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Abstrat. We show that the von Neumann algebras generated by an in�nite number of t-deformed free gaussian operators are fators of type I∞.1. Introdution. In [6℄ we onstruted, for eah positive real number t, families ofnon-ommutative random variables assoiated with the entral limit measures for t-transformed lassial and free onvolutions. In this paper we shall study the familiesrelated to t-transformed free onvolution, in the von Neumann algebras' framework. Letus brie�y reall the onstrutions.For t ≥ 0 and a given separable Hilbert spae H, (being the omplexi�ation of a realHilbert spae HR), with the salar produt 〈·|·〉, we onsider the Fok spae
Ft(H) = CΩ ⊕

⊕

n≥1

H⊗n

ompleted with respet to the following salar produt 〈·|·〉t:
〈x1 ⊗ x2 ⊗ . . . ⊗ xn|y1 ⊗ y2 ⊗ . . . ⊗ yk〉t = δn,k · tn−1 ·

n∏

j=1

〈xj |yj〉, 〈Ω|Ω〉t = 1.Now, given a vetor f ∈ HR, we de�ne a reation operator Bt(f) and annihilationoperator At(f) on Ft(H). For arbitrary x1, x2, . . . , xn ∈ H we put
Bt(f)x1 ⊗ x2 ⊗ . . . ⊗ xn = f ⊗ x1 ⊗ x2 ⊗ . . . ⊗ xn, Bt(f)Ω = f2000 Mathematis Subjet Classi�ation: 47C15, 60F05.Key words and phrases: t-deformation, free onvolution, von Neumann fators.Researh partially supported by KBN grant 2P03A00723 and by EU Network �QP-Applia-tions�, ontrat HPRN-CT-2002-00279.The paper is in �nal form and no version of it will be published elsewhere.
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436 J. WYSOCZAŃSKIwhere n ≥ 1, and
At(f)Ω = 0, At(f)x1 = 〈x1|f〉Ω,

At(f)x1 ⊗ x2 ⊗ . . . ⊗ xn = t · 〈x1|f〉x2 ⊗ . . . ⊗ xn,where n ≥ 2. Then for every f ∈ HR the operators At(f) and Bt(f) are bounded by
max{1,

√
t} · ‖f‖, and are adjoint to eah other and we shall onsider the self-adjointoperators Gt(f) = At(f) + Bt(f), whih are thus bounded by 2 · max{1,

√
t}‖f‖.Definition 1.1. By Mt we shall denote the von Neumann algebra generated by theset {Gt(f) : f ∈ H}, that is its double ommutant in B(Ft(H)), the C*-algebra of allbounded operators on H:

Mt := {Gt : f ∈ H}′′ ⊂ B(Ft(H)).For t = 1, whih is the ase of free onvolution, it was shown by Voiulesu that
M1 = V N(Fk) is the von Neumann type II1 fator of the free group Fk on k freegenerators. We shall show that for t 6= 1 the situation is quite di�erent, if the number ofoperators Gt(f) is in�nite.2. Main result. Our main result is the following.Theorem 2.1. For 0 < t 6= 1 the von Neumann algebra Mt is the type I∞ fator Mt =

B(Ft(H)).In proving the theorem the ruial role is played by the fat that the orthogonalprojetion P onto the vauum Ω is in Mt. This follows from the following:Lemma 2.2. Let St := t · I + (1 − t) · P , where P is the orthogonal projetion onto thevauum Ω and I is the identity operator in B(Ft(H)). Let Gi := Gt(xi), where {xi : i ≥ 1}is an orthonormal basis in H, be a sequene of operators in Mt. Then the sequene
Kn :=

1

n

n∑

i=0

(Gi)
2

onverges to St in the strong operator topology, when n → ∞.Proof. Sine the operators Gi are all uniformly bounded, it is su�ient to show that
Kn(y) → St(y) for any simple tensor of the form y = xj1 ⊗ . . . ⊗ xjm

, with m ≥ 1, or
y = Ω. It follows diretly from the de�nition of the reation and annihilation operators
Bt(xi) and At(xi) that:

