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ON THE FRGODIC DECOMPOSITION FOR A COCYCLE

BY

JEAN-PIERRE CONZE and ALBERT RAUGI (Rennes)

Abstract. Let (X, X, u,7) be an ergodic dynamical system and ¢ be a measurable
map from X to a locally compact second countable group G with left Haar measure mg.
We consider the map 7, defined on X X G by 7, : (z,9) — (7, p(z)g) and the cocycle
(¢n)nez generated by ¢.

Using a characterization of the ergodic invariant measures for 7,, we give the form
of the ergodic decomposition of p(dz) ® ma(dg) or more generally of the 7,-invariant
measures Uy (dz) ® x(g)mea(dg), where py(dz) is x o g-conformal for an exponential x
on G.
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1. INTRODUCTION

We consider a dynamical system (X, X, u, 7), where (X, X) is a standard
Borel space, u a o-finite measure on X, and 7 an invertible measurable
transformation on X such that p is quasi-invariant and ergodic for the
action of 7.

Let G be a locally compact second countable (lcsc) group. We denote
by B¢ the o-algebra of its Borel sets, ma(dg) (or simply dg) a left Haar
measure on GG, and e its identity element.

Let ¢ be a measurable function on X taking its values in G and 7, the
map on X X G (skew product) defined by

(1) 7ot (4,9) = (T2, 0(x)g).
The corresponding G-valued cocycle (¢p)nez over (X, u,7) (denoted also
(p,7)) is

o(t" tr) () for n > 0,
on(r) =1 € for n =0,
o(thz) - p(rTlz)"t forn < 0.

If p is 7-invariant, the map 7, leaves invariant the product measure A\ :=
@ mg. The cocycle (¢,,) can be seen as a stationary walk in G over the
dynamical system (X, u, 7).

More generally, let x be an exponential on G, i.e. a continuous map from
G to 10,400 such that x(g9¢') = x(9)x(¢') for all g,¢' € G. If pu, is a
X © p-conformal o-finite measure on X, i.e. such that

(2) (i) (dz) = x(o(77 @) py (d),
then the measure Ay (dz,dg) := py(dx) ® x(g) ma(dg) (sometimes called
Maharam measure) is a o-finite measure on X x G which is 7 -invariant.

The study of cocycles was the subject of many papers since K. Schmidt
([Sc77]) and J. Feldman and C. C. Moore ([FeMo77]). There has recently
been a new interest in the invariant measures for skew products (cf.
[ANSS02], [Sa04], [LeSa07]).

Our main goal is to give the precise form of the ergodic decomposition
(for the skew product 7,,) of the measures A, on X x G. In the first section
we give the statement of the results on this ergodic decomposition, then
some consequences in terms of regularity, boundedness and essential values
of the cocycle (¢, )nez- The following sections are devoted to the proof of the
main results. We also discuss a conjugacy equation for the closed subgroups
of G which arises in the ergodic decomposition. In the appendix, we recall
and specify some results on ergodic decompositions and regular conditional
probabilities.
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2. STATEMENT OF THE MAIN RESULTS

2.1. Ergodic decomposition. Before we state the main results, we
recall some facts about a topology on the set F(G) of closed subsets of G
and give some notations.

A topology on F(G). Let G be a lesc group. We equip the set F(G) of
closed subsets of G with the so-called Chabauty’s topology [Ch50]. In this
topology the open sets are defined by

U(O,C)={SeF(G):YU €O, SNU #0 and SN C = 0},

where O is a finite family of open sets of GG, and C' is a compact subset of G.

It can be shown that a sequence (F,) of closed subsets of G converges
to a closed subset F' in Chabauty’s topology if and only if the following two
properties are satisfied:

e Let £ : N — N be an increasing sequence and let (g, )nen be a sequence
such that g, € Fg(, for every n > 0. If (gn)nen converges to g € G,
then the limit ¢g is in F.

e Each g € F is the limit of a sequence (g, )nen with g, € F, for every
n > 0.

The Borel structure associated to this topology is generated by the sets
{S € F(G) : § C F} where F' € F(G). The lcsc group G is metrizable.
We denote by d a metric on G which defines the topology of G. For any
dense sequence (gn)nen of elements of G, the family of continuous func-
tions {d(gn,-),n € N} separates the points of F(G) (see [AuMo66, Ch. II,
Section 2]).

Notations

NoOTATIONS 2.1.1. For a locally compact second countable group H, we
denote by mpy(dy) (or simply dv) a left Haar measure on the Borel sets
of H, and by 4, the Dirac measure at a point v € H. The identity element
is denoted by e.

If p1 and ps are positive measures on the Borel subsets of H, we denote
by pi1 * p2 their convolution (i.e. the image of the product measure p; ® po
under the map (g,¢9') € H x H — gg' € H).

As in the introduction, we consider a measurable map ¢ from X to G and
the skew product 7, defined by (1). Let A be a 7,-quasi-invariant positive
measure on X x G. We denote by J or J, the o-algebra of 7,-invariant
subsets. We are interested in the X x Bg-measurable functions on X x G
which are invariant under the map 7.

The following remark is useful. If f is 7 -invariant A-a.e., then there is
a T-invariant function g such that f = g A-a.e. Therefore it is enough to
consider functions which are everywhere 7,-invariant.
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Recall that two G-valued cocycles (¢, 7) and (¢, 7) over the dynamical
system (X, u, 7) are u-cohomologous if there is a measurable map v : X — G
such that

(3) o(x) = u(tz)(z)(u(z))™t  for p-ae. .

The function w in (3) is called the transfer function. We write ¢ () 1 when
(3) is satisfied. A cocycle (p, T) is a u-coboundary if it is u-cohomologous to
the constant function ¥ = e.

NoTATIONS 2.1.2. In what follows, we consider a 7, -invariant measure
Ay of the form A\, = p, ® (xme), where x is an exponential on G, and piy
is a o-finite measure which is x o ¢-conformal and 7-ergodic on X. When
X = 1, the measure p, is T-invariant.

Once and for all we choose a measurable positive function h on X x G
such that

| n(z, 9) py(dz) x(g) ma(dg) = 1.
XxG
The existence of h results from the facts that i, is o-finite on X and that
G is a lesc group.

Let PP be a regular conditional probability with respect to the proba-
bility measure kA, and the o-algebra J of 7 -invariant subsets (i.e. Plis a
transition probability on X x G such that, for every nonnegative measur-
able function f on X x G, P"f is a version of the conditional expectation
Enx, [f [3])-

We define a positive kernel M" on X x G by

V(z,9) € X x G, M"f(z,g9) = P"(f/h)(z,9)

for any measurable nonnegative function f on X x G.
If we replace h by another density h’, we have

M"((x,9).-) = P"(h/1)(z, 9)M"((z,9),-).
For A,-a.e. (z,g) € X x G, the positive measure M"((z,g),-) on X x G is

T-invariant ergodic (see the appendix).

Statement of the main result. The formula Epy [-] = Enx, [Epa, [+ [J]]
can be written

Aldy,dt)y =\ M"((x,9),(dy,dt)) h(z, ) Ay (d,dg),
XxG

which represents a decomposition of A, into 7 -ergodic components. Our
goal is to give a precise description of these ergodic components. This is the
content of the following theorem:
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THEOREM 2.1.3 (Ergodic decomposition of A, ). (i) There exist:

o a family (1z)zex of o-finite T-quasi-invariant measures on X defining
a o-finite positive kernel from (X, X) to (X,X) (i.e. for every xz € X,
Ly 18 a o-finite positive measure on X and for every A € X the map
x +— pzp(A) € [0, +0o0] is X-measurable),

o a family (Hy)zex of closed amenable subgroups of G such that the map
x — Hy from X to F(G) is measurable,

e a measurable map n : X x G — RY such that, for each z € X,
Xz(*) :==n(x,-) defines an exponential on Hy,

o a measurable map u: X x X — G (for v € X, we set ugy(-) = u(z,-))

satisfying for py-a.e. x € X and every g € G the following conditions (4)
o (10):

Hry = p(z)Hy (55) 17
P(y) = (ua(y)) M o(W)ua(y) € He  for po-a.e. y,
Tz (dy) = X2 (Y(77Y)) pa(dy),
Xe(7) = Xra((@)7(p(2))7h), ¥y € Hy,
o) = (ua(y)) ™ ura(y)p(x) € He  for pe-a.e. y,
tre(dy) = c(x)x2(C(y)) pe(dy)  for a positive constant c(x),
$x S, (s e (0)79) X (V) o, (d) e (dy)
§x $i h (W e (0)79) X (V) Moz, (dy) pa(dy)
If we take for my,, x € X, the unique left Haar measure on H, such that

(10)  M"f(z,9) =

| e mu,(dy) =1,
me{d(ev')gl}
then K (x,dt) := mpy,(dt) is a positive kernel from (X,X) to (G,Bq).
An ergodic decomposition of the measure Ay = p, ® (xmq) is given by

(1) My, dt) = | M"((x,9), (dy,dt)) h(z,g) A\ (dz, dg).

XxG
For every nonnegative measurable \y-a.e. T -invariant function f, we have,
Ay-a.e., f = Phf (the last function being To-tnvariant according to the
definition of a regular conditional probability).

(ii) When there ezist a fixed closed subgroup H of G and a measurable
map a : X — G such that Hy = a(z)H (a(z))™! for uy-a.e. v € X (which
is the case when G is a nilpotent connected Lie group (Theorem 5.1.1)), the
ergodic measures can be written, with Xz (7v) := Xz(azya; "),

S O [y, un(y)a(x)y(a(x) 7 g)Xa(7) dy) pia(dy)
Sx S Py, ua(y)a(z)y(a(z) "L g) X (v) dy) pa(dy)

(12)  M"f(z,9) =
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(iii) When G is abelian, the subgroups H, are equal to a fixed closed
subgroup H of G, the exponentials x, are equal to the exponential x, and
the ergodic measures are given by

(13) M F(a g) — XU /@12 (5)19x() ) 1 (dy)

§x (g iy ua(y)vg)x(7) dv) pa (dy)”
The proof of Theorem 2.1.3 will be given in Section 3.

