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Abstract. We consider non-degenerate SDEs with a S-Hoélder continuous and bounded drift
term and driven by a Lévy noise L which is of a-stable type. If 8 > 1 — § and a € [1,2), we
show pathwise uniqueness and existence of a stochastic flow. We follow the approach of [Priola,
Osaka J. Math. 2012] improving the assumptions on the noise L. In our previous paper L was
assumed to be non-degenerate, a-stable and symmetric. Here we can also recover relativistic and

truncated stable processes and some classes of tempered stable processes.

1. Introduction. In this paper we consider the SDE
t
X, :x—|—/ b(X,)ds + L, (1)
0

r € R4t > 0, where b : R — R? is bounded and B-Hélder continuous, 8 € (0, 1),
d > 1, and L = (L;) is a non-degenerate d-dimensional Lévy process of a-stable type.
Our main result gives conditions under which pathwise uniqueness holds and, moreover,
there exists a stochastic flow. The present paper is a continuation of our previous work
[Pri2], where has been investigated assuming that L is non-degenerate, a-stable and
symmetric. Here we can treat more general noises like relativistic and truncated stable
processes and some classes of tempered stable processes (see the end of Section 3). We
follow the approach in [Pri2] showing that it works in the present more general setting.
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There is an increasing interest in pathwise uniqueness for SDEs when b is singular
enough so that the associated deterministic equation with L = 0 is not well-posed
(see [E] and the references therein). A remarkable result in this direction was proved by
Veretennikov in [V] (see also [Zv] for d = 1). He was able to prove pathwise (or strong)
uniqueness for when b : R? — R? is only Borel and bounded and L is a d-dimensional
Wiener process. This result has been generalized in many directions (see [GM], [KR], [D],
[EGP], [FE], [E], [DEPR], [MMNPZ| and the references therein).

The situation changes when L is not a Wiener process but is a symmetric a-stable
process, a € (0,2). Indeed, when d = 1 and o < 1, Tanaka, Tsuchiya and Watanabe
proved in Theorem 3.2 of [TTW] that even a bounded and S-Holder continuous b is not
enough to ensure pathwise uniqueness if & + § < 1. On the other hand, when d = 1 and
a > 1, they showed pathwise uniqueness for any continuous and bounded b.

Pathwise uniqueness for equation (1)) has been proved in [Pri2] in any dimension d > 1,
when L is a non-degenerate, a-stable and symmetric Lévy process (cf. Chapter 3 in [9]),
assuming that o € [1,2) and b is bounded and S-Hoélder continuous with 8 > 1 — a/2
(see [Zh] for an extension of this result when b belongs to fractional Sobolev spaces and
a > 1). The proof in [Pri2] is different from the one in [TTW] and is inspired by [FGP].
There are two main examples of Lévy processes L in the class considered in [Pri2]. The
first one is the standard (symmetric and rotationally invariant) a-stable process L having

the generator £ which is the fractional Laplacian —(—A)%/2, i.e.,

Lf(x) = /Rd(f(l’ +2) — f(x) = Lz <1y 2 - Df(2)) ‘j(;fa dz, (2)

€ R where f is an infinitely differentiable functions with compact support and
Df(x) is the gradient of f at z € RY. The second example is L = (L},..., L%), where

8

(L}),..., (L) are independent one-dimensional symmetric stable processes of index a
(see [BC] and the references therein). In this case the generator L is given by
d
Ca
Lf(x)= Z/R[f(z + sex) — f(x) — L{jsj<1) 8On, f(2)] FiE ds. (3)
k=1

In the present paper we generalize the class of Lévy processes L considered in [Pri2)
introducing Hypotheses and (see Section 2). The first assumption requires the validity
of some gradient estimates for the convolution Markov semigroup (R;) associated to L.
This property expresses the fact that L must be non-degenerate to get the uniqueness
result. The second assumption is an integrability condition on the small jumps part
of L. Such assumptions hold not only for the processes L considered in [Pri2]. Indeed,
for instance, the assumptions are satisfied by truncated stable processes (see [KS] and
the references therein), by some classes of tempered stable processes (see [Ro]) and by
relativistic stable processes (see, for instance, [CMS] and [Ry]).

The following is our main theorem (we recall the definitions of strong solution, path-
wise uniqueness and stochastic flow in Definition [5.1)).

THEOREM 1.1. Let L be a pure-jump Lévy process satisfying Hypotheses [1] and 2] with
some a € [1,2) (see Section 2). Suppose that b € C’f(Rd;Rd) for some B € (0,1) such
that 3 >1— 5. Then
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(i) Pathwise uniqueness holds for , for any x € R%.
(ii) For any x € R?, there exists a (unique) strong solution (X;) to ().
(iii) There exists a stochastic flow (XF) of class C*.

