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Abstract. H. Jiang and C. Lin [Chinese Ann. Math. 23 (2002)] proved that there
exist infinitely many Banach spaces, called refined Besov spaces, lying strictly between the
Besov spaces By, ,(R") and |, , B, ,(R™). In this paper, we prove a similar result for the
analytic Besov spaces on the unit disc D. We base our construction of the intermediate
spaces on operator theory, or, more specifically, the theory of symmetrically normed ideals,
introduced by I. Gohberg and M. Krein. At the same time, we use these spaces as models
to provide criteria for several types of operators on H?, including Hankel and composition
operators, to belong to certain symmetrically normed ideals generated by binormalizing
sequences.

1. Introduction. Let & be the Schwartz space of rapidly decreasing
C*° functions ¢ on R™:

sup (1 + |z Z |D'o(z)| <00, N=1,2,...,
R <N

where D' = ol /9 - Ol with |I] = > i=1l;. Also, consider a system
{9152 of functions in S satisfying

(a) supp(po) C {y € R : Jy| < 2} ,

(b) supp(p;) C{y R : P71 < Jy| < PF} j=1,2,.. 5

(c) for each I = (l1,...,l5), there exists C; > 0 such that |Dlpj(z)| <
C;279 for all z € R™;

(d) 22720 pj(x) =1 for all z € R™

Let 8’ be the dual space of S, consisting of all tempered distributions on R".
For —co < s < o0 and 0 < p, ¢ < oo, the Besov space By ,(R") is defined by

B, R") ={f €S :|flls;, < oo},
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where

s . 1/q
11z, = (D 129F e F NI )
=0

and F, F~! are the Fourier and inverse Fourier transforms, respectively.
These Besov spaces were introduced by J. Peetre in 1967 [14] and 1973 [15],
as a generalization of the Lipschitz spaces [2] and the Zygmund spaces [22].
It can be shown that the definition above does not depend on any particular
system of functions satisfying conditions (a)-(d), and that By  C B} if
s > t. For the details on these spaces we refer to [18].

In their paper [11], H. Jiang and C. Lin introduce the so-called refined
Besov spaces: Let a = (o, a1,...,a;) € RFF1 0 < p, g < oo, and {goj}]o-‘;o
be a system of functions in S satisfying (a)—(d). Also for r > 0, let

=" In lnr| |72 In- - oo lnr|]] - [T

k logarithms
Then the refined Besov space RBy (R") is given by

RB2,(R™) = {f € 8+ || fllrns, < oo}

where

_ > o e 1/q
1£llrmg, = 17~ (oF Dlles + (3 1@EF e F NIl )
§=0
if 0 < g < oo and, for g = oo,

IflrBg ., = S,lirf{llf_l(%ff)llm +I@RF e F ).
N

It can be shown ([11, Theorem 3.1]) that RBy', is independent of the choice
of the system {(;}32,, and, most importantly, one has ([11, Theorem 4.1])
B, ,2 RB,, 2 U B, fora=(s,m), —2/¢g<a <—-1/q.

t>s
In this article, we shall prove an “analytic” version of the above re-
sult, namely, we will show (Theorem 3.8) that there are infinitely many
Banach spaces embedded strictly between the analytic Besov spaces By(D)

and [, By(D), where

B,(D) = {f analytic on D : S £ (2)P(1 = |2)?)?P 2 da dy < oo}, p>1.
D

In particular, we will base our construction of the intermediate spaces on

operator theory, or, more specifically, the theory of symmetrically normed

ideals of operators on Hilbert space. Furthermore, we shall use these spaces

as models to study criteria for several types of operators on the Hardy space

H? = H*(D), including Hankel, composition and Toeplitz operators, to
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belong to so-called symmetrically normed ideals generated by binormalizing
sequences, which also generalizes the results in [9)].

2. Symmetrically normed ideals generated by binormalizing se-
quences. Let H be a separable Hilbert space and K be the space of compact
operators on ‘H. For T' € K, the singular values of T' is a decreasing sequence
{An(T)} of positive numbers defined by

M (T) = inf{||T — S| : rank(S) < n}.

Clearly A\, (T') \, 0 since T is compact. There are other ways to describe the
An(T')’s. For instance, one can easily show that the A, (T)’s are in fact the
eigenvalues of |T'| = (T*T)"/2.

