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Abstrat. In this paper, a preise projetion deomposition in re�exive, smooth and stritlyonvex Orliz-Bohner spaes is given by the representation of the duality mapping. As an ap-pliation, a representation of the metri projetion operator on a losed hyperplane is presented.1. Introdution. It is well known that if K is a losed onvex one (resp. losed linearsubspae) in a Hilbert funtion spae, we have the Moreau (resp. Riesz) deompositiontheorem x = PK(x) + PK0(x) (resp. x = PK(x) + PK⊥(x)), but the deomposition doesnot hold in arbitrary Banah funtion spaes. Many authors have attempted to generalizeit. In 1995, Y. W. Wang and Z. W. Li [15℄ (resp. in 2001, Y. W. Wang and H. Wang [16℄)obtained a deomposition by using the metri projetion operator (i.e. projetor πL)
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62 H. HUDZIK ET AL.where L is a losed onvex one (resp. a Chebyshev subspae) of a real re�exive stritlyonvex Banah spae (resp. a general Banah spae) X, x2 ∈ J−1L⊥ and x2 is notde�nite. In 1998, Ya. I. Alber [1℄ obtained another deomposition in a re�exive stritlyonvex smooth Banah spae X:
x = J−1ΠK0Jx+ w,where K is a losed onvex one in X, J : X → X∗ is the duality mapping of X, w ∈ Kand w is not de�nite, so their deompositions are semi-de�nite. W. Song and Z. J. Cao[14℄ investigated this problem in a more preise and general form. The aim of this paper isto give a preise representation of suh a deomposition in Orliz-Bohner spaes LΦ(X).2. De�nitions and preliminary lemmas. We denote by (G,Σ, µ) a measure spae inthe n-dimensional Eulidean spae Rn with 0 < µG <∞, by R the set of real numbers, by

(X, ‖.‖X) a re�exive real Banah spae, by (X∗, ‖.‖X∗) the dual spae of X, by 〈x∗, x〉 thedual pairing of x∗ ∈ X∗ and x ∈ X and by L0(G,X) the linear spae of all µ-equivalentlasses of strongly measurable funtions x : G→ X.A onvex and even funtion Φ : R → R+ is alled an Orliz funtion if Φ(0) = 0,
Φ(u) > 0 for u 6= 0, and

lim
u→0

Φ(u)

|u| = 0, lim
u→∞

Φ(u)

|u| = ∞.For any Orliz funtion Φ, we de�ne its omplementary funtion Ψ : R → R+ by theformula
Ψ(v) = sup

u>0
{u|v| − Φ(u)}for every v ∈ R. The funtion Ψ is also an Orliz funtion (see [8℄, [4℄).We say that an Orliz funtion Φ satis�es the ∆2-ondition (write Φ ∈ ∆2) if thereexist onstants K > 1 and u0 > 0 suh that

Φ(2u) ≤ KΦ(u) for any u ≥ u0.We say that an Orliz funtion Φ satis�es the ∇2-ondition (write Φ ∈ ∇2) if itsomplementary funtion Ψ satis�es the ∆2-ondition.Denote by small letters ϕ and ψ the right hand side derivatives of the Orliz funtions
Φ and Ψ, respetively.The spae

LΦ(X) =

{

x ∈ L0(G,X) : ∃k > 0 s.t. ρΦ(kx) =

∫

G

Φ(k‖x(t)‖X)dt <∞
}

equipped with the so alled Orliz norm
‖x‖0

Φ = sup

{
∣

∣

∣

∣

∫

G

〈y(t), x(t)〉dt
∣

∣

∣

∣

: y ∈ LΨ(X∗), ρΨ(y) ≤ 1

}

or with the Luxemburg norm
‖x‖Φ = inf

{

k > 0 : ρΦ

(

x

k

)

≤ 1

}



A GENERALIZED PROJECTION DECOMPOSITION 63is said to be an Orliz-Bohner spae (see [7℄). In the following LΦ(X) (resp. L0
Φ(X))denotes the Orliz-Bohner spae equipped with the Luxemburg norm (resp. equippedwith the Orliz norm). If X = R, the Orliz-Bohner spaes beome the lassial Orlizspaes (see [10℄ or [17℄) and they are denoted by LΦ and L0

