗Du+ θ

2 g
∗Q−1

θ−1/µg + θU = 0

u(T, x) = 0.

(2.23)
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Thus, we see that for a given solution u to lower Isaacs equation (2.13), ζ̌(t, x) and
ȟ(t, x, ζ) defined by

ζ̌(t, x, h) = − 1
θµ

(λ∗Du+ θδh)

ȟ(t, x) = − 1
θµ

Q−1
θ−1/µ((1− θµ)δ∗λ∗Du− θµg)

satisfy

ȟ(t, x) = arg min
h∈Rm

Λ(x,Du(t, x), ζ̌(t, x, h), h)

ζ̌(t, x, h) = arg max
ζ∈RM

Λ(x,Du(t, x), ζ, h)

and
H+(x,Du) = inf

h∈Rm
sup
ζ∈RM

Λ(x,Du(t, x), ζ, h)

= Λ
(
x,Du(t, x), ζ̌(t, x, ȟ(t, x)), ȟ(t, x)

)
.

Then we can see that equation (2.23) has a sufficiently smooth solution satisfying nice
gradient estimates, similarly to Theorem 2.1 in [19]. Indeed, we have the following propo-
sition (cf. [3], [17]).

Proposition 2.1. Under the assumptions (2.1)–(2.4) the Isaacs equation (2.23) has a so-
lution such that
v(t, x) ≤ K0,

v,
∂v

∂t
,
∂v

∂xi
,

∂2v

∂xi∂xj
∈ Lp(0, T ;Lploc(Rn)) ∀p > 1,

∂v

∂t
≥ −C,

∂2v

∂2t
,

∂2v

∂xi∂t
,

∂3v

∂xi∂xj∂xk
,

∂3v

∂xi∂xj∂t
∈ Lp(0, T ;Lploc(Rn)) ∀p > 1,

|Dv|2 + (c0 − θ)(1 + c)
c0c2

(∂v
∂t

+ C
)
≤ c′

(
|DNθ,µ|22r + |Nθ,µ|22r + |D(λλ∗)|22r

+ |Dβθ,µ|2r + |βθ,µ|22r + |θU |2r + |θDU |2r + |g∗Qθ,µg|2r + |D(g∗Qθ,µg)|2r + 1
)
,

x ∈ Br, t ∈ [0, T ),
where

βθ,µ = β +
(
θ − 1

µ

)
λδQ−1

θ−1/µg, Nθ,µ = θµ− 1
2θµ Nθ−1/µ, Qθ,µ = θ

2 Q
−1
θ−1/µ,

Br = {x : |x| < r} and c > 0 is an arbitrary positive constant, c′ is a positive constant
depending on c0, c2, c, C, θ and n but not on r, and −C is the lower bound of U .

Here, we note that ∂v
∂t ≥ −C because of assumption (2.1) and the gradient estimates

have a minor difference from Theorem 2.1 in [20].
Let us set

J(ζ, h(ζ)) := logEζ,h(ζ)
[
exp
(
θ

∫ T

0
η(Xs, h(s,Xs, ζs), ζs) ds

)]
,
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where
h(ζ) = h(t, x, ζ), ζ ∈ Z.

Then we can see that for the solution u(t, x;T ) to (2.23),

u(0, x;T ) = J(ζ̄, h̄(ζ̄)),

where
ζ̄ = ζ̄(t,Xt), h̄(ζ̄) = h̄(t,Xt, ζ̄(t,Xt)). (2.24)

Further, (ζ̄, h̄(ζ̄)) turns out to be a saddle point of the game and attain the value of the
game. Indeed, we have the following proposition.

Proposition 2.2. Let u(t, x;T ) be a solution to (2.23). Then, under the assumptions
(2.1)–(2.4), the pair of the strategies ζ̄ ∈ Z and h̄(ζ̄) ∈ ∆H defined by (2.24) is the saddle
point, namely,

J(ζ, h̄(ζ)) ≤ J(ζ̄, h̄(ζ̄)) ≤ J(ζ̄, h(ζ̄)), (2.25)

and attains the value of the game:

u(0, x;T ) = J(ζ̄, h̄(ζ̄)) = u∗(0, x;T ).

To prove this proposition, the following lemma is useful.

Lemma 2.2. Let Yt be a solution to the stochastic differential equation

dYt = σ(t, Yt) dWt + µ(t, Yt) dt, Y0 = x,

where σ, µ are locally Lipschitz continuous functions such that

|r(t, x)| ≤ K(1 + |x|) (2.26)

for r = σ, µ and ψ(t, x) be a continuous function satisfying (2.26). We further assume
that σ is bounded. Then, setting

ρt := exp
(∫ t

0
ψ(s, Ys)∗ dWs −

1
2

∫ t

0
|ψ(s,Xs)|2 ds

)
we have

E[ρt] = 1, ∀t.

The proof of this lemma is similar to that of Lemma 4.1.1 in [1].

Proof of Proposition 2.2. Let us first show that ζ̄t := ζ̄(t,Xt) ∈ Z and that h̄t :=
h̄(t,Xt, ζ̄t) ∈ ∆H. For that we shall show that (2.26) holds for each of r(t, x) = ζ̄(t, x),
h̄(t, x, ζ̄(t, x)) in light of the gradient estimates given in Proposition 2.1. Indeed, it follows
that

− c0
θµ(c0 − µ) IM ≤ −

1
θµ

R−1
θ,µNθ ≤ −

1
θµ

IM

from (2.7) and (2.22), and that
1

c1 − θ + 1/µ (δ∗δ)−1 ≤ Q−1
θ δ∗R−1

θ,µδ(δ
∗δ)−1 ≤ 1

c0 − θ + 1/µ (δ∗δ)−1

from (2.6) and (2.21). Therefore, since

R−1
θ,µδQ

−1
θ = R−1

θ,µδQ
−1
θ δ∗δ(δ∗δ)−1 = δQ−1

θ δ∗R−1
θ,µδ(δ

∗δ)−1,
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ζ̄(t, x) is seen to satisfy (2.26). Similarly, we can see that |h̄(t, x, ζ)| ≤ C(1 + |x| + |ζ|)
and thus (2.26) holds for h̄(t, x, ζ̄(t, x)). Therefore, owing to Lemma 2.2 we see that
ζ̄t = ζ̄(t,Xt) ∈ Z and that h̄t = h̄(t,Xt, ζ̄t) ∈ ∆H.

Next, we shall show that

J(ζ̄, h̄) = inf
h∈∆H

J(ζ̄, h(ζ̄)). (2.27)

Let Xt be a solution to

dXt =
{
β(Xt) + λ(Xt)ζ̄(t,Xt) + θδ(Xt)h(ζ̄)t

}
dt+ λ dW ζ̄,h

t , X0 = x,

for a given h ∈ ∆H, where h(ζ̄)t = h(t,Xt, ζ̄(t,Xt)). Noting that the H–J–B equation for
the control problem (2.27) turns out to be

∂u

∂t
+ 1

2 tr[λλ∗D2u] + β∗Du+ 1
2 (Du)∗λλ∗Du

+ inf
h∈Rm

[
{ζ̄(t, x)λ∗(x) + θh∗δ∗(x)}Du+ θη(x, h, ζ̄)

]
= 0

u(T, x) = 0.
Thus, through the standard argument using Itô’s formula, we see that

E ζ̄,h̄
[
exp
(
θ

∫ T

0
η(Xs, h̄s, ζ̄s) ds

)]
= E ζ̄

[
exp
(
θ

∫ T

0
η(Xs, h̄s, ζ̄s) ds+ θ

∫ T

0
[δh̄s]∗ dW ζ

s −
θ2

2

∫ T

0
|δh̄s|2 ds

)]
= eu(0,x). (2.28)

Indeed, by Itô’s formula,

u(T,XT )− u(0, X0) =
∫ T

0

(∂u
∂t

+ Lζ̄u
)

(s,Xs) ds+
∫ T

0
(Du)∗(s,Xs)λ(Xs) dW ζ̄

s

= −θ
∫ T

0
[λδh̄s]∗Du(s,Xs) ds−

1
2

∫ T

0
(Du)∗λλ∗Du(s,Xs) ds

−
∫ T

0
η(Xs, h̄s, ζ̄s) ds+

∫ T

0
(Du)∗λ(s,Xs) dW ζ̄

s .