On the other hand, let ¢y be the space of real sequences which converge
to 0, and set ¢ = {(z1,%2,...) € ¢o : & = 0 for all but finitely many k}.
A function @ : ¢ — R is called a symmetric norming function if

(a) &(z) >0forz ec, z #0;
&(ax) = |a|P(x) for any « € R, 2 € ¢;
(z +y) <O(x) + P(y), ©,y € G

(b)
(c) @
(d) #(1,0,0,...) =1,
(e) @

e (xl,...,xn,0,0,...) = D(Ts(1)s -+ To(n),0,0,...) for any n and
any permutation o(1),...,0(n)of 1,...,n
Now consider = = (z1,22,...) € cp. Write (™ = (z1,...,2,,0,0,...) and

define
co = {x € ¢g : supP(2") < o0}

Given T € K, we say that T is in the symmetrically normed ideal Gg if
(M (T), A2(T),...) € cg. We endow &g with the norm
ITle = sup &((\(T), Ao (T), ... ) ™).

For example, the usual Schatten p-class &, (p > 1) is the symmetrically
normed ideal with norming function

- 1/p
x)z(Z]xk]p> , = (r1,...,2,,0,...) €EC
n=1

In this article, we shall focus on symmetrically normed ideals given by
norming functions of the form

Dh-1%k
Zk 17Tk

where 7, ... ,x;“l is the rearrangement of |x1|,...,|x,| in descending order,
and 7y > w9 > --- > 0 with m; = 1. In fact, we will only consider m;’s such

@(m)—sup x=(x1,...,2,,0,...) €C,
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that 7, \, 0 and > m, = oo, called binormalizing sequences. The interested
reader can find a detailed discussion on this subject in [7].

Let Y m, be a divergent series with m, \, 0 and 71 = 1, and let L(n) =
> 4—1 k- Then the norming function defined above can be written as

1 & . _
@L(x):sgpml;xk, r=(x1,...,2,0,...) €EC.

We are interested in the case when &1 C G, and &g, C G, for all p > 1.
Choose a nondecreasing function > 1 on [0, co) whose value at n is L(n) for
each positive integer n, and therefore we shall denote this function by L(t).
It is clear, from the definition of L(t) and the fact that 73 N\, 0, that there is,
for each zp > 0 and yp > 1, a K > 0 (which may depend on zy and yg) such
that k1 L(t) < L(yo + wot) < kL(¢) for all ¢ > 0. On the other hand, let
a(t) be a strictly decreasing function on [0, 00) so that a(t) \, 0 as t — oo.
Given the pair {L(t),a(t)} above, we say that the pair is regular if a(ty) = 1
for some tg > 0 and there is a C' > 0 such that:

R1. for every A\, \, 0 such that Y ,y_; Ay = O(L(n)), limsup,_,, 5(t)

< oo, where [(t) = L(N;)/L(t) and Ny = max{n : \, > a(t)};
R2. limsup, ., o(t)*L(t)=0(L(B(e~* ")) for all z>0 and a(n)C <,

for all n;
MR3. the function a(u,t), defined by L(b(u!))=a(u,t)L(b(u)) for u,t >0,
satisfies
lim sup S e ta(u,t)dt < C.
u—0 0

Here b(s) is the inverse of s = a(t).

The following result shows that if there is a function a(t) strictly decreasing
to 0 so that the pair {L(t), a(t)} is regular, then we can define Sg, in terms
of the zeta function of the singular values of the operators in &g, . The proof
will be omitted.

THEOREM 2.1. Let A\, \, 0. If there is a function a(t) strictly decreasing
to 0 ast — oo such that {L(t),a(t)} is reqular then the following conditions
are equivalent:

- 1 S )\
(ii) limsup Lb(c—G-D1) nZ:l)\n < 00.

S—)l

Moreover, if limy o0 a(t)*L(t) — 0 for allz > 0 and lim, o §;” e "a(z, t) dt

= v then convergence of the sequence in (i) implies convergence in (ii), and
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we have, in this case,

. 1 i 1 3 "
i T DA i s S

k=1

By simply replacing A, with )\g in Theorem 2.1, we obtain

COROLLARY 2.2. Let m; \, 0 and L(n) =, _, 7 and define the sym-
metric norming function
1 n 1/p
br(z)=sup | — Y z;* , x=(x1,...,2,,0,...) €C.
(@) np<L(n);k) (01,1 20,0,..)
Assume that {L(t),a(t)} is reqular. Then T € &g, if and only if

. 1 o0 .
hr?\s;lp L(b(e=(s=P)71)) ; An(T)” < o0

REMARK. The statement about convergence in Theorem 2.1 is a typi-
cal result of the kind that Cesaro summability implies Abel summability.
On the other hand, there are more specific conditions on L so that con-
vergence in (ii) implies convergence in (i) (i.e., Abel summability implies
Cesaro summability, or, Tauberian theory). For instance, this is the case
when L(t) = 1+ (logt)"F(t), where F(t*)/F(t) — 1 as t — oo, for every
x > 0. The reader can find details on this subject in, for example, [8].