Note that (iii) is stronger than (ii); condition (iii) implies that P-a.s, for any ¢ > 0,
the mapping = — X7? is a differentiable homeomorphism from R? onto R¢ (cf. Section 3
in [Kul, Section V.7 in [Pro] and also [QZ] for the case of log-Lipschitz coefficients). Since
C¢ (R4, RY) C Cf(]Rd, R?) when 0 < 8 < o, our main result holds for any a € [1,2) when
B e (30

Theorem is a consequence of Theorem Its proof uses an It6—Tanaka trick
(cf. Section 2 of [FGP] which considers the case of a Wiener process L). Such a method
requires suitable analytic regularity results for the non-local Kolmogorov equation on R¢

\o(z) — Lo(z) — b(z) - Dv(z) = g(z), = €RY, (4)

with A > 0, g € CJ(R?) and o+ 8 > 1. When a > 1 we obtain solution v € Cf*7(R?)
in Theorem [4.3| By using suitable solutions v of , the It6-Tanaka trick allows us to
construct a diffeomorphism v : R — R? to pass from solutions of (1) to solutions of an
auxiliary SDE with Lipschitz coefficients (see equation (3I])). For such an equation the
stochastic flow property holds.

The main difficulty of the regularity result is the case a = 1. To treat this case we
use a localization procedure which is based on Theorem where Schauder estimates
are proved in the case of b(x) = k, for any = € RY, showing that the Schauder constant
is independent of k. Recently, there are many regularity results available for related
non-local equations (see, for instance, [BC|, [B], [CV], [MP], [DKI, [Si], [MP] and the
references therein); however our Theorem is not covered by such results.

It is an open problem if Theorem holds even in the case a € (0,1). This is mainly
due to the difficulty of proving existence of C**#-solutions to when o < 1 and
a+ B > 1. However we mention [Si] which provides useful C®*#-regularity results in the
case 0 < a < 1 for £ = —(—A)*/? using the so-called extension property of the fractional
Laplacian (cf. Remark [5.5).

We will use the letter ¢ or C with subscripts for finite positive constants whose precise
value is unimportant; the constants may change from proposition to proposition.

2. Assumptions and notation. General references for this section are [A], [S] and [Za].

Let (u,v) (or u-v) be the Euclidean inner product between u and v € R?, for any
d > 1; moreover |u| = ({(u,u))/2. If C C R? we denote by 1¢ the indicator function of C.
The Borel g-algebra of R? will be indicated by B(R?).

Let us consider a stochastic basis (2, F, (F;)i>0, P) which satisfies the usual assump-
tions (see [Al page 72]); E will denote expectation with respect to P. Recall that an
(Fi)-adapted and d-dimensional stochastic process L = (L;) = (Ly)i>0, d > 1, is a Lévy
process if it is continuous in probability, it has stationary increments, cadlag trajectories,
L; — Ly is independent of F;, 0 < s <t, and Ly = 0.

One can show (see Chapter 2 in [S]) that there exists a unique triple (S, bg, V), where
S is a symmetric non-negative definite d x d-matrix, by € R? and v is a Lévy measure
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(i.e., v a o-finite (positive) measure on R? with v({0}) = 0 and [5.(1 A |y|?) v(dy) < oo

1A|-]=min(1,]-])) such that the characteristic function of L, satisfies
E[ei(Lt,u>] — e—tw(u)e—t(Su,u>eit(bo,u)7
(u) = - /R () =1 — i, y) gy <0y () v(dy), (5)

u € R4 t > 0. The Lévy measure v is also called the intensity jump measure of L
and is the Lévy—Khintchine formula. The Lévy measure v of a standard a-stable
process L corresponding to has density M%, on the other hand, the Lévy measure
v of L having generator in is concentrated on axes and is singular with respect to the
Lebesgue measure.

In this paper we only deal with a pure-jump Lévy process L without drift term, i.e.,
we assume that

S=0, by=0. (6)

Note that, possibly changing b(z) with b(x) + by, in equation we may always assume
that bo =0.

Thanks to (6) we have E[e?(Le)] = e~t¥() ¢ > 0, u € R% the function t(u) is called
the symbol (or exponent) of the Lévy process L. Given a symbol ¢ corresponding to a
Lévy measure v (see (5))), there exists a unique in law Lévy process M = (M;) such that
EleitMew)] = e~ t >0, u € RL

The convolution Markov semigroup (R;) acting on Cy,(R?) (the space of all real con-
tinuous and bounded functions on R%) and associated to L (or to ) is

Rif@) = Blfa+ L) = [ fe+nmtn). >0 feGRY, (0

x € RY, where y; is the law of L;, and Ry = I. Note that the Fourier transform of s,
is fu(u) = [pa €Y py(dy) = e=® ¢ >0, u € R%. The generator £ of the semigroup
(Ry) is given by

Lala) = | (oo +3) = 9(e) = i) (. Do) i) 0

g € C*(RY), where C>*(R?) is the space of all infinitely differentiable functions with
compact support (see [Al Section 6.7] and [S, Section 31]); Dg(z) denotes the gradient
of g at x € R%.

Before introducing the main assumptions let us recall some function spaces used in
the paper. We consider C,(R%; R¥), for integers k,d > 1, as the set of all continuous and
bounded functions g : R* — RF. It is a Banach space endowed with the supremum norm
llg9llo = sup,egra |g9(2)], g € Co(R%RF). Moreover, C’f(Rd;Rk), B € (0,1), is the subspace
of all g-Hélder continuous functions g, i.e., g satisfies

lg(z) — g(=")]|

= <
lols :r;észl’lng |z —2!|P =
CJ (R4 R¥) is a Banach space with the norm || - [z = || - [lo + [-]s. If & = 1, we set
CY(RERF) = CF(RY). Let CY(RY,RF) = Cy(RY,R¥) and [-]o = | - [|o. For each integer

> 1, B € [0,1), we say that ¢ € Cp"P(RY) if g € C™(RY) N CJ(R?) and, for all

3
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j = 1,...,n, the (Fréchet) derivatives D’g € C’bﬁ(Rd; (R4)®7); C;H'B(Rd) is a Banach
space endowed with the norm ||g|ln+5 = |lgllo + >-j—; IDgllo + [D"gls, g € CZL+B(R‘1).
We also define C{°(R?) = Ne>1 CF(RY).