KnΩ = Ω +
1

n

n∑

i=0

xi ⊗ xi → Ω,the onvergene being in the norm of Ft(H). On the other hand, in omputing the limitof 1

n

∑n

i=0
(Gi)

2(y) we onsider only the simple tensors y ∈ Ft(H) of the form y = xj1 ⊗
. . .⊗ xjm

, m ≥ 1, in whih ase 1

n

∑j1
i=0

(Gi)
2(y) → 0 in norm, and 1

n

∑n

i=j1+1
(Gi)

2(y) =
1

n

∑n

i=j1+1
(ty + xi ⊗ xi ⊗ y) → ty in the norm of Ft(H). Hene the lemma follows.



t-DEFORMED FREE VON NEUMANN ALGEBRAS 437It follows from the lemma that St ∈ Mt, hene also (St)
2 − tSt = (1 − t)P ∈ Mt.Now we shall show that the vauum vetor Ω is yli for Mt. This will yield that theommutant M′

t is trivial.Lemma 2.3. The vauum vetor Ω is yli for the von Neumann algebra Mt, whihmeans that the linear span of the vetors {Gt(f)Ω : f ∈ HR} is dense in Ft(H).Proof. This follows the well known sheme used in the free ase, sine for any �nitesequene of indies i1, i2, . . . im we have the formula
y = Gi1Gi2 . . . Gim

Ω = xi1 ⊗ xi2 ⊗ . . . ⊗ xim
+

m−1∑

j=0

yjwhere yj is the orthogonal projetion of y onto the subspae H⊗j of Ft(H), spanned bytensors of length j (i.e. tensors of the form xi1 ⊗ xi2 ⊗ . . . ⊗ xij
). It follows by indutionon m that eah tensor xi1 ⊗ xi2 ⊗ . . . ⊗ xim

an be expressed as a linear ombination ofvetors of the form Gr1
Gr2

. . . Grs
Ω. This proves that Ω is yli.Now a standard argument shows that if the orthogonal projetion onto a yli vetorfor a von Neumann algebra belongs to the algebra, then its ommutant is trivial.Proposition 2.4. The ommutant M′

t of Mt in B(Ft(H)) onsists only of multiples ofidentity.Proof. For a given K ∈ M′
t we have KΩ = KPΩ = PKΩ, so KΩ is invariant for theorthogonal projetion P onto Ω. Thus KΩ = cΩ for some onstant c.Now, for a vetor f ∈ Ft(H) there exists a sequene Gn ∈ Mt suh that f = limn GnΩ.Then

K(f) = lim
n

KGnΩ = lim
n

Gn(KΩ) = lim
n

Gn(cΩ) = c lim
n

GnΩ = c · fwhih proves that K = c · I. Sine K was hosen arbitrary, it follows that M′
t = {c · I}is trivial.Proof of Theorem 2.1. Sine in Mt there is the orthogonal projetion P onto the vetor Ωyli for Mt, it follows from the above Lemmas and Proposition that Mt = ((Mt)

′)′ =

B(Ft(H)). This proves the theorem.3. Final remarksRemark 3.1. The natural vauum state ϕt on Mt, de�ned as ϕt(K) = (KΩ|Ω)t for
K ∈ Mt, is not traial, sine, for example, ϕt((Gi)

2(Gj)
2) = 1 while ϕt(Gi(Gj)

2Gi) = t.Of ourse, in general there is no trae on Mt if Mt = B(Ft(H)). Moreover, this state isnot faithful on Mt, sine for Y = 1 − P = Y ∗ we have ϕt(Y
∗Y ) = ϕt(1 − P ) = 0.Remark 3.2. Quanhua Xu [8℄ showed a general fat, that in the interating Fok spaedetermined by a sequene (λn)∞n=0 the vauum state is traial if and only if the sequeneis onstant.Remark 3.3. Reently Eri Riard [7℄ has given the desription of the von Neumannalgebras generated by �nite number of the t-gaussian operators.
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