ExaAMPLES. Let
L(t) =1+ (logt)”, ~v>0,t>1.

Let A, N\, 0 be such that > ;_; Ay = O(L(n)), n > 1. Since it is possible
to find tg > 0 so that yt~!(logt)?~! is strictly decreasing and bounded
above by 1 if t > {9, we may choose a sequence 7 “\, 0 strictly such that
m = 1 and 7, = vk (logk)’"!, k > ko for some kg € N. Obviously
2 k=1 7k = O(L(n)).

Now consider a(t) N\, 0 strictly so that a(k) = 7 for all k and a(t) =
yt~(logt)*~t if t > k. Then N; = max{k : pp > a(t)} > [t] — 1 for
t > 1, where ux = A\ + 7, and [t] is the greatest integer < t. Set 3(t) =
(L(Ny) — 1)/(L(t) — 1). Then for large ¢ (say, t > ko), we have

-1

<zﬂn+2un>- R

n=[t]
ORI R [t] + ¢t
logtﬁ(t) ’

This implies that lim sup,_, o 3(t) < 1since Y ;_; ur = O(L(n)). Also, given
x>0, a(t)*L(t) — 0 as t — oo.

>
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Next, fix t > 0. Given 0 < e < 1 and o > 1, since y 7 < a(y) <y ¢ for

sufficiently large y, we have s < b(s) < s~ for sufficiently small s.
Therefore

t7e?  L(b(ul))  tVo7
o = L) = &

for 0 < uw < 1 sufficiently small. This leads to

lim S e ta(u,t)dt = S e dt = I'(y+ 1),
u— o

and therefore {L(t),a(t)} is regular. In fact, given 0 < ¢ < 1 and o > 1,
since ¢ 't < b(e™t) < e 't for sufficiently large ¢,
o "(logt)” < (log(b(e™")))” < e V(logt)” for large t.

This means that (s — 1)7/L(b(e"~D™")) — 1 since € and o are arbitrary.
Therefore T' € &y, if and only if

o0
limsup (s — 1)7 Z M (T)? < 0.
s\ n=1

Here we refer the reader to Theorem 108 of [8].

3. Analytic functions on D related to symmetrically normed
ideals. Let D = {z € C: |z| < 1} be the unit disc and z,w € D. Let o(z,w)
be the hyperbolic distance between z and w, i.e.,

1. 1+|&
= —1 7'2“} .
olew) = 5loB T =2

Also, for r > 0, we denote by D(z,r) the hyperbolic ball with center at z
and radius r, i.e., D(z,r) = {w : o(z,w) < r} and, for a set X C D, let
E.(X) = U,ex D(2,7). On the other hand, let K(z,w) = (1 — 20)~? be
the Bergman kernel on I and define n(X) = 1+ §{, K(z,2) dv(z), where
dv(z) = (1/m)dxdy is the normalized Lebesgue area measure on D. The
following are some useful facts concerning the hyperbolic metric.

Given r,s > 0, there is a C' > 0 depending only on r and s so that:

F1. 7' (1—1a|®)? < |D(z,7)| < C(1—|a|?)?, where |D(z,7)| is the area

of D(z,r), for all z € D(a,r) and a € D.

F2. C7YD(z,7)| < |D(w,s)| < C|D(z,7)]| if B(w, z) <.

F3. C7'K(a,w) < K(z,w) < CK(a,w) for all w € D if z € D(a,r).

F4. (Subnormality)

C
h(a) < B D(g ) h(z) dv(z)

for any nonnegative subharmonic function A on D.
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F5. There is a sequence {w,} in D and measurable sets D,, C D so that
(1) |wn| — 1 and U,y Dy, = D, (2) D(wp,r/4) € Dy, C D(wy,T)
for n > 1, (3) D, N Dy, = 0 if n # m and (4) there is an N € N
depending only on 7 such that any z in D belongs to at most N of
the sets {D(wy, 2r)}.

The reader can find details about these properties in, for instance, [21].