Thus,

exp
(
θ

∫ T

0
η(Xs, h̄s, ζs) ds+ θ

∫ T

0
[δh̄s]∗ dW ζ

s −
θ2

2

∫ T

0
|δh̄s|2 ds

)
= exp

(
u(0, x) +

∫ T

0
[θδh̄s + λ∗Du(s,Xs)]∗ dW ζ̄

s −
1
2

∫ T

0
|θδh̄s + λ∗Du(s,Xs)|2 ds

)
.

and

E ζ̄
[
exp
(∫ T

0
[θδh̄s + λ∗Du(s,Xs)]∗ dW ζ̄

s −
1
2

∫ T

0

∣∣θδh̄s + λ∗Du(s,Xs)
∣∣2 ds)]

= E
[
exp
(∫ T

0
[ζ̄s+θδh̄s+λ∗Du(s,Xs)]∗ dWs−

1
2

∫ T

0

∣∣ζ̄s+θδh̄s+λ∗Du(s,Xs)
∣∣2 ds)] = 1

follows from the above lemma. Hence we see that (2.28) holds.
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Next, we shall prove that

eu(0,x) ≤ E ζ̄,h(ζ̄)
[
exp
(
θ

∫ T

0
η(Xs, h(ζ̄)s, ζ̄s) ds

)]
(2.29)

for each h ∈ ∆H. In a similar manner to the above we have

u(T,XT )− u(0, X0) =
∫ T

0

(∂u
∂t

+ Lζ̄u
)

(s,Xs) ds+
∫ T

0
(Du)∗(s,Xs) dW ζ̄

s

≥ −θ
∫ T

0
[λδh(ζ̄)s]∗Du(s,Xs) ds−

1
2

∫ T

0
(Du)∗λλ∗Du(s,Xs) ds

−
∫ T

0
θη(Xs, h(ζ̄)s, ζ̄s) ds+

∫ T

0
(Du)∗λ(s,Xs) dW ζ̄

s ,

where h(ζ̄)s = h(s,Xs, ζ̄s). Thus,

exp
(
θ

∫ T

0
η(Xs, h(ζ̄)s, ζ̄s) ds+ θ

∫ T

0
[δh̄s]∗ dW ζ̄

s −
θ2

2

∫ T

0
|δh(ζ̄)s|2 ds

)
≥ exp

(
u(0, x)+

∫ T

0
[θδh(ζ̄)s+λ∗Du(s,Xs)]∗ dW ζ̄

s −
1
2

∫ T

0

∣∣θδh(ζ̄)s+λ∗Du(s,Xs)
∣∣2 ds)

Since we have

E ζ̄
[
exp
(∫ T

0
[θδh(ζ̄)s + λ∗Du(s,Xs)]∗ dW ζ̄

s −
1
2

∫ T

0

∣∣θδh(ζ̄)s + λ∗Du(s,Xs)
∣∣2 ds)]

= E
[
exp
(∫ T

0

[
ζ̄s + θδh(ζ̄)s + λ∗Du(s,Xs)

]∗
dWs

− 1
2

∫ T

0

∣∣ζ̄s + θδh(ζ̄)s + λ∗Du(s,Xs)
∣∣2 ds)] = 1

because of the above lemma, we obtain (2.29).
Finally we prove that

J(ζ̄, h̄(ζ̄)) ≥ J(ζ, h̄(ζ)), ∀ζ ∈ Z. (2.30)

For that it suffices to show that

Eζ,h̄(ζ)
[
exp
(
θ

∫ T

0
η(Xs, h̄(ζ)s, ζs) ds

)]
≤ eu(0,x) (2.31)

for each ζ ∈ Z, where Xt is a solution to

dXt =
{
β(Xt) + λ(Xt)ζt + θδ(Xt)h̄(t,Xt, ζt)

}
dt+ λ dW ζ,h̄

t , X0 = x.

By looking at (2.15) we see that
∂u

∂t
+ 1

2 tr[λλ∗D2u] + β∗Du+ 1
2 (Du)∗λλ∗Du

+
{
ζλ∗(x) + θh̄(t, x, ζ)∗δ∗(x)

}
Du+ η(x, h̄(t, x, ζ), ζ) ≤ 0, ∀ζ ∈ RM ,

u(T, x) = 0,

and hence we obtain (2.31) similarly to the above.

We further have the following proposition.
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Proposition 2.3. h̄(t,Xt, ζ̄(t,Xt)) = ȟ(t,Xt).

To see the convexity of the value of the game with respect to θ, rewriting the Isaacs
equation as follows is useful.

∂u

∂t
+ 1

2 tr[λλ∗D2u] + (β − λδ(δ∗δ)−1g)∗Du

− 1− θµ
2θµ

{
λ∗Du− θµ

1− θµ δ(δ
∗δ)−1g

}∗
Nθ−1/µ

{
λ∗Du− θµ

1− θµ δ(δ
∗δ)−1g

}
+ θµ

2(1− θµ) g
∗(δ∗δ)−1g + θU = 0

u(T, x) = 0,

which can be regarded as

∂u

∂t
+ 1

2 tr[λλ∗D2u] + (β − λδ(δ∗δ)−1g)∗Du

+ sup
z∈RM

{ θµ

2(1− θµ) z
∗N−1

θ−1/µz + z∗(λ∗Du− θµ

1− θµ δ(δ
∗δ)−1g)

}
+ θµ

2(1− θµ) g
∗(δ∗δ)−1g + θU = 0

u(T, x) = 0.

(2.32)

Equation (2.32) is seen to be the H–J–B equation of the stochastic control problem

ũ∗(0, x;T ) = sup
Z.∈Z

E
[∫ T

0
Φ(Xs, Zs) ds

]
, (2.33)

Φ(x, z; θ) = θµ

2(1− θ) z
∗N−1

θ−1/µz −
θµ

1− θµ z
∗δ(δ∗δ)−1g

+ θµ

2(1− θµ) g
∗(δ∗δ)−1g + θU,

with the controlled process Xt governed by the stochastic differential equation

dXt = λ(Xt) dWt + {G(Xt) + λ(Xt)Zt} dt, X0 = x, (2.34)

where
G(x) = β − λδ(δ∗δ)−1g.

Here, Z is the totality of RM -valued, progressively measurable processes Zt such that
E[
∫ T

0 |Zs|
2 ds] <∞.

Lemma 2.3. The above defined Φ(x, z) = Φ(x, z; θ) is a convex function of θ.

Proof. Noting that

N−1
θ−1/µ = Rθ,µN

−1
θ =

IM − (1− θµ)N−1
θ

θµ
,
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we see that

Φ(x, z) = 1
2(1− θµ) z

∗z − 1
2 z
∗N−1

θ (x)z − θµ

1− θµ z
∗δ(δ∗δ)−1g(x)

+ θµ

2(1− θµ) g
∗(δ∗δ)−1g(x) + θU(x)

= 1
2(1− θµ) (z − θµδ(δ∗δ)−1g(x))∗(z − θµδ(δ∗δ)−1g(x))

− 1
2 z
∗N−1

θ (x)z + θµ

2 g∗(δ∗δ)−1g(x) + θU(x).

(2.35)

Set
ϕ(x, z; θ) := 1

2(1− θµ) (z − θµδ(δ∗δ)−1g)∗(z − θµδ(δ∗δ)−1g).

Then we can see by calculation that
∂2ϕ

∂θ2 = µ2

(1− θµ)3 (z − δ(δ∗δ)−1g)∗(z − δ(δ∗δ)−1g) ≥ 0. (2.36)

Further, we have
∂2N−1

θ

∂θ2 = 0. (2.37)

Indeed, since ∂Qθ
∂θ = −δ∗δ we have

∂Q−1
θ

∂θ
= −Q−1

θ

∂Qθ
∂θ

Q−1
θ = Q−1

θ δ∗δQ−1
θ (2.38)

and thus,
∂Nθ
∂θ

= δQ−1
θ δ∗ + θδQ−1

θ δ∗δQ−1
θ δ∗ = δQ−1

θ δ∗Nθ = NθδQ
−1
θ δ∗. (2.39)

Therefore,
∂2Nθ
∂θ2 = ∂Nθ

∂θ
δQ−1

θ δ∗ +Nθδ
∂Q−1

θ

∂θ
δ∗ = 2Nθ(δQ−1

θ δ∗)2.

Then
∂N−1

θ

∂θ
= −N−1

θ

∂Nθ
∂θ

N−1
θ = −δQ−1

θ δ∗N−1
θ = −N−1

θ δQ−1
θ δ∗

and so we see (2.37) as follows.

∂2N−1
θ

∂θ2 = −
∂N−1

θ

∂θ

∂Nθ
∂θ

N−1
θ −N−1

θ

∂2Nθ
∂θ2 N−1

θ −N−1
θ

∂Nθ
∂θ

∂N−1
θ

∂θ

= N−1
θ (δQ−1

θ δ∗)2 − 2N−1
θ (δQ−1

θ δ∗)2 +N−1
θ (δQ−1

θ δ∗)2 = 0.

Hence, convexity of Φ follows from (2.35), (2.36) and (2.37).

Lemma 2.4. Let assumptions (2.1)–(2.4) be satisfied and let u(t, x;T ) be a solution to
H–J–B equation (2.32). Then u(0, x;T ) is a convex function of θ.

Proof. Set

Ẑ(t, x) := 1− θµ
θµ

Nθ−1/µ(x)
(
λ∗(x)Du(t, x)− θµ

1− θµ δ(δ
∗δ)−1g(x)

)
,
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and let X̂t be a solution to (2.34) for Zt = Ẑt ≡ Ẑ(t,Xt). Then the verification theorem
for problem (2.33) holds:

ũ∗(0, x;T ) = E
[∫ T

0
Φ(X̂t, Ẑt) dt

]
= u(0, x;T ).

