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ON THE ERGODIC DECOMPOSITION FOR A COCYCLE

BY

JEAN-PIERRE CONZE and ALBERT RAUGI (Rennes)

Abstract. Let (X,X, µ, τ) be an ergodic dynamical system and ϕ be a measurable
map from X to a locally compact second countable group G with left Haar measure mG.
We consider the map τϕ defined on X × G by τϕ : (x, g) 7→ (τx, ϕ(x)g) and the cocycle
(ϕn)n∈Z generated by ϕ.

Using a characterization of the ergodic invariant measures for τϕ, we give the form
of the ergodic decomposition of µ(dx) ⊗ mG(dg) or more generally of the τϕ-invariant
measures µχ(dx) ⊗ χ(g)mG(dg), where µχ(dx) is χ ◦ ϕ-conformal for an exponential χ
on G.
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1. INTRODUCTION

We consider a dynamical system (X,X, µ, τ), where (X,X) is a standard
Borel space, µ a σ-finite measure on X, and τ an invertible measurable
transformation on X such that µ is quasi-invariant and ergodic for the
action of τ .

Let G be a locally compact second countable (lcsc) group. We denote
by BG the σ-algebra of its Borel sets, mG(dg) (or simply dg) a left Haar
measure on G, and e its identity element.

Let ϕ be a measurable function on X taking its values in G and τϕ the
map on X ×G (skew product) defined by

(1) τϕ : (x, g) 7→ (τx, ϕ(x)g).

The corresponding G-valued cocycle (ϕn)n∈Z over (X,µ, τ) (denoted also
(ϕ, τ)) is

ϕn(x) =


ϕ(τn−1x) · · ·ϕ(x) for n > 0,
e for n = 0,
ϕ(τnx)−1 · · ·ϕ(τ−1x)−1 for n < 0.

If µ is τ -invariant, the map τϕ leaves invariant the product measure λ1 :=
µ ⊗mG. The cocycle (ϕn) can be seen as a stationary walk in G over the
dynamical system (X,µ, τ).

More generally, let χ be an exponential on G, i.e. a continuous map from
G to ]0,+∞[ such that χ(g g′) = χ(g)χ(g′) for all g, g′ ∈ G. If µχ is a
χ ◦ ϕ-conformal σ-finite measure on X, i.e. such that

(τµχ)(dx) = χ(ϕ(τ−1x))µχ(dx),(2)

then the measure λχ(dx, dg) := µχ(dx) ⊗ χ(g)mG(dg) (sometimes called
Maharam measure) is a σ-finite measure on X ×G which is τϕ-invariant.

The study of cocycles was the subject of many papers since K. Schmidt
([Sc77]) and J. Feldman and C. C. Moore ([FeMo77]). There has recently
been a new interest in the invariant measures for skew products (cf.
[ANSS02], [Sa04], [LeSa07]).

Our main goal is to give the precise form of the ergodic decomposition
(for the skew product τϕ) of the measures λχ on X ×G. In the first section
we give the statement of the results on this ergodic decomposition, then
some consequences in terms of regularity, boundedness and essential values
of the cocycle (ϕn)n∈Z. The following sections are devoted to the proof of the
main results. We also discuss a conjugacy equation for the closed subgroups
of G which arises in the ergodic decomposition. In the appendix, we recall
and specify some results on ergodic decompositions and regular conditional
probabilities.
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2. STATEMENT OF THE MAIN RESULTS

2.1. Ergodic decomposition. Before we state the main results, we
recall some facts about a topology on the set F(G) of closed subsets of G
and give some notations.

A topology on F(G). Let G be a lcsc group. We equip the set F(G) of
closed subsets of G with the so-called Chabauty’s topology [Ch50]. In this
topology the open sets are defined by

U(O, C) = {S ∈ F(G) : ∀U ∈ O, S ∩ U 6= ∅ and S ∩ C = ∅},
where O is a finite family of open sets of G, and C is a compact subset of G.

It can be shown that a sequence (Fn) of closed subsets of G converges
to a closed subset F in Chabauty’s topology if and only if the following two
properties are satisfied:
• Let ξ : N→ N be an increasing sequence and let (gn)n∈N be a sequence

such that gn ∈ Fξ(n) for every n ≥ 0. If (gn)n∈N converges to g ∈ G,
then the limit g is in F .
• Each g ∈ F is the limit of a sequence (gn)n∈N with gn ∈ Fn for every
n ≥ 0.

The Borel structure associated to this topology is generated by the sets
{S ∈ F(G) : S ⊆ F} where F ∈ F(G). The lcsc group G is metrizable.
We denote by d a metric on G which defines the topology of G. For any
dense sequence (gn)n∈N of elements of G, the family of continuous func-
tions {d(gn, ·), n ∈ N} separates the points of F(G) (see [AuMo66, Ch. II,
Section 2]).

Notations

Notations 2.1.1. For a locally compact second countable group H, we
denote by mH(dγ) (or simply dγ) a left Haar measure on the Borel sets
of H, and by δu the Dirac measure at a point u ∈ H. The identity element
is denoted by e.

If ρ1 and ρ2 are positive measures on the Borel subsets of H, we denote
by ρ1 ∗ ρ2 their convolution (i.e. the image of the product measure ρ1 ⊗ ρ2

under the map (g, g′) ∈ H ×H 7→ gg′ ∈ H).

As in the introduction, we consider a measurable map ϕ from X to G and
the skew product τϕ defined by (1). Let λ be a τϕ-quasi-invariant positive
measure on X × G. We denote by J or Jϕ the σ-algebra of τϕ-invariant
subsets. We are interested in the X ×BG-measurable functions on X × G
which are invariant under the map τϕ.

The following remark is useful. If f is τϕ-invariant λ-a.e., then there is
a τϕ-invariant function g such that f = g λ-a.e. Therefore it is enough to
consider functions which are everywhere τϕ-invariant .
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Recall that two G-valued cocycles (ϕ, τ) and (ψ, τ) over the dynamical
system (X,µ, τ) are µ-cohomologous if there is a measurable map u : X → G
such that

(3) ϕ(x) = u(τx)ψ(x)(u(x))−1 for µ-a.e. x.

The function u in (3) is called the transfer function. We write ϕ
(u,µ)∼ ψ when

(3) is satisfied. A cocycle (ϕ, τ) is a µ-coboundary if it is µ-cohomologous to
the constant function ψ ≡ e.

Notations 2.1.2. In what follows, we consider a τϕ-invariant measure
λχ of the form λχ = µχ ⊗ (χmG), where χ is an exponential on G, and µχ
is a σ-finite measure which is χ ◦ ϕ-conformal and τ -ergodic on X. When
χ ≡ 1, the measure µχ is τ -invariant.

Once and for all we choose a measurable positive function h on X × G
such that �

X×G
h(x, g)µχ(dx)χ(g)mG(dg) = 1.

The existence of h results from the facts that µχ is σ-finite on X and that
G is a lcsc group.

Let P h be a regular conditional probability with respect to the proba-
bility measure hλχ and the σ-algebra J of τϕ-invariant subsets (i.e. P h is a
transition probability on X × G such that, for every nonnegative measur-
able function f on X × G, P hf is a version of the conditional expectation
Ehλχ [f | J]).

We define a positive kernel Mh on X ×G by

∀(x, g) ∈ X ×G, Mhf(x, g) = P h(f/h)(x, g)

for any measurable nonnegative function f on X ×G.
If we replace h by another density h′, we have

Mh′((x, g), ·) = P h(h/h′)(x, g)Mh((x, g), ·).

For λχ-a.e. (x, g) ∈ X × G, the positive measure Mh((x, g), ·) on X × G is
τϕ-invariant ergodic (see the appendix).

Statement of the main result. The formula Ehλχ [ · ] = Ehλχ [Ehλχ [ · | J]]
can be written

λχ(dy, dt) =
�

X×G
Mh((x, g), (dy, dt))h(x, g)λχ(dx, dg),

which represents a decomposition of λχ into τϕ-ergodic components. Our
goal is to give a precise description of these ergodic components. This is the
content of the following theorem:
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Theorem 2.1.3 (Ergodic decomposition of λχ). (i) There exist :

• a family (µx)x∈X of σ-finite τ -quasi-invariant measures on X defining
a σ-finite positive kernel from (X,X) to (X,X) (i.e. for every x ∈ X,
µx is a σ-finite positive measure on X and for every A ∈ X the map
x 7→ µx(A) ∈ [0,+∞] is X-measurable),
• a family (Hx)x∈X of closed amenable subgroups of G such that the map
x 7→ Hx from X to F(G) is measurable,
• a measurable map η : X × G → R∗+ such that , for each x ∈ X,
χx(·) := η(x, ·) defines an exponential on Hx,
• a measurable map u : X ×X → G (for x ∈ X, we set ux(·) = u(x, ·))

satisfying for µχ-a.e. x ∈ X and every g ∈ G the following conditions (4)
to (10):

Hτx = ϕ(x)Hxϕ(x)−1,(4)

ψ(y) := (ux(τy))−1ϕ(y)ux(y) ∈ Hx for µx-a.e. y,(5)

τµx(dy) = χx(ψ(τ−1y))µx(dy),(6)

χx(γ) = χτx(ϕ(x)γ(ϕ(x))−1), ∀γ ∈ Hx,(7)

ζx(y) := (ux(y))−1 uτx(y)ϕ(x) ∈ Hx for µx-a.e. y,(8)
µτx(dy) = c(x)χx(ζx(y))µx(dy) for a positive constant c(x),(9)

Mhf(x, g) =

	
X

	
Hx
f(y, ux(y)γg)χx(γ)mHx(dγ)µx(dy)	

X

	
Hx
h(y, ux(y)γg)χx(γ)mHx(dγ)µx(dy)

.(10)

If we take for mHx , x ∈ X, the unique left Haar measure on Hx such that�

Hx∩{d(e,·)≤1}

χx(γ)mHx(dγ) = 1,

then K(x, dt) := mHx(dt) is a positive kernel from (X,X) to (G,BG).
An ergodic decomposition of the measure λχ = µχ ⊗ (χmG) is given by

(11) λχ(dy, dt) =
�

X×G
Mh((x, g), (dy, dt))h(x, g)λχ(dx, dg).

For every nonnegative measurable λχ-a.e. τϕ-invariant function f , we have,
λχ-a.e., f = P hf (the last function being τϕ-invariant according to the
definition of a regular conditional probability).

(ii) When there exist a fixed closed subgroup H of G and a measurable
map a : X → G such that Hx = a(x)H(a(x))−1 for µχ-a.e. x ∈ X (which
is the case when G is a nilpotent connected Lie group (Theorem 5.1.1)), the
ergodic measures can be written, with χ̃x(γ) := χx(axγa−1

x ),

(12) Mhf(x, g) =

	
X(

	
H f(y, ux(y)a(x)γ(a(x))−1g)χ̃x(γ) dγ)µx(dy)	

X(
	
H h(y, ux(y)a(x)γ(a(x))−1g)χ̃x(γ) dγ)µx(dy)

.
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(iii) When G is abelian, the subgroups Hx are equal to a fixed closed
subgroup H of G, the exponentials χx are equal to the exponential χ, and
the ergodic measures are given by

(13) Mhf(x, g) =

	
X(

	
H f(y, ux(y)γg)χ(γ) dγ)µx(dy)	

X(
	
H h(y, ux(y)γg)χ(γ) dγ)µx(dy)

.

The proof of Theorem 2.1.3 will be given in Section 3.