Now let m = 1, m;; \, 0 and L(¢) > 0 be nondecreasing continuous for
t > 1 so that L(n) = Y, _, m for each n. Fix r > 0, p > 1 and consider the
space

analytic on su _ DIPK(z,2) P du(z) < oo
{1 smavtic on D= sup, 2y VPR (2! () <o},

where X' CC D means X' is a compact subset of . We denote this space by
BL7P(D)'

PropoSITION 3.1. Given r > 0, the space EL,p(]D)) is a Banach space
with norm defined by

1]l := sup (;hﬂz)rﬁf«z z>1—1’dv<z>)w
veen \E((E, (X)) ) | |

Furthermore, f(2)K(z,2)™' =0 as |z| = 1 if f € ELP(D).
Proof. Let z € D. Then there is a C > 0, depending only on 7, so that

(a) C7'K(z,2) < K(C,¢) < CK(z,2) and C™1(1 = [2*)? < |D(¢, 5)| <
C(1—12?)%if ¢ € D(z,2r), s =1 or 2r,
(b) h(z) < (C/|D(z,1)]) SD(Z ry Iv dv for any subharmonic function 2 > 0.

It follows that for any f € B L,p We have

p L p v
FEP < e D(;T)!f(C)I v ()
<21 — o) | IAQPKC QP du(Q)
D(z,r)
C3~2(1 — | *L(1 4 C?) DR (e V=P
T D) D(;T)\ﬂm K(¢, €)' dv(¢)
L Cr2(1 - |a| )2p 4L(1+02) ) T

D(z,r)
< CPE(1 - |a|2)2p_4/3(1 +C)|fIP

for all z € D(a,r). This means that for any Cauchy sequence {f,} in B Lps
{fn} is uniformly Cauchy on any compact subset of D. So there is an f
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analytic on D such that f, — f uniformly on compact subsets of . As a
consequence, we see that

STERN, 2)|PK (2, 2) Pdv(z
xctn L<n<ET<X>>>§('f< JPK (2,2) Pdv(z) < M,

where || f,||P < M for all n. Therefore f € B 1,p- This proves the completeness
of ELjp.

Now let f € EL,p. Suppose that f(z)K(z,2)"! 4 0 as |z| — 1. Then
there exist € > 0 and a sequence {w,} in D such that S(wn,wn) > 2r if
m # n and |f(wn)| K (wn,wn) "t > € for all n. Since the sets {D(wy, 2r)} are
pairwise disjoint,

17 > limsup =,
T nooo CL(14nC)
However, since L is nondecreasing, and L(n) = Y ,_, m; with 7, \, 0, the
sequence neP /CL(1 + nC) cannot be bounded, a contradiction. Hence we
must have f(2)K(z,2)"! — 0as |z] = 1if f € EL,p. n

We will now seek alternative characterizations for functions in B Lp, 1N
particular when {L(t),a(t)} is regular for some a(t). First, given r > 0, let
us recall the decomposition {D,,} of D (with respect to r) mentioned earlier
in F5 and let ® denote the collection of all possible finite unions of D,,’s.

PROPOSITION 3.2. Let m, \, 0, m = 1 and L(t) be a nondecreasing
function on [1,00) with L(n) = >_}_, 7, for all n. Then given r > 4s > 0,
p > 1, and f analytic on D, the following are equivalent:

i) li _ DPPK (2, 2) P du(z) < oo
(i) Tim sup L(n(Es(X))))S(’f( PEK(2,2)' P dv(z) < oo,

i) li _— DPK (z,2) 7P do(z) < .
) timsnp 7 § SR (e02) 0 o) <

Proof. As usual, we may choose a C' > 0, depending only on 7 and s, so
that
CT'K(z,2) S K((,¢) < CK(z,2)

and
CTH1 - |12)? < |ID(C, 1) < C(1 — |2[)?  if ¢ € D(z,1),

for t = r/4, r, 2r and s. Therefore, if D = (Ji_, Dpn, €D, then 1+C~1n <
n(D) <1+ Cn.

