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Abstract. We prove that Brownian motion on an abstract Wiener space B generates a locally
equicontinuous semigroup on Cy(B) equipped with the Ti-topology introduced by L. Le Cam.
Hence we obtain a “Laplace operator” as its infinitesimal generator. Using this Laplacian, we
discuss Poisson’s equation and heat equation, and study its properties, especially the difference
from the Gross Laplacian.

1. Introduction. The problem to formulate the calculus on infinite dimensional spaces
has attracted many mathematicians over one century. Even if we restrict our attention
to Laplace operators, we can find many researches. In earlier times, many studied the
theory of mean values on infinite dimensional spaces instead of Lebesgue measures. In this
context, P. Lévy constructed his Laplacian, the so called Lévy Laplacian. This is different
from the one defined by V. Volterra (see [I1], [7] for instance). Later, L. Gross formulated
his Laplacian in [2], the so called Gross Laplacian. He defined it as the trace of the second
Fréchet derivative. His Laplacian is a direct extension of that of finite dimensional spaces.
If we regard the Gaussian measure as the background measure, the Dirichlet form and
Laplace-Beltrami operator are defined successfully (see e.g. [10] for details).

In this paper, we define a Laplace operator on abstract Wiener spaces via semigroups.
As is mentioned by Gross ([2, [3]), one natural way to define a Laplace operator is to set

%A £ =lim P‘S%H

on some function space, where P; is the Wiener measure with variance parameter .

When X = R", this process is successfully done on L?(R"™). However, as is well known,
the Lebesgue measure does not exist unless the space X is locally compact, which is almost
equivalent to assuming X C R"™. Hence, the L? wonderland is not available when X is
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infinite dimensional. This problem leaves us a fundamental question, “On which function
space should we calculate?”

Our choice in this paper is (Cp(X),T3), the space of bounded continuous functions
equipped with the topology T; introduced by L. Le Cam [9]. Needless to say, the space
Cy(X) exists on any topological space, and the continuity is prescribed by that on each
compact sets in many cases (in the case that X is a k-space). Furthermore, the Ty-topology
is described by the measures on X, and measures have tightness in most cases (such as
Polish spaces), this enables us, with the help of Prohorov’s theorem, to calculate as if X
were locally compact or o-compact.

In this function space we prove that the semigroup mentioned before (heat semi-
group) is strongly continuous and locally equicontinuous, and define our Laplacian as its
generator. Our Laplacian appears to be similar to, but different from the Gross Laplacian.

We follow the terminology of [T}, [2]. In this paper, all positive and signed measures are
assumed to be bounded. We will denote by M (X) the space of signed Borel measures.
A positive Borel measure p is said to be tight or compact regular if

u(C) = sup{u(K) : K compact, K C C}

for any Borel set C. A signed Borel measure p is said to be tight if its total variation
measure |p| is tight. The total variation norm is defined by |u| = |u|(X). A subset
M C M(X) is said to be uniformly tight if it is bounded in the norm and there exist
compact sets {K,,} satisfying

X\ K < 5

for all 4 € M and n € N.

We denote by 7, the weak* topology o (M (X), Cy(X)) on M(X). A topological space
X is called a Radon space if every signed Borel measure on X is tight. X is said to be
a Prohorov space if any relatively compact subset in 7, is uniformly tight. A Prohorov
space is a Radon space. It is well known that any Polish metric space is a Prohorov space.
X is called a k-space if a set is closed whenever its intersection with each compact set is
closed. Any metric or locally compact Hausdorff space is a k-space.

2. The T;-topology. In this section we will be concerned with the Ti-topology on
Cp(X). This topology was first introduced by L. Le Cam [9].

DEFINITION 2.1. Let {K,,} denote an increasing sequence of compact sets in X . For each
(K.}, let
Mg,y ={p € M(X) : [[ul] < 1, |pl(X \ Kn) < 1/27}

and set a seminorm | - |,y on Cy(X) by

|fli,y = sup{[(f, )| - w € Mgk, 1},

where (f, u) denotes the integration. T; on Cy(X) is the topology generated by the col-
lection of these seminorms.