HyPOTHESIS 1. The Markov semigroup (R;) satisfies: R;(Cy(R?)) C CE(RY), t > 0, and

moreover, there exists a € (0,2) and ¢ = ¢, > 0 (independent of f and ¢) such that, for
any f € Cy(R?),
c
sup [DR.f(2)| < 5777 sup [f(2)], t€(0,1]. (9)
r€R4 R4

HyPOTHESIS 2. For any o > a (« is the same as in (J)),
/ |x|7 v(dx) < oo. (10)
{lz]<1}

To prove the uniqueness result in [Pri2] we use the fact that the previous hypotheses
hold for non-degenerate symmetric stable processes L. However, such assumptions are
satisfied in more general cases as the next section shows.

REMARK 2.1. For the sake of completeness, we note that Hypothesis [1] is equivalent to
the following two conditions:

(i) For any ¢t > 0 the measure p; in has a density p; with respect to the Lebesgue
measure which belongs to C>°(R?); moreover, |Dp;| € L*(R9).
(ii) We have

C
[ pntlay < o5 el
R,

It is not difficult to check that (i) and (ii) imply Hypothesis[l| (to this purpose one first
differentiates the mapping = +— P, f(x) when f € C2°(R%)).

On the other hand, if we have Hypothesis[I] then by the semigroup and the contraction
property we deduce that, for any ¢t > 0, R;(C,(R%)) C C°(R?). Moreover, @D implies
| DFR; fllo < Wﬂfﬂo, t>0,k>1, f € Cy(R?). It follows that, for any f € C(R?),
k > 1, we have URd D¥f(y) ut(dy)‘ < ¢t||fllo, where ¢; > 0 is independent of f. By known
properties of the Fourier transform this implies that (i) is satisfied.

To check (ii) we remark that, for ¢ € (0, 1], the estimate

[ prwmmas] =| [ rwDmas] < 75 17l

which holds for any f € C°(R?), implies (ii).
We mention that Theorem 1 of [KS| shows that (i) is equivalent to the following
Hartman and Wintner condition for the symbol :

lim Rew(y) - (log(1+ |y|))_1 = 00.

ly|—o0

3. Classes of Lévy processes satisfying our assumptions. Here we consider ex-
amples of Lévy processes which satisfy our hypotheses. In particular, we concentrate on
Hypothesis
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PROPOSITION 3.1. Suppose that the symbol 1 of L (see (B)) can be decomposed as
P(u) = P1(u) + ¥a(u), u € R, where 1y and 1o are both symbols of Lévy processes
and, moreover, the convolution Markov semigroup associated to 11 (see @) satisfies
gradient estimates @

Then Hypothesis [1] holds.

Proof. Let t € (0,1]. According to [S, Section 8], there exist unique infinitely divisible
Borel probability measures %1 and 'y( ) on R? such that the Fourier transform ’y(] )( )=

e ti(2) | j =1,2. Moreover, by [SL Proposition 2.5] we infer that 7(1) ( ) = fyt(l) ’?(2)

e~ . By the inversion formula we deduce that p; = %(1) *’yt( ) and so ) can be rewritten

as

Rﬁuazééﬁ”ww/!ﬂx+y+a%”u@7

f € Gy(RY), x € R Equivalently, Rif(z) = [yage(x + )" (dy), where gi(z) =
Jga flz+2) (2)(dz). By our assumption on wl it follows that R, f € C}(R?) and moreover

IDRuf(@)] < 77 llgillo < 7 1o,
where ¢ is independent of ¢, x € R? and f € Cy(R?). This proves the assertion. m
The next result follows from Theorem 1.3 in [SSW].
THEOREM 3.2. If for o € (0,2) there exist ¢1, ca and M > 0 such that
cily|” < Redp(y) < calyl®, |yl > M, (11)
then Hypothesis[I] holds.

Condition concerns the “small jump part” of the Lévy process L. Indeed, if
M () = — f{|y|<1} (eu¥) —1—(u,y)) v(dy) and ¥ = ¢y —p(), then 1)(? is a bounded
function on R? and so holds for v if and only if it holds for ¢,

Using Theorem [3.2] and Proposition [3.1] (cf. Remark 1.2 of [SSW]) one can obtain the
following generalization of the previous result:

ProroSITION 3.3. Assume that the Lévy measure v in satisfies: v(A) > v1(A),
A € B(RY), where vy is a Lévy measure on RY such that its corresponding symbol

i) = = [ (€0 =1 = i) 0 0) )

satisfies . Then Hypothesis|1| holds.