2.2. Notion of regularity for a cocycle
Regularity

DEFINITION 2.2.1. We say that the cocycle defined by ¢ is p,-reqular
if there exist a closed subgroup H of G and a measurable map v : X — G
such that the cocycle ¥ := (u o 7) lpu takes uy-a.e. its values in H and
Ty (@, h) — (12,9 (x)h) is ergodic for the product measure p, ® (xmm).

The measure (x o u)py ® xmpy is Ty-invariant. In the regular case we
have a “good” ergodic decomposition of 11, ® (x dg), and the subgroups H,
of Theorem 2.1.3 are conjugate to H: H, = u(x)H (u(z))~L.

THEOREM 2.2.2. (i) For xg € X, the set {x € X : ug ~ iz, } is measur-
able and has zero or full ,-measure.

(ii) Assume that the cocycle (@, T) is piy-reqular. Then every measur-
able Ty-invariant function f can be written f(z,g) = Fr((u(z))™ g), py @
mga-a.e., where Fy is a left H-invariant function on G. The ergodic compo-
nents of Ay (see (10)) can be written

M (e, g) = U £y, u(y)y(u(@) " g)x(v) dy)x(u(y)) py (dy)

0 O Ry, u(y)y(u(@) = g)x () dy)x(u(y)) px(dy)
In other words, Hy = u(z)H (u(z))™ and xz(7) = x(u(z)y(u(z))™). We
can take w, (y) = u(y) (u(@)) " and pa(dy) = X(u(y)) iy (dy).

(iii) Assume that the cocycle (p,T) is not p, -reqular. Then for p-a.e. z,
the measures p, of the ergodic decomposition of p, ® (xmga) are singular
with respect to . There are uncountably many of them pairwise mutually
singular. If G is abelian and ., is finite, then, for py-a.e. v € X, the
measure [y 1S infinite.

The proof of Theorem 2.2.2 will be given in Section 4.

Examples of nonregular cocycles over rotations were given by Lemanczyk
in [Le95]. In Remark 5.2.2, we give an example of a nonregular cocycle over
a rotation which is the difference 1jp g — 1j9 (- +7) for some 3 and 7 on the
circle.

Boundedness. In the proposition below, we discuss the boundedness of
the map u and of the cocycle (¢y,). The notations are those of Theorem 2.1.3.
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As the group G is lcsc, we can write G = |J,, U, for an increasing se-
quence of open sets such that K, = U, is compact. Consequently,
G = Upeny Kn and for any compact subset K of G there exists n € N
such that K C K.

LEMMA 2.2.3. (i) Let u be the measurable map from X x X to G defined
in Theorem 2.1.3. For any compact subset K of G we define the following
subset of X:

Xk ={x € X :u,(y)H, C KH, for pz-a.e. y € X}
={z € X :supp(uz(pz)) C KH;}.

Then Xk is measurable and © € X = 70 € Xg(p(2))-1-

The set |J,cn XK, s a T-invariant measurable subset of X and (by er-
godicity of p) has zero or full p,-measure.

(ii) If there exists a compact subset K of G such that p,(Xg) > 0, then
Unen Xk, has full p-measure. In this case, we can replace the measurable
map u by another measurable map u satisfying, for any n € N,

(14) for py-a.e. v € Xy, = Xk, \ Xk, uz(y) € Ky for pig-a.e. y € X.

(iii) In particular, the set {x : G/Hy is compact} is measurable and has
zero or full measure. If this set has full measure, we are in the above situa-
tion.

Proof. (i) If K is a fixed compact set in G, the map F +— KF from the
set F(G) of closed subsets of G into itself is continuous. Since x — Hy is
measurable, the map x — K H, is measurable. In Section 3, we will see that
the map (z,y) € X x X — u(z,y)H, € F(G) is measurable. We also know
that, for any ¢ € G, the map F € F(G) — d(g,F) € Ry is continuous.
It follows that the set {(xz,y) € X x X : d(g9, KH,) < d(g,u(z,y)H,)} is
measurable. Let (gn)nen be a dense sequence in G. Then we have

Xk ={reX:VneN,

V(m,e)({y € X d(gn’KHx) S d(Q”vu(xvy)Hx)}) = 1}
This shows that X g is measurable.

From the formulas (4) and (8) of Theorem 2.1.3, we obtain = € Xx =
T2 € Xg(p(z))-1- Since for any compact subset K of G, there exists n € N
such that K C K,, we deduce that the measurable set |J,.y Xk, is 7-
invariant and (by ergodicity of u,) has zero or full measure.

(i) If py(XK) > 0 for some compact subset K of G, then the same
argument shows that |J, .y Xx, has full py-measure. The last assertion

follows from the construction of u (cf. Lemma 7.1.1).
(iii) We have

{r € X :G/H, is compact} = U {re X:K,H, =G},
neN
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which shows that the set is measurable. By the conjugacy relation (4) this
set is 7-invariant and (ergodicity of p, ) has zero or full u,-measure. In the
last case, for py-a.e. x € X, we have J, .y KnH,; = G, which implies that
Unen Xk, has full p-measure. w

PROPOSITION 2.2.4. (i) Assume that the measure ., in the basis is a
finite measure and that there exists a compact subset K of G such that
pn (X)) > 0. If the map u satisfies the boundedness condition (14), then the
measures i, are finite for py-a.e. v € X.

(ii) Assume that G is abelian and there exists a compact subset K of G
such that (1 (Xg) > 0. Then the cocycle is regular.

(iii) Assume that G is abelian, p, finite and T conservative for p . If
p({z € X ¢ fi,(X) < +00}) > 0, where

(15) i (dy) = (x(uz(9))) ™" pa(dy),
then the cocycle is reqular.

(iv) Assume that T is conservative for p,. If the cocycle (ppn) s piy-
bounded (i.e. there exists a compact subset K of G such that o, (x) € K for
py-a.e. € X and all n > 0), then H, is a compact subgroup of G and the
cocycle is cohomologous with a bounded transfer function to a cocycle taking
its values in a compact subgroup of G.

Proof. Let r be a positive continuous function on G with { 7(t)x(t) dt
= 1. For any compact subset K of G, we set rg(g) := minyex r(ug) > 0.
For all measurable nonnegative functions f on X, we have (cf. (34))

MY(f @ 7). 9) = e(e.9) § JW)( | r(waly)v9)xe(7) mir, (d7) ) praldy)
X Hy

> c(w,9) § F@) (] 1 (e ) (e (1)79)x0 () M, (49)) 1o (dy)
X H,

= c(a,9)( | ric(rg)xa() i, (@) § £ 1k (e () 1o ()
Hy X
and therefore
(16) () = M(f @1) = § Wac(@) (§ S 0) 1 (a(9) 1o (dy) ) oy (),
X X

where Uy (2) := § e(x,9) (. 7 (v9) X2 (v) ma, (dy))h(z, 9)x(9) dg > 0.
(i) Under the assumptions of the first assertion, we have from (14)
and (16), for each n € N,

x(f) = S Ui, (@) e (f) pix (d),
Xn
and taking f = 1x, we find that p,(X) < +oo for py-a.e. z € X,,, hence for
py-a.e. x € X since J,, Xy has full measure in X.
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(ii) Recall that in items (ii) and (iii), we assume that G is abelian. With
the notations of Theorem 2.1.3, the exponentials in (13) do not depend on
x and the measures p, satisfy (7u.)(dy) = x(¥(771y)) pz(dy). One easily
sees that the measures fi;(dy) defined by (15) satisfy, as the measure p,,
the conformal property

(17) T (dy) = x(o(77y)) i (dy).
By (16) we have, for any n € N,
(18) pn(f) = | P, (2)fia(f) py(do),
Xn

where P, (z) = Uk, () infuck, x(u).
This implies that, for any B € X with B C X,,, there exists a nonnegative
measurable function £g on X such that

V15(2)Pr, (@) fiu(dy) iy (da) = Ep(y) py(dy).

From the conformal property (17), it follows that (g o771 = £, fr-a.e. As
[y is T-ergodic, p is p1-a.e. equal to a constant v(B). The map B +— v(B)
defines a positive measure v on (X,, X, N X) absolutely continuous with
respect to the measure p,. Therefore there exists a measurable nonnegative
function £ on X such that

15 (@)@, () fin(dy) o (dz) = v(B)uy(dy) = ([15(0)E() p(d) ) py(dy)
and, for p,-a.e. x € Xy,

§(2) px(dy) = Pre, () fra(dy).
As U, e X is of full measure, by gluing the @, , we obtain a function @
such that, for py-a.e. x € X,

£(z) ix(dy) = D(2) fiz(dy).
This shows the regularity of the cocycle.
(iii) We set Xg = {z € X : i(X) < +o0}. For x € X, we denote by
fiz the probability measure fi/fiz(X). From (16), for any compact subset
K of G, we have

19 (N = [ Pr(@) (§ S0k () fa(dy)) (o),
Xo X
where @i () 1= Vi (x) infye i x(u) iy (X).
Let hq1 be a positive bounded measurable function on X. We know that
7 is conservative, i.e. iy ({3 ;5o h1 0 7F < 4+00}) = 0. From (19), it follows
that, for uy-a.e. x € Xo,

Vn € N, ﬂm<{2h1 otk < +oo} N {ug € Kn}> —0.
k>0
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Asn /' +oo, from the monotone convergence theorem, we obtain, for u,-a.e.

z e X,
,tlx({ZhloTk < —i—oo}) =0.
k>0

Since hj is bounded and thus fi,-integrable for z € X, we deduce that,
for py-a.e. x € Xo, 7 is conservative for ji,. Replacing Xo by XoNn{z € X :
fie ({3 ps0 h1 o TF < +00}) = 0} we can assume that, for any z € Xo, 7 is
conservative for fi,.