In other words, T} is the topology of uniform convergence on uniformly tight measures.
Let Tk denote the topology of uniform convergence on compact sets, and let T, denote
that of uniform convergence on X, then Tx < T; <T,. Assume M C Cp(X) is bounded
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in the norm, then T; and Tk coincide on M. It is known that if X is a k-space, then
(Cp(X),Ty) is complete. If X is a Radon space, then the dual of (Cy(X),T}) is M(X).
If X is a Prohorov space, then T} coincides with the Mackey topology 7 (Cy(X), M(X)).
See [1}, 9] for details.

Compared with the norm topology 7., T; might seem unnatural. However, the dual
of (Cy(X),T}) is measures, while the dual of (Cyp(X),T,,) is finitely additive measures.
Furthermore, (Cy(X), T}) is something like a C*-algebra, though it is not a Banach space,
in the sense that the pointwise product is continuous (Theore. To prove this, we
first prove the following lemma.

LEMMA 2.2. |- |(k,} is equivalent with the seminorm
— 1
| flir,) = Z 27|f|Kn,
n=1

f@)].
Proof. For any u € Mg,y and f € Cy(X), we have

’/x f(x)du(x) </K1 |f(x)|du(x)+/K2\K1 \f (@) dp()

where we set | f|k, = sup,cp,

. /K SR /X | (@) dpa(a)

n

2m-1 zeK

m

<3 sy sw 1f@)+ 5]
m=1

for all n € N. Hence we obtain |f|{x,} < 2|f|x,]-
Now we prove the converse inequality. Given f € C(X), we can find a sequence {z,, }
such that z,, € K, and sup,cx |f(z)] = |f(2n)]. Set

=1
M= Z 276$n7
n=1
then p € Mg, 3. Hence we obtain | fx,1 > [flik,]- »
THEOREM 2.3. The pointwise product on Cyp(X) is continuous in the Ti-topology.

Proof. Let {K,} be given. Set K/, = K3, then

|flKanin < [l < 2% flixcy)s

where £ = 0,1,2. The same holds for g, hence we obtain

co 2 oo 2
1 1
|f9lix,) < Z Z >nTh |f9l K < Z Z ik |fliylglizr) < | fliz |9z

n=1 k=0 n=1 k=0
which shows the continuity. m
3. Laplace operators on abstract Wiener spaces

3.1. Definition of Laplacian. Let (H, B,¢) be an abstract Wiener space [4]; H is a
real separable Hilbert space, B is the completion of H with respect to some measurable
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norm || - || (hence B is a real separable Banach space), i : H — B is the natural injection.
The measure P, on B is the Wiener measure on B with variance parameter ¢t > 0. We
set Py = §p, the delta measure in origin.

Let p; denote the operator on Cy(B) defined by

(pef)(@) = (P )z /fx* AP, (y).

Obviously pg = I, ptps = pi+s. This is the semigroup generated by the Brownian motion
on B.

It is known that {p;};>0 form a strongly continuous semigroup on the Banach space
of bounded uniformly continuous functions (see [2 Proposition 6]). However, this space
is small for infinite dimensional analysis. In this section, we prove that {p;};>¢ form
a strongly continuous locally equicontinuous semigroup on (Cy(B),T;). As a result, we
obtain the generator, denoted by %A, which is a densely defined closed operator on

(Co(B), Ty).
PROPOSITION 3.1. For all s > 0, {p;}o<i<s are equicontinuous linear operators.

Proof. Fix ¢ > 0. Since a real separable Banach space B is a Radon space, we have P; is
tight. Hence there exists a compact set K such that

Py(B\K) <e.

Set K' = {tx : x € K,t € [0,1]}, then K’ is a compact set with rK' C K’ for all
0 <r <1. By the equation pis(E) = pe(s _1/2E) (equation (3) in [2]), we have

K') > Pi(\/t/sK') = N> P(K)>1—-¢.
Therefore, the measures {P; : 0 < t < s} are umformly tight. Since
(pef,p) = (Prx fop) = (f, P+ )
for any p € M(B) and f € Cy(B), it follows that
peflix,y < 1flixsy
for some { K/} by the following lemma. m
LEMMA 3.2. Let My, My C M(B) be uniformly tight, then the set
{p1 * po - 1 € My, o € Mo}
is uniformly tight.