2.2. Notion of regularity for a cocycle

Regularity

Definition 2.2.1. We say that the cocycle defined by ϕ is µχ-regular
if there exist a closed subgroup H of G and a measurable map u : X → G
such that the cocycle ψ := (u ◦ τ)−1ϕu takes µχ-a.e. its values in H and
τψ : (x, h) 7→ (τx, ψ(x)h) is ergodic for the product measure µχ ⊗ (χmH).

The measure (χ ◦ u)µχ ⊗ χmH is τψ-invariant. In the regular case we
have a “good” ergodic decomposition of µχ ⊗ (χdg), and the subgroups Hx

of Theorem 2.1.3 are conjugate to H: Hx = u(x)H(u(x))−1.

Theorem 2.2.2. (i) For x0 ∈ X, the set {x ∈ X : µx ∼ µx0} is measur-
able and has zero or full µχ-measure.

(ii) Assume that the cocycle (ϕ, τ) is µχ-regular. Then every measur-
able τϕ-invariant function f can be written f(x, g) = Ff ((u(x))−1 g), µχ ⊗
mG-a.e., where Ff is a left H-invariant function on G. The ergodic compo-
nents of λχ (see (10)) can be written

Mhf(x, g) =

	
X(

	
H f(y, u(y)γ(u(x))−1g)χ(γ) dγ)χ(u(y))µχ(dy)	

X(
	
H h(y, u(y)γ(u(x))−1g)χ(γ) dγ)χ(u(y))µχ(dy)

.

In other words, Hx = u(x)H(u(x))−1 and χx(γ) = χ(u(x)γ(u(x))−1). We
can take ux(y) = u(y)(u(x))−1 and µx(dy) = χ(u(y))µχ(dy).

(iii) Assume that the cocycle (ϕ, τ) is not µχ-regular. Then for µχ-a.e. x,
the measures µx of the ergodic decomposition of µχ ⊗ (χmG) are singular
with respect to µχ. There are uncountably many of them pairwise mutually
singular. If G is abelian and µχ is finite, then, for µχ-a.e. x ∈ X, the
measure µx is infinite.

The proof of Theorem 2.2.2 will be given in Section 4.
Examples of nonregular cocycles over rotations were given by Lemańczyk

in [Le95]. In Remark 5.2.2, we give an example of a nonregular cocycle over
a rotation which is the difference 1[0,β]−1[0,β](·+ r) for some β and r on the
circle.

Boundedness. In the proposition below, we discuss the boundedness of
the map u and of the cocycle (ϕn). The notations are those of Theorem 2.1.3.
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As the group G is lcsc, we can write G =
⋃
n Un for an increasing se-

quence of open sets such that Kn = Un is compact. Consequently,
G =

⋃
n∈NKn and for any compact subset K of G there exists n ∈ N

such that K ⊂ Kn.

Lemma 2.2.3. (i) Let u be the measurable map from X×X to G defined
in Theorem 2.1.3. For any compact subset K of G we define the following
subset of X:

XK = {x ∈ X : ux(y)Hx ⊂ KHx for µx-a.e. y ∈ X}
= {x ∈ X : supp(ux(µx)) ⊂ KHx}.

Then XK is measurable and x ∈ XK ⇒ τx ∈ XK(ϕ(x))−1.
The set

⋃
n∈NXKn is a τ -invariant measurable subset of X and (by er-

godicity of µχ) has zero or full µχ-measure.
(ii) If there exists a compact subset K of G such that µχ(XK) > 0, then⋃

n∈NXKn has full µχ-measure. In this case, we can replace the measurable
map u by another measurable map u satisfying , for any n ∈ N,

(14) for µχ-a.e. x ∈ Xn = XKn \XKn−1 , ux(y) ∈ Kn for µx-a.e. y ∈ X.
(iii) In particular , the set {x : G/Hx is compact} is measurable and has

zero or full measure. If this set has full measure, we are in the above situa-
tion.

Proof. (i) If K is a fixed compact set in G, the map F 7→ KF from the
set F(G) of closed subsets of G into itself is continuous. Since x 7→ Hx is
measurable, the map x 7→ KHx is measurable. In Section 3, we will see that
the map (x, y) ∈ X ×X 7→ u(x, y)Hx ∈ F(G) is measurable. We also know
that, for any g ∈ G, the map F ∈ F(G) 7→ d(g, F ) ∈ R+ is continuous.
It follows that the set {(x, y) ∈ X × X : d(g,KHx) ≤ d(g, u(x, y)Hx)} is
measurable. Let (gn)n∈N be a dense sequence in G. Then we have

XK = {x ∈ X : ∀n ∈ N,
ν(x,e)({y ∈ X : d(gn,KHx) ≤ d(gn, u(x, y)Hx)}) = 1}.

This shows that XK is measurable.
From the formulas (4) and (8) of Theorem 2.1.3, we obtain x ∈ XK ⇒

τx ∈ XK(ϕ(x))−1 . Since for any compact subset K of G, there exists n ∈ N
such that K ⊂ Kn, we deduce that the measurable set

⋃
n∈NXKn is τ -

invariant and (by ergodicity of µχ) has zero or full measure.
(ii) If µχ(XK) > 0 for some compact subset K of G, then the same

argument shows that
⋃
n∈NXKn has full µχ-measure. The last assertion

follows from the construction of u (cf. Lemma 7.1.1).
(iii) We have

{x ∈ X : G/Hx is compact} =
⋃
n∈N
{x ∈ X : KnHx = G},
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which shows that the set is measurable. By the conjugacy relation (4) this
set is τ -invariant and (ergodicity of µχ) has zero or full µχ-measure. In the
last case, for µχ-a.e. x ∈ X, we have

⋃
n∈NKnHx = G, which implies that⋃

n∈NXKn has full µχ-measure.

Proposition 2.2.4. (i) Assume that the measure µχ in the basis is a
finite measure and that there exists a compact subset K of G such that
µχ(XK) > 0. If the map u satisfies the boundedness condition (14), then the
measures µx are finite for µχ-a.e. x ∈ X.

(ii) Assume that G is abelian and there exists a compact subset K of G
such that µχ(XK) > 0. Then the cocycle is regular.

(iii) Assume that G is abelian, µχ finite and τ conservative for µχ. If
µχ({x ∈ X : µ̃x(X) < +∞}) > 0, where

(15) µ̃x(dy) := (χ(ux(y)))−1 µx(dy),

then the cocycle is regular.
(iv) Assume that τ is conservative for µχ. If the cocycle (ϕn) is µχ-

bounded (i.e. there exists a compact subset K of G such that ϕn(x) ∈ K for
µχ-a.e. x ∈ X and all n ≥ 0), then Hx is a compact subgroup of G and the
cocycle is cohomologous with a bounded transfer function to a cocycle taking
its values in a compact subgroup of G.

Proof. Let r be a positive continuous function on G with
	
G r(t)χ(t) dt

= 1. For any compact subset K of G, we set rK(g) := minu∈K r(ug) > 0.
For all measurable nonnegative functions f on X, we have (cf. (34))

Mh(f ⊗ r)(x, g) = c(x, g)
�

X

f(y)
( �

Hx

r(ux(y)γg)χx(γ)mHx(dγ)
)
µx(dy)

≥ c(x, g)
�

X

f(y)
( �

Hx

1K(ux(y))r(ux(y)γg)χx(γ)mHx(dγ)
)
µx(dy)

= c(x, g)
( �

Hx

rK(γg)χx(γ)mHx(dγ)
) �

X

f(y)1K(ux(y))µx(dy)

and therefore

(16) µχ(f) = λχ(f ⊗ r) ≥
�

X

ΨK(x)
( �

X

f(y)1K(ux(y))µx(dy)
)
µχ(dx),

where ΨK(x) :=
	
G c(x, g)(

	
Hx
rK(γg)χx(γ)mHx(dγ))h(x, g)χ(g) dg > 0.

(i) Under the assumptions of the first assertion, we have from (14)
and (16), for each n ∈ N,

µχ(f) ≥
�

Xn

ΨKn(x)µx(f)µχ(dx),

and taking f = 1X , we find that µx(X) < +∞ for µχ-a.e. x ∈ Xn, hence for
µχ-a.e. x ∈ X since

⋃
nXn has full measure in X.



ERGODIC DECOMPOSITION FOR A COCYCLE 129

(ii) Recall that in items (ii) and (iii), we assume that G is abelian. With
the notations of Theorem 2.1.3, the exponentials in (13) do not depend on
x and the measures µx satisfy (τµx)(dy) = χ(ψ(τ−1y))µx(dy). One easily
sees that the measures µ̃x(dy) defined by (15) satisfy, as the measure µχ,
the conformal property

(17) τ µ̃x(dy) = χ(ϕ(τ−1y)) µ̃x(dy).

By (16) we have, for any n ∈ N,

(18) µχ(f) ≥
�

Xn

ΦKn(x)µ̃x(f)µχ(dx),

where ΦKn(x) = ΨKn(x) infu∈Kn χ(u).
This implies that, for any B ∈ X with B ⊂ Xn, there exists a nonnegative

measurable function ξB on X such that�
1B(x)ΦKn(x) µ̃x(dy)µχ(dx) = ξB(y)µχ(dy).

From the conformal property (17), it follows that ξB ◦ τ−1 = ξB, µχ-a.e. As
µχ is τ -ergodic, ξB is µχ-a.e. equal to a constant ν(B). The map B 7→ ν(B)
defines a positive measure ν on (Xn, Xn ∩ X) absolutely continuous with
respect to the measure µχ. Therefore there exists a measurable nonnegative
function ξ on X such that�

1B(x)ΦKn(x) µ̃x(dy)µχ(dx) = ν(B)µχ(dy) =
( �

1B(x)ξ(x)µχ(dx)
)
µχ(dy)

and, for µχ-a.e. x ∈ Xn,

ξ(x)µχ(dy) = ΦKn(x) µ̃x(dy).

As
⋃
n∈NXn is of full measure, by gluing the ΦKn , we obtain a function Φ

such that, for µχ-a.e. x ∈ X,

ξ(x)µχ(dy) = Φ(x) µ̃x(dy).

This shows the regularity of the cocycle.
(iii) We set X0 = {x ∈ X : µ̃x(X) < +∞}. For x ∈ X0, we denote by

µ̂x the probability measure µ̃x/µ̃x(X). From (16), for any compact subset
K of G, we have

(19) µχ(f) ≥
�

X0

ΦK(x)
( �

X

f(y)1K(ux(y)) µ̂x(dy)
)
µχ(dx),

where ΦK(x) := ΨK(x) infu∈K χ(u)µ̃x(X).
Let h1 be a positive bounded measurable function on X. We know that

τ is conservative, i.e. µχ({
∑

k≥0 h1 ◦ τk < +∞}) = 0. From (19), it follows
that, for µχ-a.e. x ∈ X0,

∀n ∈ N, µ̂x

({∑
k≥0

h1 ◦ τk < +∞
}
∩ {ux ∈ Kn}

)
= 0.
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As n↗ +∞, from the monotone convergence theorem, we obtain, for µχ-a.e.
x ∈ X,

µ̂x

({∑
k≥0

h1 ◦ τk < +∞
})

= 0.