Now let X be a compact subset of D and choose D € © such that X C D
and X ¢ D’ for any D' C D. Let D = |J;_, Dy,. By the choice of D,
X N Dy, #0 for each k. Pick z, € X N D,, for k=1,...,n. Let N be the
positive integer such that every z in D is covered by at most N of the sets
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{D(wn,2r)} (see F5). Then, since D(zk, s) C D(wp,,2r) for each k, one has

(1) S gdvgz S gdv< N S gdv

Uk—1 D(zk,s) k=1 D(zg,s) Uk—1 D(zg,s)
for any nonnegative measurable function g on D. With ¢(z) = K(z, z), this
gives

n(kLiJlD(zk,s))<1+Z S (z,2)dv(z <N17(LTLJ D(z, s ),

k=1 D(z,s) k=1

which implies

n n
) ¢ 2(|J Diars)) <n(@) < Ny (| Dizis 9)) < C2Nn(EL(X)).
k=1 k=1
Hence there is a Kk > 0, depending only on r and s, so that
1 p I-p K P I-p

L) LKA ) < s PR ) )
since L(1 + zot)/L(t) is bounded for ¢ > 1 and every xy > 0. This means
(ii) implies (i).

Conversely, since the hyperbolic metric § is invariant under M&bius
transformations, there exists an integer M > 0 such that in any hyper-
bolic disc with radius 27 there can be at most M points which are at least
r/2 apart (in the hyperbolic metric). This means that in every disc D(z, 2r),
there are at most M wy,’s (see F5). Consequently, for every D € ©, there
exists Dy € D such that (a) D C Dy; (b) Es(D) C Dy if s < r/4, where D is
the closure of D; (c) if D is the union of k of the D,,’s, then Dy is the union
of at most kM of the D,,’s. Hence, for 0 < s < r/4, we have

1+C™'k < (D) < n(Es(D)) < (Do) < 1+ kCM,

and therefore
1 1- 1-
L)) WP D! o) < o IR (2,2) 7 do(2)
D D
for some k' > 0. This means that (i) implies (11). .

An immediate consequence of Proposition 3.2 is

COROLLARY 3.3. The definition of §L7p does not depend on r or the
decomposition {Dy}.

Let € > 0. The capacity function C(g,X) of X C ID with respect to the
hyperbolic metric is the maximum number of points 27, 29,... in X such
that the distance of any two distinct z; is at least e:

B(zi,2j) > €, i #].
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It is clear that if X is bounded away from 0D, or bounded in terms of the
hyperbolic metric, then C(g, X)) < co. Given such an X and an r > 0, we
can always find a sequence {w,} in D and pairwise disjoint measurable sets
{D,} satisfying the condition in F5, such that the number of w,’s in X
equals C(r/2, X'). Therefore, as a consequence of Proposition 3.2, we obtain

PROPOSITION 3.4. Let m, \, 0, m1 = 1 and L(t) be a nondecreasing
Jfunction on [1,00) with L(n) = Y peq Tk for all n. Then given r > 0 and
p > 1, f belongs to Br,, if and only if

o S . 2)|PK (z,2) P dv(z) < oo
Q#XECDL(C(T/ZX)))S(W IPK(z,2) P dv(z) < .

In the theory of symmetrically normed ideals, it is known ([7, p. 150])
that if Y27, 7, < oo for some 1 < p < oo, then T' € Sg, implies T € &),

and we have
> p\1/P
ITlls, < (3 78) "I la,.
k=1

In the next result, we show that similar properties hold for B Lp:

PROPOSITION 3.5. Let {my} be a binormalizing sequence and let L(t) be
a nondecreasing function on [1,00) such that L(n) = Y ,_ 7 for all n.

Suppose that Y po 7r£ < oo for some 1 < p < oo. Then By 1 C By, where

Ep = {f analytic on D : S If(2)|PK (z,2) P dv(z) < oo}.
D

Proof. We will make use of the following (7, Lemma 15.2]):

Let ky = {(&y.-56n) 1 & > -+ > &, >0}, and {7} be a sequence of
positive numbers. Then

Zk 1 Mk
Ml < Y mREk - e
Z Z S

for all (m1,...,nn), (&1y-..,&n) € kn.

Now fix an r > 0. There exists, as before, a C' > 0, depending on r, such
that C71K(z,2) < K(¢,¢) < CK(z,2) and C7}(1 — |2]?)? < |D(¢,8)| <
C(1—1z%)? if ¢ € D(z,2r), s = r or 2r. Also, choose a decomposition { Dy}
of D as described in F5. By the mean value theorem, we can find z;, € Dy,
for each k so that

V 1£(2)IPK (2, 2) Pdo(2) = |f (1) IPK (21, 2) 7| Dil-
Dy,
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Therefore

| 1F)PE (2, 2) 7P du(z) < O f (20) IPK (21 24) P

Dy,
Since f(2)K(z,2)~t — 0 (Proposition 3.1), we may assume, without loss of
generality, that np = |f(2x)| K (2k, 2z) 71\ 0. It is not difficult to see that
for each n, there is a (&1,...,&,) € ky such that