Proof. For any € > 0, there exist compact sets K7, K3 such that |p|(B\ K1) < ¢ for all
p1 € My and |ue|(B\ K2) < € for all g € M. Set

Ky={x14+29:11 € K1,20 € K3}.
K3 is a compact set satisfying
(1% p2)(B\ K3) < (1 x p2) (B \ K1) x B)
+ (p X p2) (B x (B\ K2))
< ([pall + [l 2)e,
where p1 X po is the direct product. m
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It remains to prove that the map ¢ — p;f is strongly continuous.

LEMMA 3.3. Fiz f € Cy(B), s > 0, and a compact set K, then for any e > 0, there exists
0 > 0 such that: z,y € K and ||z —y|| <6 = |p.f(z) —pef(y)| < e for any 0 <t <s.

Proof. Since { P, }o<i<s is uniformly tight, there exists a compact set K’ with the property
that

&
P, K’ -
B> 1= 37

for all 0 < ¢ < s. Set
K'={z+2 :2€ K,z € K'}.

As K" is compact, we can choose 6 > 0 so that z,y € K" and ||z —y|| < d = |f(z) —

fy)l <e/2.

Now we obtain

Ipef (2) — pef ()] < / F@ —2) — f(y — 2)|dPi(2)
- / fla =)~ Sy = DIdP2)
T—2z)— — 2)|dP;(z
# [, 1@ =2 = fu=2laR)

e _
Al

LEMMA 3.4. For any e >0 and § > 0, there exists tg > 0 such that ;

g
< 54—2“]0” E. m

P(Bo) >1—¢

for all 0 < t < ty, where By(d) denotes the open ball {z : ||x — 0| < r}, and the overline
stands for the closure.

Proof. This follows immediately from the equation (3) in [2] and the fact that any com-
pact set is bounded. =

PROPOSITION 3.5. For any f € Cyp(B), the map t — pif is continuous in T;-topology.

Proof. Since {p;f}i>0 is uniformly bounded, we only need to show the continuity in the
topology Tk . Fix € > 0 and ¢y > 0. Let K’ be a compact set satisfying

P(K')>1-¢
for all 0 <t < tg, and set
K'={z+2:2€ K,z € K'}.

By Lemma [3.3] there exists § > 0 such that z,y € K" and ||z — y|| < § = |p.f(z) —

pef(y)| <e.
By Lemma we have, for 0 < s < t < tg with s — t sufficiently small,

P (K" NBo(d) > 1.
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Under the conditions stated above, for all x € K, we have

Ipef(x) — pef ()] < /B | (pef (2 — y) — pef (2)) APy ()

<)
KBy (d)

w [ ) - p@laP()
(K"MBo(3)

Ipe f(z —y) — pef(@)|dPs—t(y)

<e+2[fle,

which shows the continuity. m
Hence, by the Hille-Yosida theorem, we obtain the following theorem.

THEOREM 3.6. Let us denote by %A the infinitesimal generator of {p:}. This is a densely
defined closed operator on (Cy(B),Ty).

3.2. Properties of Laplacian. Our Laplacian is an extension of the usual finite di-
mensional Laplacian.

PROPOSITION 3.7. Let eq,--- ,e, € B* be orthonormal as elements of H*, and let g, :
R" — R be C? functions, then g(x) = gn(pn(z)) € D(A) and Ag(z) = Agn(pa(x)),
where pn(x) = ({e1,x),- -+, (en, T)).
Proof. Since
(Prx g)(x) = (P * gn)(pn(2)),
where P is the Gaussian measure on R™ with variance ¢,
. (Pxg)(x) —g(x) 1
tlgl’(l) ¢ - §Agn(pn($))
Even though p; f is defined by “global” calculation, this Laplacian has “locality” in

inT,. =

the following sense.
PROPOSITION 3.8. Let f € D(A), then suppAf C suppf.
Proof. Tt suffices to show Af(z) = 0 for z ¢ suppf. Since there exists § > 0 such that
f=0on B;(d), by [2L Remark 2.3.],
nie) = [ S DR < 7o),