Since h1 is bounded and thus µ̂x-integrable for x ∈ X0, we deduce that,
for µχ-a.e. x ∈ X0, τ is conservative for µ̂x. Replacing X0 by X0 ∩ {x ∈ X :
µ̂x({

∑
k≥0 h1 ◦ τk < +∞}) = 0} we can assume that, for any x ∈ X0, τ is

conservative for µ̂x.
From (19), there exists a measurable [0, 1]-valued function ξK such that

ξK(y)µχ(dy) =
�

X0

ΦK(x)1K(ux(y)) µ̂x(dy)µχ(dx)≤
�

X0

ΦK(x) µ̂x(dy)µχ(dx).

Consequently, there exists a measurable [0, 1]-valued function ψK such that

ξK(y)µχ(dy) = ψK(y)
�

X0

ΦK(x) µ̂x(dy)µχ(dx).

Since the measures µχ and µ̂x have the same conformal property (cf. (17)),
we have

n−1∑
k=0

T kξK(y)µχ(dy) =
�

X0

ΦK(x)
n−1∑
k=0

T kψK(y) µ̂x(dy)µχ(dx)

where T is the operator defined by

Tf(y) = f ◦ τ−1(y)χ(ϕ(τ−1y)).

As τ is conservative for µχ and for µ̂x, x ∈ X0, by Hurewicz’s ergodic
theorem, for any bounded measurable function f on X, the sequence of
functions ( n−1∑

k=0

T kf /

n−1∑
k=0

T k1
)
n∈N

converges µχ-a.e. to µχ(f) and converges µ̂x-a.e. to µ̂x(f), for x ∈ X0. As
the sequence of functions is bounded and the measures are finite, these
convergences also hold in L1-norm.

Therefore, for any bounded measurable function f ,
�

X

f(y)
∑n−1

k=0 T
kξK(y)∑n−1

k=0 T
k1(y)

µχ(dy) n→+∞−−−−−→ µχ(ξK)µχ(f),

and for µχ-a.e. x ∈ X,

αn(x) =
�

X

f(y)
∑n−1

k=0 T
kψK(y)∑n−1

k=0 T
k1(y)

µ̂x(dy) n→+∞−−−−−→ µ̂x(ψK)µ̂x(f).
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The inequality (19) shows that ΦK is µχ-integrable. Moreover, the se-
quence of functions (αn) is bounded. By the dominated convergence theo-
rem, �

X0

ΦK(x)αn(x)µχ(dx) n→+∞−−−−−→
�

X0

ΦK(x)µ̂x(ψK)µ̂x(f)µχ(dx).

We deduce that
µχ(dy) =

�

X0

Φ̂K(x) µ̂x(dy)µχ(dx),

where Φ̂K(x) = ΦK(x)µ̂x(ψK)/µχ(ξK).
Now, as above, for any B ∈ X with B ⊂ X0, there exists a nonnegative

measurable function ξB such that

ξB(y)µχ(dy) =
�

B

Φ̂K(x) µ̂x(dy)µχ(dx).

From the conformal property (17), it follows that ξB ◦ τ−1 = ξB, µχ-a.e.
With the same argument as in (ii), since µχ is τ -ergodic, ξB is µχ-a.e. equal
to ν(B), where ν is a positive measure on (Xn, Xn∩X) absolutely continuous
with respect to µχ. Therefore there exists a measurable nonnegative function
ξ on X such that�

1B(x)Φ̂K(x) µ̂x(dy)µχ(dx) = ν(B)µχ(dy) =
( �

B

ξ(x)µχ(dx)
)
µχ(dy)

and, for µχ-a.e. x ∈ X0,

ξ(x)µχ(dy) = Φ̂K(x) µ̂x(dy).

This shows the regularity of the cocycle.
(iv) Now assume that τ is conservative for µχ and that there exists a

compact subset K such that, for µχ-a.e. x ∈ X, ϕn(x) ∈ K for every n ∈ N.
For any nonnegative measurable function f on X with µχ(f) ∈ ]0,+∞[,

we have ∑
n≥0

f(τnx)1K(ϕn(x)) =
∑
n≥0

f(τnx) = +∞ µχ-a.e.

Hence τϕ is conservative for λχ. We deduce that, for x ∈ X0 where X0 is a
set of full µχ-measure, and any g ∈ G, τϕ is conservative for Mh((x, g), ·).

We take x ∈ X0. Let s ∈ supp(ux(µx)) and t ∈ Hx. Then, for any neigh-
borhoods V and W of s and t, for µx-a.e. y ∈ X,

∑
n≥0 1V (τny)1W (ϕn(y))

= +∞. From the inclusion

ux(τny)ψn(y) = ϕn(y)ux(y) ⊂ Kux(y) for µx-a.e. y ∈ X,
it follows that st ∈ Kux(y) for µχ-a.e. x ∈ X and µx-a.e. y ∈ X. Taking a
fixed s and a dense sequence (tn) in Hx, we infer that tn ∈ s−1Kux(y) for
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µχ-a.e. x ∈ X and µx-a.e. y ∈ X, for n ≥ 0. Therefore Hx ⊂ s−1Kux(y)
is a compact subgroup of G and, with a similar argument, supp(ux(µx)) ⊂
Kux(y)Hx for µχ-a.e. x ∈ X and µx-a.e. y ∈ X. This implies that, for µχ-
a.e. x ∈ X, there exists a compact subset Kx of G such that supp(ux(µx))
⊂ KxHx. Since any compact subset K of G satisfies K ⊂ Kn for n large
enough, we deduce that

⋃
n∈NXKn has full µχ-measure. So we can assume

that u satisfies the boundedness condition (14) (cf. Lemma 2.2.3).
By (16) we have, for any n ∈ N,

(20) µχ(f) ≥
�

Xn

ΨKn(x)µx(f)µχ(dx).

This implies that there exists a [0, 1]-valued measurable function ξ such that�

Xn

ΨKn(x)µx(dy)µχ(dx) = ξ(y)µχ(dy).

Observe that for any x ∈ X, the exponential χx on the compact group is
trivial and consequently the measures µx, x ∈ X, are τ -invariant.

From the conformal property (17), it follows that ξ ◦ τ−1dτµχ/dµχ = ξ,
µχ-a.e. This shows that the measure ξµχ is τ -invariant. Moreover, {ξ > 0}
is µχ-a.e. τ -invariant and therefore has full µχ-measure.

For any B ∈ X with B ⊂ Xn, there exists a [0, 1]-valued measurable
function ξB such that

(21)
�

B

ΨKn(x)µx(dy)µχ(dx) = ξB(y)ξ(y)µχ(dy).

From the conformal property (17), it follows that ξB ◦ τ−1 = ξB, µχ-a.e. As
in (ii) and (iii), ξB is µχ-a.e. equal to ν(B), where ν is a positive measure
on (Xn, Xn ∩ X) absolutely continuous with respect to µχ. Therefore there
exists a measurable nonnegative function ψ on X such that�

B

ΨKn(x)µx(dy)µχ(dx) = ν(B) ξ(y)µχ(dy) =
( �

B

ψ(x)µχ(dx)
)
ξ(y)µχ(dy)

and, for µχ-a.e. x ∈ Xn,

ψ(x)ξ(y)µχ(dy) = ΨKn(x)µx(dy).

This shows the regularity of the cocycle hence the last assertion of (iv).

Remark. If G is a compact group, then it is well known that every
G-valued cocycle ϕ is regular and therefore cohomologous to a cocycle ψ
taking its values in a compact subgroup K of G such that µ⊗mK is ergodic
for τψ (cf. [PaPo97], [Pa97] for the regularity of the cohomology when G is
compact and the cocycle ϕ is Hölderian over a subshift of finite type).

See also [AaWe00] for results under the assumption of tightness for the
cocycle (ϕn).
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2.3. Essential values and periods of invariant functions. The
notion of essential values was introduced by K. Schmidt [Sc77] and J. Feld-
man and C. C. Moore [FeMo77]. See also [Sc75], [Sc79], [Sc81], [Aa97]. The
results in this section, except Proposition 2.3.6, are not new, at least when
µ is τ -invariant. For the sake of completeness, we will give proofs. Note that
we are here in the more general case of a quasi-invariant measure.

Definitions 2.3.1. Let µ be a τ -quasi-invariant conservative measure
on X. An element a ∈ G ∪ {∞} is an essential value of the cocycle (ϕ, τ)
(with respect to µ) if, for every neighborhood V of a, and for every subset
B such that µ(B) > 0, there is n ∈ Z such that

µ(B ∩ τ−nB ∩ {x : ϕn(x) ∈ V }) > 0.

We denote by E(ϕ) the set of essential values of the cocycle (ϕ, τ) and
by E(ϕ) = E(ϕ) ∩G the set of finite essential values.

Let B be a measurable set of positive µ-measure. Let τB be the in-
duced transformation on B and ϕB(x) := ϕn(x)(x), where n(x) = nB(x) :=
inf{j ≥ 1 : τ jx ∈ B} for x ∈ B. The “induced” cocycle is given, for n ≥ 1,
by ϕBn (x) := ϕB(x)ϕB(τBx) · · ·ϕB(τn−1

B x).
Equivalently to Definition 2.3.1, an element a ∈ G ∪ {∞} is an essen-

tial value of the cocycle (ϕ, τ) if and only if, for every subset B such that
µ(B) > 0, and for any neighborhood V of a, µ({x : ϕBn (x) ∈ V }) > 0 for
some n ∈ Z.

Proposition 2.3.2. Assume that τ is conservative for µχ. If ∞ 6∈ E(ϕ),
then ϕ is cohomologous to a cocycle taking its values in a compact subgroup
of G. When G is abelian we have E(ϕ) = {e} if and only if ϕ is a cobound-
ary.

Proof. If ∞ 6∈ E(ϕ), then there is B with µχ(B) > 0 such that (ϕBn )n∈Z
is a bounded sequence. This implies that ϕB is τB-cohomologous to a cocycle
taking values in a compact subgroup of G (cf. Proposition 2.2.4), i.e. there
are measurable maps ζB from B to G and ψB from B to a compact subgroup
of G such that

(22) ϕB = (ζB ◦ τB)ψB(ζB)−1.

By ergodicity and conservativity of (X,µχ, τ), for µχ-a.e. y ∈ X there
are a unique x ∈ B and an integer k with 0 ≤ k < nB(x) such that y = τkx.
We define ζ on X by taking, for y = τkx and 0 ≤ k < nB(x),

ζ(y) = ϕk(x)ζB(x)(ψ(y))−1

with ψ(y) = e if k < nB(x)− 1, and ψ(y) = ψB(x) for k = nB(x)− 1.
For 0 ≤ k < nB(x) − 1, the cocycle relation is clearly satisfied by con-

struction. For k = nB(x) − 1, it results from the cocycle relation (22) for
the induced cocycle.
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Now we consider the abelian case. Let us show that if E(ϕ) = {e} then
ϕ is a coboundary. From the first assertion we know that the cocycle is
cohomologous to a cocycle ψ taking values in a compact subgroup K of G.
The set of essential values is the same for φ and ψ (see below). As τψ is
ergodic conservative and E(ψ) = {e}, one has K = {e}.

We now consider, as in Theorem 2.1.3, a measure λχ.

Notation 2.3.3. Let P(ϕ) be the closed subgroup of G of left periods of
the τϕ-invariant measurable functions, i.e. the subgroup of elements γ ∈ G
such that, for every τϕ-invariant function f , f(x, γg) = f(x, g) for λχ-a.e.
(x, g) ∈ X ×G.

Note that we should write P(ϕ, µχ), since P(ϕ) and E(ϕ) depend on the
measure µχ. We will show that P(ϕ) = E(ϕ) by using the following lemma
from [ArNgOs].