Φ, respetively.The following Hölder inequalities
∣

∣

∣

∣

∫

G

〈y(t), x(t)〉dt
∣

∣

∣

∣

≤ ‖x‖Φ‖y‖0
Ψ,

∣

∣

∣

∣

∫

G

〈y(t), x(t)〉dt
∣

∣

∣

∣

≤ ‖x‖0
Φ‖y‖Ψhold for any x ∈ LΦ(X) and y ∈ LΨ(X∗).If Φ ∈ ∆2, then (LΦ(X))∗ = L0

Ψ(X∗), (L0
Φ(X))∗ = LΨ(X∗) and the spaes LΦ(X)and L0

Φ(X) are re�exive if and only if Φ ∈ ∆2 ∩∇2 (see [4℄ or [12℄).The Amemiya formula for the Orliz norm
‖x‖0

Φ = inf
k>0

1

k
[1 + ρΦ(kx)]holds for every x ∈ LΦ(X). Moreover, for every x ∈ LΦ(X)\{0} there exists k > 0 suhthat

‖x‖0
Φ =

1

k
[1 + ρΦ(kx)] . (1)If there exists k > 0 suh that

∫

G

Ψ [ϕ (k‖x(t)‖X)] dt = 1,then
‖x‖0

Φ =

∫

G

‖x(t)‖Xϕ (k‖x(t)‖X) dt =
1

k
{1 + ρΦ(kx)}(see [11℄).Now, we reall some geometri onepts in Banah spaes.For any Banah spae X denote by S(X) the unit sphere of X. The multi-valuedmapping ΛX : X \{0} → S(X∗) de�ned by the formula

ΛX(x) = {x∗ ∈ S(X∗) : 〈x∗, x〉 = ‖x‖X}for any x ∈ X \{0} is alled the support mapping of X. The multi-valued mapping FX :

X → X∗ de�ned by the formula
FX(x) = {x∗ ∈ X∗ : 〈x∗, x〉 = ‖x∗‖2

X = ‖x‖2
X} (2)for any x ∈ X is alled the duality mapping of X. A relationship between the supportmapping ΛX and the duality mapping FX an be expressed by the following formula:

FX(x) = ‖x‖XΛX(x) ∀x ∈ X \{0} and FX(0) = 0. (3)The properties of the duality mapping are losely related to the geometri properties ofthe spae. The following results may be found in [3℄: FX is homogeneous; FX is surjetivei� X is re�exive; FX is injetive i� X is stritly onvex; FX is single-valued i� X issmooth.Now, we reall the onepts of the metri projetion and the generalized projetion.



64 H. HUDZIK ET AL.Let C be a onvex subset of a normed linear spae X. The multi-valued mapping
π(C|·) : X → C de�ned by the formula

π(C|x) = {x0 ∈ C : ‖x− x0‖X = inf
z∈C

‖x− z‖X}for any x ∈ X is alled the metri projetion onto C. If π(C|·) is single-valued, then it isalled the metri projetion operator or the best approximation operator and it is denotedby πC (see [13℄).In the following we assume that X is a re�exive, stritly onvex and smooth Banahspae. Consider the problem of the attainability of
inf
y∈C

{‖x‖2
X − 2〈FX(x), y〉 + ‖y‖2

X}.We know that this problem has a unique solution (see [2℄). The operator
ΠCx := {yx ∈ C : W (x, yx) = min

y∈C
W (x, y)},where W (x, y) = ‖x‖2

X − 2〈FXx, y〉 + ‖y‖2
X for x, y ∈ X, is said to be the generalizedprojetion of x on C. Alber ([1℄) obtained the following result:Theorem A. Let X be a re�exive stritly onvex smooth real Banah spae, K be anonempty losed onvex one in X (i.e. λK ⊂ K for all λ ≥ 0 and K +K = K). Thenfor every x ∈ X and x∗ ∈ X∗ there exist ω ∈ K and χ ∈ K0, satisfying

x = F−1
X ΠK0FX(x) + ω and 〈πK0FX(x), ω〉 = 0,

x∗ = FXΠKF
−1
X (x∗) + χ and 〈χ, F−1

X (x∗)〉 = 0,where K0 = {x∗ ∈ X∗ : 〈x∗, x〉 ≤ 0 ∀x ∈ K} is the polar one of K.
3. A representation of the duality mappingTheorem 1. Let Φ ∈ ∆2, ϕ be ontinuous and X be a smooth Banah spae. Then theduality mapping FL0