Hence (pif(z) — f(z))/t = 0ast—0. m

REMARK 3.9. We used the fact f is bounded, which is, in a way, global information.
3.3. Potentials. Now we will study the Poisson’s equation

1

ZAu = —

SBu=—1,

for given f € Cy(B). (Problems such as the Dirichlet problem will be studied in [6])
Following Gross, we assume suppf has the following property ([2, Remark 3.5]): for some
e1, ez, e3 € B* which are orthonormal as elements of H*, each ¢; (j = 1,2, 3) is bounded
on suppf, that is, |(e;, z)| < 3M for all z € suppf. Note that we have not assumed that
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suppf is bounded (which often means f = 0 in infinite dimensional spaces). Of course,
the solution is not unique (add constant).

THEOREM 3.10. The Poisson’s equation has a solution under the condition stated above.

Proof. Set us € Cy(B) by
S
Us :/ ptfdt7
0

for s > 0. Obviously, us € D(A) and

1

JAus =psf — f.
Furthermore, by the assumption on suppf, it follows that

lpr Il < %€

for some C > 0, hence prf — 0 and uyr — u uniformly as T — oo. Since A is closed, u
is a solution. m

REMARK 3.11. This theorem shows our Laplacian is different form the Gross Laplacian,
the trace of the second Fréchet derivative. Gross [2, Theorem 2] showed that there exists
a bounded uniformly continuous function f on B with bounded support which is zero in
the neighborhood of the origin and such that the second Fréchet derivative of u, defined
in the same way as above, is not trace class at the origin. This shows that trace class is
too strict a condition to deal with potentials. As Gross mentioned [2, Remark 4.4], there
is some underlying summability method in this generator.

REMARK 3.12. Here we used the generator defined on (Cy(B), T%) as Laplacian. The same
proof is possible for the generator defined on the Banach space of bounded uniformly
continuous functions.

REMARK 3.13. The regularity of the potential is a difficult problem. The potential is
something like C! [2, Lemma 2.1], but it is not true that the potential is something like
C? in general, because it is not true even in the case of R2.

3.4. Heat equations. Since we defined the Laplacian as the generator of the heat
semigroup, it is natural to think that w(t,xz) = p;f(x) is the solution of the following
equation (initial value problem of heat equation):

%u(t,x) = %Au(t,x),

u(0,2) = f(x).
However, unlike in finite dimensional cases, it does not directly follow that p,f € D(A).
This is because AP; is not a bounded measure.

THEOREM 3.14. The map f — Apf defined for f € D(A) cannot be extended to a
continuous operator on (Cy(B),Ty).

Proof. Assume there exists such an extension, then there exists a bounded measure p
such that

[ H@dnt) = 5mian)0).
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for f € D(A). By Proposition
[ suoal@Nauto) = [ snwaGarro

for g, € CZ(R™). Since ||AP!*|| — 0o as n — oo, g is not a bounded measure. m

REMARK 3.15. A similar result is obtained [5] in the settings of heat semigroups in
Hilbert spaces (see e.g. [13]).

Regularity of the heat equation is interesting. For example, if it is analytic in some
sense, it would give an approach to the Feynman’s path integral. However, the theorem
above means that the heat semigroup is not so much regular, if we are working on
(Cy(B),T). It seems that we need to use the regularity of initial condition f, or to find
a better topology such that the unbounded measure AP; is something like dual.

REMARK 3.16. If f € D(A), then it is easy to see u is the solution. Gross [2, Theorem 3]
proved that if f is Lip 1, then (0u/0t) exists in the sense of uniform convergence. Hence
pif € D(A) in this case. The author is not sure whether p,f € D(A) for all f € Cy(B)
and ¢ > 0. In other words, whether the continuity of f (that is a regularity) is enough or
not.
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