Therefore, since Φ(x, z) is a convex function of θ by Lemma 2.1 convexity of u(0, x;T )
follows.

3. H–J–B equations of ergodic type. Set ū = −u. Then
∂ū

∂t
+ 1

2 tr[λλ∗D2ū] + β∗θ,µDū−
1
2 (Dū)∗λNθ,µλ∗Dū−

1
2 g
∗Qθ,µg − θU = 0,

ū(T, x) = 0.
(3.1)

Now let us consider the infinite horizon counterpart of H–J–B equation (3.1) (or (2.23)),
which is called H–J–B equation of ergodic type. We have the following according to [2]
and Proposition 3.2 in [20].

Proposition 3.1.
i) Assume that

lim
r→∞

inf
|x|≥r
{g∗(δ∗δ)−1g(x) + U(x)} =∞ (3.2)

besides assumptions (2.1)–(2.4). Then we have a solution (χ̄(θ), w̄) of

χ̄(θ) = 1
2 tr[λλ∗D2w̄] + β∗θ,µDw̄ −

1
2 (Dw̄)∗λNθ,µλ∗Dw̄ −

1
2 g
∗Q−1

θ,µg − θU, (3.3)

such that w̄(x) is bounded below. Moreover, such a solution (χ̄, w̄) is unique up to additive
constants with respect to w̄ and w̄(x) → ∞ as |x| → ∞. Further, the solution satisfies
the following estimate

|Dw̄(x)|2 ≤ Cw|x|2 + C ′w. (3.4)

If we assume the stronger assumption than (3.2),

c4|x|2 − c5 ≤
1

c1 − θ
g∗(δ∗δ)−1g(x) + U(x), (3.5)

then we have
cw|x|2 − c′w ≤ w̄(x), cw, c

′
w > 0. (3.6)

ii) Assume that
β(x)∗x ≤ −cβ |x|2 + c′β , cβ > 0, c′β > 0 (3.7)

besides assumptions (2.1)–(2.4). Then there exists a positive constant b∗ > 0 such that
ψb∗(x) := −b∗|x|2 satisfies

F (ψb∗)(x)→∞, as |x| → ∞,

where

F (ψ) = 1
2 tr[λλ∗D2ψ] + β∗θ,µDψ −

1
2 (Dψ)∗λNθ,µλ∗Dψ −

1
2 g
∗Q−1

θ,µg − θU.

Moreover, we have a solution (χ̄(θ), w̄) to (3.3) such that w̄ − ψb(x) with 0 < b < b∗ is
bounded below.
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Here we note that cw in (3.6) is a positive constant such that

2c3c2w + Cβcw <
−c4θ

4
and Cβ is the one such that |βθ,µ(x)| ≤ Cβ |x| + C (3.4) and (3.6) can be seen in [20].
Existence and uniqueness of the solution to (3.3) are due to [2].

In the statement ii), that F (ψb∗)(x)→∞, |x| → ∞, can be seen by looking at[(
θ − 1

µ

)
λδQ−1

θ−1/µg
]∗
Dψb −

θ

2 g
∗Q−1

θ−1/µg

= −θ2

{
g −

(
1− 1

θµ

)
δ∗λ∗Dψb

}∗
Q−1
θ−1/µ

{
g −

(
1− 1

θµ

)
δ∗λ∗Dψb

}
+ θ

2

(
1− 1

θµ

)2
(Dψb)∗λδQ−1

θ−1/µδ
∗λ∗Dψb

since βθ,µ = β + (θ − 1
µ )λδQ−1

θ−1/µg and Qθ,µ = θ
2 Q
−1
θ−1/µ. Indeed, we see that

∃c∗, c′∗ > 0 F (ψb∗) ≥ c∗|x|2 − c′∗,

by taking sufficiently small b∗. Thus, when considering w̄−ψb in place of w̄ the equation
(3.3) can be written as

χ̄(θ) = 1
2 tr[λλ∗D2(w̄ − ψb)] + (βθ,µ − λNθ,µλ∗Dψb)∗D(w̄ − ψb)

− 1
2 D(w̄ − ψb)∗λNθ,µλ∗D(w̄ − ψb) + F (ψb),

and then the case of ii) is reduced to i). Indeed, this equation has a solution (χ̄(θ), w̄−ψb)
because of Proposition 3.1 i), while it means that (χ̄, w̄) is the solution to (3.3).

In what follows we shall proceed assuming the assumptions of Proposition 3.1 i) with
(3.5). We can develop parallel arguments as well in the case of ii) of the proposition.

Let us write H–J–B equation (3.1) as
∂ū

∂t
+ 1

2 tr[λλ∗D2ū] +H(x,Dū) = 0,

ū(T, x) = 0,
(3.1′)

by introducing

H(x, p) = β∗θ,µ(x)p− 1
2 p
∗λNθλ

∗(x)p− 1
2 g
∗Qθ,µg(x)− θU(x),

which is concave with respect to p. Here we note that the optimal diffusion process
for stochastic control problem (2.25) turns out to be governed by stochastic differential
equation

dȲt = λ(Ȳt) dWt +DpH(Ȳt, ū(t, Ȳt)) dt, Ȳ0 = x,

where
DpH(x, p) = ∂H(x, p)

∂p
= βθ,µ + λNθ,µλ

∗p.

Now let us extend the solution to (3.1′) to (−∞, 0]. It is indeed possible because the
coefficients of the H–J–B equation do not depend on t and for each −s < 0, the solution
ū(−s, x;T ) is identical to ū(0, x;T + s), which is the solution ū(·, ·;T + s) of (3.1′) with
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the terminal condition ū(T + s, x;T + s) = 0. Thus, we have ū(−s, x;T ) defined on
−T ≤ s < ∞. In what follows we specify the solution w̄(x) of H–J–B equation (3.3)
such that w̄(x) ≥ 0 by suitably taking an additive constant. Then from the maximum
principle it follows that

ū(−s, x;T ) ≤ w̄(x) + χ̄(T + s), −T ≤ s <∞, (3.8)

since w̄(x) + χ̄(T + s) is a super-solution to (3.1). Now we have the following proposition.

Proposition 3.2. Under the assumptions of Proposition 3.1 i) with (3.5),

ū(−s, x;T )− (w̄(x) + χ̄(T + s)) ≥ −cE |x|2 − c′E (3.9)

where cE , and c′E are positive constants independent of s.

Proof. For given −s ≤ 0, let Ȳt be a solution to

dȲt = λ(Ȳt) dWt +DpH(Ȳt, ū(−s+ t, Ȳt)) dt, Ȳ0 = x. (3.10)

Then we see that

ū(−s, x;T ) = inf
z.
E
[∫ T+s

0
−Φ(Ys, zs) ds

]
= E

[∫ T+s

0
−Φ(Ȳt, ẑ(−s+ t, Ȳt)) dt

]
and also

w̄(x) + χ̄(T + s) ≤ E
[∫ T+s

0
−Φ(Yt, zt) dt+ w̄(YT+s)

]
for each control zt. Therefore,

ū(−s, x;T )− (w̄(x) + χ̄(T + s)) ≥ −E[w̄(ȲT+s)] ≥ −cwE[|ȲT+s|2] + c′w.

We conclude the present proposition since we see that E[|ȲT+s|2] ≤ C|x|2 +C ′ for some
positive constants C and C ′ independent of s from the following lemma and the estimate
|w̄(x)|2 ≤ C|x|2 + C ′ obtained from (3.4).

Lemma 3.1. Let the assumptions of Proposition 3.2 be satisfied and set ψ(x) = −c∗|x|2
with a positive constant c∗ such that

cβc∗ + c3
2 c2∗ ≤ −c4θ. (3.11)

Then

E[c∗|ȲT+s|2] ≤ e−α(T+s)(w̄(x)− ψ(x)) + C

α
(1− e−α(T+s)), −T ≤ s <∞, (3.12)

for sufficiently small α > 0 and a positive constant C.

Proof. First note that there exist positive constants cψ and c′ψ such that
1
2 tr[λλ∗D2ψ] +H(x,Dψ) ≥ cψ|x|2 − c′ψ (3.13)

because of the estimates |β∗θ,µDψ| ≤ cβc∗|x|2 + C, 1
2 (Dψ)∗λNθ,µλ∗Dψ ≤ c3

2 c
2
∗, and

assumption (3.5). Further, since H(x, p) is concave in p we have

H(x,Dψ)−H(x,Dū) ≤ DpH(x,Dū) · (Dψ −Dū).