Proof. Since the measure v5 = v — v is still a Lévy measure one can consider its cor-
responding symbol s = 1 — 1)1. Applying Proposition and Theorem we get the
assertion. m

EXAMPLES 3.4. As in Example 1.5 of [SSW] let 4 be a finite non-negative measure on
B(R?) with support on the unit sphere S and suppose that y is non-degenerate (i.e., its
support is not contained in a proper linear subspace of R?). Let r > 0 and define

A) = /0 = / 1a(s8) u(d€), A€ BR?). (12)
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It is not difficult to check that 7 is a Lévy measure on Rd Moreover © satisfies Hypoth-
esis 2 Indeed, if o > a we have [, |2|7 #(dz) < = [ [€]7 u(d€) < oo. In addition
the corresponding symbol ¢ satisfies the assumptlons of Theorem. 2|and so Hypothe&s

2

holds for the convolution Markov semigroup associate to ©. Thus Hypotheses [1| and [2
hold in this case.

More generally, applying Proposition [3.3] we obtain that Hypothesis [I] holds if the
Lévy measure v of the process L satisfies

v(A) > 5(4), Ae BRY).

According to the previous discussion the next examples of Lévy processes satisfy Hypothe-

ses[l and 2l

— L is a non-degenerate symmetric a-stable process (see, for instance, [S] and [Pri2]).
In this case v(A) = [}~ - [ 1a(s€) p(d€), A € B(RY), o € (0,2), where p is a finite,
symmetric measure Wlth the support on the unit sphere S which is non-degenerate.
— L is a truncated stable process (see [KS| and the references therein).

In this case

v(A) = c/{ La(o) dr, AeB(R?), ac(0,2).

wj<1y |z[dte

Note that this Lévy measure is as 7 in with » = 1 and g which is the normalized
surface measure on S.

— L is a tempered stable process of special form (cf. [Ra]).

We consider
oo —s d
i) = [EET [t utde. Ae B

where 4 is as in (I2), a € (0,2). Note that v(A4) > 7(A), A € B(R?), where 7 is given
in with r = 1.

— L is a relativistic stable process (cf. [CMS], [Ry] and the references therein).

Here ¢(u) = (|u* + mz/a)a/2 — m, for some m > 0, a € (0,2), u € RY. By Theorem
it is easy to see that Hypothesis [1| holds. Moreover also Hypothesis [2] is satisfied (see
Lemma 2 in [Ry]).

4. Analytic results for the associated Kolmogorov equation. Here we establish
existence of regular solutions to equation . This will be done through Schauder es-
timates. Such regular solutions will be used to prove uniqueness for the SDE in
Section 5.

It is important to remark that Hypothesis [2| implies that Lg(z) in is meaningful
for any g € C;'M(Rd) ifl+vy>a,v>0.

Indeed, Lg(z) can be decomposed into the sum of two integrals, over {|y| > 1} and
over {|y| < 1}, respectively. The first integral is finite since g is bounded. To treat the
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second one, we can use the estimate
l9(y +2) — g(x) —y - Dg()|
1
< [ 1Dg(a+ ry) = Dg(@)l ol dr < (Dgly o7, ol <1 (13)
0

In addition Lg € Cy(RY) if g € C}T7(RY) and 144 > o
The next result is a maximum principle (the proof is the same as in Proposition 3.2
of [Pri2]). We only need to assume Hypothesis [2] (see the discussion above).

PROPOSITION 4.1. Assume Hypothesis and consider b € Cp(R%, R?). If v € C;'M(Rd),
with 1+~ > a, v > 0, is a solution to \v — Lv —b- Dv = g, with A > 0 and g € Cy(R?),
then )

[vllo < 5 llgllo, A >0 (14)

Next we prove Holder regularity for when b is constant, i.e., b(z) = k, v € R%,
The case of b € Cbﬁ (R4, R?) will be treated in Theorem We stress that the constant c
n is independent of b = k.

We impose the natural condition o + f > 1 which is needed to have a regular
C'-solution v. On the other hand, the next result holds more generally without the
hypothesis a + 3 < 2. This is assumed just to simplify the proof and it is not restrictive
in the study of pathwise uniqueness for (). Indeed since C7 (R4, RY) C Cf (R4, R%) when
0 < B < o, it is enough to study uniqueness when S satisfies 5+ a < 2.

THEOREM 4.2. Assume Hypotheses[l] and 2} Let oo € (0,2) and 8 € (0,1) be such that
1 <a+p<2. Then, for any \ >0, k € R¢, g € Cf(Rd), there exists a unique solution
v=uvy € CAP(RY) to the equation
MW—Lv—k-Dv=g (15)
on Re. In addition, for any w > 0 there exists ¢ = c(w) > 0 independent of g, v and k
such that
A=V Dollg + [Dvlasg-1 < cllglls, A > w. (16)

Proof. Equation is meaningful for v € C?JFB(Rd) with a + 8 > 1 thanks to .
Moreover, uniqueness follows from Proposition [41]

The proof basically follows the one of Theorem 3.3 in [Pri2]. We only indicate some
changes. To this purpose note that in Theorem 3.3 of [Pri2] we have for any A > 0
with ¢ independent of A since for the Lévy processes considered in [Pri2] gradient esti-
mates (9) hold for any ¢ > 0 (not only for ¢ € (0, 1]).

We consider the Markov semigroup (P;) acting on Cy(R9) and associated to £L+k- D,
ie.,

Pif(x)= [ flz+z+thk)u(dz), t>0, fe€Cy(RY), 2R,
]Rd
where pu; is the law of L;, and Py = I. Then we consider the bounded function v = vy,
A >0,
v(z) = / e MPg(z)dt, xcR% (17)
0
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We are going to show that v belongs to C}' +B (R9), satisfies and solves .