Let (Y, ρ) be a complete separable metric space with a continuous action
(g, y) 7→ g.y of a group G on it. Let f be a measurable map from X to Y .
Given a G-valued cocycle ϕ, we say that f is (ϕ, τ)-invariant if f(τx) =
ϕ(x).f(x), µ-a.e.

Lemma 2.3.4 ([ArNgOs]). If f is (ϕ, τ)-invariant , then a.f(x) = f(x),
µ-a.e. for all a ∈ E(ϕ).

Proof. (Y, ρ) being a separable metric space, the set

Xf := {x ∈ X : µ({x′ ∈ X : ρ(f(x′), f(x)) < ε}) > 0 for every ε > 0}
has full µ-measure since it contains f−1(supp f(µ)). Let x ∈ Xf and a ∈
E(ϕ). Let ε > 0 be arbitrary. Then the subset Ex = {x′ : ρ(f(x′), f(x)) < ε}
has positive µ-measure. Since a ∈ E(ϕ), for every ε1 > 0 there exist x1 ∈ Ex
and n ∈ Z such that τnx1 ∈ Ex and d(a, ϕn(x1)) < ε1, where d is a distance
on G. By the invariance of f we have

ρ(a.f(x), f(x)) ≤ ρ(a.f(x), a.f(x1)) + ρ(a.f(x1), ϕn(x1).f(x1))
+ ρ(f(τnx1), f(x)).

Since ε and ε1 are arbitrary and the action of G is continuous, we get
ρ(a.f(x), f(x)) = 0.

Proposition 2.3.5. E(ϕ) = P(ϕ).

Proof. If a 6∈ E(ϕ), there are a subset A with µ(A) > 0 and a neighbor-
hood V of e such that

A ∩ τ−nA ∩ {ϕn ∈ aV V −1} = ∅, ∀n ∈ Z.
This implies that a is not a period of the τϕ-invariant setB=

⋃
n∈Z τ

n
ϕ (A×V ).

Conversely, let h be a strictly positive function on G such that	
h(g)mG(dg) = 1. We apply Lemma 2.3.4 to the G-space Y of real
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measurable functions on G, with the metric defined by ρ(f1, f2) =	
X inf(|f1 − f2|, 1)h dmG. A function on X × G can be viewed as a func-

tion on X taking its values in Y . By Lemma 2.3.4, if a function f on X ×G
is τϕ-invariant, then every element of E(ϕ) is a period for f .

The proposition shows that E(ϕ) = G if and only if λχ is ergodic for τϕ.
With the notations of Theorem 2.1.3, we have:

Proposition 2.3.6. An element γ in G belongs to P(ϕ) if and only if
γ belongs to Hx for µχ-a.e. x ∈ X. In the abelian case, P(ϕ) (and there-
fore E(ϕ)) coincides with the subgroup H.

Proof. For (x, g) ∈ X ×G, we set (cf. (34))

c(x, g) =
( �

X

( �

Hx

h(y, ux(y)γg)χx(γ) dγ
)
µx(dy)

)−1
.

According to Theorem 2.1.3, we have

γ ∈ P(ϕ) ⇔ Mh((x, γg), ·) = Mh((x, g), ·) for λχ-a.e. (x, g) ∈ X ×G.
For λχ-a.e. (x, g) ∈ X ×G, the right member is equivalent to

c(x, g)µx(dy) δux(y) ∗ (χxmHx) ∗ δg = c(x, γg)µx(dy) δux(y) ∗ (χxmHx) ∗ δγg,
that is, for µx-a.e. y ∈ X,

c(x, g) δux(y) ∗ (χxmHx) ∗ δγ = c(x, γg) δux(y) ∗ (χxmHx).

The equality of the supports of these measures implies Hxγ = Hx for
µχ-a.e. x ∈ X. Hence the result.

Abelian groups. If ϕ and ψ are two cohomologous cocycles, ϕ
(u,µ)∼ ψ, then

f is τϕ-invariant if and only if f̃ is τψ-invariant, where f̃(x, g) = f(x, u(x)g).
If G is abelian, this implies that P(ϕ) = P(ψ), so that two cohomologous

cocycles have the same set of essential values. This is false in the nonabelian
case (cf. [ArNgOs]).

When G is abelian, the cocycle ϕ̃ := ϕ mod E(ϕ) satisfies E(ϕ̃) = {0}.
If E(ϕ̃) = {0}, then by 2.3.2, ϕ is µχ-cohomologous to a cocycle taking
its values in E(ϕ). Therefore the regularity of the cocycle is equivalent to
E(ϕ̃) = {0}. This last property, for an invariant measure, corresponds to
the definition of regularity given by K. Schmidt for a cocycle (defined for a
group action) taking its values in an abelian group.

If G/E(ϕ) is compact, then E(ϕ̃) = {0} and ϕ is regular. In particular,
this is the case when G = R and E(ϕ) 6= {0}.

Note that if ϕ is cohomologous to ϕ1 and to ϕ2, two functions with values
respectively in closed subgroups whose intersection reduces to the identity
element e of G, then E(ϕ) = {e}.
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For instance, if ϕ is a Z-valued cocycle such that there is s 6∈ Q for which
the multiplicative equation e2πisϕ = ψ/ψ ◦ τ has a measurable solution ψ,
then either ϕ is a coboundary or the cocycle ϕ is not regular. We will use
this remark to give an example of a nonregular cocycle in Section 5.

3. PROOF OF THEOREM 2.3.1

3.1. Characterization of the τϕ-invariant ergodic measures. The
key tool in the proof of Theorem 2.1.3 is the following result:

Theorem 3.1.1 ([Ra07]). Let λ be a τϕ-invariant ergodic measure of
the form λ(dy, dg) = µ(dy)N(y, dg), where µ is a probability measure on X
and N a positive Radon kernel (i.e. such that , for every y ∈ X, N(y, dg)
is a positive Radon measure on the Borel subsets of G and , for every Borel
set B in G, the map y 7→ N(y,B) is measurable). Then there exist a closed
subgroup H of G and a measurable map u from X to G such that :

• ϕu(y) := (u(τy))−1 ϕ(y)u(y) ∈ H for µ-a.e. y ∈ X;
• the measure λ̃ that is the image of λ under the map (y, g) 7→

(y, (u(y))−1g) is a τϕu-invariant ergodic measure with support X ×H
and has the form

(23) λ̃(dy, dh) = µ̃(dy)χ(h) dh,

where χ is an exponential on H and µ̃ a positive σ-finite measure,
equivalent to µ such that

(24) τ µ̃(dy) = χ(ϕu(τ−1y)) µ̃(dy).

If H = G, then u(y) ≡ e,
λ(dy, dg) = µ̃(dy)χ(g) dg, τ µ̃(dy) = χ(ϕ(τ−1y)) µ̃(dy).

3.2. Ergodic decomposition of λχ
Abstract ergodic decomposition. Let h be a positive measurable function

on X × G such that λχ(h) = 1 (cf. 2.1.2). We apply the results of the
appendix to the Borel standard space (X×G,X×BG) and to the probability
measure hλχ.

We denote by P h a regular conditional probability with respect to hλχ
and the σ-algebra J of τϕ-invariant sets, and by Mh the positive kernel on
X ×G defined for any measurable nonnegative function f on X ×G by

∀(x, g) ∈ X ×G, Mhf(x, g) = P h(f/h)(x, g).

We have

(25) λχ(dy, dt) =
�

X×G
Mh((x, g), (dy, dt))h(x, g)λχ(dx, dg).
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For λχ-a.e. (x, g) ∈ X × G, the probability measure P h((x, g), · ) is τϕ-
ergodic (Theorem 7.4.5) (i.e. for all A ∈ J, P h((x, g), A) = 0 or 1). Moreover,
according to (49) of Lemma 7.2.1, we have

(26) τϕP
h((x, g), (dy, dt)) =

h ◦ τ−1
ϕ (y, t)

h(y, t)
P h((x, g), (dy, dt)),

which is equivalent to

(27) τϕM
h((x, g), (dy, dt)) = Mh((x, g), (dy, dt)).

We write

P h((x, g), (dy, dt)) = ρ((x, g), dy)Q((x, g, y), dt),

where ρ is a transition probability from (X ×G,X⊗BG) to (X,X), and Q
a transition probability from (X ×G×X,X⊗BG ⊗X) to (G,B). We also
introduce the notations

ν(x,g)(dy) := ρ((x, g), dy) and N(x,g)(y, dt) := Q((x, g, y), dt).

Let (x, g) ∈ X×G. The probability measure ν(x,g) is uniquely determined
by ν(x,g)(A) = P h((x, g), A × G) for any A ∈ X. The family of probability
measures {N(x,g)(y, ·) : y ∈ X} is determined up to a set of ν(x,g)-measure
zero. If we consider on the probability space (X ×G,X×BG, P

h((x, g), ·))
the projections U and V on X and G, then ν(x,g) is the law of U and N(x,g)

is a version of the conditional law of V with respect to U .
The kernel Mh can then be written

Mh((x, g), (dy, dt)) = ρ((x, g), dy) Q̃((x, g, y), dt)(28)

= ν(x,g)(dy) Ñ(x,g)(y, dt),

where Q̃((x, g, y), dt) = Ñ(x,g)(y, dt) = h(y, t)−1N(x,g)(y, dt) is a positive
kernel from (X ×G×X,X×BG × X) to (G,BG).

Let f be a measurable positive µχ-integrable function on X, and K be
a compact subset of G. We know that�

X×G

[ �
X

f(y)Ñ(x,g)(y,K) ν(x,g)(dy)
]
h(x, g)λχ(dx, dg)

=
�

X×G
f(x)1K(g)λχ(dx, dg) < +∞.

Therefore, for λχ-a.e. (x, g), we have Ñ(x,g)(y,K) < +∞ for ν(x,g)-a.e. y.
Let (Kn)n≥0 be the sequence of compact subsets of G such that

⋃
n∈NKn

= G. For λχ-a.e. (x, g), we have, for ν(x,g)-a.e. y and all n ≥ 0, Ñ(x,g)(y,Kn)
< +∞, i.e. Ñ(x,g)(y, ·) is a Radon measure on G.

After a modification of P h on a set of λχ-measure zero followed, for
any (x, g) ∈ X × G, by a modification of the family of positive measures
{Ñ(x,g)(y, ·) : y ∈ X} on a set of ν(x,g)-measure zero, we can assume that:
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For every (x, g) ∈ X × G, the positive measure Mh((x, g), ·) is τϕ-
invariant ergodic and, for every y ∈ X, Ñ(x,g)(y, ·) is a Radon measure
on G.

Explicit form of the ergodic decomposition. According to Theorem 3.1.1,
the τϕ-invariant ergodic measure Mh((x, g), · ) can be written, up to a mul-
tiplicative constant,

(29) Mh((x, g), (dy, dγ)) = µ̃(x,g)(dy)× [δv(x,g)(y) ∗ (χ(x,g)(γ)mH(x,g)
(dγ))],

where H(x,g) is a closed subgroup of G, χ(x,g) an exponential on H(x,g), v(x,g)
a measurable map from X to G, and µ̃(x,g) a positive σ-finite measure on X,
equivalent to the probability measure ν(x,g), such that

(30) τϕ(µ̃(x,g))(dy) = χ(ϕv(x,g)(τ
−1y)) µ̃(x,g)(dy),

where

(31) ϕv(x,g)(y) := (v(x,g)(τy))−1 ϕ(y) v(x,g)(y) ∈ H(x,g)

for µ̃(x,g)-a.e. y ∈ X.
For t ∈ G and f defined on X × G, let Rt(f)(x, g) := f(x, gt). From

Lemma 7.2.1 it follows that, for every t ∈ G, every nonnegative measurable
function f on X ×G, and λχ-a.e. (x, g) ∈ X ×G,

(32) Mh(Rt(f))(x, g) = P h(Rth/h)(x, g)Mh(f)(x, gt).