From (19), there exists a measurable [0, 1]-valued function £ such that

€k () i (dy) = | Prc(2) 1k (ua(y)) fia(dy) iy (dw) < | Prc() fra(dy) pry(de).
Xo Xo
Consequently, there exists a measurable [0, 1]-valued function ¥ such that
€k () i (dy) = ¥ (y) | Dr(2) i (dy) piy (d).
Xo

Since the measures 1, and i, have the same conformal property (cf. (17)),
we have

jg:if 55: ”X dy S jg:trk¢7( Nx dy)#x(d$)

Xo

where T is the operator defined by
Tf(y) = for  (y)x(p(r™'y)).

As 7 is conservative for p, and for fi,, x € Xo, by Hurewicz’s ergodic
theorem, for any bounded measurable function f on X, the sequence of
functions

n—1 n—1
k k
(S S,

converges py-a.e. to f1,(f) and converges fiy-a.e. to i, (f), for z € Xo. As
the sequence of functions is bounded and the measures are finite, these
convergences also hold in L'-norm.

Therefore, for any bounded measurable function f,

oo Tk (y) ntoo,
)S(f(y)ZZ_OéTkl(y) x(dy)

and for p,-a.e. v € X,

fx (Er ) bix (f)

n—1 mpk
Zk:OT Vi (y) 1o (dy) n—too, fo(Vr) i (f)-

i) = Y0 S )
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The inequality (19) shows that @ is p,-integrable. Moreover, the se-
quence of functions («,,) is bounded. By the dominated convergence theo-
rem,

| &x(@)om (@) iy (dz) =% | Dp(2)fia (i) ita(f) p1x(de).
Xo Xo

We deduce that

pn(dy) = | Drc() fra(dy) po(dec),
Xo

where &g (z) = O () i (Vi) / 11y (€K)-
Now, as above, for any B € X with B C X, there exists a nonnegative
measurable function £g such that

E8(Y) px(dy) = | P () fro(dy) i (d).
B
From the conformal property (17), it follows that g o 771 = £p, uy-ae.
With the same argument as in (ii), since p, is 7-ergodic, &g is py-a.e. equal
to v(B), where v is a positive measure on (X,,, X,NX) absolutely continuous

with respect to (1. Therefore there exists a measurable nonnegative function
& on X such that

[ 15(@)Px(2) fia(dy) s (dr) = v(B) i (dy) = ( [ €(@) () ) py (dy)
B

and, for p,-a.e. v € X,

§(x) py(dy) = Pk () fr (dy).
This shows the regularity of the cocycle.
(iv) Now assume that 7 is conservative for p, and that there exists a
compact subset K such that, for p-a.e. x € X, ¢, (x) € K for every n € N.
For any nonnegative measurable function f on X with pu, (f) € ]0, 400,
we have

Zfra:lKgon Zfrx +00  py-a.e.
n>0 n>0

Hence 7, is conservative for A,. We deduce that, for x € Xy where Xy is a
set of full u,-measure, and any g € G, 7, is conservative for M"((z,g), ).

We take = € Xj. Let s € supp(ug(p,)) and t € H,. Then, for any neigh-
borhoods V' and W of s and ¢, for p,-a.e. y € X, Y o Iy (7"y) 1w (on(y))
= +4o00. From the inclusion

U (T"Y)Un(y) = en(Y)ue(y) C Kug(y) for pgae y e X,

it follows that st € Ku,(y) for py-a.e. v € X and pg-a.e. y € X. Taking a
fixed s and a dense sequence (t,) in H,, we infer that t, € s~ Ku,(y) for
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pr-a.e. x € X and pg-a.e. y € X, for n > 0. Therefore H, C s K ug(y)
is a compact subgroup of G and, with a similar argument, supp(u;(uz)) C
Kuy,(y)H, for py-a.e. x € X and pg-a.e. y € X. This implies that, for p,-
a.e. x € X, there exists a compact subset K, of G such that supp(uz(uz))
C K, H,. Since any compact subset K of G satisfies K C K, for n large
enough, we deduce that |J, .y Xk, has full p,-measure. So we can assume
that u satisfies the boundedness condition (14) (cf. Lemma 2.2.3).
By (16) we have, for any n € N,

(20) () = | P, (@) pa (f) ().
Xn

This implies that there exists a [0, 1]-valued measurable function & such that

| k. (@) e (dy) iy (dz) = E(y) py (dy).

Xn
Observe that for any z € X, the exponential x, on the compact group is
trivial and consequently the measures u,, x € X, are T-invariant.

From the conformal property (17), it follows that £ o 77 drp, /du, = &,
py-a.e. This shows that the measure &u, is T-invariant. Moreover, {{ > 0}
is py-a.e. T-invariant and therefore has full y,-measure.

For any B € X with B C X, there exists a [0, 1]-valued measurable
function £p such that

(21) V 7k, () pa(dy) py (dz) = E5(Y)E(Y) py (dy).
B

From the conformal property (17), it follows that g o771 = £, fr-a.e. As
in (ii) and (iii), {p is py-a.e. equal to v(B), where v is a positive measure
on (X,, X, N X) absolutely continuous with respect to p,. Therefore there
exists a measurable nonnegative function ¢ on X such that

[ Wi, (2) pa (dy) () = v(B) () p(dy) = ( [ 6(2) oy () ) () i (dy)
B B

and, for p,-a.e. x € Xy,

V(@)E(Y) iy (dy) = Vi, (2) pa(dy).
This shows the regularity of the cocycle hence the last assertion of (iv). m

REMARK. If G is a compact group, then it is well known that every
G-valued cocycle ¢ is regular and therefore cohomologous to a cocycle ¥
taking its values in a compact subgroup K of G such that p®my is ergodic
for 7, (cf. [PaPo97], [Pa97] for the regularity of the cohomology when G is
compact and the cocycle ¢ is Holderian over a subshift of finite type).

See also [AaWe00] for results under the assumption of tightness for the

cocycle (¢n).
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2.3. Essential values and periods of invariant functions. The
notion of essential values was introduced by K. Schmidt [Sc77] and J. Feld-
man and C. C. Moore [FeMo77]. See also [Sc75], [Sc79], [Sc81], [Aa97]|. The
results in this section, except Proposition 2.3.6, are not new, at least when
1 is T-invariant. For the sake of completeness, we will give proofs. Note that
we are here in the more general case of a quasi-invariant measure.

DEFINITIONS 2.3.1. Let u be a 7-quasi-tnvariant conservative measure
on X. An element a € G U {0} is an essential value of the cocycle (¢, T)
(with respect to ) if, for every neighborhood V' of a, and for every subset
B such that pu(B) > 0, there is n € Z such that

wBNT"BN{x:pp(z) e V})>0.

We denote by E(p) the set of essential values of the cocycle (¢, 7) and
by E(¢) = E(p) NG the set of finite essential values.

Let B be a measurable set of positive p-measure. Let 7p be the in-
duced transformation on B and () := @n(z)(T), where n(z) = np(x) :=
inf{j > 1:7/z € B} for x € B. The “induced” cocycle is given, for n > 1,
by @5 (x) := P (2) P (rpa) - P (7 ).

Equivalently to Definition 2.3.1, an element a € G U {oco} is an essen-
tial value of the cocycle (p,7) if and only if, for every subset B such that
u(B) > 0, and for any neighborhood V' of a, u({z : ¢B(z) € V}) > 0 for

some n € Z.

PROPOSITION 2.3.2. Assume that T is conservative for p. If oo & E(¢p),
then ¢ is cohomologous to a cocycle taking its values in a compact subgroup
of G. When G is abelian we have E(p) ={e} if and only if ¢ is a cobound-

ary.

Proof. 1f co & E(¢), then there is B with u, (B) > 0 such that (¢5),cz
is a bounded sequence. This implies that ¢? is 7p-cohomologous to a cocycle
taking values in a compact subgroup of G (cf. Proposition 2.2.4), i.e. there

are measurable maps ¢? from B to G and ¥® from B to a compact subgroup
of GG such that

(22) o = (Porp)pP(¢P)"
By ergodicity and conservativity of (X, py,7), for py-a.e. y € X there

are a unique x € B and an integer k with 0 < k < np(z) such that y = 7%z,
We define ¢ on X by taking, for y = 7%2 and 0 < k < np(x),

¢(y) = er(@)¢P (@) (W)~
with ¢ (y) = e if k < np(z) — 1, and ¥(y) = P (x) for k = np(x) — 1.
For 0 < k < np(xz) — 1, the cocycle relation is clearly satisfied by con-
struction. For k = np(x) — 1, it results from the cocycle relation (22) for
the induced cocycle.
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Now we consider the abelian case. Let us show that if £(p) = {e} then
@ is a coboundary. From the first assertion we know that the cocycle is
cohomologous to a cocycle ¢ taking values in a compact subgroup K of G.
The set of essential values is the same for ¢ and 9 (see below). As 7 is
ergodic conservative and £(¢) = {e}, one has K = {e}. m

We now consider, as in Theorem 2.1.3, a measure A,.

NOTATION 2.3.3. Let P(p) be the closed subgroup of G of left periods of
the 7 -invariant measurable functions, i.e. the subgroup of elements v € G

such that, for every 7,-invariant function f, f(z,vg) = f(z,g) for A\ -a.e.
(z,9) € X xG.

Note that we should write P(¢, ), since P(p) and () depend on the
measure [,. We will show that P(yp) = £(¢) by using the following lemma
from [ArNgOs].