- o N1

Y- Yma- ()" tilon

k=1 k=1 k=1 poq
Therefore

S 1f(2)PK (2, 2)" P dv(z) < KZC2(Z7T )HfHI;L )

k=1
for some x > 0. This completes the proof. =

The above result establishes, at least in theory, the existence of Banach
spaces between B and ﬂq>pB However, to show that strict embedding
can occur, we need some tools to enable us to compute upper bounds for

1
s | | f(2)PK (2, 2) 7P do(2)
LB @) )
more effectively. We shall do this when {L(¢),a(t)} is regular; in this case,
we can also characterize By, without the presence of r:

PROPOSITION 3.6. Let m, \, 0, m = 1 and L(t) be a nondecreasing
function on [1,00) with L(n) =Y p_, ) for all n. Assume that there exists
a(t) \, 0 strictly ast — oo such that {L(t),a(t)} is reqular. Let f be analytic
on . Then the following are equivalent:

1
O T8 T E ()

() TS L oe—amy 4

| 1£(2)IPK (2, 2)! Pdv(2) < oo.

V1 (2)19K (2,2) dv(2) < 0.

Proof. Fixr > 0. Let { Dy} be a decomposition of D with respect to r, as
described in F5, and let wy, be the corresponding sequence in D. Recall from
the proof of Proposition 3.2 that there exists an integer M > 0, depending
on r only, so that for every disc D(z, 2r), there are at most M wy,’s belonging
to D(z,2r). Also, choose again a C' > 0, depending only on r, so that

(a) CT1K(z,2) < K(C,¢) < CK(z,2) and C7'(1 — |2[*)* < [D((, 5)| <

C(1—|z]*)?%if ¢ € D(2,5), s=r/4, r, 2r,

(b) h(z) < (C/|D(z,s)|) SD(M) h dv for any subharmonic function h > 0,

if s=r/4,r2r.
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Now, for each ¢ such that p < ¢ < 2p, choose 2z, € Ewk for each k so that
V172K (2, 2) "9 dv(2) = | (2k0)|"K (21.q> 2k.g) | Dkl
Dy,
(mean value theorem). Hence
[ 17 ()17 (2. 2)' v (z) < C|f (20.) K (s 210) ™
Dy,

for each k. On the other hand, set px = sup,<,<op{|f (2k.q) 1K (2kq> Zk,q) ' }-

Since f is continuous on D and Dj, is compact, there is a z; in Dy so that
wr = | f(2x)| K (21, 2z) " for each k. Therefore,

W< | I (2, 2) de(2)
D(z,r/4)
for all k > 1 and ¢ > p since |f|? is subharmonic.

Now assume that (i) holds. Then by Propositions 3.1 and 3.2, puy — 0 as
k — oo. Let {¢;} be a rearrangement of {2x} so that \; = | f(¢)|K (¢, ¢) ™1

N\ 0, and let {ij}7 j = 1,2,..., be the corresponding rearrangement of
{Dk} So
1 " c3—pr I
- W< - Z S 1f(2)PE (2, 2)17P du(z)
J — )
L2+ n) o L2+ n) = D
C3 PN
<——— | EPK(E-2) ()
L(2+n) 0 Dy
C3 PN
< P 1-p
= L(1+ M-1C~15(Dy)) 1§0 |f(2)PK (2,2)" P dv(z)
C3 PNk
< —— \ If()PK(z,2) P du(z),
LGDw)

where Dy = (Jj_, Dy; U{D; : D; is adjacent to some Dy, } and & > 0, since
14+ C™'n < (D) <1+ Cn if D = Jj_, Dy, (by (1), (2) in the proof of
Proposition 3.2), and L(t)/L(1 + zot) is bounded for ¢ > 1 and any xo > 0.
Therefore, by (the proof of) Theorem 2.1, and the fact that

o0

FIF)TR (2, 2) 0 do(z) = 37§ )K=z, 2) 7 do(z) < 2L
j=1

D k=1 Dy,
a constant multiple of the limsup in (i) dominates that in (ii).
Suppose now, conversely, that (ii) holds. Then

VIf (29K (2,2) " dv(z) < o0
D
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for all ¢ > p. Therefore, | f(2)|K(z,2)~! — 0 as |z| — 1. Now choose z;, € Dy,
for each k so that

| 1F2)PK (2 2) P do(z) = | f(z0)IPK (21, 26) 7P| Dil
Dy,
and consider py, = | f(2x)| K (2k, z;) 1. Then py, — 0 as k — oo and we have
[ 1 PK (2,2 P do(=) = | 1)K (2, 2) 7K (2, 2) do(z) < G2l
Dy Dy,
Also, since |f|? is subharmonic for ¢ > 1,
<O | FEITE (2 2) 0 du(s).
D(Zk,T/Q)