Let c(x,g),t be defined by

(33) c(x,g),t = P h(Rth/h)(x, g).

From (32), we have

µ̃(x,g)(dy)× [δv(x,g)(y) ∗ (χ(x,g)(γ)mH(x,g)
(dγ)) ∗ δt]

= c(x,g),t µ̃(x,gt)(dy)× [δv(x,gt)(y) ∗ (χ(x,gt)(γ)mH(x,gt)
(dγ))].

Using Fubini’s theorem and the separability of the σ-algebra X × BG, it
follows that, for λχ-a.e. (x, g) ∈ X ×G and mG-a.e. t ∈ G,

Rt(Mh((x, g), · )) = P h(Rth/h)(x, g)Mh((x, gt), · )
and therefore

Rg−1(Mh((x, g), · )) = P h(Rth/h)(x, g)R(gt)−1(Mh((x, gt), · )).

This implies that, for λχ-a.e. (x, g) ∈ X×G, the measure Mh((x, g), (dy, dt))
is equal, up to a multiplicative positive constant c(x, g), to a fixed measure
which has the form

µ̃x(dy) [δvx(y) ∗ (χxm̃Hx) ∗ δg](dt),
where m̃Hx is a left Haar measure on Hx (we will later change m̃Hx to mHx

by multiplying it by a factor).
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Now, P h(1)(x, g) = Mh(h)(x, g) = 1 for λχ-a.e. (x, g) ∈ X×G. Therefore

(34) (c(x, g))−1 =
�

X

( �

Hx

h(y, vx(y)γg)χx(γ) m̃Hx(dγ)
)
µ̃x(dy)

and, for λχ-a.e. (x, g) ∈ X ×G and every measurable nonnegative function
f on X ×G,

(35) Mh(f)(x, g) =

	
X(

	
Hx
f(y, vx(y)γg)χx(γ) m̃Hx(dγ)) µ̃x(dy)	

X(
	
Hx
h(y, vx(y)γg)χx(γ) m̃Hx(dγ)) µ̃x(dy)

.

Now we carry out the suitable modifications in order to obtain the desired
properties of measurability for the decomposition.

Measurability. We can specify the decomposition of Mh given in (28).
We have

ν(x,g)(dy) = P h((x, g), dy ×G)(36)

= c(x, g)
( �

Hx

h(y, vx(y)γg)χx(γ) m̃Hx(dγ)
)
µ̃x(dy)

and

Ñ(x,g)(y, dt) =
( �

Hx

h(y, vx(y)γg)χx(γ) m̃Hx(dγ)
)−1

(δvx(y)∗(χx m̃Hx)∗δg)(dt).

The closed set vx(y)Hx is the support S(x, y) of the probability measure
Q((x, e, y), ·) = N(x,e)(y, ·) on G, and Hx is the support of the probability
measure Q̂((x, e, y), ·) ∗ Q((x, e, y), ·), where Q̂((x, e, y), ·) is the image of
the positive measure Q((x, e, y), ·) under the transformation t 7→ t−1 of G.
It follows that the maps x ∈ X 7→ Hx ∈ F(G) and (x, y) ∈ X × X 7→
vx(y)Hx ∈ F(G) are measurable. For instance, the last property follows
from the fact that, for any closed subset F of G, we have

{(x, y) ∈ X ×X : vx(y)Hx ⊂ F} = {(x, e, y) : Q((x, e, y), F c) = 0}.

From Lemma 7.1.1 we can find a measurable map u : X×X → G such that,
for any (x, y) ∈ X ×X, u(x, y) ∈ S(x, y). Then vx(y)Hx = u(x, y)Hx and,
for any nonnegative measurable function f on X ×G,�

Hx

f(y, vx(y)γg)χx(γ) m̃Hx(dγ)

= χ−1
x ((u(x, y))−1 vx(y))

�

Hx

f(y, u(x, y)γg)χx(γ) m̃Hx(dγ).

As
δ(u(x,y))−1 vx(y) ∗ (χxm̃Hx) = χ−1

x ((u(x, y))−1 vx(y))(χxm̃Hx),

the positive kernel R((x, g, y), dt) = δ(u(x,y))−1 ∗Ñx,g(y, dt)∗δg−1 from X×X
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to G is equal to( �

Hx

h(y, u(x, y)γg)χx(γ) m̃Hx(dγ)
)−1

χx(t) m̃Hx(dt).

Denoting by U the closed unit ball in G centered at e, we have( �

Hx

h(y, u(x, y)γg)χx(γ) m̃Hx(dγ)
)−1 �

Hx∩U
χx(t) m̃Hx(dt)=R((x, g, y), U)>0

and, for any γ ∈ Hx,

χx(γ) =
R((x, e, y), γU)
R((x, e, y), U)

,

which proves that there exists a measurable map η : X×G→ R∗+ such that
χx(γ) = η(x, γ) for µχ-a.e. x ∈ X and all γ ∈ Hx.

We also have
m̃Hx(dt)	

Hx∩U χx(γ) m̃Hx(dγ)
=

R((x, e, y), dt)
R((x, e, y), t U)

which shows that the left member defines a positive kernel from X to G.
We observe that the left member is the unique left Haar measure, denoted
by mHx , of Hx such that �

Hx∩U
χx(γ)mHx(dγ) = 1.

Finally, we obtain

Mh((x, g), dy, dt) = R((x, g, y), U) ν(x,g)(dy) (δu(x,y) ∗ (χxmHx) ∗ δg)(dt)
and

R((x, g, y), U) ν(x,g)(dy)

= c(x, g)χx((u(x, y))−1vx(y))
( �

Hx∩U
χx(t) m̃Hx(dt)

)
µ̃x(dy).

We deduce that

χx((u(x, y))−1 vx(y)) µ̃x(dy) = d(x)µx(dy)
with

(d(x))−1 = c(x, e)
( �

Hx∩U
χx(t) m̃Hx(dt)

)
,

µx(dy) = R((x, e, y), U) ν(x,e)(dy).

We observe that (µx(dy))x∈X is a positive kernel on (X,X).
The formula (35) can be written

(37) Mh(f)(x, g) =

	
X(

	
Hx
f(y, u(x, y)γg)χx(γ)mHx(dγ))µx(dy)	

X(
	
Hx
h(y, u(x, y)γg)χx(γ)mHx(dγ))µx(dy)

.

For every (x, g) ∈ X ×G, we choose the expression (37) for Mh((x, g), ·).



ERGODIC DECOMPOSITION FOR A COCYCLE 141

Proof of the relations (4) to (9). The equality of measures τϕ(Mh((x, g),
(dy, dt)) = Mh((x, g), (dy, dt)) is equivalent to

(τµx)(dy) (δϕ(τ−1y) ∗ δux(τ−1y) ∗ (χxmHx) ∗ δg)(dt)
= µx(dy) (δux(y) ∗ (χxmHx) ∗ δg)(dt),

which leads to

ϕ(τ−1y)ux(τ−1y)Hx = ux(y)Hx for µx-a.e. x ∈ X
and

(τµx)(dy) = χx((ux(y))−1ϕ(τ−1y)ux(τ−1y))µx(dy);

hence the relations (5) and (6) follow.
The equality Mh((x, g), ·) = Mh(τϕ(x, g), ·) is equivalent to ν(x,g) =

ντϕ(x,g) and Ñ(x,g)(y, ·) = Ñτϕ(x,g)(y, ·) for ν(x,g)-a.e. y ∈ X.
The equality Ñ(x,g)(y, ·) = Ñτϕ(x,g)(y, ·) is equivalent to the following

conditions:
ux(y)Hx = uτx(y)Hτxϕ(x)

(equality of the supports), which implies

ζx(y) = (ux(y))−1uτx(y)ϕ(x) ∈ Hx,(38)
Hτx = ϕ(x)Hx(ϕ(x))−1,(39)

and therefore

χτx(ϕ(x)ζx(y)(ϕ(x))−1) δuτx(y) ∗ (χτxmHτx) ∗ δϕ(x)

= δux(y) ∗ (χτx(ϕ(x) · (ϕ(x))−1)mHx

where m̂Hx = δϕ(x) ∗mHτx ∗ δ(ϕ(x))−1 is a left Haar measure on Hx.
We write m̂Hx = d(x)mHx for a constant d(x) depending on x and we

obtain for any γ ∈ Hx,

χx(γ) = χτx(ϕ(x)γ(ϕ(x))−1)

and

χx(ζx(y))
�

Hτx

h(y, uτxγϕ(x)g)χτx(γ) dγ = d(x)
�

Hx

h(y, ux(y)γg)χx(γ) dγ.

Then the equality ν(x,g) = ντϕ(x,g) is equivalent to

µ̃τx(dy) = c(x)χx(ζx(y)) µ̃x(dy)

for a constant c(x) depending on x.
This yields the relations (4), (7), (8), (9).
The ergodicity of the cocycle ϕux on Hx over the σ-finite ergodic measure

µx implies that Hx is amenable [Zi78].
The first assertion of Theorem 2.1.3 is proved.
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Assertions (ii) and (iii) of Theorem 2.1.3. (a) We suppose that the sub-
groups Hx are conjugate to a fixed closed subgroup H (cf. Theorem 5.1.1
for the nilpotent connected Lie group case), i.e. there exists a measurable
map a : X → G such that Hx = a(x)H(a(x))−1.

Let x ∈ X. The element a(x) is defined modulo the normalizer of H.
The element ψ(x) := (a(τx))−1ϕ(x)a(x) is in the normalizer of H and we
have

(a(x))−1(ux(y))−1uτx(y)ϕ(x)a(x) ∈ H.
The ergodic components applied to a function f can be written

(40) Mhf(x, g)

=

	
X(

	
H f(y, ux(y)a(x)γ(a(x))−1g)χx(a(x)γ(a(x))−1) dγ)µx(dy)	

X(
	
H h(y, ux(y)a(x)γ(a(x))−1g)χx(a(x)γ(a(x))−1) dγ)µx(dy)

.

We have χτx(a(τx)γ(a(τx))−1) = χx(a(x)(ψ(x))−1γψ(x)(a(x))−1). Setting
χ̃x(γ) := χx(a(x)γ(a(x))−1), we have χ̃τx(γ) = χ̃x((ψ(x))−1γψ(x)).

(b) Abelian groups. If G is abelian, we have Hτ(x) = Hx for µχ-a.e.
x ∈ X. Since the map x ∈ X 7→ Hx ∈ F(G) is measurable and Chabauty’s
topology countably separates the points, there exists a closed subgroup H
of G such that Hx = H for µχ-a.e. x ∈ X.

For every γ ∈ H, we have λχ(Rγ(f)) = χ−1(γ)λχ(f) and, for λχ-a.e.
(x, g) ∈ X × G, MhRγ(f)(x, g) = χ−1

x (γ)Mhf(x, g). For f = h, it follows
that

∀γ ∈ H, χ(γ) =
�

X×G
χx(γ)h(x, g)λχ(dx, dg),

and therefore χx = χ for µχ-a.e. x ∈ X.
The ergodic component of λχ applied to a function f can be written

(41) Mhf(x, g) =

	
X(

	
H f(y, ux(y)γg)χ(γ) dγ)µx(dy)	

X(
	
H h(y, ux(y)γg)χ(γ) dγ)µx(dy)

.