Φ
(X) of the Orliz-Bohner spae L0

Φ(X) an be represented by theformula
FL0

Φ
(X)(x)(t) = ‖x‖0

ΦΛX(x(t))ϕ [k‖x(t)‖X ]for µ-a.e. t ∈ G and for any x ∈ L0
Φ(X), where k satis�es

∫

G

Ψ [ϕ (k‖x(t)‖X)] dt = 1.Proof. Let Y = L0
Φ(X). Then we know that Y ∗ = LΨ(X∗). Sine Φ ∈ ∆2, ϕ is ontinuousand X is smooth, by Th. 4 in [11℄, Y = L0

Φ(X) is a smooth Banah spae. Consequently,
FY : L0

Φ(X) → LΨ(X∗) is a single-valued mapping and, by (3), FY (x) = ‖x‖0
ΦΛY (x) forany x ∈ L0

Φ(X) \{0}.



A GENERALIZED PROJECTION DECOMPOSITION 65By (1) and beause of ‖ΛY (x)‖Ψ = 1, there exists k > 0 suh that
1

k

(

1 +

∫

G

Φ(k‖x(t)‖X)dt

)

= ‖x‖0
Φ =

∫

G

〈ΛY (x)(t), x(t)〉dt

≤ 1

k

∫

G

k‖x(t)‖X‖ΛY (x)(t)‖X∗dt

≤ 1

k

(
∫

G

Φ (k‖x(t)‖X) dt+

∫

G

Ψ (‖ΛY (x)(t)‖X∗) dt

)

≤ 1

k

(
∫

G

Φ(k‖x(t)‖X)dt+ 1

)

.Hene
∫

G

Ψ (‖ΛY (x)(t)‖X∗) dt = 1 (4)and
∫

G

[Φ (k‖x(t)‖X‖) + Ψ (‖ΛY (x)(t)‖X∗) − k‖x(t)‖X‖ΛY (x)(t)‖X∗ ] dt = 0.It follows from the Young inequality that
Φ (k‖x(t)‖X‖) + Ψ (‖ΛY (x)(t)‖X∗) = k‖x(t)‖X‖ΛY (x)(t)‖X∗for µ-a.e. t ∈ G. The fat that ϕ is ontinuous, and the ondition for equality in theYoung inequality yield that

‖ΛY (x)(t)‖X∗ = ϕ (k‖x(t)‖X)for µ-a.e. t ∈ G. Therefore, we have
∫

G

〈ΛY (x)(t), kx(t)〉dt =

∫

G

k‖x(t)‖X‖ΛY (x)(t)‖X∗dt

=

∫

G

k‖x(t)‖Xϕ (k‖x(t)‖X) dt

=

∫

G

〈ϕ (k‖x(t)‖X) ΛX(x(t)), kx(t)〉dt.Sine the map x 7→ ΛY (x) is single-valued, we obtain
ΛY (x)(t) = ϕ (k‖x(t)‖X) ΛX(x(t)) (5)for µ-a.e. t ∈ G. Combining (4) and (5), we get

∫

G

Ψ (ϕ (k‖x(t)‖X)) dt = 1,and from (5) and the relationship between the duality mapping and the support mapping,we have
FL0

Φ
(X)(x)(t) = ‖x‖0

Φϕ [k‖x(t)‖X‖] ΛX(x(t))for µ-a.e. t ∈ G.Theorem 2. Let Φ ∈ ∆2, ϕ be ontinuous and X be a smooth Banah spae. Then theduality mapping FLΦ(X) of the Orliz-Bohner spae LΦ(X) an be represented by the