Part I. Using Hypothesis || we prove that v € C}' +A (R9) and that holds. Note that

Mvllo < llgllo, A > 0, since (P;) is a contraction semigroup. Then, we remark that
Pif(z) = Re(f(- +tk))(z), t>0, f€Cy(R?), zeRY,

where (R;) is defined in . Using Hypothesis [I| we obtain for ¢ € (0, 1],

c|lf(-+ Kkt c
sup (D7, ()] < R elT]o. (15)
zERC

By using the semigroup and the contraction property of (P;) we get easily

cll fllo
DP, < e
sup, DRI < Gaye
By interpolation theory we know that (C,(R%), C} (Rd))ﬁ . C’bﬂ (R4), g € (0,1), see for
instance [L, Chapter 1]; interpolating the previous estimate with the estimate || DP; f|lo <
|Dfllo, t >0, f € CH(R?), we obtain

t>0, feCyRY. (19)

c

IDPfllo < m“f”m t>0, feobﬁ(Rd)v (20)
with ¢; = ¢1(co, §). In a similar way, we also find

ID*Pifllo < rpyamarye Wlls: €>0, f € GlRY. (21)

Using and the fact that % < 1, we can differentiate under the integral sign in
and prove that there exists Dv(z) = Duvy(x), = € R4 A > 0. Moreover Duy is
bounded on R? and, for any w > 0, there exists C,, such that, for any A > w with C,, > 0
independent of v, k and g,

AeFE=D/ Dollg < Cullglls

(we have used the fact that [ e (1 At)™7 dt = ;1% + %, for 0 <1 and A > 0).

It remains to prove that Dv € Cf(R?, R?), where § = a—1+4 € (0, 1). To this purpose
we proceed as in the proof of [Bl Proposition 4.2] and [Prill Theorem 4.2]. Using ,
we find, for any z,2' € RY, x # 2/, |z — 2/| < 1/2,

|lz—2' | 1
|Dv(z) — Dv(z")] < / (1||gﬂ||)7a dt —I—/l |DP,g(z) — DPig(z')| dt
0

T—x'|*
+ / e M|DP,g(x) — DP,g(x')| dt.
1
Now using we find

—)\

1
_ ! _ 10 "r | _ /)
Do) = Do) < Clllls(fe 1"+ [ o des S

< es(N) llgllgla — 1%,
and so [Dv]a—148 < c3(A) |lg]lg, A > 0, where c3 is independent of g, v, and k. Finally to
get , note that c3(\) is decreasing in .

Part II. We prove that v solves , for any A > 0. This can be done as in Part II of the
proof of Theorem 3.3 in [Pri2] without changes. The proof is complete. m
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Now we extend Theorem to the case in which b is Holder continuous. We can only
do this when o > 1 (cf. Remark . To prove the result when a@ = 1 we adapt the
localization procedure which is well known for second order uniformly elliptic operators
with Holder continuous coefficients (see [Kr]). This technique works in our situation since
in estimate the constant is independent of k € R?.

THEOREM 4.3. Assume Hypotheses [I] and 2| Let « > 1 and B € (0,1) be such that
1 < a+p < 2. Then, for any A > 0, g € Cbﬁ(Rd), there exists a unique solution
v=1u) € C;+5(Rd) to the equation

MW—Lv—b-Dv=g (22)
on R%. Moreover, for any w > 0, there exists ¢ = c¢(w), independent of g and v, such that
Alollo + [Delars-1 < cligllss A2 w. (23)

Finally, we have limy_, . ||[Dvxllo = 0.
Proof. The proof is the same as that of Theorem 3.4 in [Pri2] and uses Theorem n

REMARK 4.4. In contrast with Theorem in Theorem we cannot prove existence
of Cy P _solutions to when a < 1. The difficulty is evident from the following simple
a priori estimate: [Dv]at5-1 < Cllglls+ C|bllgl[ Dvljo + C|[bllo[Dv]. Since a < 1 we only
have Dv € Cg with § = a+  — 1 < 8 and we cannot continue with the usual analytic
methods.

5. The main result. We first recall basic facts and notation about Poisson random
measures which we will use in the sequel (see also [A], [Ku], [Za]). We will also remind
different notions of solutions for .

The Poisson random measure N associated with our Lévy process L = (L;) in is
defined by

N0, x V)= Y 1y(AL)=§{0<s<t: AL eV},
0<s<t

for any Borel set V in R?\ {0}, i.e., V € B(R?\{0}), ¢t > 0. Here AL, = L,— L,_ denotes
the jump size of L at time s > 0. The compensated Poisson random measure N is defined
by N((0,t] x V) = N((0,t] x V) —tv(V), when 0 ¢ V (by V we denote the closure of V);
recall that v is given in (5)). By our assumption (6]) the Lévy-Itd decomposition of the
process L is

t t
L, = / / 2 N(ds, dz) —i—/ / 2z N(ds,dz), t>0. (24)
0 J{|z|<1} 0 J{|z[>1}

The stochastic integral f; f{\z\<1} z N(ds, dz) is the compensated sum of small jumps
and is an L’-martingale. The process [ Jies1y 2 N(ds,d2)= 3" o<y |ap,>1 DLs is a
compound Poisson process.