Now let {¢;} be arearrangement of {z;} so that A\; = | £({;)|K (¢, &)™\, 0.
Then by the definition of the A;’s, and Theorem 2.1,

1
limsup ———— \ |f(2)|PK (2, 2) P dv(z
msu Ly ) K )
1 - 1 -
< C?lim sup ————— < k' C? lim sup — 2\
n—o0 L(1+Cln); J ~p  L(ble=(ap) 1)); J

1
< K% 4 lim sup ————
a\p L(b(e (q p) )) j=1 D(Cj,?"/4)

1
< K'CP7IN lim sup S £ (2)|K (2, 2)' "9 dv(2)
- L(b(e—(a—p)7" ’
o Lible D Gz, iy

1
< #'C57N lim sup — If(2)|9K (2, 2)" 7 dv(z)
oy L(b(ele7P) 1))%

for some k' > 0 and N > 0. This completes the proof. m

REMARK. The main idea of the proof of Proposition 3.6 is due to S. Y. Li.

In the theory of symmetrically normed ideals, it is well known that the
symmetrically normed ideal &g, is separable if and only if L is bounded,
ie., > .2 m, < oo. Here we present a function space analog of this result,
but in a weaker form:

PROPOSITION 3.7. Let {wyn} be an interpolating sequence in D. Let
an "\, 0 be a sequence so that

n p
.. 1«
lim inf @

> 0.
nhe L{n)
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Assume that there is an f € EL’p such that M~ oy, < |f(wn)|K (wn,wn) ™t <

May, for allm and for some M > 0. Then By, is separable if and only if L
s bounded.

Proof. If L is bounded (i.e. Y 7, < 00), then ELJ, is simply the space

{f analytic on D : S 1f(2)PK (2, 2)" P du(z) < oo},
D

which is obviously separable. On the other hand, suppose that L is not
bounded. Then, by the assumption, there is a § > 0 and n; < ng < --- such
that

Nk4+1— 1

Za>6

L(n -n
(k+1 k) P

for all k. Let ¢ = {ex} be a sequence of 0’s and 1’s and let g. € H*>
be such that g.(w;) = ek if np < ¢ < ngy1. The cardinality of the set
F = {fge : ¢ = {ex} is a 0-1 sequence} is apparently the cardinality of R,
and hence an uncountable subset of B Lp-

Now suppose that ¢ # €’. Then ¢j, # €], for some k, which means that
|ge(wi) — gor(wi)| = 1 if ng < i < ngy1. On the other hand, since {w,,} is an
interpolating sequence, there is an r > 0 such that S(wp,, wy) > 2r if m # n.
Again, choose C' > 0, depending only on r, so that

(a) C7'K(z,2) < K((,¢) < OK(2,2) and C71(1 - [2*)* < [D((,8)] <
C(1—12?)%if ¢ € D(2,2r), s =1 or 2r,
(b) h(z) < (C/|D(z,7)|) SD(M) h dv for any subharmonic function h > 0.

Then
Hfgs - fgz-:’H

nk+1—1

S| 1FEN9:2) — g (2)PK (2, 2) 7 do(z)

i:nk D(wl 7T)

1
>
- L(l + C(nkJrl — nk))

—1 n —1
Cprfl Nk+1 K k+1
> Y S, S— of > k6
L(1+ C(ngs1 —ng)) Z:an © 7 L(ngs1 — ng) Z:an ‘

for some k > 0 since L(1+ Ct)/L(t) is bounded. Therefore {h € §L7p :
Ilh — foell < ké}, fge € F, is an uncountable collection of pairwise disjoint
balls with the same radius in By, ;. This completes the proof. m

EXAMPLE. Let logz be a branch of the logarithm defined on the slit
plane

C\{z:Re(z) <0, Im(z) = 0}.
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For v > 0, consider the analytic function f on I defined by
f(2) = (log(log 6 — log(1 — 2)))" " (log 6 —log(1 — 2)) ' (1 — 2)~%.