Therefore, by setting

û(−s+ t, x;T ) = ū(−s+ t, x;T )− {ψ(x) + χ̄(T − t+ s)}, 0 ≤ t ≤ T + s,
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and applying Itô’s formula to eαtû(−s+ t, x;T ), we see that

eαtû(−s+ t, Ȳt, ;T )− û(−s, x;T )

=
∫ t

0
eαr{Lû(−s+ r, Ȳr) +DpH(Ȳr, Dū(−s+ r, Ȳr))∗Dû(−s+ r, Ȳr)} dr

+ α

∫ t

0
eαrû(−s+ r, Ȳr) dr + local mart.,

where Lu := ∂u
∂t + 1

2 tr[λλ∗D2u]. Thus, by using the stopping time arguments, we obtain

eα(T+s)E[û(T,XT+s;T )]− û(−s, x;T )

≤
∫ T+s

0
eαrE

[
Lū(−s+ r, Ȳr) +H(Ȳr, Dū(−s+ r, Ȳr))

]
dr

−
∫ T+s

0
eαrE

[ 1
2 tr[λλ∗D2ψ(Ȳr)] +H(Ȳr, Dψ(Ȳr))

]
dr

+ α

∫ T+s

0
eαrE[û(−s+ r, Ȳr)] dr

≤
∫ T+s

0
eαrE

[
α(w̄ − ψ)(Ȳr)− cψ|Ȳr|2 + c′ψ

]
dr,

from (3.13) and (3.8). Since α(w̄ − ψ)(x) ≤ cψ|x|2 + C ′ for sufficiently small α > 0, we
have (3.12) from (3.8).

Remark 3.1. Let X̄t be the solution to

dX̄t = λ(X̄t) dWt +DpH(X̄t, Dw̄(X̄t) dt, X̄0 = x,

and set
Lw̄u := 1

2 tr[λλ∗D2u] +DpH(x,Dw̄)∗Du

= 1
2 tr[λλ∗D2u] + β∗θ,µDu− (Dw̄)∗λNθ,µλ∗Du.

(3.14)

Then the diffusion process X̄t is ergodic under the assumptions of Proposition 3.1 i).
Indeed, we see that w̄(x), and also K(x; w̄) defined by

K(x; w̄) := −Lw̄w̄(x) = 1
2 (Dw̄)∗λNθ,µλ∗Dw̄(x)− 1

2 g
∗Qθ,µg(x)− θU(x)− χ(θ) (3.15)

goes to ∞ as |x| → ∞ and thus the Hasminskii’s conditions are satisfied.
On the other hand, we assume the conditions in Proposition 3.1 ii) and take up w̄−ψb

in place of w̄ and operate Lw̄ to w̄ − ψb. Then we can see that

χ(θ) = Lw̄(w̄ − ψb) + 1
2 (Dw̄ −Dψb)∗λN∗θ,µD(w̄ − ψb) + F (ψb)

and thus

K(x; w̄ − ψb) := −Lw̄(w̄ − ψb) = 1
2 (Dw̄ − ψb)∗λNθ,µλ∗D(w̄ − ψb) + F (ψb)− χ(θ)

goes to ∞ as |x| → ∞. Hence, we can see that Lw̄ is ergodic under the assumptions in
Proposition 3.1 ii).
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Now set
v̄(0, x;T ) := ū(0, x;T )− {w̄(x) + χ̄T}

for a specified solution w̄(x) to H–J–B equation (3.3) such that w̄(x) ≥ 0. Then we have
the following theorem.

Theorem 3.1. Under the assumptions of Proposition 3.2, as T →∞, v̄(0, x;T ) converges
to a constant c∞ ∈ R uniformly on each compact set.

Proof. Let us first note that v̄(0, x;T ) is nonpositive and bounded below by
−c′E − cE |x|2 owing to (3.8) and (3.9). Thus, its bounds do not depend on T . More-
over, |Dv̄(0, x;T )|2 ≤ CR, x ∈ BR, where CR is a positive constant depending only on R.
Thus, we see that {ū(0, x;T )}T≥1 is relatively compact in C(RN ) and so, there exists a
sequence Tj such that v̄(0, x;Tj) converges to a function v∞ ∈ C(RN ) as Tj →∞. Set

V := {v∞ ∈ C(RN ) : lim
Tj→∞

v̄(0, x;Tj) = v∞ in C(RN ), for some {Tj}}.

Then proving that V = {c∞} for some constant c∞ ∈ R makes the proof of the theorem
complete. Apply Itô’s formula to v̄(−s+ t, x;T ), 0 ≤ t ≤ T + s, and we have
v̄(−s+ t, X̄t;T )− v̄(−s,X0;T )

=
∫ t

0
{Lv̄ +DpH(·, Dw̄)∗Dū}(−s+ r, X̄r) dr +

∫ t

0
Dv̄(−s+ r, X̄r)∗λ(X̄r) dWr

=
∫ t

0

1
2 (Dv̄)∗λNθ,µλ∗Dv̄(−s+ r, X̄r) dr +

∫ t

0
Dv̄(−s+ r, X̄r)∗λ(X̄r) dWr

≡
∫ t

0
Q(X̄r, Dv̄(−s+ r, X̄r)) dr +

∫ t

0
Dv̄(−s+ r, X̄r)∗λ(X̄r) dWr

when noting that

H(x,Dw̄ + p)−H(x,Dw̄) = DpH(x,Dw̄)∗p− 1
2 p
∗λNθ,µλ

∗p.

Thus, setting γ := −c0
θ(1+µc0−µθ) ,

exp
(
−γv̄(−s, x;T )− γ

∫ t

0
Dv̄(−s+ r, X̄r)∗λ(X̄r) dWr

− γ2

2

∫ t

0
(Dv̄)∗λλ∗Dv̄(−s+ r, X̄r) dr

)
= exp

(
−γv̄(−s+ t,Xt;T ) + γ

∫ t

0
Q(X̄r, Dv̄(−s+ r, X̄r)) dr

− γ2

2

∫ t

0
(Dv̄)∗λλ∗Dv̄(−s+ r, X̄r) dr

)
≥ e−γv̄(−s+t,Xt;T )

since Q(x, p) ≥ γ
2 |p|

2. Therefore we have
E
[
e−γv̄(−s+t,Xt;T )] ≤ e−γv̄(−s,x;T ), 0 ≤ t ≤ T + s.

Choose a sequence Tj such that {v̄(T − Tj , x;T )} = {v̄(0, x;Tj)} converges to some
u∞ ∈ C(RN ) as Tj →∞ and set s = t = Tj − T . Then we obtain

E[e−γv̄(0,XTj−T ;T )] ≤ e−γv̄(T−Tj ,x;T )
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which implies that ∫
e−γv̄(0,x;T )mθ(dx) ≤ e−γu∞(x),

where mθ(dx) is the invariant measure of the diffusion process with the generator Lw̄.
Taking T = Tj sending it to ∞ again, we have∫

e−γu∞(y)mθ(dy) ≤ lim
Tj→∞

∫
e−γv̄(0,y;Tj)mθ(dy) ≤ e−γu∞(x)

for each x ∈ RN . By taking the infimum of both sides with respect to x we obtain∫ (
e−γu∞(y) − inf

x∈Rn
e−γu∞(x))mθ(dx) ≤ 0.

Since suppmθ = RN we see that u∞ is a constant function.
Suppose that v̄(0, x;Tj) (respectively v̄(0, x;T ′j)) converges to a constant c∞

(resp. c′∞), as Tj and T ′j →∞. Then we see that∫
e−γv̄(0;y;T )mθ(dy) ≤ e−γc∞ .

By setting T = T ′j and sending T ′j to ∞ we have

e−γc
′
∞ ≤ e−γc∞

and thus we obtain c′∞ ≥ c∞. By replacing the roles of the both we also see that c∞ ≥ c′∞
and hence c∞ = c′∞.

Now the following is the direct consequence of Theorem 3.1 and Lemma 2.4.

Corollary 3.1. Under the assumptions of Theorem 3.1, for some constant c∞,

lim
T→∞

{
u(0, x;T )− χ(θ)T − c∞ − w(x)

}
= 0,

uniformly on each compact set, which implies that

lim
T→∞

u(0, x;T )
T

= χ(θ),

where (χ(θ), w(x)) is the solution to H–J–B equation of ergodic type:

χ(θ) = 1
2 tr[λλ∗D2w] + β∗θ,µDw + 1

2 (Dw)∗λNθ,µλ∗Dw + 1
2 g
∗Qθ,µg + θU. (3.16)

Further, χ(θ) is convex.

Moreover, similarly to Lemma 4.2 in [20], we have the following useful lemma.

Lemma 3.2. Under the assumptions of Theorem 3.1, for each θ1 ≤ θ ≤ θ0 there exist
positive constants δ and C independent of T and θ ∈ [θ1, θ0] such that

E[eδw̄(X̄T )] ≤ C. (3.17)
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4. Differentiability of H–J–B equation. Let us take a solution (χ̄(θ), w̄) to (3.3)
such that w̄(x) > 0. Then consider the equation formally obtained by differentiating
equation (3.3) with respect to θ.