Let T > 0. The predictable o-field P on € x [0, 7] is generated by all left-continuous
adapted processes (defined on the same stochastic basis on which L is defined). Let
V € B(R?\ {0}) and consider a P x B(V)-measurable mapping F : Q x [0,T] x V — R<.
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If 0 ¢ V, then fOT Jy F(s,x) N(ds,dx) = 3 cqp F(s,ALs) 1y (ALy) is a random
finite sum. If £ fOT ds [, |F(s,x)]* v(dx) < oo, then one can define the stochastic integral

Mt/ot/‘/F(s,w)N(ds,d:v), t€[0,T]

(here we do not need to assume 0 ¢ V). The process M = (M;) is an L?-martingale with
a cadlag modification. By Lemma 2.4 in [Ku| we have

E|M, 2 :E/O ds/V|F(s,a:)|2u(da:). (25)

DEFINITION 5.1. A weak solution to is a tuple (Q,F,(F)i>0,P,L,X), where
(Q, F, (Ft)t>0, P) is a stochastic basis on which there are defined a pure-jump Lévy
process L (see conditions and (6)) and a cadlag (F;)-adapted R¢-valued process
X = (Xt) = (X4¢)>0 which solves P-as.

A weak solution X which is (FF)-adapted (here (Ff);>o denotes the completed nat-
ural filtration of L, i.e., for t > 0, F} is the completed o-algebra generated by L,
0 < s <t)is called strong solution (cf. Chapter 3 in [Situl).

We say that pathwise uniqueness holds for if given two weak solutions X and Y
(starting at © € R?) defined on the same stochastic basis (with respect to the same
process L) then, P-a.s., X; =Y}, for any t > 0.

Given a stochastic basis (Q, F, (F;)¢>0, P) on which a pure-jump Lévy process L is
defined, a stochastic flow of class C* for (1)) is a map (¢, z,w) — X¥(w), defined for t > 0,
r € RY, w € Q with values in R?, such that

(a) given x € R%, the process X? = (X&);>0 is a cadlag (Fl)-adapted solution of ;
(b) P-a.s., for any t > 0, the map z +— X is a homeomorphism from R? onto R;
(c) P-as., for any ¢t > 0, the map = — X7 is a C'-function on R%.

Starting from a stochastic flow (X7) one can easily obtain a stochastic flow of Kunita’s
type &.4(z), 0 < s <t, 2 € R? (see Section 3.4 in [Ku] and Remark 4.4 in [Pri2]).
To prove Theorem we will consider the following equation on R?

Mu(x) — Lu(z) — Du(z) b(z) = b(x), =€ RY, (26)

where b : R? — R? is given in our SDE , L in and A > 0; this equation must be
understood componentwise, i.e., v : R* — R? and

/\ui—ﬁui—b-Dui:bi, i:1,...,d,

with u(z) = (ug(x),...,uq(x)), b(z) = (bi(x),...,ba(x)).

The next two results hold more generally for SDEs of type when b is only con-
tinuous and bounded. The first lemma provides an It6-type formula for a solution to
(cf. page 15 in [EFGP|] where a related result is proved when L is a Wiener process).
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LEMMA 5.2. Let L be a pure-jump Lévy process satisfying Hypothesisfor some a € (0,2)
and let b € Cy(R%,RY) in . Assume that, for some X > 0, there exists a solution
u=1uy € C;J”(Rd,Rd) to with v € [0, 1], and moreover

1+9>a.
Let X = (X:) be a weak solution of starting at x € R. We have, P-a.s., for any
t>0,

u(Xt) — u(z )—:c—Xt—l—Lt—i—)\/t u(Xs)ds

/ / u(Xs_ 4 2) —u(X, )| N(ds,dz). (27)
Rd\{O}

Proof. To see that the stochastic integral in is well defined we note that

E/Ot ds /Rd (X + 2) —u(X, ) > v(dz)

< 4t||u||8/ v(dz) + t||Du||g/ |z|2 v(dz) < oo
{lz[>1} {lz|<1}

The assertion is obtained by applying It6’s formula to u;(X:), 7 = 1,...,d, as in the proof
of Lemma 4.2 in [Pri2] (for more details on Ité6’s formula see [Al Theorem 4.4.7] and [Kul
Section 2.3]).

We note that Itd’s formula (as it is usually stated) would require that u; € C?(R?).
However in our situation we have

/ 2" v(dx) < oo, (28)
{lzI<1}

since 14+ > a and Hypothesisl holds. Using , and an approximation argument
one proves that, for any f € C’l+7(Rd) P-as., t >0,

s == [ [ 0 ) - ) s

+/O Lf(Xs)der/O b(X,) - Df(X,)ds (29)

(cf. Ttd’s formula (4 6) in [Pri2]). Thus we can apply It6’s formula to u;(X};). Noting that,
forany i = 1,...,d, Lu; +b- Du; = Au; — b; (see (26])), we can replace in the Ité formula

for u;(X;) the term
t t
/ Lui(X)ds +/ Du;(Xs) - b(X,) ds
0

with — fo s)ds + )‘fo ui(Xs)ds = x; — (Xp)i + (Le)i + /\fO u;(X,) ds and obtain the

assertion. m

Theorem [I.1] will be a consequence of the following result.
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THEOREM 5.3. Let L be a pure-jump Lévy process (see conditions and @) satisfying
Hypothesis for some o € (0,2) and let b € Cp(RY,RY) in . Assume that, for some
A > 0, there exists a solution uw = uy € C;+'Y(Rd,]Rd) to the equation with v €]0, 1],
such that cx = ||Duy|lo < 1/3. Moreover, assume that

2y > a.
Then, assertions (i), (ii) and (iii) of Theorem [1.1] hold.