Let (Y, p) be a complete separable metric space with a continuous action
(9,y) — g.y of a group G on it. Let f be a measurable map from X to Y.
Given a G-valued cocycle ¢, we say that f is (¢, 7)-invariant if f(rx) =

¢(x).f(x), p-a.e.
LEMMA 2.3.4 ([ArNgOs]). If f is (¢, T)-invariant, then a.f(x) = f(z),
p-a.e. for all a € E(p).
Proof. (Y, p) being a separable metric space, the set
Xp={reX:u({a" e X:p(f(z'), f(x)) <e}) >0 for every ¢ > 0}

has full p-measure since it contains f~!(supp f(u)). Let z € Xy and a €
E(p). Let € > 0 be arbitrary. Then the subset E, = {2’ : p(f(2), f(2)) < &}
has positive p-measure. Since a € E(p), for every €1 > 0 there exist x1 € E,
and n € Z such that 7"x; € E, and d(a, pn(x1)) < €1, where d is a distance
on G. By the invariance of f we have

pla.f(x), f(x)) < pla.f(x),a.f(x1)) + pla-f(21), pn(z1).f (21))
+ p(f(T"z1), f(2)).
Since ¢ and &1 are arbitrary and the action of G is continuous, we get
pla.f(z), f(x)) =0. =
PROPOSITION 2.3.5. E(¢) = P(y).

Proof. If a & £(p), there are a subset A with pu(A) > 0 and a neighbor-
hood V' of e such that

ANT"AN{p, €aVV} =0, VneZ

This implies that a is not a period of the 7,-invariant set B={J,,c; 75 (Ax V).
Conversely, let h be a strictly positive function on G such that
{h(g) ma(dg) = 1. We apply Lemma 2.3.4 to the G-space Y of real
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measurable functions on G, with the metric defined by p(fi,f2) =
§{ inf(|f1 — fa|,1)hdmg. A function on X x G can be viewed as a func-
tion on X taking its values in Y. By Lemma 2.3.4, if a function f on X x G
is 7 -invariant, then every element of £(¢) is a period for f. m

The proposition shows that £(¢) = G if and only if A, is ergodic for 7.
With the notations of Theorem 2.1.3, we have:

PROPOSITION 2.3.6. An element v in G belongs to P(p) if and only if
v belongs to Hy for piy-a.e. x € X. In the abelian case, P(p) (and there-
fore E(p)) coincides with the subgroup H.

Proof. For (z,9) € X x G, we set (cf. (34))

elw.) = (§ ( § v u:0)v0) ) dv) patdn)

X H,;

According to Theorem 2.1.3, we have
v E ,P(QO) g Mh((x7’7/g)7 ) = Mh((x’g)7 ) for )‘X_a“e' (xhg) € X xG.
For A\-a.e. (x,9) € X x G, the right member is equivalent to

(@, 9) pa(dy) du, (y) * (Xemn,) * 0g = c(,79) pa(dy) Ou, (y) * (Xamm,) * Oyg,
that is, for pg-a.e. y € X,

(@, 9) Ouy(y) * (Xamm,) * 6y = c(2,79) Ouy(y) * (Xamom,)-

The equality of the supports of these measures implies H,v = H, for
py-a.e. x € X. Hence the result. m

Abelian groups. If ¢ and ¥ are two cohomologous cocycles, ¢ () 1, then
[ is Tp-invariant if and only if fis Ty-invariant, where f(z,9) = f(z,u(x)g).

If G is abelian, this implies that P(¢) = P(%), so that two cohomologous
cocycles have the same set of essential values. This is false in the nonabelian
case (cf. [ArNgOs]).

When G is abelian, the cocycle ¢ := ¢ mod E(p) satisfies £(¢) = {0}.
If £(¢) = {0}, then by 2.3.2, ¢ is py-cohomologous to a cocycle taking
its values in &(p). Therefore the regularity of the cocycle is equivalent to
E(@) = {0}. This last property, for an invariant measure, corresponds to
the definition of regularity given by K. Schmidt for a cocycle (defined for a
group action) taking its values in an abelian group.

If G/&(yp) is compact, then £(@) = {0} and ¢ is regular. In particular,
this is the case when G = R and &(p) # {0}.

Note that if ¢ is cohomologous to ¢ and to ys, two functions with values
respectively in closed subgroups whose intersection reduces to the identity
element e of G, then E(p) = {e}.
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For instance, if ¢ is a Z-valued cocycle such that there is s ¢ Q for which
the multiplicative equation ™% = )/1) o T has a measurable solution 1),
then either ¢ is a coboundary or the cocycle ¢ is not regular. We will use
this remark to give an example of a nonregular cocycle in Section 5.

3. PROOF OF THEOREM 2.3.1

3.1. Characterization of the 7 -invariant ergodic measures. The
key tool in the proof of Theorem 2.1.3 is the following result:

THEOREM 3.1.1 ([Ra07]). Let A be a T,-invariant ergodic measure of
the form A(dy,dg) = pu(dy) N(y,dg), where u is a probability measure on X
and N a positive Radon kernel (i.e. such that, for every y € X, N(y,dg)
s a positive Radon measure on the Borel subsets of G and, for every Borel
set B in G, the map y — N (y, B) is measurable). Then there exist a closed
subgroup H of G and a measurable map u from X to G such that:

o wu(y) = (u(ry)) " p(y) uly) € H for p-a.e. y € X;

e the measure \ that is the image of X\ under the map (y,g) —
(y, (u(y))~'g) is a 7y, -invariant ergodic measure with support X x H
and has the form

(23) Ady, dh) = ji(dy) x(h) dh,

where x is an exponential on H and fi a positive o-finite measure,
equivalent to u such that

(24) Th(dy) = x(eu(T™"y)) fldy).
If H =G, then u(y) = e,

Ady, dg) = fi(dy) x(g9)dg,  Ti(dy) = x(o(r""y)) f(dy).

3.2. Ergodic decomposition of A,

Abstract ergodic decomposition. Let h be a positive measurable function
on X x G such that A\ (h) = 1 (cf. 2.1.2). We apply the results of the
appendix to the Borel standard space (X x G, X xB) and to the probability
measure h\,.

We denote by P" a regular conditional probability with respect to hAy
and the o-algebra J of 7,-invariant sets, and by M " the positive kernel on
X X G defined for any measurable nonnegative function f on X x G by

V(z,9) € X x G, M"f(x,9) =P"(f/h)(x,g).
We have

(25) Aldy,dty = | M"((z,9), (dy,dt)) h(z, g) Ay (dx, dg).
XxG
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For A\-a.e. (r,9) € X x G, the probability measure P"((z,g), ) is 7,-
ergodic (Theorem 7.4.5) (i.e. for all A € J, P"((z,g), A) = 0 or 1). Moreover,
according to (49) of Lemma 7.2.1, we have

hor 1 ,
(6)  moP"((x.g). (dy.dt)) = h(y(j)”) PP (2. ), (dy. d1))
which is equivalent to
(27) oM (@, 9), (dy,dt) = M"((x, 9), (dy, dF)).
We write

P"((x,9), (dy,dt)) = p((x, 9), dy) Q((z, 9,y), dt),
where p is a transition probability from (X x G,X ® Bg) to (X, X), and Q
a transition probability from (X x G x X, X ® Bg @ X) to (G,B). We also
introduce the notations

V(:c7g)(dy) = p((x,g), dy) and N(x,g)(yv dt) = Q((xvgvy)7dt)'

Let (x,g) € X XG. The probability measure V(z,g) 18 uniquely determined
by viz.q)(A) = P"(z,g), A x G) for any A € X. The family of probability
measures {N(, ¢)(y,-) : y € X} is determined up to a set of v, 5-measure
zero. If we consider on the probability space (X x G, % x Bg, P"((x,9),-))
the projections U and V on X and G, then v(, 4 is the law of U and N, 4

is a version of the conditional law of V' with respect to U.
The kernel M" can then be written

(28) M"((x,9). (dy, dt)) = p((x, 9), dy) Q((z, g,y), dt)

= V(z,9) (dy) N(a:,g) (y7 dt):
where Q((x,g,y),dt) = N(a;’g)(y, dt) = h(y,t)"*N g (y,dt) is a positive
kernel from (X x G x X, X x Bg x X) to (G,Bq).

Let f be a measurable positive u,-integrable function on X, and K be
a compact subset of G. We know that

I [ § 70N (0 K) ) (d9)| (2. 9) A (d, dg)

XxG X
= | f(@)1k(g) A\ (dz,dg) < +oo.
XxG

Therefore, for A\y-a.e. (z,g), we have N, ) (y, K) < +oo for v(, 5-a.e. y.
Let (Ky)n>0 be the sequence of compact subsets of G such that | J,, o Kn
= G. For \y-a.e. (z,g), we have, for v, s-a.e. y and all n > 0, N(xvg)(y, K,)
< 400, i.e. ]\7(5679) (y,-) is a Radon measure on G.
After a modification of P" on a set of Ay-measure zero followed, for
any (z,9) € X x G, by a modification of the family of positive measures
{]\~/(%g)(y, ):y € X} on a set of V(z,g)-T€ASUTE ZETO, We can assume that:
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For every (z,9) € X x G, the positive measure M"((z,g),-) is Tp-

invariant ergodic and, for every y € X, N ) (y,-) is a Radon measure
on G.

Ezxplicit form of the ergodic decomposition. According to Theorem 3.1.1,
the 7,-invariant ergodic measure M"((x, g), -) can be written, up to a mul-
tiplicative constant,

(29) Mh((IMQ)’ (dyv dly)) = ﬂ(m,g)(dy) X [5v($7g)(y) * (X(x,g) (7) MH g (d’Y))]a
where H(, ,y is a closed subgroup of G, x(;,4) an exponential on H(, g), v(z,¢)
a measurable map from X to G, and fi(, ) a positive o-finite measure on X,
equivalent to the probability measure v, 4, such that

(30) To (2. (AY) = X(Poypy (T7'Y)) fia,g) (dY),
where
(31) Poepy W) = (V(,0) (TY) T @ (Y) V(ag) () € Hig )

for fi, g-a.e. y € X.