This completes the proof of Theorem 2.1.3.

4. PROOF OF THEOREM 2.2.2

4.1. Lemmas. For the proof of Theorem 2.2.2, we begin with a lemma
which allows us to compare the ergodic components.

Lemma 4.1.1. (i) Let ϕ be a cocycle with values in a closed subgroup
H1 of G, and µ1 ⊗mH1 be a τϕ-quasi-invariant positive measure. Suppose
that the measure µ1⊗mH1 is τϕ-ergodic and that ϕ is µ1-cohomologous to a
cocycle ψ with values in a closed subgroup H2 of G, with transfer function u.
Then there exists g0 ∈ G such that , for µ1-a.e. x ∈ X,

u(x)H2 = g0H2 and H1 ⊂ u(x)H2(u(x))−1 = g0H2g
−1
0 .
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(ii) Assume in addition that there exists a positive τψ-quasi-invariant
measure µ2 ⊗ mH2 with µ2 ∼ µ1 which is τϕ-ergodic. Then there exists
g0 ∈ G such that

H1u(x) = H1g0, u(x)H2 = g0H2 and g−1
0 H1g0 = H2.

(iii) Assume in addition that µ1 [resp. µ2] is χ1 ◦ τϕ-conformal [resp.
χ2 ◦ τψ-conformal ] for an exponential χ1 on H1 [resp. χ2 on H2]. Then

• χ1(γ) = χ2(g−1
0 γg0) for µ1-a.e. x ∈ X and every γ ∈ H1,

• χ1(u(x) g−1
0 ) = χ2(g−1

0 u(x)) for µ1-a.e. x ∈ X,
• µ2(dx) = χ1(u(x)g−1

0 )µ1(dx) up to a multiplicative constant.

The τϕ-invariant ergodic measure µ2⊗ (δu(x) ∗ (χ2mH2)) is equal to µ1⊗
((χ1mH1) ∗ δg0) up to a multiplicative constant.

Proof. (i) For every continuous left H2-invariant function F on G and
every g ∈ G the function fg(x, t) = F ((u(x))−1tg) is τϕ-invariant. This
function is therefore µ1⊗mH1-a.e. constant. Applying Fubini’s theorem and
the continuity of F , it follows that, for µ1-a.e. x ∈ X and any g ∈ G,
the function t ∈ H1 7→ F ((u(x))−1tu(x)g) is constant and therefore equal
to F (g), its value for t = e. Consequently, (u(x))−1H1u(x) ⊂ H2.

Since ϕ [resp. ψ] takes values in H1 [resp. H2], the above inclusion implies
that, for µ1-a.e. x ∈ X, (u(τx))−1 u(x) ∈ H2. Therefore u(τx)H2 = u(x)H2.
By ergodicity of (µ1, τ), we deduce the existence of g0 ∈ G such that
u(x)H2 = g0H2 for µ1-a.e. x ∈ X.

(ii) The cocycle ψ is µ2-cohomologous to the cocycle ϕ, via the map
x ∈ X 7→ (u(x))−1 ∈ G. Then the second statement is a consequence of the
first one.

(iii) Set µ2 = βµ1 where β is a positive function on X. By the conformal
property of the measure it follows that, for µ1-a.e. x ∈ X,

χ2(ψ(x)) =
β(x)
β(τx)

χ1(ϕ(x)).

From (ii), this equality can be written

χ2((u(τx))−1g0)
χ2((u(x))−1g0)

χ2((u(x))−1ϕ(x)u(x)) =
β(x)
β(τx)

χ1(ϕ(x)).

For any x ∈ X, we consider the exponential χ̃x on H1 and the function f
on X, defined by

χ̃x(t) =
χ2((u(x))−1tu(x))

χ1(t)
and f(x) = β(x)χ2((u(x))−1g0).

We observe that χ̃τx(t) = χ̃x(t) for any t ∈ H1, and the positive function
(x, t) 7→ f(x)χx(t) on X ×H is τϕ-invariant. It follows that this function is
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constant µ1 ⊗mH1-a.e. Hence for µ1-a.e. x ∈ X,

• χ2((u(x))−1tu(x)) = χ1(t) for every t ∈ H1,
• β(x) is equal to χ2(g−1

0 u(x)) = χ1(u(x)g−1
0 ) up to a multiplicative

constant.

Corollary 4.1.2. Let µx(dy) ⊗ (δux(y) ∗ (χxmHx))(dt) and µx′(dy) ⊗
(δux′ (y) ∗ (χx′mHx′ ))(dt) be two ergodic components of λχ. Then either

• the measures µx and µx′ on X are mutually singular , or
• there is gx′,x ∈ G such that , for every g ∈ G,

µx′(dy)⊗ (δux′ (y) ∗ (χx′mHx′ )) = µx(dy)⊗ (δux(y) ∗ (χxmHx)) ∗ δgx′,x .

Hence P h((x, g), ·) = P h((x′, gx′,x g), ·).
Proof. For a G-valued cocycle ϕ and a measurable map u from X to G,

we denote by ϕu the cocycle ϕu(y) := (u(τy))−1ϕ(y)u(y) for y ∈ X.
The values of the cocycles ϕux and ϕux′ are respectively in Hx and Hx′ .

The measures µχx ⊗ (χxmHx) and µx′ ⊗ (χ
x′mHx′ ) are respectively τϕux -

invariant ergodic and τϕux′
-invariant ergodic, and ϕux′

(ux)−1ux′∼ ϕux .
The result follows from the previous lemma.

4.2. Proof of Theorem 2.2.2. (i) Let x0 ∈ X. From Corollary 4.1.2,
for any x ∈ X, if the measure µx is equivalent to µx0 then there is gx ∈ G
such that P h((x, e), ·) = P h((x0, e), ·) ∗ δgx , and consequently, with the no-
tations of Subsection 3.2 (cf. (36)), we have ν(x,e) = ν(x0,e). Conversely, the
equality ν(x,e) = ν(x0,e) implies the equivalence of the measures µx and µx0 .

The σ-algebra X×B(G) is separable, i.e. generated by a countable sub-
algebra A. We deduce the equality of sets

{x ∈ X : µx ∼ µx0} = {x ∈ X : ν(x,e) = ν(x0,e)}
= {x ∈ X : ∀A ∈ A, ν(x,e)(A) = ν(x0,e)(A)},

which proves that {x ∈ X : µx ∼ µx0} is measurable. Since, for any x ∈ X,
µx ∼ µτx, this set is τ -invariant and therefore (by ergodicity of µχ) has zero
or full measure.

(ii) Assume that the cocycle is regular. Then every measurable τψ-
invariant function f is µχ ⊗ mH -a.e. constant. The function F (g) :=
‖f(·, · g)‖L∞(X×H,µχ⊗mH) is left H-invariant on G and we have, for every
g ∈ G,

f(x, γg) = F (g) for µχ ⊗mH -a.e. (x, γ) ∈ X ×H.
The first statement of (ii) follows from the fact that f is a measurable
τϕ-invariant function if and only if the function f̃(x, g) = f(x, u(x)g) is
τψ-invariant.



ERGODIC DECOMPOSITION FOR A COCYCLE 145

We consider the bijective map θu from X × G onto itself defined by
θu(x, g) = (x, u(x)g) for (x, g) ∈ X × G. A measurable nonnegative func-
tion f on X×G is τϕ-invariant if and only if f ◦θu is τψ-invariant. If J = Jϕ
is the σ-algebra of τϕ-invariant subsets of X ×G then θuJϕ is the σ-algebra
Jψ of τψ-invariant subsets of X × G. From Lemma 7.2.1 we have, for any
nonnegative measurable function f on X ×G and λχ-a.e. (x, g) ∈ X ×G,

(42) Ehλχ [f | Jϕ](x, g) =
Ehλχ

[
f ◦ θu h◦θu

h χ ◦ u
∣∣ Jψ] ◦ θu(x, g)

Ehλχ
[
h◦θu
h χ ◦ u

∣∣ Jψ] ◦ θu(x, g)
.

Any nonnegative measurable τψ-invariant function is µχ ⊗mH -a.e. con-
stant. Hence, for any nonnegative measurable function f and λχ-a.e. (x, g) ∈
X ×G, we have

Ehλχ [f | Jψ](x, g) =

	
X×H f(y, γg)h(y, γg) dγ µχ(dy)	

X×H h(y, γg) dγ µχ(dy)
.

From (42) it follows that

Mhf(x, g) = Ehλχ [hf | Jϕ](x, g)

=

	
X

	
H f(y, u(y)γ(u(x))−1g)χ(u(y)) dγ µχ(dy)	

X

	
H h(y, u(y)γ(u(x))−1g)χ(u(y)) dγ µχ(dy)

.

(iii) If there exists some x such that µx ∼ µχ, then the reduction of the
cocycle given by (8) is “global” µχ-a.e.: there exists a measurable function
u and a closed subgroup H such that the cocycle is cohomologous to an
ergodic cocycle with values in H and it is regular.

If there are a countable number of different equivalence classes among
the measures µx, x ∈ X, then by (i), for µχ-a.e. x, all the measures µx are
equivalent and this equivalence class is that of µχ.

The last assertion of (iii) follows from assertion (iii) of Proposition 2.2.4.

5. ON THE EQUATION Hτx = ϕ(x)Hx(ϕ(x))−1

In Theorem 2.1.3 we encounter a measurable family of subgroups Hx

such that the following conjugacy equation holds:

(43) Hτx = ϕ(x)Hx(ϕ(x))−1 for µχ-a.e. x ∈ X.
For this conjugacy problem, see [GoSi99].

5.1. Nilpotent groups. When G is a nilpotent connected Lie group,
the subgroups Hx are conjugate to a fixed subgroup H.

Theorem 5.1.1 ([GoSi99]). Assume G is a nilpotent connected Lie
group. If (Hx) is a measurable family of subgroups such that (43) holds µ-
a.e., where µ is a σ-finite measure which is quasi-invariant and ergodic for
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τ , then there is a fixed closed subgroup H and a measurable map x 7→ a(x)
from X into G such that for µχ-a.e. x ∈ X,

Hx = a(x)H(a(x))−1.

Proof. We equip the set F(G) of closed subsets of G with Chabauty’s
topology (cf. Section 2).

We know that the map x ∈ X 7→ Hx ∈ F(G) is measurable. For any
F ∈ F(G), we have

{x ∈ X : {gHxg−1 : g ∈ G} ⊂ F} =
{
x ∈ X : Hx ⊂

⋂
g∈G

g−1Fg
}
.

It follows that the map x ∈ X 7→ {gHxg−1 : g ∈ G} ∈ F(G) is measurable.
We denote by g the Lie algebra of G and denote by ad the adjoint repre-
sentation of g (i.e. for any (X,Y ) ∈ g2, (adX)(Y ) = [X,Y ]). We denote by
exp : g → G the exponential map and by Ad the adjoint representation of
G on g. We have

g expXg−1 = exp(Ad g(X)), ∀g ∈ G, ∀X ∈ g,

Ad(expY ) = Exp(adY ) =
∑
k∈N

(adY )k

k!
, ∀Y ∈ g.