Proof. Note that 2y > « implies the condition 1+ v > « of Lemma [5.2
Since ||Dullp < 1/3, the classical Hadamard theorem (see |[Prol page 330]) implies
that the mapping
YRR p(z) =2 +u(z), xcRY
is a C!-diffeomorphism from R? onto R?. Moreover, Di)~! is bounded on R? with

1Dy~ o < 171@ < 3 thanks to

Dy ~Hy) = [T+ Du(@ )] = > (~Duv~ ()", yeRY,

k>0

and we have the estimate (see page 444 of [Pri2)])
DY~ (y) = DY) < ealDuly ly =y .y €RY (30)

Let r € (0,1] to be fixed later (in the proof of (i) and (ii) we may consider » = 1) and
introduce the following auziliary SDE (cf. (4.11) in [Pri2])

t
Yt:yJF/ b(Ys)ds
0

t t
—|—/ / g(Ys_,z) N(ds,dz) +/ / 9(Ys_,2z) N(ds,dz), t>0, (31)
0 J{lz|<r} 0 J{lz|>r}

where
) =M ) — [ (e )+ )~ ulo )] ) - [ 2 0(d2)
{lz|>r} {r<|z|<1}
= du(yp! - ,2) — zlv(dz) — zv(dz
(1)) /{W}[g(y ) — 2 uldz) /{} (d2)
and

9(y,2) = u@ ™ (y) +2) +z —u(¥ ' (y))
u(@ ™ (y) +2) + 2+ (y) T () —u(wT (y)

=Wy +2) -y, yeR? zeR™
Note that is a SDE which satisfles the usual Lipschitz conditions (cf. Section 3.5
of [Ku] or Section 6.2 in [A]). Indeed b is a Lipschitz function, |g(y, z)| < (14 || Dullo)|z],
for each g,z € R%, and, moreover (see page 442 in [Pri2] and Lemma 4.1 in [Pri2]), for
any v,y € R? (recall that 2y > o and we are assuming (10))),

/ l9(y, 2) — g/, 2)|? v(dz) < erfulli4~ Iy—y'IQ/ 1227 v(dz) < coly — /|
{121<1) {121<1}
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(i) Let € R%. To prove pathwise uniqueness for our equation note that if (X)
is a weak solution to then using and formula we easily get that (v(Xy)) =
(1(X4))e>0 is a (strong) solution to with y = ¢(x). Since pathwise uniqueness holds
for if we consider two weak solutions (X;) and (Z;) of (starting at z € RY)
defined on the same stochastic basis and with respect to the same Lévy process L then
we obtain, P-a.s., ¥(X;) = ¢(Z;), t > 0, and so, P-a.s., Xy = Z;, t > 0.

(ii) Let us fix a stochastic basis on which a pure-jump Lévy process L satisfying our
hypotheses is defined.

Let us first consider equation and fix r = 1. Thanks to the regularity of the
coefficients (cf. [Ku] or [A]), for any y € R?, on our fixed stochastic basis there exists a
unique strong solution Y¥ = (Y}Y).

Let z € R? and set th(g”) =Y, t > 0. If we define (X;) = (¢ 71(Y;)) we get that (X;)
is a strong solution to starting at € R? by Itd’s formula.

Standard Itd’s formula (see Theorem 4.4.7 in [A]) says that if F' € C?(R? R?) then
we have, P-a.s., for t > 0,

F(Y;) = F((x)) + / DF(Y.)b(Y,) ds

FYs- Yi—,2)) — F(Ys- N ds,dz
+/0 /{z<1}[ (Yoo + g( ) — F(Ys_)] N(ds, dz) .
+/0 /{Z>1}[F(Ys +9(Ys_,2)) — F(Y,_)] N(ds, dz)

s [ [P gYen2) - F(Y) - DP(Y.)g(Yau 9] v(dz).
0 {lz|<1}

Recall that the third line in is a finite random sum. Note also that fot DF(Y,)b(Y,) ds
has components fot DF;(Y,)-b(Y,)ds,i=1,...,d.

We fix t > 0 and show that the previous formula holds even with F' = ¢~ arguing
by approximation (cf. page 438 in [Pri2]). Recall that ¢y~! € C'(R? R?) and Dy~ is
bounded on R¢ and satisfies .