66 H. HUDZIK ET AL.formula
FLΦ(X)(x)(t) =

‖x‖2
Φ

∫

G
‖x(t)‖Xϕ

(

‖x(t)‖X

‖x‖Φ

)

dt
ϕ

(‖x(t)‖X

‖x‖Φ

)

ΛX(x(t))

for µ-a.e. t ∈ G and for every x ∈ LΦ(X) \{0}.Proof. Let Y = LΦ(X). Then Y ∗ = L0
Ψ(X∗). Sine Φ ∈ ∆2, ϕ is ontinuous, and X issmooth, by Th. 3 in [11℄, the spae Y = LΦ(X) is a smooth Banah spae. Consequently,the duality mapping FY (·) = ‖ · ‖ΦΛY (·) is single-valued.Let x ∈ LΦ(X) \{0}. Then ΛY (x) ∈ S(L0

Ψ) and
‖x‖Φ =

∫

G

〈ΛY (x)(t), x(t)〉dt.By (1), there is k > 0 suh that
‖ΛY (x)‖0

Ψ = 1 =
1

k

(

1 +

∫

G

Ψ (k‖ΛY (x)(t)‖X∗) dt

) (6)
=

∫

G

〈

ΛY (x)(t),
x(t)

‖x‖Φ

〉

dt

≤ 1

k

∫

G

k‖ΛY (x)(t)‖X∗

‖x(t)‖X

‖x‖Φ
dt

≤ 1

k

(
∫

G

Ψ (k‖ΛY (x)(t)‖X∗) dt+

∫

G

Φ

(‖x(t)‖X

‖x‖Φ

)

dt

)

≤ 1

k

(

1 +

∫

G

Ψ (k‖ΛY (x)(t)‖X∗) dt

)

.It follows that
k‖ΛY (x)(t)‖X∗

‖x(t)‖X

‖x‖Φ
= Ψ (k‖ΛY (x)(t)‖X∗) + Φ

(‖x(t)‖X

‖x‖Φ

)

for µ-a.e. t ∈ G and hene, by the ontinuity of ϕ and by the ondition for equality inthe Young inequality, we obtain
‖ΛY (x)(t)‖X∗ =

1

k
ϕ

(‖x(t)‖X

‖x‖Φ

)

for µ-a.e. t ∈ G. By (6), we have
1 =

∫

G

〈

ΛY (x)(t),
x(t)

‖x‖Φ

〉

dt (7)
=

∫

G

‖ΛY (x)(t)‖X∗

‖x(t)‖X

‖x‖Φ
dt

=

∫

G

1

k
ϕ

(‖x(t)‖X

‖x‖Φ

) ‖x(t)‖X

‖x‖Φ
dt

=

∫

G

〈

1

k
ϕ

(‖x(t)‖X

‖x‖Φ

)

ΛX(x(t)),
x(t)

‖x‖Φ

〉

dt.



A GENERALIZED PROJECTION DECOMPOSITION 67Hene, it follows that
ΛY (x)(t) =

1

k
ϕ

(‖x(t)‖X

‖x‖Φ

)

ΛX(x(t))for µ-a.e. t ∈ G. From (7), we see that
k =

1

‖x‖Φ

∫

G

‖x(t)‖Xϕ

(‖x(t)‖X

‖x‖Φ

)

dt.Therefore, we obtain
FLΦ

(x)(t) =
‖x‖2

Φ
∫

G
‖x(t)‖Xϕ

(

‖x(t)‖X

‖x‖Φ

)

dt
ϕ

(‖x(t)‖X

‖x‖Φ

)

ΛX(x(t))for µ-a.e. t ∈ G.4. A generalized projetion deompositionTheorem 3. Let Φ ∈ ∆2 ∩ ∇2, ϕ and ψ be ontinuous, X be a re�exive stritly onvexsmooth Banah spae, K be a nonempty losed onvex one in the Orliz-Bohner spae
LΦ(X), K0 = {y ∈ L0

Ψ(X∗) :
∫

G
〈y(t), x(t)〉dt ≤ 0 ∀x ∈ K}. Then for any x ∈ LΦ(X)\K,we have the unique deomposition

x(t) = πK(x)(t) + ‖y‖0
ΨΛX∗(y(t))ψ(k‖y(t)‖X∗)for µ-a.e. t ∈ G, where k > 0 and y ∈ L0

Ψ(X∗) satisfy the onditions
∫

G

Φ [ψ (k‖y(t)‖X∗)] dt = 1and
y(t) = ΠK0

( ‖x‖2
Φ

∫

G
‖x(t)‖Xϕ

(

‖x(t)‖X

‖x‖Φ

)

dt
ϕ

(‖x(.)‖X

‖x‖Φ

)

ΛX(x(.))