χ̄′(θ) = 1
2 tr[λλ∗D2w̄′] + β∗θ,µDw̄

′ − (Dw̄)∗λNθ,µλ∗Dw̄′

+
(∂βθ,µ

∂θ

)∗
Dw̄ − 1

2 (Dw̄)∗λ∂Nθ,µ
∂θ

λ∗Dw̄ − 1
2 g
∗ ∂Qθ,µ

∂θ
g − U,

namely,

χ̄′(θ) = Lw̄w̄′ +
(∂βθ,µ

∂θ

)∗
Dw̄ − 1

2 (Dw̄)∗λ∂Nθ,µ
∂θ

λ∗Dw̄ − 1
2 g
∗ ∂Qθ,µ

∂θ
g − U, (4.1)

where w′ = ∂w
∂θ . Thus, we are led to consider a solution (ρ(θ), v) to the linear equation

ρ(θ) = Lw̄v(x) + f (θ)(x), (4.2)

where

f (θ)(x) =
(∂βθ,µ

∂θ

)∗
Dw̄(x)− 1

2 (Dw̄)∗λ ∂Nθ,µ
∂θ

λ∗Dw̄(x)− 1
2 g
∗ ∂Qθ,µ

∂θ
g(x)−U(x). (4.3)

Note that

f (θ)(x) = (λNθ−1/µδQ
−1
θ−1/µg)∗Dw̄(x)− 1

2θ2µ
(Dw̄)∗λNθ−1/µλ

∗Dw̄(x)− U(x)

− θµ− 1
2θµ (Dw̄)∗λNθ−1/µδQ

−1
θ−1/µδ

∗λ∗Dw̄(x)

+ 1
2 g
∗(Q−1

θ−1/µ + θQ−1
θ−1/µδ

∗δQ−1
θ−1/µ)g(x)

= −1
2 (δ(δ∗δ)−1g − λ∗Dw̄)∗Nθ−1/µδQ

−1
θ−1/µδ

∗(δ(δ∗δ)−1g − λ∗Dw̄)(x)− U(x)

− 1
2θ2µ

(Dw̄)∗λNθ−1/µλ
∗Dw̄(x) + 1

2θµ (Dw̄)∗λNθ−1/µδQ
−1
θ−1/µδ

∗λ∗Dw̄(x)

− 1
2µ g

∗Q−1
θ−1/µδ

∗δQ−1
θ−1/µg(x)

(4.4)

holds since

∂βθ,µ
∂θ

= λ
∂Nθ−1/µ

∂θ
δ(δ∗δ)−1g, (4.5)

∂Nθ−1/µ

∂θ
= δQ−1

θ−1/µδ
∗ +

(
θ − 1

µ

)
δQ−1

θ−1/µδ
∗δQ−1

θ−1/µδ
∗ = Nθ−1/µδQ

−1
θ−1/µδ

∗ (4.6)

∂Nθ,µ
∂θ

= 1
θ2µ

Nθ−1/µ +
(

1− 1
θµ

)
Nθ−1/µδQ

−1
θ−1/µδ

∗ (4.7)
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∂Qθ,µ
∂θ

= Q−1
θ−1/µ + θQ−1

θ−1/µδ
∗δQ−1

θ−1/µ

= Q−1
θ−1/µ +

(
θ − 1

µ

)
Q−1
θ−1/µδ

∗δQ−1
θ−1/µ + 1

µ
Q−1
θ−1/µδ

∗δQ−1
θ−1/µ

= (δ∗δ)−1δ∗
(
I +

(
θ − 1

µ

)
δQ−1

θ−1/µδ
∗
)
δQ−1

θ−1/µ + 1
µ
Q−1
θ−1/µδ

∗δQ−1
θ−1/µ

= (δ∗δ)−1δ∗Nθ−1/µδQ
−1
θ−1/µ + 1

µ
Q−1
θ−1/µδ

∗δQ−1
θ−1/µ.

(4.8)

Noting that −c0
θ(1+µc0−µθ) I ≤ Nθ,µ, we see that for sufficiently large R0 > 0

K(x; w̄) ≡ −Lw̄w̄(x) > −c0
θ(1 + µc0 − µθ)w̄

(Dw̄)∗λλ∗Dw̄(x), x ∈ BcR0
:= {x; |x| ≥ R0}.

and condition (A.3) of Appendix in [20] is satisfied for Lw̄ and w̄. The other conditions
are also satisfied. Thus, setting

Fw̄ =
{
u ∈W 2,p

loc : ess sup
x∈Bc

R0

|u(x)|
w̄(x) <∞

}
and

FK =
{
f ∈ L∞loc : ess sup

x∈Bc
R0

|f(x)|
K(x; w̄) <∞

}
,

we see that equation (4.2) has a solution v ∈ Fw̄ such that

ρ(θ) =
∫
f (θ)(x)mθ(dx) (4.9)

(cf. Corollary 5.1 in [20]). Indeed, we can see that

K(x, w̄) ≥ C|x|2 − C, x ∈ BcR,

for sufficiently large R > 0 because of (3.3) and (3.5), while

|f (θ)(x)|2 ≤M1|x|2 +M2

holds for some positive constants M1 and M2 in light of (4.4) and (3.4).

5. Interpretation in terms of a stochastic differential game. Let us introduce a
stochastic differential game

J̄(0, x;T ) = inf
h.∈∆H

sup
ζ.,ν.∈Z

Eζ,h,ν
[
θ
{∫ T

0
f(Xs, hs) ds+

∫ T

0
ϕ(Xs, hs)∗ dWs

}
+ θµ

2

∫ T

0
|ζs|2 ds−

1
2

∫ T

0

∣∣νs + θδ(Xs)hs
∣∣2 ds], (5.1)

where Xt is a solution to the controlled stochastic differential equation

dXt = {β(Xt) + λ(Xt)(ζt + νt + θδ(Xt)ht)} dt+ λ(Xt) dW̃t, X0 = x,

νt is a progressively measurable process such that νt = ν(t,Xt) with |ν(t, x)| ≤ C(1+ |x|)
for some positive constant C by the definition of Z similarly to ζt, P ζ,h,ν is a probability
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measure defined by

P ζ,h,ν(A) = Eζ
[
exp
(∫ T

0
(νs + θδ(Xs)hs)∗ dW ζ

s −
1
2

∫ T

0
|νs + θδ(Xs)hs|2 ds

)
;A
]

and

W̃t = W ζ
t −

∫ t

0
(νs + θδ(Xs)hs) ds = Wt −

∫ t

0
{ζs + νs + θδ(Xs)hs} ds.

Note that

Eζ,h,ν
[
θ
{∫ T

0
f(Xs, hs) ds+

∫ T

0
ϕ(Xs, hs)∗ dWs + µ

2

∫ T

0
|ζs|2 ds

}
− 1

2

∫ T

0
|νs + θδ(Xs)hs|2 ds

]
= Eζ,h,ν

[∫ T

0

{
−θ2 h

∗
sQθ(Xs)hs + θh∗s(g(Xs) + δ(Xs)ζs) + θU(Xs) + θµ

2 |ζs|
2
}
ds

− 1
2

∫ T

0
|νs|2 ds

]
and set

Ξ1(x, h, ν; θ) = −θ2 h
∗Qθ(x)h+ θh∗(g(x) + δ(x)ζ) + θU(x) + θµ

2 |ζ|
2 − 1

2 |ν|
2.

Then (5.1) is written as

J̄(0, x;T ) = inf
h.∈∆H

sup
ν.,ζ.∈Z

Eζ,h,ν
[∫ T

0
Ξ1(Xs, hs, ζs, νs; θ) ds

]
.

In this fictitious game the player controlling ht wants to minimize the criterion taking
into account all possibility of uncertainty processes ζt and the other player (considered
to be the nature) controlling νt tries to maximize the criterion. Control parameters ht
and νt separately act in the above defined controlled dynamics and do not correlate in
the cost functional Ξ1. Therefore, we can change the order of the infimum over h and the
supremum over ν. Thus, its corresponding lower Isaacs equation is seen to be

∂u

∂t
+ 1

2 tr[λλ∗D2u] + sup
ζ,ν

inf
h

[
{β + λ(ν + ζ + θδh)}∗Du+ Ξ1(x, h, ζ, ν; θ)

]
= 0.

It is also written as
∂u

∂t
+ 1

2 tr[λλ∗D2u] + β∗Du+ sup
ν∈RM

{ν∗λ∗Du− 1
2 |ν|

2}+ sup
ζ

inf
h

Λ(x,Du, ζ, h) = 0

and thus seen to be the same equation as (2.13). Thus, we have an interpretation of our
problem (2.10) in terms of a stochastic differential game of classical type. We do not need
the proof of the verification theorem which shows the solution u to (2.13) is identical to
the value, namely J̄(0, x;T ) = u(0, x;T ). In the proof of our duality theorem to be seen
later, we only need the expression of the H–J–B equation (3.3) of ergodic type as the one
of the stochastic differential game which is the infinite horizon counterpart of (5.1).
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When considering the problem on infinite time horizon with the averaging cost crite-
rion, we obtain the ergodic type equation

χ(θ) = 1
2 tr[λλ∗D2w] + sup

ν∈Rn,ζ∈RM
inf

h∈Rm
[{β + λζ + λ(ν + θδh)}∗Dw + Ξ1(x, h, ζ, ν)],

which can be written as
χ(θ) = Lw̄w + Ξ1(x, h̃, ζ̃, ν̃), (5.2)

where
h̃ = Q−1

θ (g + δ∗ζ̃ + δ∗λ∗Dw)

ζ̃ = − 1
θµ

R−1
θ,µ(Nθλ∗Dw + θδQ−1

θ g)

ν̃ = λ∗Dw.