For t € G and f defined on X x G, let R:(f)(x,g) := f(x,gt). From
Lemma 7.2.1 it follows that, for every ¢ € G, every nonnegative measurable
function f on X x G, and A\y-a.e. (z,9) € X x G,

(32) M"Ri(f))(x,9) = P"(Rih/h)(z, g)M"(f) (=, gt).
Let ¢(; )¢ be defined by
(33) Clx,9),t = Ph(Rth/h) (.CE, g)

From (32), we have
ﬂ(m,g)(dy) X [611(1’!,) (y) * (X(x,g) (7) MH (d’Y)) * 5t]
= C(x,9),t Ia(x,gt) (dy) X [5v(z,gt) (y) * (X(ac,gt) (7) MH, o) (d’}/))]

Using Fubini’s theorem and the separability of the o-algebra X x B, it
follows that, for A\y-a.e. (z,9) € X x G and mg-a.e. t € G,

Ry(M"((z,9), -)) = P*(Rih/h)(z, g) M"((z, gt), -)
and therefore
Ry (M"((2,9), -)) = P*(Rih/h) (2, 9)Rigey-1 (M"((z, gt), - ).

This implies that, for A\y-a.e. (x,g) € X x G, the measure M"((z, g), (dy, dt))
is equal, up to a multiplicative positive constant c(z, g), to a fixed measure
which has the form

ﬂx(dy) [51;1(1/) * (Xl'mHa:) * 59](dt)7

where my, is a left Haar measure on H, (we will later change mg, to mg,
by multiplying it by a factor).
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Now, P"(1)(x,g) = M"(h)(z,g) = 1 for \y-a.e. (x,g) € X xG. Therefore
(39 (el = § (] hlyeem)19)x () i, (49)) fie(dy)
X H,

and, for A\y-a.e. (z,9) € X x G and every measurable nonnegative function
fon X x G,

§x O £ 02 (v)79)xa (V) T, (7)) fia(dy)
$x S, (Y v2(W)79) X (7) 0, (d)) fie(dy)”

Now we carry out the suitable modifications in order to obtain the desired
properties of measurability for the decomposition.

(35) M"(f)(z,9) =

Measurability. We can specify the decomposition of M" given in (28).
We have

(36) Viw,g)(dy) = P*((x,9),dy x G)

= c(2,9)( | Wy ve)19)%: () o, (7)) fia )
Hz
and

Ng.g) (y, dt) = ( | 2y, v ()79)Xa () o, (dv)> 71(5% () * (X Mm, ) %0g) (d2).

T

The closed set v, (y)H, is the support S(x,y) of the probability measure
Q((7,6,9),") = N(z,)(y,-) on G, and H, is the support of the probability
measure Q((x,e,y),-) * Q((x,e,y),-), where Q((x,e,y),~) is the image of
the positive measure Q((z,e,y), ) under the transformation t — ¢! of G.
It follows that the maps z € X — H, € F(G) and (z,y) € X x X
vy (y)Hy € F(G) are measurable. For instance, the last property follows
from the fact that, for any closed subset F' of G, we have

{(z,y) € X x X tv,(y)Hy C F}y = {(z,6,9) : Q(2, €, 9), F°) = 0}.

From Lemma 7.1.1 we can find a measurable map u : X x X — G such that,
for any (z,y) € X x X, u(z,y) € S(x,y). Then v,(y)H, = u(x,y)H, and,
for any nonnegative measurable function f on X x G,

Vv (0)79) X2 (V) Wz, (d)
Hy
=z ((u(z, ) o) | £y, ul@, y)79)xe(v) M, (dy).
Hy
As

S(u(wa) -1 valy) * amm,) = X ((u(x, )™ v () (XaTom, ),
the positive kernel R((x, g,y), dt) = 0(y(z4))-1 *]V%g(y, dt)* 0,1 from X x X
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to G is equal to

-1
(5 Ayl 9)v9)x (1) 7z, (@9)) X (8) i, ().
Hz
Denoting by U the closed unit ball in G centered at e, we have

-1
(§ ply w190 () (@) § xel®) i, () = R(, 9. ),U) >0
Hy H.NU
and, for any v € H,,
R((z,e,9),7U)
R((z,e,y),U)
which proves that there exists a measurable map 7 : X x G — R such that
Xz(v) = n(z,v) for py-a.e. x € X and all v € H,.
We also have

Xz (’Y) =

i, (dt) _ R((z,e,y),dt)

SmeU Xx('}/) M, (d’}/) R((x767y)7tU)
which shows that the left member defines a positive kernel from X to G.

We observe that the left member is the unique left Haar measure, denoted
by mpy,, of H; such that

V xe()mur, (dv) = 1.
H.NU
Finally, we obtain

Mh((xv g)v dy7 dt) = R(($7gu y)7 U) V(z,g) (dy) (5u(ac,y) * (Xmez) * 59)(dt)
and

R(($7 9, y)7 U) V(z,g) (dy)

= c(@, g (u(@, ) o) (| xalt) i, (1)) fraldy).
HNU
We deduce that

Xo(w(@,9)) " 02 (y)) i (dy) = d(x) pa(dy)

(@) =clwe)( | xal®) (@),

H,.NnU
/Lm(dy) = R(($7 €, y)a U) V(z,e) (dy)

We observe that (1, (dy))zcx is a positive kernel on (X, X).
The formula (35) can be written

Sx B, s ulz, v)vg)xa(v) ma, (d7)) pa(dy)
S ($pp hy, wl@, y)v9)xe (V) ma, (d7)) pa(dy)
For every (z,9) € X x G, we choose the expression (37) for M"((z, g), ).

with

37) M"(f)(x.9) =
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Proof of the relations (4) to (9). The equality of measures 7,,(M"((z, g),
(dy,dt)) = M"((x,g), (dy,dt)) is equivalent to
(T2 )(dy) (Sp(r—1y) * Ouy(r—14) * (Xz M,) * Og)(dR)
= ta(dy) (Ou,(y) * (Xa M) * Ig)(dl),
which leads to
(T "W up (17 ) Hy = up(y)H,  for pg-ae. z € X
and
(Tr2)(dy) = Xo((uz ()~ (77 Y)ua(™'y)) pa(dy);
hence the relations (5) and (6) follow.

The equality M"((z,g),") = M"(r,(z,g),) is equivalent to Vieg) =
Vr,(z,g) and N(Lg)(}/, )= Nr ,g)~(y, ) for v, gy-ae. y € X.

The equality N, )(y,:) = Ny, (2,)(¥,°) 18 equivalent to the following
conditions:

Uz (y) Hy = trs(y) Hrup(2)
(equality of the supports), which implies

(38) Co(y) = (ua(y)) ura(y)p(x) € Ha,
(39) Hrp = SO(ZC)H:E(‘P(»T))_I’

and therefore

Xra (@) G () (@) ™) dury () * (Xromirt,) * )
= 6’LLz(y) * (Xra(p(T) - (‘P(x»il)mHz

where 1, = Op(g) * MH,, * O(y(2)-1 is a left Haar measure on H,.

We write mpy, = d(x)mg, for a constant d(x) depending on x and we
obtain for any v € H,,

Xz (7) = XT:):(‘P(x)'Y(‘p(x))_l)
and
Xe(Ge®) | By, uravp(2)9) Xra (V) dy = d(z) | Dy, ua(y)V9) X () dy.
H:y Hy

Then the equality v(; o) = V7 (2,9) IS equivalent to

firz(dy) = c(2)X2(Ce(y)) frz(dy)

for a constant ¢(x) depending on z.

This yields the relations (4), (7), (8), (9).

The ergodicity of the cocycle ¢,,, on H, over the o-finite ergodic measure
e implies that H, is amenable [Zi78].

The first assertion of Theorem 2.1.3 is proved.
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Assertions (ii) and (iii) of Theorem 2.1.3. (a) We suppose that the sub-
groups H, are conjugate to a fixed closed subgroup H (cf. Theorem 5.1.1
for the nilpotent connected Lie group case), i.e. there exists a measurable
map a : X — G such that H, = a(x)H (a(x))™ .

Let x € X. The element a(x) is defined modulo the normalizer of H.
The element () := (a(7x)) '¢(z)a(x) is in the normalizer of H and we
have

(@)~ (e (1)) tra () p(@)alz) € H.

The ergodic components applied to a function f can be written
(40)  M"f(z,9)
(Vg f(y, ua(y)a(z)y(a(z) ' g)xa(a(@)y(a(@) ") dy) pa(dy)
$i Py, uz(y)a(z)y(a(@) "1 g)xz(a(z)y(a(x)) ™) dv) pa(dy)”
)a(z))™
) y(z

_ I
Ik (
We have v (a(rz)y(a(r2)) 1) = xa(a(z i) () a(e)) ). Setting
%(7) = xo(a(@)y(a() "), we have Xro(7) = Xal(1(x) ).

(b) Abelian groups. If G is abelian, we have rz) = H for py-a.e.
x € X. Since the map x € X — H, € .7-'(G) is measurable and Chabauty’s
topology countably separates the points, there exists a closed subgroup H
of G such that H, = H for py-a.e. z € X.