)

(t)for µ-a.e. t ∈ G, where πK is the metri projetion operator from LΦ onto K and ΠK0 isthe generalized projetion operator from L0
Ψ(X∗) onto K0.Proof. Let Y = LΦ(X). Then Y ∗ = L0

Ψ(X∗) and both LΦ(X) and L0
Ψ(X∗) are re�exive,stritly onvex and smooth spaes. For any x ∈ Y \ K, by Theorem A, there exists afuntion ω ∈ K suh that

x = ω + F−1
Y ΠK0FY (x) and 〈ΠK0FY (x), ω〉 = 0. (8)Hene, we have
FY (x− ω) = ΠK0FY (x) ∈ K0,

〈FY (x− ω), ω〉 = 0 and 〈FY (x− ω), w〉 ≤ 0for any w ∈ K. By Theorem 2, we obtain
∫

G

〈

ϕ

(‖x(t) − ω(t)‖X

‖x− ω‖Φ

)

ΛX(x(t) − ω(t)), ω(t) − w(t)

〉

dt ≥ 0for any w ∈ K. It follows from Theorem 6 in [11℄ that
ω = πK(x). (9)



68 H. HUDZIK ET AL.By Theorem 2, we get
FY (x)(t) =

‖x‖2
Φ

∫

G
‖x(t)‖Xϕ

(

‖x(t)‖X

‖x‖Φ

)

dt
ϕ

(‖x(t)‖X

‖x‖Φ

)

ΛX(x(t))and
y(t) = ΠK0FY (x)(t) = ΠK0

( ‖x‖2
Φ

∫

G
‖x(t)‖Xϕ

(

‖x(t)‖X

‖x‖Φ

)

dt
ϕ

(‖x(·)‖X

‖x‖Φ

)

ΛX(x(·))
)

(t)for µ-a.e. t ∈ G. The fat that Y and Y ∗ are re�exive, stritly onvex and smooth Banahspaes implies that F−1
Y = FY ∗ and hene, by Theorem 1, we have

F−1
Y ΠK0FY (x)(t) = FY ∗(y)(t) = ‖y‖o

ΨΛX∗(y(t))ψ (k‖y(t)‖X∗) (10)for µ-a.e. t ∈ G and
∫

G

Φ [ψ (k‖y(t)‖X∗)] dt = 1.Combining (8), (9) and (10), we �nish the proof.Corollary 1 (Moreau deomposition theorem). Let X be a Hilbert spae, K ⊂ L2(X)be a losed onvex one, K0 ⊂ L2(X) be its polar one. Then for every x ∈ L2(X) \K,there is a unique deomposition
x = πK(x) + πK0(x),where πK and πK0 are the metri projetion operators.Proof. Let Φ(u) = |u|2 /2 . Then Ψ(v) = |v|2 /2 . Sine X is a Hilbert spae, Y =

LΦ(X) = L2(X) and Y ∗ = L0
Ψ(X∗) = L2(X). Moreover, for any x ∈ LΦ(X) and forany y ∈ L0

Ψ(X∗), we have ‖x‖Φ = ‖x‖2

/√
2 and ‖y‖0

Ψ =
√

2‖y‖2. Consequently, for any
x ∈ LΦ(X) \K, we have
FY (x)(t) =

‖x‖2
Φ

∫

G
‖x(t)‖Xϕ

(

‖x(t)‖X

‖x‖Φ

)

dt
ϕ

(‖x(t)‖X

‖x‖Φ

)

ΛX(x(t))