It is same as

χ(θ) = Lw̄w − 1
2 (Dw)∗λNθ,µλ∗Dw + 1

2 g
∗Qθ,µg + θU, (5.3)

whose derivative with respect to θ is

χ′(θ) = Lw̄w′ +
(∂βθ,µ

∂θ

)∗
Dw + 1

2 (Dw)∗λ ∂Nθ,µ
∂θ

λ∗Dw + 1
2 g
∗ ∂Qθ,µ

∂θ
g + U. (5.4)

From (5.3) and (5.4) we obtain

χ(θ)− θχ′(θ) = Lw1 (w − θw′)

− 1
2 {Nθ−1/µλ

∗Dw + θδQ−1
θ−1/µg}

∗{Nθ−1/µλ
∗Dw + θδQ−1

θ−1/µg}, (5.5)

which is seen to be

χ(θ)− θχ′(θ) = Lw1 (w − θw′)− 1
2 |ν̃ + θδh̃|2. (5.6)

Indeed, from (4.6) it follows that

−1
2 Nθ,µ −

θ

2
∂Nθ,µ
∂θ

= −1
2

(
1− 1

θµ

)
Nθ−1/µ −

θ

2

{ 1
θ2µ

Nθ−1/µ +
(

1− 1
θµ

)
Nθ−1/µδQ

−1
θ−1/µδ

∗
}

= −1
2 Nθ−1/µ −

1
2

(
θ − 1

µ

)
Nθ−1/µδQ

−1
θ−1/µδ

∗ = −1
2 Nθ−1/µNθ−1/µ.

On the other hand, from (4.8) we obtain

− 1
2 Qθ,µ −

θ

2
∂Qθ,µ
∂θ

= θ

2 Q
−1
θ−1/µ −

θ

2 Q
−1
θ−1/µ −

θ2

2 Q−1
θ−1/µδ

∗δQ−1
θ−1/µ

= −θ
2

2 Q−1
θ−1/µδ

∗δQ−1
θ−1/µ.

Further,

− θ ∂βθ,µ
∂θ

= −θg∗(δ∗δ)−1δ∗
∂Nθ−1/µ

∂θ
λ∗Dw

= −θg∗(δ∗δ)−1δ∗Nθ−1/µδQ
−1
θ−1/µδ

∗λ∗Dw = −θg∗Q−1
θ−1/µδ

∗Nθ−1/µδλ
∗Dw.
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Thus, we see that (5.5) holds, while

ν̃ + θδh̃ = λ∗Dw − 1
µ
δQ−1

θ−1/µ
(
(1− θµ)δ∗λ∗Dw − θµg

)
=
(
I +

(
θ − 1

µ

)
δQ−1

θ−1/µδ
∗
)
λ∗Dw + θδQ−1

θ−1/µg

= Nθ−1/µλ
∗Dw + θδQ−1

θ−1/µg,

from which we obtain (5.6).
Formula (5.6) is useful in the proof of our duality theorem.

6. Duality theorem. In this section we shall present the robust estimates of the large
deviation probability for the controlled semi-martingales given in Section 1. We have the
following duality theorem.

Theorem 6.1. For κ ∈ (χ′(−∞), χ′(0−)), we have

lim
T→∞

1
T

inf
h∈∆H

sup
ζ∈Z

logP ζ
( 1
T
{FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds} ≤ κ

)
= −I(κ),

I(k) := sup
θ<0
{θk − χ(θ)}.

Moreover, for θ(κ) such that χ′(θ(κ)) = κ ∈ (χ′(−∞), χ′(0−)) take a strategy
h̄(θ(κ))(t, x, ζ̃) ≡ h̄(θ(κ),T )(t, x, ζ̃). Then

lim
T→∞

1
T

logP ζ̃
( 1
T

{
FT (X., h̄

(θ(κ))(·, X., ζ̃.)) + µ

2

∫ T

0
|ζ̃s|2 ds

}
≤ κ

)
= −I(κ)

where ζ̃s = ζ̃(Xs).

Proof. Let us first give an upper estimate. For a given constant χ′(−∞) < κ < χ′(0−)
and θ < 0,

logP ζ
(
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds ≤ κT

)
= logP ζ

(
exp
(
θ
(
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds

))
≥ eθκT

)
≤ logEζ

[
exp
(
θ
(
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds

)
− θκT

)]
= logEζ

[
exp
(
θ
(
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds

))]
− θκT.

Therefore,

sup
ζ∈Z

logP ζ
((
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds

)
≤ κT

)
≤ sup
ζ∈Z

logEζ
[
exp
(
θ
(
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds

))]
− θκT



184 H. NAGAI

and so

inf
h∈∆H

sup
ζ∈Z

logP ζ
((
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds

)
≤ κT

)
≤ inf
h∈∆H

sup
ζ∈Z

logEζ
[
exp
(
θ
(
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds

))]
− θκT = u(0, x;T )− θκT,

which implies

lim
T→∞

1
T

inf
h∈∆H

sup
ζ∈Z

logP ζ
(
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds ≤ κT

)
≤ χ(θ)− θκ

for all θ < 0. Hence, we obtain

lim
T→∞

1
T

inf
h∈∆H

sup
ζ∈Z

logP ζ
(
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds ≤ κT

)
≤ inf
θ<0
{χ(θ)− θκ} = −I(κ) = − inf

k∈(χ′(−∞),κ]
I(k).

Now, let us prove the converse inequality. Take a constant κ and ε > 0 such that
χ(0−)− ε > κ− ε > χ′(−∞). Then there exists θε such that

inf
θ<0
{χ(θ)− θ(κ− ε)} = χ(θε)− θεχ′(θε).

We write θε as θ for simplicity in the following. Assuming the probability space (Ω,F , P )
is the canonical one, introduce a probability measure P̃ with the density
dP̃

dP ζ̃

∣∣∣
FT

= exp
(∫ T

0
{ν̃(Xs) + θδ(Xs)h̃(Xs)}∗ dW ζ̃

s −
1
2

∫ T

0

∣∣ν̃(Xs) + θδ(Xs)h̃(Xs)
∣∣2 ds).

Then, as we have seen above, the solution Xt to (1.5) satisfies

dXt = {β(Xt) + λ(Xt)(ζ̃t + ν̃t + θδ(Xt)h̃t)} dt+ λ(Xt) dW̃t, X0 = x,

with the Brownian motion process W̃t = W ζ̃
t −

∫ t
0{ν̃s + θδ(Xs)h̃s} ds under P̃ , where

h̃s = h̃(Xs) and ν̃s = ν̃(Xs). Let us first show the following lemma.

Lemma 6.1. For each ε, by taking sufficiently large T ,

P̃
(∫ T

0
f(Xs, hs) ds+

∫ T

0
ϕ(Xs, hs)∗ dWs + µ

2

∫ T

0
|ζ̃s|2 ds > κT

)
< ε, (6.1)

holds for h ∈ ∆H.

Proof. We see that

θ
{∫ T

0
f(Xs, hs) ds+

∫ T

0
ϕ(Xs, hs)∗ dWs + µ

2

∫ T

0
|ζ̃s|2 ds

}
=
∫ T

0
Ξ(Xs, h̃s, ν̃s, ζ̃s; θ) ds+ θ

∫ T

0
h̃sδ(Xs)∗ dW̃s

+ θ

∫ T

0
(hs − h̃s)∗

(
δ(Xs)∗ − S1/2(Xs)Em,M

)
dW̃s + 1

2

∫ T

0

∣∣ν̃s + θδ(Xs)h̃s
∣∣2 ds

+ θ

∫ T

0
(hs − h̃s)∗S1/2(Xs)Em,M dW̃s −

θ

2

∫ T

0
(hs − h̃s)∗S(Xs)(hs − h̃s) ds.