For every v € H, we have A\ (Ry(f)) = x 1 (v)A\(f) and, for A -a.e.
(2,9) € X x G, M"R,(f)(2,9) = x5 (1)M" f(z,9). For f = h, it follows
that

VyeH, x(v)= | xa(nh(z,g) A (dz,dg),
XxG
and therefore x, = x for uy-a.e. x € X.
The ergodic component of A, applied to a function f can be written

h 55Oy Fy ua()79)x (7) d) pa(dy)
(4D M(e.9) = §x (Vg 2y, ua()vg)x () d) pe (dy)”
This completes the proof of Theorem 2.1.3. =

4. PROOF OF THEOREM 2.2.2

4.1. Lemmas. For the proof of Theorem 2.2.2, we begin with a lemma
which allows us to compare the ergodic components.

LEMMA 4.1.1. (i) Let ¢ be a cocycle with values in a closed subgroup
Hy of G, and py ® mpy, be a T,-quasi-invariant positive measure. Suppose
that the measure (11 @ mpy, is T,-ergodic and that ¢ is p1-cohomologous to a
cocycle ¥ with values in a closed subgroup Ho of G, with transfer function .
Then there exists go € G such that, for pi-a.e. x € X,

u(z)Hs = goHy and H; C u(a:)HQ(u(:c))_l = gnggo_l.
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(ii) Assume in addition that there exists a positive Ty-quasi-invariant
measure fig & mpy, with pz ~ py which is 1,-ergodic. Then there exists
go € G such that

Hiu(z) = Higo, u(z)Hs=goHs and g5 'Higo = Ho.

(ili) Assume in addition that py [resp. pa] is x1 o T,-conformal [resp.
X2 o Ty-conformal] for an exponential x1 on Hy [resp. x2 on Ha]. Then

* x:(7) = le(galvgo) for m-a.e. x € X and every y € Hy,
* X, (u(@) g5 ) = xo(99 u(x)) for pr-a.e. x € X,
o ua(dr) = x, (u(z)gg Hpi(dzr) up to a multiplicative constant.

The T,-invariant ergodic measure iz ® (O (q) * (X2 ma,)) is equal to py @
((x1mm,) *dgy) up to a multiplicative constant.

Proof. (i) For every continuous left Hs-invariant function F' on G and
every g € G the function f9(z,t) = F((u(z)) 'tg) is T,-invariant. This
function is therefore 3 ® my,-a.e. constant. Applying Fubini’s theorem and
the continuity of F', it follows that, for pj-a.e. x € X and any g € G,
the function ¢t € Hy — F((u(x)) 'tu(x)g) is constant and therefore equal
to F(g), its value for t = e. Consequently, (u(x)) ! Hiu(x) C Hs.

Since ¢ [resp. 9] takes values in H; [resp. Hs], the above inclusion implies
that, for yj-a.e. x € X, (u(rz)) "' u(x) € Hy. Therefore u(rz)Hy = u(z)Has.
By ergodicity of (p1,7), we deduce the existence of gy € G such that
u(z)He = goHy for py-ae. z € X.

(ii) The cocycle v is pg-cohomologous to the cocycle ¢, via the map
2 € X + (u(x))~! € G. Then the second statement is a consequence of the
first one.

(iii) Set po = Buy where 3 is a positive function on X. By the conformal
property of the measure it follows that, for pi-a.e. z € X,

() = 5 (ple)

From (ii), this equality can be written

-1
Xl 90 () olute)) = ()

For any 2 € X, we consider the exponential Y, on H; and the function f
on X, defined by

— o Xe((u(@) Mtu(z))
Xalt) = x1(t)

We observe that x(t) = X»(t) for any ¢t € H;, and the positive function
(x,t) — f(x)xz(t) on X x H is 7 -invariant. It follows that this function is

and  f(z) = Bz)x2((u(x)) " g0)-
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constant p1; ® mpy,-a.e. Hence for p-a.e. z € X,

o xo((u(x)) " tu(z)) = x1(t) for every t € H,
e ((x) is equal to x2(gy 'u(z)) = x1(u(z)gy!) up to a multiplicative
constant. m

COROLLARY 4.1.2. Let pg(dy) @ (0y,(y) * (Xa mu,))(dt) and p(dy) @
(Ou,, (y) * (Xar mm,,))(dt) be two ergodic components of Ay. Then either

o the measures py, and p, on X are mutually singular, or
o there is g, € G such that, for every g € G,

par (dy) © (Buy, ) * (X, ) = a(dy) @ (Bu, ) * (Xamr,)) * b, -
Hence P"((z,9),") = P"((2', g2 2 9),")-

Proof. For a G-valued cocycle ¢ and a measurable map u from X to G,
we denote by ¢, the cocycle ¢, (y) := (u(ty)) " to(y)u(y) for y € X.

The values of the cocycles ¢, and ¢, , are respectively in H, and H,.
The measures jiy, ® (xzmu,) and py @ (x,_,mm,,) are respectively 7., -

. . . . . . (Uz)71UI/
invariant ergodic and T, -iNVariant ergodic, and ¢y, , '~ Ty,

The result follows from the previous lemma. m

4.2. Proof of Theorem 2.2.2. (i) Let xp € X. From Corollary 4.1.2,
for any z € X, if the measure u, is equivalent to p,, then there is g, € G
such that P"((x,e),) = P"((zo,e),") * §4,, and consequently, with the no-
tations of Subsection 3.2 (cf. (36)), we have v, o) = V(g,¢). Conversely, the
equality v(; o) = V(z,,¢) implies the equivalence of the measures p, and fiz,.

The o-algebra X x B(G) is separable, i.e. generated by a countable sub-
algebra A. We deduce the equality of sets

{CU e X: Mg ~ ,U/mo} = {.’L’ €X: Viz,e) = V(xo,e)}
={reX:VAe A, V(z,e) (A) = V(aco,e)(A)}a

which proves that {z € X : g ~ pz,} is measurable. Since, for any =z € X,
Pz ~ firz, this set is T-invariant and therefore (by ergodicity of x1,) has zero
or full measure.

(ii) Assume that the cocycle is regular. Then every measurable 7,-
invariant function f is p, ® mpg-a.e. constant. The function F(g) :=
1£Cs - @ILoe (X x Hopy@my) 18 left H-invariant on G and we have, for every
g€aq,

f(x,vg) = F(g) for p, ® my-a.e. (xz,7) € X x H.

The first statement of (ii) follows from the fact that f is a measurable
To-invariant function if and only if the function f(x,9) = f(x,u(x)g) is
Ty-invariant.
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We consider the bijective map 6, from X x G onto itself defined by
Ou(x,9) = (z,u(x)g) for (xz,9) € X x G. A measurable nonnegative func-
tion f on X X G is T -invariant if and only if f o6, is 7y-invariant. If J = 3,
is the o-algebra of 7,-invariant subsets of X x G then 0,3, is the o-algebra
Jy of Ty-invariant subsets of X x G. From Lemma 7.2.1 we have, for any
nonnegative measurable function f on X x G and A\ -a.e. (z,9) € X x G,

Epa, [f 0 0 250n Jp] 0 Oulz,g)
Enx, [228 x o u|Jy] 0 Oulz, 9)
Any nonnegative measurable 7,-invariant function is p, ® my-a.e. con-

stant. Hence, for any nonnegative measurable function f and A\y-a.e. (z,g) €
X x G, we have

(42) Enx, [f | Je)(2,9) =

$xrr £ (W 19)R (Y, 79) d iy (dy)
S (W 79) d iy (dy)

Enx [ [3¢l(z, 9) =

From (42) it follows that
M"f(x,9) = Ep [1f | 3,](2, 9)
Sy Sy Py u@)y(u(@) " ) x(uly)) dy py(dy)

Sy S by u(@)y(u()Lg) x(u(y)) dy py (dy)”

(iii) If there exists some z such that pi; ~ fiy, then the reduction of the
cocycle given by (8) is “global” p,-a.e.: there exists a measurable function
u and a closed subgroup H such that the cocycle is cohomologous to an
ergodic cocycle with values in H and it is regular.

If there are a countable number of different equivalence classes among
the measures pi,, x € X, then by (i), for p -a.e. z, all the measures f, are
equivalent and this equivalence class is that of y,.

The last assertion of (iii) follows from assertion (iii) of Proposition 2.2.4. =

5. ON THE EQUATION H., = ¢(z)H,(p(z))*

In Theorem 2.1.3 we encounter a measurable family of subgroups H,
such that the following conjugacy equation holds:

(43) Hyp = o(x)Hy(p(2))™!  for py-ae. z € X.
For this conjugacy problem, see [GoSi99).

5.1. Nilpotent groups. When G is a nilpotent connected Lie group,
the subgroups H, are conjugate to a fixed subgroup H.

THEOREM 5.1.1 ([GoSi99]). Assume G is a nilpotent connected Lie
group. If (H;) is a measurable family of subgroups such that (43) holds p-
a.e., where p is a o-finite measure which is quasi-invariant and ergodic for
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T, then there is a fized closed subgroup H and a measurable map x — a(x)
from X into G such that for p,-a.e. x € X,

H, = a(z)H(a(z))™ "

Proof. We equip the set F(G) of closed subsets of G with Chabauty’s
topology (cf. Section 2).

We know that the map =z € X — H, € F(G) is measurable. For any
F € F(G), we have

{a:EX:{ngg_l:gEG}CF}:{xGX:HxC mgleg}.
geG

It follows that the map = € X — {gH,g7!: g € G} € F(G) is measurable.
We denote by g the Lie algebra of G and denote by ad the adjoint repre-
sentation of g (i.e. for any (X,Y) € g2, (ad X)(Y) = [X,Y]). We denote by
exp : g — G the exponential map and by Ad the adjoint representation of
G on g. We have

gexpXg ' =exp(Adg(X)), VgeG, VX ey,

k
Ad(expY) = Exp(adY) = Z (ad]:'/) , YYeg.
keN '

First case. Assume that G is a connected and simply connected nilpotent
Lie group. For p-a.e. x € X, we have

{gH, g7 ':9€ G} ={9H;,g7': g€ G}.