By convolution with mollifiers (p,), i.e., Fp(z) = [pa ™ (y)pn(z +y)dy, = € R¢,
and, possibly passing to a subsequence, we ﬁnd ( ) C C’OO(Rd R?) such that

F,—»¢~' in CY(K;RY),
for any compact set K C R? and 0 < 4/ < 7. Moreover, we have the estimate ||DF,||o <
|DY~1|o, n > 1, and, using and ([13)), also
|Fn(y+x)*Fn(y)7DFn(y)x| S [Dwil]’y |$|1+7, |£L" S]-a yGRdv TLZ L (33)

Let us write It6’s formula with F replaced by F,,. We can easily pass to the limit as
n — oo with w € Q fixed in the first, third and fourth line of ; for instance, in order
to pass to the limit in the fourth line of we use estimate which gives

|Fo (You + 9(Yse, 2)) = Fu(Yeo) = DFu(Ys)g(Ys, 2)| < [DY ']y 1g(Ys, 2) "7 < Cl2|'7,
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|z] <1, s €[0,t], n > 1, and then we apply the Lebesgue convergence theorem taking

into account . In the second line of (written with F replaced by F,,) we can pass
to the limit in L?(€2) thanks to the isometry formula (25)); indeed we have

E‘/ /{| ‘<1} st-i-g(Y 2)) — Fp (Yoo +9(Ys—, 2))
THY) + Fa(Yeo)] mds,dz)f

—FE [ ds Yo 4 g(¥sr2) — Ful¥or + gYor

/ /{| |<1} + (Yo 2)) = Fu (Yoo + 9 )

— (Yol ) + Fo(Ya ) w(dz) = 0,
as n — 0o, thanks to the estimate
[0 (Yee 4 (Y, 2)) = Fu(Yee + 9(Yar, 2)) = 071 (Vor) + Fu(Yeo)|” < CJaP?,

where C is independent of n, s and w € Q (recall that |[DF,|lo < |[|[D¥~ o, n > 1). By
It6’s formula with F = ¢~ ! we get

¥ (YY) —x+/ DyL(Y,)b(Y,) ds
//{| O BT ) 2) = Ve ) =07 ()] N (s )
t z S, dz t S z— -1 -1 z)— v(dz).
+ / /{W} N(ds,dz) + / a /{lzlq}[ DY) (0 (Yoo )+2)—Ya_]] w(d2)
It follows that
v (Yt>—x+Lt+A/ Dy~ (Ya)u(w}(Y2)) ds
/ Dy / (W (Yas) +2) — Y] — 2) (d2)
{lz|>1}
+ / s /{ DT R ) ) Ve e
Thus, using that Au = Lu+ Dub + b, we find
U Yy) =a+ Ly
/ Dy / ([ (Yar) + 2) — Ya_] — 2 — Du(e1(Y2))2) v(d)
{lz|<1}
4 / Dy (Vo) Dul (Ya)b( (V) ds + / Dy L (Ya)b(6~! (V) ds
0 0
+ /0 s /{ DT R ) ) Yo )
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Since Du(y) = Di(y) — I and Dy~ (y)Dy(v~1(y)) = I, y € R, we get

VYY) =a+ Ly +/0 b(yp~1(Yy)) ds.

This shows that (X;) = (v»~1(Y;)) is the unique strong solution to ().

(iii) In order to prove the existence of a stochastic flow for (1)) it is enough to establish
such property for equation and then use that

XF = (YW, (34)

To this purpose one can use Theorems 3.10 and 3.4 in [Kul]. Checking the validity of their
assumptions for equation is quite involved and it is done in the proof of Theorem
4.3 in [Pri2] (one has also to fix r in small enough; see also page 443 in [Pri2] for the
proof of the differentiability property). This completes the proof. =

REMARK 5.4. We point out that the previous proof also provides a formula for the
derivative DXJ with respect to # in terms of Hf = DY}¥ (see (34)). Indeed y ~— Y}
is C1, P-a.s., and Theorem 3.4 in [Ku] provides the following formula (cf. the formula at
the end of page 445 in [Pri2])

t
HY =14 [ Duw ' (v2) Do~ (v2) HY ds
0

t
+/ / (Dyh(YY ,z)HY ) N(ds,dz), t>0, yeR%
0 JR4\{0}

According to [Pri2] the stochastic integral is meaningful and we have the estimate

sup E[|Hs|p] < 00,
0<s<t

for any t > 0, p > 2.

Proof of Theorem . We may assume that 1 — a/2 < § < 2 — a. We will deduce the
assertion from Theorem [5.3]

Since a > 1, we can apply Theorem E and find a solution uy € C;'M (R RY) to the
resolvent equation with v = a — 14§ € (0,1). By the last assertion of Theorem
we may choose A sufficiently large in order that ||Dullg = ||Duxl|lo < 1/3. The crucial
assumption about v and « in Theorem [5.3]is satisfied. Indeed 2y = 2o — 2+ 2 > « since
B >1—a/2. By Theorem [5.3| we obtain the result. m

REMARK 5.5. Using the C®A-regularity results proved in [Si] one can show that the
statement of Theorem holds in the relevant case of £ = —(—A)*/? even when
0 < a < 1. Therefore, by Theorem [5.3] all the assertions of Theorem [I.I] hold even
when 0 < @ < 1 and > 1 — § if the Lévy process L = (L;) is a standard symmetric
and rotationally invariant a-stable process.

Nevertheless, it remains an open problem if the statements of Theorem is true
when 0 < o < 1 for some other non-degenerate a-stable processes L (note that the proof
of [Si] use the so-called extension property of —(—A)®/2 which is a typical property of such
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non-local operator). In particular, pathwise uniqueness is not clear when 3 € (1 — §,1)
and 0 < o < 1 if L has the generator as in and d > 1, i.e.,

d
’C = Z(_azkmk)a/g'

k=1

Note that for such an operator we do not know if there exist regular solutions v to the
non-local Kolmogorov equation under the natural condition that b € Cf (R, R%),
geClRY and f+a > 1.
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