(6.2)
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Indeed,

θ

∫ T

0
f(Xs, hs) ds+ θ

∫ T

0
ϕ(Xs, hs)∗ dWs + θµ

2

∫ T

0
|ζ̃s|2 ds

= θ

∫ T

0

[
f(Xs, hs) + h∗sδ(Xs)∗{ν̃s + ζ̃s + θδ(Xs)h̃s}

]
ds

+ θµ

2

∫ T

0
|ζ̃s|2 ds+ θ

∫ T

0
h∗sδ(Xs)∗ dW̃s

= θ

∫ T

0

[
f(Xs, h̃s) + h̃∗sδ(Xs)∗{ν̃s + ζ̃s + θδ(Xs)h̃s}

]
ds

+ θµ

2

∫ T

0
|ζ̃s|2 ds+ θ

∫ T

0
h̃∗sδ(Xs)∗ dW̃s + θ

∫ T

0
(hs − h̃s)∗δ(Xs)∗ dW̃s

+ θ

∫ T

0

[
f(Xs, hs)− f(Xs, h̃s) + (hs − h̃s)∗δ(Xs)∗

{
ν̃s + ζ̃s + θδ(Xs)h̃s

}]
ds.

Then we can see that

θf(x, h̃) + θh̃∗δ∗(ν̃ + ζ̃ + θδh̃) + θµ

2 |ζ̃|
2

= −θ2 h̃
∗Qθh̃+ θh̃∗(δζ̃ + g) + θU + θµ

2 |ζ̃|
2 − 1

2 |ν̃|
2 + 1

2 |ν̃ + θδh̃|2

= Ξ(x, h̃, ν̃, ζ̃; θ) + 1
2 |ν̃ + θδh̃|2

and that

θf(x, h)− θf(x, h̃) + θ(h− h̃)∗δ∗(ν̃ + ζ̃ + θδh̃)

= −θ2 h
∗Qθh+ θh∗(g + δ∗ν̃ + δ∗ζ̃)− θ2

2 h∗δ∗δh

+ θ

2 h
∗Qθh− θh∗

(
g + δ∗ν̃ + δ∗ζ̃

)
− θ2

2 h∗δ∗δh+ θ2h∗δ+δh̃

= −θ2
{
h−Q−1

θ (g + δ∗ν̃ + δ∗ζ̃)
}∗
Qθ
{
h−Q−1

θ (g + δ∗ν̃ + δ∗ζ̃)
}

+ θ

2
{
h̃−Q−1

θ (g + δ∗ν̃ + δ∗ζ̃)
}∗
Qθ
{
h̃−Q−1

θ (g + δ∗ν̃ + δ∗ζ̃)
}

− θ2

2 (h− h̃)∗δ∗δ(h− h̃)

= −θ2 (h− h̃)∗Qθ(h− h̃)− θ2

2 (h− h̃)∗δ∗δ(h− h̃) = −θ2 (h− h̃)∗S(h− h̃)

since Ξ(x, h, ν, ζ; θ) = − θ2 h
∗Qθh+θh∗(g+δ∗ζ)+θU+ θµ

2 |ζ|
2− 1

2 |ν|
2, h̃ = Q−1

θ (g+δ∗ζ̃+
δ∗ν̃), and Qθ = S − θδ∗δ. Therefore, we obtain (6.2).

Let Em,M be the m ×M matrix such that (Em,M )ij = δi,j , for i, j = 1, . . . ,m and
(Em,M )i,j = 0, for m+ 1 ≤ j ≤M , i = 1, . . . ,m, and set

Mh
t =

∫ t

0
(hs − h̃s)∗S1/2(Xs)Em,M dW̃s.
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Then, since

w(XT )− w(X0) =
∫ T

0
Lww(Xs) ds+

∫ T

0
(Dw)∗λ(Xs) dW̃s

= χ(θ)T −
∫ T

0
Ξ
(
Xs, h̃s, ν̃s, ζ̃s; θ

)
ds+

∫ T

0
(Dw)∗λ(Xs) dW̃s

we have

θ
{∫ T

0
f(Xs, hs) ds+

∫ T

0
ϕ(Xs, hs)∗ dWs + µ

2

∫ T

0
|ζ̃s|2 ds

}
= χ(θ)T + w(X0)− w(XT ) +

∫ T

0
{(Dw)∗λ(Xs) + θh̃sδ(Xs)∗} dW̃s

+ θ

∫ T

0
(hs − h̃s)∗

(
δ(Xs)∗ − S1/2(Xs)Em,M

)
dW̃s

+ 1
2

∫ T

0

∣∣ν̃s + θδ(Xs)h̃s
∣∣2 ds+ θ

(
Mh
T −

1
2 〈M

h〉T
)
.

(6.3)

Thanks to (5.6), we have

(w − θw′)(XT )− (w − θw′)(X0)

=
∫ T

0
Lw(w − θw′)(Xs) dW̃s +

∫ T

0
D(w − θw′)(Xs)∗λ(Xs) dW̃s

= 1
2

∫ T

0
|ν̃+θδ∗h̃|2(Xs) ds+ (χ(θ)−θχ′(θ))T +

∫ T

0
D(w−θw′)(Xs)∗λ(Xs) dW̃s.

(6.4)

Therefore,

θ
{∫ T

0
f(Xs, hs) ds+

∫ T

0
ϕ(Xs, hs)∗ dWs + µ

2

∫ T

0
|ζ̃s|2 ds

}
= θχ′(θ)T + θw′(X0)− θw′(XT ) + θ

∫ T

0

{
(Dw′)∗λ(Xs) + h̃∗sδ(Xs)∗

}
dW̃s

+ θ

∫ T

0
(hs − h̃s)∗(δ(Xs)∗ − S1/2(Xs)Em,M ) dW̃s + θ

(
Mh
T −

1
2 〈M

h〉T
)
.

(6.5)

Now we can prove (6.1). Since κ = χ′(θ) + ε,

P̃
(∫ T

0
f(Xs, hs) ds+

∫ T

0
ϕ(Xs, hs)∗ dWs + µ

2

∫ T

0
|ζ̃s|2 ds > κT

)
≤ P̃

(
w′(X0)− w′(XT ) > εT

5

)
+ P̃

(∫ T

0
(Dw′)∗λ(Xs) dW̃s >

εT

5

)
+ P̃

(∫ T

0
h̃∗sδ(Xs)∗ dW̃s >

εT

5

)
+ P̃

(
Mh
T −

1
2 〈M

h〉T >
εT

5

)
+ P̃

(∫ T

0
(hs − h̃s)∗(δ(Xs)∗ − S1/2(Xs)Em,M ) dW̃s >

εT

5

)
≡ Q1 +Q2 +Q3 +Q4 +Q5.
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Then
Q1 ≤

52

ε2T 2 Ẽ[|w′(XT )− w′(X0)|2].

Noting that the law P ◦ X̄−1
. defined in Section 3 is nothing but P̃ and that w′ is of at

most polynomial growth, we see that Ẽ[|w′(XT ) − w′(X0)|2] is bounded by a positive
constant C independent of T thanks to Lemma 3.1. Thus, Q1 is seen to be small enough
when T is sufficiently large. Next, since

Q2 ≤
52

ε2T 2 Ẽ
[∣∣∣∫ T

0
(Dw′)∗λ(Xs) dW̃s

∣∣∣2] = 52

ε2T 2

[∫ T

0
Ẽ(Dw′)∗λλ∗Dw′(Xs)

]
ds

and (Dw′)∗λλ∗Dw′ is of at most polynomial growth again, Ẽ[(Dw′)∗λλ∗Dw′(Xs)] is
bounded by a positive constant. Therefore, Q2 is small enough when T is sufficiently
large. As for Q3 and Q5, the same arguments apply since h̃s = h̃(Xs) and hs = h(s,Xs)
with functions h, h̃ which are of at most linear growth. Concerning Q4, we have

Q4 ≤ e−εT/5Ẽ[eM
h
T−〈M

h〉T /2] ≤ e−εT/5.

Hence we obtain (6.1).

Then let us complete the proof of Theorem 6.1. It can proceed in a similar way to the
proof of Theorem 2.4 in [20]. Indeed, set

M̃θ
t :=

∫ t

0
{ν̃s + θδ(Xs)h̃s} dW ζ̃

s

and
A1 = {−M̃T ≥ −εT}
A2 = {− 1

2 〈M̃
θ〉T ≥ (χ(θ)− θχ′(θ)− ε)T}

A3 = {FT (X., h.) ≤ κT}.
Thanks to (6.4) we have

P̃
(1

2 〈M̃
θ〉T + (χ(θ)− θχ′(θ))T > εT

)
= P̃

(
(w − θw′)(XT )− (w − θw′)(X0)−

∫ T

0
D(w − θw′)∗λ(Xs) dW̃s > εT

)
,

and similarly to the above we see that

P̃
(1

2 〈M̃
θ〉T + (χ(θ)− θχ′(θ))T > εT

)
< ε

holds for sufficiently large T . Thus we see that P̃ (Ac2) < ε. We have already seen that
P̃ (Ac3) < ε. It is similar to the above showing that P̃ (Ac1) < ε. Thus,

P ζ̃
(
FT (X., h.) + µ

2

∫ T

0
|ζ̃s|2 ds ≤ κT

)
= Ẽ

[
e−M̃

θ
T−1/2〈M̃θ〉T ;FT (X., h.) + µ

2

∫ T

0
|ζ̃s|2 ds ≤ κT

]
≥ Ẽ[e−M̃

θ
T−1/2〈M̃θ〉T ;A1 ∩A2 ∩A3] ≥ e(χ(θ)−θχ′(θ)−2ε)T P̃ (A1 ∩A2 ∩A3)