Since the points of F(G) are separated by a countable family of contin-
uous functions, there exists a closed subgroup H of G such that, for u-a.e.
z € X,

{gH.g™' : g€ G} = {gHg™': g € G}.
Now, from the proposition below, this equality implies that the two open
dense subsets {gH,g ' : g € G} and {gHg ' : g € G} of {gHg ! : g € G}
are not disjoint. Therefore the two G-orbits coincide. Hence the result.

Second case. Assume that G is a connected nilpotent Lie group. Let
f:G— Gbea group cover of G with G connected and simply connected
(see [Ho65, Ch. IV, Theorems 2.2 and 3.2)).

If H is a closed subgroup of G then H = f~(H) is a closed subgroup
of G. Moreover, the G-orbit of H is the image under f of the G-orbit of H.
The theorem follows from the first case. =

PROPOSITION 5.1.2. For any closed subgroup H of a connected simply
connected nilpotent Lie group G, the G-orbit {gHg™' : g € G} of H is open
in its closure.
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Proof. We know that the exponential map exp is an analytic diffeomor-
phism. We set X = {1,...,dim(g)}. For any p € X', we consider the exterior
product V,, = /\p g and the corresponding projective space P(V},). We denote
by 7, the natural map from V,, \ {0} onto P (V).

To each p-dimensional subspace v of g we associate the element w, =
Tp(ui - - -Auy) of P(V},) where (u1, ..., up) is a linear basis of b. We denote by
D,, the image in P(V},) of the set of p-dimensional subspaces of g. We consider
the disjoint union Upe 5> D), equipped with the following topology. A sequence
(un)nen converges to z if the following two properties are satisfied:

e there exist N € N and r € X such that u,, € D, forn > N,
e the sequence (uy),>ny converges to x on D, for the usual induced
topology of P (V).

One easily sees that a sequence (v,) of subspaces of g converges in Cha-
bauty’s topology if and only if (uv, )nen converges in J, 5, Dp. Hence, the

map v — uy, is a homeomorphism from the set of nontrivial subspaces of g
onto U,e 5 Dp-

Let H be a closed subgroup of G with Lie algebra h = exp~!(H). The
G-orbit {gHg ! : g € G} of H is identified with the A, Ad G-orbit of uy,.
Now, for a connected simply connected nilpotent Lie group G, we know (see
for example [BoSe64]) that this orbit is open in its closure. This yields the
result. =

5.2. A counterexample. Let G be the semidirect product of R and C?,

with the composition law
(t,z1,20) % (8,21, 25) = (t+ 1, 21 + €22 2y + 2™t 2)),
where 6 is a fixed irrational.

The conjugate in G of (0, 21, 22) by a = (s,v1,v2) is
(44) (5,01,v2)(0, 21, 22) (5, v1,v2) " = (0, €72, €37 29).

Consider the dynamical system defined by an irrational rotation (7 :
r—c+amodl)on X =R/Z. Let & : X — G be the cocycle defined by
&(x) = (¢(x),0,0), where ¢ has its values in Z.

Let H, = {(O,Uzl,vezmw(x)zg) : v € R}, where 1 is a function to be
defined and z1, z9 are given natural real numbers. Consider the function
x +— H, with values in the set of closed subgroups of G. It satisfies the
conjugacy relation
(45) Hry = O(x) Hy(9(2)) ™
if ¢ has integral values and satisfies

(46) Op(z) + 1 (x) = Y (rx) mod 1.
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For every o whose partial quotients are not bounded, there are real
numbers  and r for which the function

v:=1ipg —Log( +7)
is not a coboundary and there are irrational values of s such that
250 0.5~10,51(+7) ig a multiplicative coboundary (cf. [Co07]).
If we take for § one of these values of s and for 9 a function satisfying
the multiplicative coboundary equation e?0% = ¢2mi(Vor=%) we get (46).

PROPOSITION 5.2.1. For these choices of B, r, 0, 1, there is no subgroup
H such that the equation H, = a(x)H (a(z))~! has a measurable solution a.

Proof. Suppose that there are a fixed subgroup H and a measurable
function a : X — G such that H, = a(z)H (a(x))~!.

According to (44), this is equivalent to the existence of a function ¢
defined on X such that the set

{(07 veQm’t(z)Zh veZﬂi(Gt(ﬂ:)+¢(a¢))Z2) ‘ve R}

does not depend on x. This implies that ¢t and 1 + 6t have a fixed value
mod 1; therefore §(p(x) —t(x) +t(rx)) = Op(x) + ¢ (x) —(72) mod 1 = 0.
As ¢ and t — t o 7 have integral values and @ is irrational, it follows that
p =toT —t, contrary to the fact that ¢ is not a coboundary. =

REMARK 5.2.2. By the same arguments it can be shown that the cocycle
1 -1 .+ r)) is nonregular in the sense of Definition 2.2.1.
[0,8] [0,8] g

6. COMMENTS

6.1. Remarks on transience/recurrence. The cocycle (¢p)nez
gives the position at time n of the “vertical” coordinate for the iterates 7.
If it is recurrent (i.e. if the stationary random walk (¢,,) returns infinitely
often to any neighborhood of the identity element), the transformation 7,
is conservative.

The ergodicity of the basis implies that the cocycle is either recurrent or
transient. When ¢ has its values in R and is integrable, (¢, )nez is recurrent
if and only if pu(p) = 0.

For every amenable group G and every ergodic system (X, u, 7), there is
a measurable ergodic cocycle (¢, 7) over the system, taking its values in G,
such that (X x G, ® mg,7,) is ergodic (cf. [He79], [GoSi85]). However,
a problem is to construct explicitly recurrent cocycles generated by regular
functions over particular dynamical systems and to find whether or not they
are ergodic.

In the recurrent case, the transformation 7, is conservative: there is no
wandering set F with a positive measure (wandering means that the images
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(7]; FE,k € 7Z) are pairwise disjoint). This implies that every subinvariant
set is invariant pu ® mg-a.e.

Note that the ergodic decomposition of a recurrent system gives recurrent
systems. In particular, the recurrence of the cocycle (¢, ) relative to p implies
(with the notations of 2.1.3) that for p-a.e. = the cocycle (¢,,) is recurrent
relative to the measure p,, which is infinite if the cocycle is not regular (cf.
Theorem 2.2.2).

Assume now that the cocycle is transient. Let F be a wandering set and
h > 0 be a function on G such that {hdg = 1. The series >, o, h(¢r(x)g)
converges for u ® mg-a.e. (z,g), according to

[ hlr(@)g) du(@) dg = [ hig) (D 1e(@, (94(2) ™ 9)) dg du(x)

E keZ E kEZ

= [ 0() (D 160 2, (pu(r™"2))'9) ) dp(x) dg = [ h(g) dg = 1.

E keZ

The function h(z,g) = > kez M(or(x)g) is therefore 7 -invariant and
finite for u ® mg-a.e. (x,g).

The subgroups H, defined in Theorem 2.1.3 reduce to {e}, and the
ergodic measures are given, up to a multiplicative factor, by A, q)(f) =

Zkez f(TkSC, or()g).

The function ¢ is a coboundary with respect to the o-finite measure
iady) = Yz Do (dy) (We gt up(y)p(y) (1 (79)) " = € by setting u,(y)
:= ¢r(z) at the point y = 7%2). The ergodic decomposition of pu(dz) x dg
can be written

| § G g)dute) dg = § § [(ht, )1 0 S, n)g)| o) du() dg.

XG XG kEZ

This shows that, in the transient case, there is no interesting informa-
tion in the ergodic decomposition. Therefore it is convenient to have ex-
amples of recurrent cocycles (¢, 7). A family of such cocyles is provided
when the basic system is a rotation on the circle and ¢ is a BV-function
with values in R?. There are also examples over rotations for cocycles tak-
ing their values in nilpotent groups (see [Gr05], [Co07]). For rotations, us-
ing BV-functions, one can construct conformal probability measures p, for
which the rotation is conservative. More precisely, if ¢ is a BV-function
on the circle with zero integral and y is an exponential on R, and if 7
is an ergodic rotation, then there is a unique probability measure pu, on
the circle such that d(ru,)/dp, = x o ¢ and the corresponding measure
Ay on X x G is conservative due to Koksma’s inequality (see for example
[CoGu00]).
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6.2. Extension to a group action. For simplicity, we have restricted
the paper to the framework of a single transformation, but the domain of
validity can be extended by taking more generally the action of a countable
group I'. This gives access to more examples of transient cocycles with a
nontrivial ergodic decomposition. Most of the results presented here when
I' =7 are still valid for the action of a countable group I'.

Indeed, we can use the result of Theorem 3.1.1, since one can easily
extend it from the case of a single invertible transformation to an ergodic
group action. Another important point is the ergodicity of the measures
given by a regular conditional probability with respect to the o-algebra of
invariant sets. This point also remains valid (see Remark 7.3.3 at the end
of 7.3).

7. APPENDIX

In this appendix, we recall a selection lemma and some results on the
conditional expectation and the ergodic decomposition that were used in
the previous sections.

7.1. A selection lemma. Let G be a lcsc group. Recall that the set
F(G) of closed subsets of G is equipped with Chabauty’s topology, for which
the open sets are defined by

U(0,0)={Se€F(G):YU €0, SNU #0and SNC =0},

where O is a finite family of open sets of GG, and C' is a compact subset of G.

The Borel structure associated to this topology is generated by the sets
{S € F(G): S C F} where F € F(G) (cf. 2.1). For the sake of completeness,
we give a proof of a selection lemma (cf. the theorem of Kuratowski and
Ryll-Nardzewski) that was used in Section 3:

LEMMA 7.1.1. If t — F; is a Borel map from a Borel space (T,T)
to F(G), then there exists a Borel map f from T to G such that f(t) € F}
for each t € T.