First case. Assume thatG is a connected and simply connected nilpotent
Lie group. For µ-a.e. x ∈ X, we have

{gHxg−1 : g ∈ G} = {gHτxg−1 : g ∈ G}.

Since the points of F(G) are separated by a countable family of contin-
uous functions, there exists a closed subgroup H of G such that, for µ-a.e.
x ∈ X,

{gHxg−1 : g ∈ G} = {gHg−1 : g ∈ G}.

Now, from the proposition below, this equality implies that the two open
dense subsets {gHxg

−1 : g ∈ G} and {gHg−1 : g ∈ G} of {gHg−1 : g ∈ G}
are not disjoint. Therefore the two G-orbits coincide. Hence the result.

Second case. Assume that G is a connected nilpotent Lie group. Let
f : G̃ → G be a group cover of G with G̃ connected and simply connected
(see [Ho65, Ch. IV, Theorems 2.2 and 3.2]).

If H is a closed subgroup of G then H̃ = f−1(H) is a closed subgroup
of G̃. Moreover, the G-orbit of H is the image under f of the G̃-orbit of H̃.
The theorem follows from the first case.

Proposition 5.1.2. For any closed subgroup H of a connected simply
connected nilpotent Lie group G, the G-orbit {gHg−1 : g ∈ G} of H is open
in its closure.
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Proof. We know that the exponential map exp is an analytic diffeomor-
phism. We set Σ = {1, . . . ,dim(g)}. For any p ∈ Σ, we consider the exterior
product Vp =

∧
p g and the corresponding projective space P(Vp). We denote

by πp the natural map from Vp \ {0} onto P(Vp).
To each p-dimensional subspace v of g we associate the element uv =

πp(u1∧· · ·∧up) of P(Vp) where (u1, . . . , up) is a linear basis of v. We denote by
Dp the image in P(Vp) of the set of p-dimensional subspaces of g. We consider
the disjoint union

⋃
p∈Σ Dp equipped with the following topology. A sequence

(un)n∈N converges to x if the following two properties are satisfied:

• there exist N ∈ N and r ∈ Σ such that un ∈ Dr for n ≥ N ,
• the sequence (un)n≥N converges to x on Dr for the usual induced

topology of P(Vp).

One easily sees that a sequence (vn) of subspaces of g converges in Cha-
bauty’s topology if and only if (uvn)n∈N converges in

⋃
p∈Σ Dp. Hence, the

map v 7→ uv is a homeomorphism from the set of nontrivial subspaces of g
onto

⋃
p∈Σ Dp.

Let H be a closed subgroup of G with Lie algebra h = exp−1(H). The
G-orbit {gHg−1 : g ∈ G} of H is identified with the

∧
p AdG-orbit of uh.

Now, for a connected simply connected nilpotent Lie group G, we know (see
for example [BoSe64]) that this orbit is open in its closure. This yields the
result.

5.2. A counterexample. LetG be the semidirect product of R and C2,
with the composition law

(t, z1, z2) ∗ (t′, z′1, z
′
2) = (t+ t′, z1 + e2πitz′1, z2 + e2πθitz′2),

where θ is a fixed irrational.
The conjugate in G of (0, z1, z2) by a = (s, v1, v2) is

(44) (s, v1, v2)(0, z1, z2)(s, v1, v2)−1 = (0, e2πisz1, e2πθisz2).

Consider the dynamical system defined by an irrational rotation (τ :
x → x + α mod 1) on X = R/Z. Let Φ : X → G be the cocycle defined by
Φ(x) = (ϕ(x), 0, 0), where ϕ has its values in Z.

Let Hx := {(0, vz1, ve2πiψ(x)z2) : v ∈ R}, where ψ is a function to be
defined and z1, z2 are given natural real numbers. Consider the function
x 7→ Hx with values in the set of closed subgroups of G. It satisfies the
conjugacy relation

(45) Hτx = Φ(x)Hx(Φ(x))−1

if ϕ has integral values and satisfies

(46) θϕ(x) + ψ(x) = ψ(τx) mod 1.
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For every α whose partial quotients are not bounded, there are real
numbers β and r for which the function

ϕ := 1[0,β] − 1[0,β](.+ r)

is not a coboundary and there are irrational values of s such that
e2πis(1[0,β]−1[0,β](·+r)) is a multiplicative coboundary (cf. [Co07]).

If we take for θ one of these values of s and for ψ a function satisfying
the multiplicative coboundary equation e2πiθϕ = e2πi(ψ◦τ−ψ), we get (46).

Proposition 5.2.1. For these choices of β, r, θ, ψ, there is no subgroup
H such that the equation Hx = a(x)H(a(x))−1 has a measurable solution a.

Proof. Suppose that there are a fixed subgroup H and a measurable
function a : X → G such that Hx = a(x)H(a(x))−1.

According to (44), this is equivalent to the existence of a function t
defined on X such that the set

{(0, ve2πit(x)z1, ve2πi(θt(x)+ψ(x))z2) : v ∈ R}
does not depend on x. This implies that t and ψ + θt have a fixed value
mod 1; therefore θ(ϕ(x)− t(x) + t(τx)) = θϕ(x) +ψ(x)−ψ(τx) mod 1 = 0.
As ϕ and t − t ◦ τ have integral values and θ is irrational, it follows that
ϕ = t ◦ τ − t, contrary to the fact that ϕ is not a coboundary.

Remark 5.2.2. By the same arguments it can be shown that the cocycle
1[0,β] − 1[0,β](.+ r)) is nonregular in the sense of Definition 2.2.1.

6. COMMENTS

6.1. Remarks on transience/recurrence. The cocycle (ϕn)n∈Z
gives the position at time n of the “vertical” coordinate for the iterates τnϕ .
If it is recurrent (i.e. if the stationary random walk (ϕn) returns infinitely
often to any neighborhood of the identity element), the transformation τϕ
is conservative.

The ergodicity of the basis implies that the cocycle is either recurrent or
transient. When ϕ has its values in R and is integrable, (ϕn)n∈Z is recurrent
if and only if µ(ϕ) = 0.

For every amenable group G and every ergodic system (X,µ, τ), there is
a measurable ergodic cocycle (ϕ, τ) over the system, taking its values in G,
such that (X × G,µ ⊗ mG, τϕ) is ergodic (cf. [He79], [GoSi85]). However,
a problem is to construct explicitly recurrent cocycles generated by regular
functions over particular dynamical systems and to find whether or not they
are ergodic.

In the recurrent case, the transformation τϕ is conservative: there is no
wandering set E with a positive measure (wandering means that the images



ERGODIC DECOMPOSITION FOR A COCYCLE 149

(τ−kϕ E, k ∈ Z) are pairwise disjoint). This implies that every subinvariant
set is invariant µ⊗mG-a.e.

Note that the ergodic decomposition of a recurrent system gives recurrent
systems. In particular, the recurrence of the cocycle (ϕn) relative to µ implies
(with the notations of 2.1.3) that for µ-a.e. x the cocycle (ϕn) is recurrent
relative to the measure µx, which is infinite if the cocycle is not regular (cf.
Theorem 2.2.2).

Assume now that the cocycle is transient. Let E be a wandering set and
h > 0 be a function on G such that

	
h dg = 1. The series

∑
k∈Z h(ϕk(x)g)

converges for µ⊗mG-a.e. (x, g), according to
�

E

∑
k∈Z

h(ϕk(x)g) dµ(x) dg =
�

E

h(g)
(∑
k∈Z

1E(x, (ϕk(x))−1g)
)
dg dµ(x)

=
�

E

h(g)
(∑
k∈Z

1E(τ−kx, (ϕk(τ−kx))−1g)
)
dµ(x) dg =

�
h(g) dg = 1.

The function h̃(x, g) :=
∑

k∈Z h(ϕk(x)g) is therefore τϕ-invariant and
finite for µ⊗mG-a.e. (x, g).

The subgroups Hx defined in Theorem 2.1.3 reduce to {e}, and the
ergodic measures are given, up to a multiplicative factor, by λ(x,g)(f) =∑

k∈Z f(τkx, ϕk(x)g).
The function ϕ is a coboundary with respect to the σ-finite measure

µ̃x(dy) :=
∑

k∈Z δτkx(dy) (we get ux(y)ϕ(y)(ux(τy))−1 = e by setting ux(y)
:= ϕk(x) at the point y = τkx). The ergodic decomposition of µ(dx) × dg
can be written�

X

�

G

f(x, g) dµ(x) dg =
�

X

�

G

[
(h̃(x, g))−1

∑
k∈Z

f(τkx, ϕk(x)g)
]
h(g) dµ(x) dg.

This shows that, in the transient case, there is no interesting informa-
tion in the ergodic decomposition. Therefore it is convenient to have ex-
amples of recurrent cocycles (ϕ, τ). A family of such cocyles is provided
when the basic system is a rotation on the circle and ϕ is a BV-function
with values in Rd. There are also examples over rotations for cocycles tak-
ing their values in nilpotent groups (see [Gr05], [Co07]). For rotations, us-
ing BV-functions, one can construct conformal probability measures µχ for
which the rotation is conservative. More precisely, if ϕ is a BV-function
on the circle with zero integral and χ is an exponential on R, and if τ
is an ergodic rotation, then there is a unique probability measure µχ on
the circle such that d(τµχ)/dµχ = χ ◦ ϕ and the corresponding measure
λχ on X × G is conservative due to Koksma’s inequality (see for example
[CoGu00]).
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6.2. Extension to a group action. For simplicity, we have restricted
the paper to the framework of a single transformation, but the domain of
validity can be extended by taking more generally the action of a countable
group Γ . This gives access to more examples of transient cocycles with a
nontrivial ergodic decomposition. Most of the results presented here when
Γ = Z are still valid for the action of a countable group Γ .

Indeed, we can use the result of Theorem 3.1.1, since one can easily
extend it from the case of a single invertible transformation to an ergodic
group action. Another important point is the ergodicity of the measures
given by a regular conditional probability with respect to the σ-algebra of
invariant sets. This point also remains valid (see Remark 7.3.3 at the end
of 7.3).

7. APPENDIX

In this appendix, we recall a selection lemma and some results on the
conditional expectation and the ergodic decomposition that were used in
the previous sections.

7.1. A selection lemma. Let G be a lcsc group. Recall that the set
F(G) of closed subsets of G is equipped with Chabauty’s topology , for which
the open sets are defined by

U(O, C) = {S ∈ F(G) : ∀U ∈ O, S ∩ U 6= ∅ and S ∩ C = ∅},

where O is a finite family of open sets of G, and C is a compact subset of G.
The Borel structure associated to this topology is generated by the sets

{S ∈ F(G) : S ⊆ F} where F ∈ F(G) (cf. 2.1). For the sake of completeness,
we give a proof of a selection lemma (cf. the theorem of Kuratowski and
Ryll-Nardzewski) that was used in Section 3:

Lemma 7.1.1. If t 7→ Ft is a Borel map from a Borel space (T, T )
to F(G), then there exists a Borel map f from T to G such that f(t) ∈ Ft
for each t ∈ T .

Proof. Let K be a compact set in G. Assume that Ft ⊂ K for t ∈
R ⊂ T , where R is a Borel set in T . For every n ≥ 1, there exists a finite
family (Kn,i, i ∈ In) of compact sets such that diam(Kn,i) < 1/n and K ⊂⋃
j∈In+1

Kn+1,j .
For a compact set C inG, the set {t : Ft∩C 6= ∅} is Borel (its complement

is the union of the sets {t : Ft ⊂ G \ Un}, where Un is a basis of open
neighborhoods of C). Therefore, for every n and j, the set {t : Ft∩Kn,j 6= ∅}
is Borel.
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We define in(t) by in(t) = inf{j ∈ In : Ft ∩ Kn,j 6= ∅}. The map t 7→
Kn,in(t) is Borel.