≥ e(χ(θ)−θχ′(θ)−2ε)T {1− P̃ (Ac1)− P̃ (Ac2)− P̃ (Ac3)} ≥ e(χ(θ)−θχ′(θ)−2ε)T (1− 3ε).
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Therefore,

lim
T→∞

1
T

inf
h.

logP ζ̃
(
FT (X., h.) + µ

2

∫ T

0
|ζ̃s|2 ds ≤ κT

)
≥ χ(θ)− θχ′(θ)− 2ε = χ(θ)− θ(κ− ε)− 2ε ≥ inf

θ<0
{χ(θ)− θ(κ− ε)} − 2ε

for each ε. Since χ(θ) is smooth and convex, supθ<0{θκ − χ(θ)} is convex, and thus
continuous. Hence

lim
T→∞

1
T

inf
h.

sup
ζ.

logP ζ
(
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds ≤ κT

)
≥ − sup

θ<0
{θκ− χ(θ)}

because

sup
ζ.

logP ζ
(
FT (X., h.) + µ

2

∫ T

0
|ζs|2 ds ≤ κT

)
≥ logP ζ̃

(
FT (X., h.) + µ

2

∫ T

0
|ζ̃s|2 ds ≤ κT

)
.

Now, for χ′(−∞) < κ < χ′(0−), take a strategy h̄(θ(κ),T )(ζ) defined in Proposition 2.2.
Then

sup
ζ∈Z

logP ζ
(
FT (X., h̄

(θ(κ),T )(ζ)) + µ

2

∫ T

0
|ζs|2 ds ≤ κT

)
≤ sup
ζ∈Z

logEζ
[
exp
(
θ
(
FT (X., h̄

(θ(κ),T )(ζ)) + µ

2

∫ T

0
|ζs|2 ds

)
− θκT

)]
= sup
ζ∈Z

logEζ
[
exp
(
θ
(
FT (X., h̄

(θ(κ),T )(ζ)) + µ

2

∫ T

0
|ζs|2 ds

))]
− θκT

= u(0, x;T )− θκT.

Therefore,

lim
T→∞

1
T

logP ζ̃
(
FT (X., h̄

(θ(κ),T )(ζ̃)) + µ

2

∫ T

0
|ζ̃s|2 ds ≤ κT

)
≤ χ(θ(κ))− θ(κ) = − sup

θ<0
{θκ− χ(θ)}.

On the other hand,

lim
T→∞

1
T

logP ζ̃
(
FT (X., h̄

(θ(κ),T )(ζ̃)) + µ

2

∫ T

0
|ζ̃s|2 ds ≤ κT

)
≥ lim
T→∞

1
T

inf
h.

logP ζ̃
(
FT (X., h.) + µ

2

∫ T

0
|ζ̃s|2 ds ≤ κT

)
= − sup

θ<0
{θκ− χ(θ)}

is obvious and hence we obtain our theorem.

Remark 6.1. The worst case uncertainty process is ζ̃(Xt) with

ζ̃(x) = − 1
θµ

R−1
θ,µ(Nθλ∗Dw + θδQ−1

θ g)
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and in the gradient estimate (3.4) for w we can see that there exists µ0 > 0 such that Cw
and C ′w do not depend on µ for µ ≥ µ0 but µ0. Thus, we see that ‖ζ̃‖L∞loc

= O( 1
µ ) since

‖ 1
θµ R

−1
θ,µNθ‖L∞loc

= 1
|θµ|‖Nθ−1/µ‖L∞loc

= O( 1
µ ) and ‖ 1

µ R
−1
θ,µδQ

−1
θ ‖L∞loc

= 1
µ ‖δQ

−1
θ−1/µ‖L∞loc

=
O( 1

µ ) (cf. the formulae appearing in the proof of Lemma 2.1). Therefore µ is to be taken
as the certainty level of the drift coefficient β and the worst case uncertainty ζ̃(x) would
make the strategy h(θ(κ))(t,Xt, ζ̃(Xt)) in Theorem 6.1 robust to have the large deviation
estimate at the certainty level. It is because, owing to the above order estimates, µ =∞
should correspond to the worst case uncertainty ζ̃(x) = 0 which means β is the true drift
coefficient.

7. Linear Gaussian case. We consider a linear Gaussian case where the following
conditions are assumed:

β(x) = Bx+ b, g(x) = Ax+ a, U(x) = 1
2 x
∗V x+m,

a, b,m are constant vectors,
λ, δ, S,A,B, V are all constant matrices

such that S is positive definite and V is nonnegative definite.

In this case the lower Isaacs equation (2.13) has the solution u(t, x) of the following
explicit form:

u(t, x) = 1
2 x
∗P (t)x+ q(t)∗x+ l(t),

where P (t) is the solution to the Riccati ordinary differential equationṖ (t)− 1− θµ
θµ

P (t)λNθ−1/µλ
∗P (t) +K∗1P (t) + P (t)K1 − C∗C + θV = 0

P (T ) = 0
with

K1 = B +
(
θ − 1

µ

)
λδQ−1

θ−1/µA

C∗C = −θA∗Q−1
θ−1/µA, C :=

√
−θ
√
δQ−1

θ−1/µδ
∗δ(δ∗δ)−1A

and q(t) and l(t) are solutions to the ordinary equations, respectively,
q̇(t) +

(
K∗1 −

1− θµ
θµ

P (t)λNθ−1/µλ
∗
)
q(t) + P (t)b

− θA∗δQ−1
θ−1/µa−

1− θµ
µ

P (t)λδQ−1
θ−1/µa = 0

q(T ) = 0
and 

l̇(t) + 1
2 tr[λλ∗P (t)] + 1

2

(
1− 1

θµ

)
q(t)λNθ−1/µλ

∗q(t)

+
(
b+

(
θ − 1

µ

)
λδQ−1

θ−1/µa
)∗
q(t) + θ

2 a
∗Q−1

θ−1/µa+ θm = 0

l(T ) = 0.
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In this case, if we moreover assume that
(i) B is stable,

or
(ii) λλ∗ and A∗A are positive definite,
then

P (t;T )→ P , q(t;T )→ q̄, T →∞,

where P is the unique, negative semi-definite solution to the stationary equation

−1− θµ
θµ

PλNθ−1/µλ
∗P +K∗1P + PK1 − C∗C + θV = 0 (7.1)

such that
K1 −

1− θµ
θµ

λNθ−1/µλ
∗P is stable (7.2)

and q̄ is the solution to(
K∗1 −

1− θµ
θµ

PλNθ−1/µλ
∗
)
q̄ + Pb− θA∗δQ−1

θ−1/µa−
1− θµ
µ

PλδQ−1
θ−1/µa = 0. (7.3)

Further,
l(0;T )
T

→ χ(θ), T →∞

χ(θ) = 1
2 tr[λλ∗P ] + 1

2

(
1− 1

θµ

)
q̄λNθ−1/µλ

∗q̄

+
(
b+

(
θ − 1

µ

)
λδQ−1

θ−1/µa
)∗
q̄ + θ

2 a
∗Q−1

θ a+ θm.

(7.4)

Indeed, if condition i) is satisfied, then by setting K = 1−θµ
µ δQ−1

θ−1/µA we see that
K1 + λK = B is stable and therefore (K1, λ) is stabilizable. While, by setting K ′ =
(
√
−θ + 1√

−θµ )
√
δQ−1

θ−1/µδ
∗λ∗ we have K∗1 + C∗K ′ = B∗, which is stable. Thus, we see

that (C,K1) is detectable and it implies (
√
C∗C − θV ,K1) is detectable. Hence, there

exists a negative semi-definite solution P to (7.1) satisfying (7.2) (cf. [29]).
On the other hand, we assume ii). Then we set

Γ = K − λ∗(λλ∗)−1(B + I).

Since K1 + λΓ = −I, (K1, λ) is seen to be stabilizable. Moreover, setting

Γ′ = K ′ + 1√
−θ

√
δQ−1

θ−1/µδ
∗δ(δ∗δ)−1Qθ−1/µA(A∗A)−1(−B∗ − I),

we see thatK∗1 +C∗Γ′ = −I. Therefore, (C,K1) is detectable and hence (
√
C∗C − θV ,K1)

is detectable, which ensures the existence of the solution to (7.1) satisfying (7.2) (cf. [29]).
Thus, in the both cases, we have a solution (χ(θ), w(x)) to H–J–B equation of ergodic

type (3.16) such that w(x) = 1
2 x
∗Px + q∗x with the solution P of (7.1) and q of (7.3),

and χ(θ) is given by (7.4).
Further, differentiability of P , q̄, and χ(θ) with respect to θ is seen in a similar way

to Hata–Nagai–Sheu [10] and thus we can obtain the duality theorem.
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