Proof. Let K be a compact set in G. Assume that F;, C K for t €
R C T, where R is a Borel set in T'. For every n > 1, there exists a finite
family (K, i, € I,,) of compact sets such that diam (K, ;) < 1/n and K C
User . Knt14-

For a compact set C in G, the set {t : F;NC # (0} is Borel (its complement
is the union of the sets {t : F; C G \ U,}, where U, is a basis of open
neighborhoods of C). Therefore, for every n and j, the set {¢t : F;NK, ; # 0}
is Borel.
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We define i, (t) by in(t) = inf{j € I, : F; N K, ; # 0}. The map t —
K, i, 1) is Borel.
Now we define the point f(t) for t € R by

| nzn

n>1
From the condition on the diameters and the compactness of the sets, it
follows that f(t) is well defined for every ¢t € T
We have to show that f is Borel, that is, {t € T : f(t) € C} is a Borel
set for any closed subset C' in G. Let (Og) be a decreasing sequence of open
sets such that O, 1 C Opy1 C Oy for every k and C = i Ok- We have

fHeC & () Kninw COrVE>1 & () K C Ok, Yk > 1.
n>1 n>1
As{teT:K,; ) C O} is Borel for each k, the assertion follows.

Now we construct f on the whole space. For any compact set K in G,
the map ¢ — F; N K is Borel, since the map (F, K) — FNK from F(QG)
into itself is continuous for a fixed compact set K. Let K; be an increasing
sequence of compact sets in G such that G = ;K.

We define f(t) by applying the previous construction to the map t +—
F,NKpon{t: F,NK; # 0}, then tot — F;N Ky on {t: F;N Ky # 0} N
{t: FNK; =0}, and so on. =

7.2. A lemma on conditional expectation

LEMMA 7.2.1. Let P be a probability measure on a measurable space
(E,F) and h a measurable positive function such that ShdIP’ = 1. Then,
for every sub-c-algebra B of F and every measurable nonnegative (or hP-
integrable) function f, we have

(47) Erplf | B] = Es[fh| Bl/Ez[h|B]  P-a.e.

If 0 is a bijective bi-measurable map from E onto itself such that 0P ~ P,
then, for any P-integrable function f, we have

-1
(48)  Es[f|B] = Eﬂ(‘ﬁ) o ‘ B]Ep [fo o1 Cﬁ) 9%} Y
B Ep[foe 1 dop \9%] o0
" B[ o3 a0
If P = h\, where X is a o-finite O-invariant measure and B = J the o-algebra
of O-invariant sets in &, we have
3|

ho#1
h

(49) Epx[f o 0]3] = Eny [f
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Proof. We prove only the second assertion. For every bounded B-mea-
surable ¢ we have

= o = o _1@
SEP[f00|B]deP’—]§Jf de]P’—;fw 0! — dP
-1
:SEP[f‘izf 96}1/1091dIP’:Sd0dPPEP[fCﬁ§’9%}oez/;d]P’
E E
-1
:SEP[C%P‘B}EP[J”% 9%]00¢dﬂ",

E
which implies (48):

1
Ep[f 00| B] :Ep[dﬁdPP ‘B]Ep[ﬁf‘@%] 00. m

7.3. Regular conditional probability

DEFINITION 7.3.1. Let (E,F,P) be a probability space and B a sub-o-
algebra of F. A regular conditional probability relative to B and PP is a map
P from E x F to [0, 1] such that

e For every x € E, P(x,-) is a probability measure on F.

e For every A € F, the map x € E — P(x, A) is a version of the condi-
tional expectation of 14 with respect to the o-algebra B. This map is
thus B-measurable and satisfies, for every B-measurable function ¢,

[ 1a(2)e(@) B(dz) = | P, A)p(a) P(da).
E E
For every F-measurable nonnegative or bounded function f, Pf defined
by Pf(z) =\ f(y) P(z,dy) is then a version of the conditional expectation
of f with respect to B.
For the existence of a regular conditional probability, we can refer to the
general setting used in Neveu’s book ( [Ne64, Corollaire, Proposition V-4-4)):
In the following, we will assume that there exists an approximating com-
pact class in (E,F,P) (see [Ne64] for this notion) and that F is generated
by a countable family.

THEOREM 7.3.2 ([Ne64]). For every o-algebra B in F, there exists a
reqular conditional probability with respect to B.

This result applied to the product space (X x G, X x Bg), the probability
hX on X x G, where h > 0 on X x G is such that { h(z, g) py (dz) x(9) ma(dg)
= 1, and the sub-o-algebra J of 7,-invariant sets (see Notations 2.1.1
and 2.1.2) gives the regular conditional probability P" used in Section 2.
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Now we have to show that the probability measures P"((x,g), -) are
To-ergodic. For the action of a single transformation, this can be done by
applying the ergodic theorem (cf. [Aa97]). For the sake of completeness we
give a proof in the last subsection below.

REMARK 7.3.3. When the action of a single transformation 7 on X is
replaced by the Borel action of a countable group, the proof of the ergodicity
of P"((x,g), -) is more difficult. A reference is [GrSc00)].

7.4. Ergodic theorem and ergodic decomposition

NOTATIONS 7.4.1. Let 6 be a bijective bi-measurable transformation on
a measurable space (F,F), u a positive o-finite #-quasi-invariant measure,
and J:={B € F:0"'B=B}.

Let h be a measurable function on E such that h(z) > 0 and u(h) = 1.
Let P" be a regular conditional probability with respect to the probability
measure hy and the o-algebra J of -invariant measurable subsets.

Let T}, be the contraction of L!(E,F, hu), in duality with the operator
of composition with 6 acting on L>°(E, F, u), defined by

1y AOChp))
Tnf(x) = fobd Y z) —L2(x).
® @ @)
Replacing 6 by 0~! we get the inverse operator T, L
PROPOSITION 7.4.2. For every f € LY(E, F,hu) and p-a.e. x € E,

Z T f(z Z TR () "= Ep[f ]3] (2).

k=—n k=—n
Proof. Applying Hurewicz’s ergodic theorem to the contraction T}, we
find that the sequence

(ZThf /ZTh @),

converges fi-a.e., and the same result holds for the contraction 7} !
On the conservative part C' the limit in both directions is equal to

Enu[f|3](x), so that on C,

lim <,§: T,ff/g: T,’fl) —Enf|3]  pae

n——+00
On the dissipative part D, the limit is the quotient of the series. For j, k
in Z, we have
dihe) _ T"'f
d(0=F(hp)) T, F1

T/ fot® =1/ 7Ff
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This implies that on D the quotient of the series is a f-invariant function
and, for every measurable #-invariant function ¢ which is null on C,

k k
SMW(W =5 Lf.(pd(hu)zz | f—w-d(hu)

E ZjeZ Tijbl k€Z E Zjez le k€Z E ZjeZ Tszl o g
/ _
=3V Tt d(h) = § fod(hy).
kCZE dez i1 E

On D the quotient of the series is therefore equal to Ep,[f|J]. =
LEMMA 7.4.3. For p-a.e. x € E, the measure OP"(x,-) is absolutely
continuous with respect to P"(x,-) and
dOP(x,2)  d(O(hw)  ho8' d(bp)
APz, dl) b dw
Proof. For a positive F-measurable f and a J-measurable positive func-
tion ¢, we have

(50)

d(8(h
[ £ o0pdhu) = fobp00dhm) =}§;fso(d((hlj‘>))d<hu)-

E E
This shows, u-a.e.,

O(P")(f) = P"(f 00) =Epu[fo0|3]

‘We then have:

COROLLARY 7.4.4. For the elements x € E for which (50) holds, Ty, is a
positive contraction of LY(E,F, P"(x,-)). For every f € LN(E,F, P"(x,-))
and PM(x,)-a.e. y € E,

—+ ~
Z Ty f(y)/ Z TH1(y) === Epn(y,)[f [3](y).
k=—n k=—n
THEOREM 7.4.5. A decomposition of the measure p into ergodic compo-
nents is given by
(51) wldy) = {(h() " P"(w, - )h(w) p(dw).
E
Proof. The equality is clear. It remains to prove the ergodicity of the
probability measures P"(z, ) for py-a.e. z € E.
From (51) and Proposition 7.4.2, we have, for every f € LY(E,F, hu)
and p-a.e. ¢ € F,

Z TFf(y Z TFL(y) =2 Enulf [3)(y) = P f(y)

k=—n k=—n



ERGODIC DECOMPOSITION FOR A COCYCLE 155

for P(z,-)-a.e. y € E. The functions ¢ = P"f and ¢> = (P"f)? are J-
measurable and therefore P-invariant p-a.e.: PPg(x) = g(z) and P"¢?(x)
= ¢?(x) for p-a.e. € E. By the Cauchy-Schwarz inequality, this implies
g(y) = g(x) for P(z,-)-a.e. y € E.

Let Fp be a countable Boole algebra which generates F. For © € E,
let Q" be a regular conditional probability with respect to the probabil-
ity measure P"(z,-) and the o-algebra J. From the previous property and
Corollary 7.4.4, we obtain, for p-a.e. z € E and P"(x,-)-a.e. y € E,

VAe Fo, Qly,A) =P"(z,A),

and consequently, for py-a.e. x € E and Ph(:c, -)-a.e. y € E, we have the same
property for every A € F.
For every I € J, we know that

Qiy,I) = Epn(po[17|3](y) = 11(y)  for P(x,-)-ae. y € E,
and therefore as above
Q"y,I)=1;(z) for P(z,-)-a.e. y € E.
It follows that, for p-a.e. x € E,
VIied, Phx,I)=Q"y,I)=1;(y) for P(x,-)-ac. ycE.
This implies the ergodicity of the measures P"(z,-) for p-a.e. . m
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