=
‖x‖2

2
∫

G
‖x(t)‖2

Xdt
·
√

2‖x‖2

2
√

2
· ‖x(t)‖X

‖x‖2
ΛX(x(t)) =

1

2
‖x(t)‖XΛX(x(t)) =

1

2
x(t)for µ-a.e. t ∈ G. Sine in any Hilbert spae, the generalized projetion operator ΠK0oinides with the metri projetion operator πK0 ,

y(t) = ΠK0FY (x)(t) =
1

2
πK0(x)(t)for µ-a.e. t ∈ G. On the other hand, we also have

‖y‖0
Ψψ [k‖y(t)‖X∗ ] ΛX∗(y(t)) =

√
2‖y‖2k‖y(t)‖XΛX(y(t)) =

√
2‖y‖2ky(t).From the ondition

1 =

∫

G

Φ [ψ (k‖y(t)‖X∗)] dt =
k2

2

∫

G

‖y(t)‖2
Xdtwe get that k‖y‖2 =

√
2, and so

‖y‖0
Ψψ [k‖y(t)‖X∗ ] ΛX∗(y(t)) = 2y(t) = πK0(x)(t).



A GENERALIZED PROJECTION DECOMPOSITION 69Hene and from Theorem 3, we get
x(t) = πK(x)(t) + πK0(x)(t)for µ-a.e. t ∈ G.By Corollary 1, we obtain immediately the followingCorollary 2 (Riesz orthogonal deomposition theorem). Let X be a Hilbert spae,

L ⊂ L2(X) be a losed linear subspae, L⊥ ⊂ L2(X) be its orthogonal omplement. Thenfor every x ∈ L2(X)�L there is a unique deomposition
x = PL(x) + PL⊥(x),where PL and PL⊥ are the orthogonal projetion operators.Now we will give an appliation of Theorem 3. Namely, we have the representation ofthe metri projetion operator onto a losed hyperplane in Orliz-Bohner spaes.Theorem 4. Let Φ ∈ ∆2 ∩∇2, ϕ and ψ be ontinuous, X be a re�exive, stritly onvexand smooth Banah spae. Let L = {x ∈ LΦ(X) :

∫

G
〈x∗0(t), x(t)〉dt = 0} be a losedhyperplane in LΦ(X), where x∗0 ∈ L0

Ψ(X∗)�{0}. Then for every x ∈ LΦ(X)�L, we have
πL(x)(t) = x(t) −

∫

G
〈x∗0(t), x(t)〉dt

‖x‖0
Ψ

ψ [k‖x∗0(t)‖X∗ ] ΛX∗(x∗0(t)),for µ-a.e. t ∈ G, where ΛX∗ is the support mapping of X∗.Proof. By the assumptions, we have that the Orliz-Bohner spae Y = LΦ(X) is are�exive, stritly onvex and smooth Banah spae. For the losed hyperplane L, weknow that
L0 = L⊥ = {λx∗0 : λ ∈ R} ⊂ Lo

Ψ(X∗) = Y ∗.For any x ∈ LΦ(X)�L, by Theorem 3, we have
πL(x)(t) = x(t) − FY ∗(y)(t),where y = λx∗0 ∈ L⊥ for some λ 6= 0. Note that the duality mapping FY ∗ is homogeneous,so we obtain
πL(x)(t) = x(t) − λF−1

Y (x∗0)(t). (11)Taking the value of the funtional x∗0(t) at the elements from both sides of (11) for every
t ∈ G and then integrating them over G with respet to t ∈ G, we get

0 =

∫

G

〈x∗0(t), x(t)〉dt− λ

∫

G

〈x∗0(t), F−1
Y (x∗0)(t)〉dt =

∫

G

〈x∗0(t), x(t)〉dt− λ(‖x∗0‖0
Ψ)2.Hene, it follows that

λ =

∫

G
〈x∗0(t), x(t)〉dt
(‖x∗0‖0

Ψ)2
. (12)On the other hand, by Theorem 1, we also have

F−1
Y (x∗0)(t) = FY ∗(x∗0)(t) = ‖x∗0‖0

Ψψ [k‖x∗0(t)‖X∗ ] ΛX∗(x∗0(t)) (13)Combining (11), (12) and (13), we omplete the proof.
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