Now we define the point f(t) for t ∈ R by

f(t) :=
⋂
n≥1

Kn,in(t).

From the condition on the diameters and the compactness of the sets, it
follows that f(t) is well defined for every t ∈ T .

We have to show that f is Borel, that is, {t ∈ T : f(t) ∈ C} is a Borel
set for any closed subset C in G. Let (Ok) be a decreasing sequence of open
sets such that Ok+1 ⊂ Ok+1 ⊂ Ok for every k and C =

⋂
k Ok. We have

f(t) ∈ C ⇔
⋂
n≥1

Kn,in(t) ⊂ Ok,∀k ≥ 1 ⇔
⋂
n≥1

Kn,in(t) ⊂ Ok, ∀k ≥ 1.

As {t ∈ T : Kn,in(t) ⊂ Ok} is Borel for each k, the assertion follows.
Now we construct f on the whole space. For any compact set K in G,

the map t 7→ Ft ∩ K is Borel, since the map (F,K) 7→ F ∩ K from F(G)
into itself is continuous for a fixed compact set K. Let Kj be an increasing
sequence of compact sets in G such that G =

⋃
jKj .

We define f(t) by applying the previous construction to the map t 7→
Ft ∩K1 on {t : Ft ∩K1 6= ∅}, then to t 7→ Ft ∩K2 on {t : Ft ∩K2 6= ∅} ∩
{t : Ft ∩K1 = ∅}, and so on.

7.2. A lemma on conditional expectation

Lemma 7.2.1. Let P be a probability measure on a measurable space
(E,F) and h a measurable positive function such that

	
h dP = 1. Then,

for every sub-σ-algebra B of F and every measurable nonnegative (or hP-
integrable) function f , we have

(47) EhP[f | B] = EP[fh | B]/EP[h | B] P-a.e.

If θ is a bijective bi-measurable map from E onto itself such that θP ∼ P,
then, for any P-integrable function f , we have

EP[f | B] = EP

[(
dθP
dP

)−1

◦ θ
∣∣∣∣B]EP

[
f ◦ θ−1 dθP

dP

∣∣∣∣ θB] ◦ θ(48)

=
EP
[
f ◦ θ−1 dθP

dP
∣∣ θB] ◦ θ

EP
[
dθP
dP
∣∣ θB] ◦ θ .

If P = hλ, where λ is a σ-finite θ-invariant measure and B = J the σ-algebra
of θ-invariant sets in E, we have

(49) Ehλ[f ◦ θ | J] = Ehλ
[
f
h ◦ θ−1

h

∣∣∣∣ J].
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Proof. We prove only the second assertion. For every bounded B-mea-
surable ψ we have
�
EP[f ◦ θ | B]ψ dP =

�

E

f ◦ θ ψ dP =
�

E

f ψ ◦ θ−1 dθP
dP

dP

=
�

E

EP

[
f
dθP
dP

∣∣∣∣ θB]ψ ◦ θ−1 dP =
�

E

dθ−1P
dP

EP

[
f
dθP
dP

∣∣∣∣ θB] ◦ θ ψ dP
=

�

E

EP

[
dθ−1P
dP

∣∣∣∣B]EP

[
f
dθP
dP

∣∣∣∣ θB] ◦ θ ψ dP,
which implies (48):

EP[f ◦ θ | B] = EP

[
dθ−1P
dP

∣∣∣∣B]EP

[
dθP
dP

f

∣∣∣∣ θB] ◦ θ.
7.3. Regular conditional probability

Definition 7.3.1. Let (E,F ,P) be a probability space and B a sub-σ-
algebra of F . A regular conditional probability relative to B and P is a map
P from E ×F to [0, 1] such that

• For every x ∈ E, P (x, ·) is a probability measure on F .
• For every A ∈ F , the map x ∈ E 7→ P (x,A) is a version of the condi-

tional expectation of 1A with respect to the σ-algebra B. This map is
thus B-measurable and satisfies, for every B-measurable function ϕ,�

E

1A(x)ϕ(x) P(dx) =
�

E

P (x,A)ϕ(x) P(dx).

For every F-measurable nonnegative or bounded function f , Pf defined
by Pf(x) :=

	
E f(y)P (x, dy) is then a version of the conditional expectation

of f with respect to B.
For the existence of a regular conditional probability, we can refer to the

general setting used in Neveu’s book ( [Ne64, Corollaire, Proposition V-4-4]):
In the following, we will assume that there exists an approximating com-

pact class in (E,F ,P) (see [Ne64] for this notion) and that F is generated
by a countable family.

Theorem 7.3.2 ([Ne64]). For every σ-algebra B in F , there exists a
regular conditional probability with respect to B.

This result applied to the product space (X×G,X×BG), the probability
hλ on X×G, where h > 0 on X×G is such that

	
h(x, g)µχ(dx)χ(g)mG(dg)

= 1, and the sub-σ-algebra J of τϕ-invariant sets (see Notations 2.1.1
and 2.1.2) gives the regular conditional probability P h used in Section 2.
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Now we have to show that the probability measures P h((x, g), · ) are
τϕ-ergodic. For the action of a single transformation, this can be done by
applying the ergodic theorem (cf. [Aa97]). For the sake of completeness we
give a proof in the last subsection below.

Remark 7.3.3. When the action of a single transformation τ on X is
replaced by the Borel action of a countable group, the proof of the ergodicity
of P h((x, g), · ) is more difficult. A reference is [GrSc00].

7.4. Ergodic theorem and ergodic decomposition

Notations 7.4.1. Let θ be a bijective bi-measurable transformation on
a measurable space (E,F), µ a positive σ-finite θ-quasi-invariant measure,
and J := {B ∈ F : θ−1B = B}.

Let h be a measurable function on E such that h(x) > 0 and µ(h) = 1.
Let P h be a regular conditional probability with respect to the probability
measure hµ and the σ-algebra J of θ-invariant measurable subsets.

Let Th be the contraction of L1(E,F , hµ), in duality with the operator
of composition with θ acting on L∞(E,F , µ), defined by

Thf(x) = f ◦ θ−1(x)
d(θ(hµ))
d(hµ)

(x).

Replacing θ by θ−1 we get the inverse operator T−1
h .

Proposition 7.4.2. For every f ∈ L1(E,F , hµ) and µ-a.e. x ∈ E,
n∑

k=−n
T kh f(x)/

n∑
k=−n

T kh 1(x) n→+∞−−−−−→ Ehµ[f | J](x).

Proof. Applying Hurewicz’s ergodic theorem to the contraction Th, we
find that the sequence ( n∑

k=0

T kh f(x)/
n∑
k=0

T kh 1(x)
)
n≥1

converges µ-a.e., and the same result holds for the contraction T−1
h .

On the conservative part C the limit in both directions is equal to
Ehµ[f | J](x), so that on C,

lim
n→+∞

( n∑
k=−n

T kh f/
n∑

k=−n
T kh 1

)
= Ehµ[f | J] µ-a.e.

On the dissipative part D, the limit is the quotient of the series. For j, k
in Z, we have

T jhf ◦ θ
k = T j−kh f

d(hµ)
d(θ−k(hµ))

=
T j−kh f

T−kh 1
.
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This implies that on D the quotient of the series is a θ-invariant function
and, for every measurable θ-invariant function ϕ which is null on C,
�

E

∑
k∈Z T

k
h f∑

j∈Z T
j
h1

ϕd(hµ) =
∑
k∈Z

�

E

T kh f∑
j∈Z T

j
h1
ϕd(hµ) =

∑
k∈Z

�

E

fϕ∑
j∈Z T

j
h1◦θk

d(hµ)

=
∑
k∈Z

�

E

fϕ∑
j∈Z T

j
h1

T−kh 1 d(hµ) =
�

E

fϕ d(hµ).

On D the quotient of the series is therefore equal to Ehµ[f | J].

Lemma 7.4.3. For µ-a.e. x ∈ E, the measure θP h(x, ·) is absolutely
continuous with respect to P h(x, ·) and

d(θP h(x, ·))
dP h(x, ·)

=
d(θ(hµ))
d(hµ)

=
h ◦ θ−1

h

d(θµ)
dµ

.(50)

Proof. For a positive F-measurable f and a J-measurable positive func-
tion ϕ, we have

�

E

f ◦ θ ϕ d(hµ) =
�

E

f ◦ θ ϕ ◦ θ d(hµ) =
�

E

fϕ
d(θ(hµ))
d(hµ)

d(hµ).

This shows, µ-a.e.,

θ(P h)(f) = P h(f ◦ θ) = Ehµ[f ◦ θ | J]

= Ehµ
[
f
d(θ(hµ))
d(hµ)

∣∣∣∣ J] = P h
(
f
d(θ(hµ))
d(hµ)

)
.

We then have:

Corollary 7.4.4. For the elements x ∈ E for which (50) holds, Th is a
positive contraction of L1(E,F , P h(x, ·)). For every f ∈ L1(E,F , P h(x, ·))
and P h(x, ·)-a.e. y ∈ E,

n∑
k=−n

T kh f(y)/
n∑

k=−n
T kh 1(y) n→+∞−−−−−→ EPh(x,·)[f | J](y).

Theorem 7.4.5. A decomposition of the measure µ into ergodic compo-
nents is given by

(51) µ(dy) =
�

E

(h(·))−1P h(x, ·)h(x)µ(dx).

Proof. The equality is clear. It remains to prove the ergodicity of the
probability measures P h(x, ·) for µ-a.e. x ∈ E.

From (51) and Proposition 7.4.2, we have, for every f ∈ L1(E,F , hµ)
and µ-a.e. x ∈ E,

n∑
k=−n

T kh f(y)/
n∑

k=−n
T kh 1(y) n→+∞−−−−−→ Ehµ[f | J](y) = P hf(y)
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for P (x, ·)-a.e. y ∈ E. The functions g = P hf and g2 = (P hf)2 are J-
measurable and therefore P h-invariant µ-a.e.: P hg(x) = g(x) and P hg2(x)
= g2(x) for µ-a.e. x ∈ E. By the Cauchy–Schwarz inequality, this implies
g(y) = g(x) for P (x, ·)-a.e. y ∈ E.

Let F0 be a countable Boole algebra which generates F . For x ∈ E,
let Qhx be a regular conditional probability with respect to the probabil-
ity measure P h(x, ·) and the σ-algebra J. From the previous property and
Corollary 7.4.4, we obtain, for µ-a.e. x ∈ E and P h(x, ·)-a.e. y ∈ E,

∀A ∈ F0, Qhx(y,A) = P h(x,A),

and consequently, for µ-a.e. x ∈ E and P h(x, ·)-a.e. y ∈ E, we have the same
property for every A ∈ F .

For every I ∈ J, we know that

Qhx(y, I) = EPh(x,·)[1I | J](y) = 1I(y) for P (x, ·)-a.e. y ∈ E,
and therefore as above

Qhx(y, I) = 1I(x) for P (x, ·)-a.e. y ∈ E.
It follows that, for µ-a.e. x ∈ E,

∀I ∈ J, P h(x, I) = Qhx(y, I) = 1I(y) for P (x, ·)-a.e. y ∈ E.
This implies the ergodicity of the measures P h(x, ·) for µ-a.e. x.
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