Here the log6 only serves to eliminate unnecessary singularities. We will
show that f € Bj4(1og4)v,1- Since we have already seen that {1+(logt)”, a(t)}
is regular for some a(t) (example after Theorem 2.1), it suffices to show, by
Proposition 3.6 and the definition of f, that

1
su
1292 1+ (log(b(e— =D 1)))7

where A =D N (D + 1), since f is bounded on D\ A. Moreover, since

VIF(PE (2, 2)' 7P do(z) < oo,
A

log 6 < log 6 — log|¢| < [log¢ — log 6] < ((log 6 — log [¢])* + 7)/2

and

7r
1 —log6)| < arct
larg(log ¢ — log 6)| < arctan 27086

for ¢ € A, we can find ¢, > 0, depending on v, such that
[F(2)PK (2,2) 7P < o[ f(2)[PK (2, 2)' 7P

for all z € D with |1 — 2| = 1 — x, where 0 < x < 1. Therefore, we only need
to show that

1
su
1202 1+ (log(b(e= =D 1)))7

1
J1/(@)PK (2,2)'77(1 — 2) de < oo.
0

However, since there is a ¢y > 0 such that (logt)?~!/t strictly decreases for
t > ty, we have

1
If @) PE(e,2)'7P(1 - 2) da

0
o)

(log(t +log 6))0— 1 =, (log n)(~1p

< 4P dt <
- (S) (t + log6)P =n nz:; np

for some x > 0 which does not depend on p. Therefore, f € §1+(logt)”/,1 by
Theorem 2.1. Furthermore, since z,, = 1 —1/2" is an interpolating sequence
inD and | f(2y)| K (zn, ) is obviously comparable to (log n)’~!/nforn > 2,
we see, by Proposition 3.7, that Bl_;'_(logt)'y 1 is nonseparable for all v > 0,
and that f belongs precisely to Bl+(10g #)7,1, which means that Bl+(1og om1 G
Bl+(1ogt)72,1 0 <y <.

With a similar argument, we obtain the following result, which may not
be obvious from the function theory point of view:
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THEOREM 3.8. There are infinitely many nonseparable Banach spaces
between B), and all By with ¢ > p > 1, where By, is the analytic Besov space

{f analytic on D : S |f"(2)|PK (2, 2) Pdv(z) < oo}.
D

4. Operators on H?(D) which belong to a symmetrically normed
ideal. Consider H? = H?(D), the Hardy space on D. In this section, we
discuss criteria for several types of operators on H? to belong to the ideal
Sg, generated by the sequence {m;} and the norming function

n

1 1/p R
@L(;r):sup<m2xzp> , = (r1,...,20,0,...) €T,

k=1
where L(t) is nondecreasing on [0, 00) with L(n) = > }_; m and 1 < p < oo.

4.1. Hankel operators. Let P denote the orthogonal projection from
L?(0D) onto H%(D) (called the Szegd projection). Given f analytic on D
so that f = Pg for some g in L*>°(9D) (or f € BMOA, the space of func-
tions in H? whose boundary values are of bounded mean oscillation), the
(small) Hankel operator with symbol f is a bounded operator on H? defined
as

hy:=PM¢R,

where R : H? — (H?)* is defined by (Rg)(z) = g(Z). The problem of char-
acterizing the analytic functions f on ID so that hy € &,, for some p > 0 has
attracted attention of many mathematicians including R. Coifman, S. Jan-
son, J. Peetre, V. Peller, R. Rochberg, and K. Zhu. For example, Peller [16]
shows that for 1 < p < oo, hy € G, if and only if f € B, and there is a
C > 0 such that

Cfl, < lhslls, < Clflb,.

A similar result was obtained by Coifman and Rochberg [3] on the upper
half-plane in C for p = 1 and by Rochberg [17] for p > 1. Results for
weighted Bergman spaces on D (for definitions see, for example, [5, Chap-
ter 2]) were proved in [10] for 1 < p < oco. In addition, several authors
including M. Feldman and R. Rochberg [6], G. Zhang [19], and K. Zhu [20]
have also studied criteria for Hankel operators to be in the Schatten classes
on weighted Bergman spaces in higher dimensions. In the 80’s and 90’s,
Hankel operators in symmetrically normed ideals generated by binormal-
izing sequences have found application in noncommutative geometry and
quantum physics. For instance, the Hankel operators in the ideal £ gen-
erated by the harmonic sequence played a central role in the construction of
an important mathematical tool later known as quantized calculus (see [4]),
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while J. Bellisard and coworkers have connected Hankel operators in £
to their study on the quantum Hall effect [1].

Now, by complex interpolation, there exists C' > 0, depending on p only,
so that

CHfls, < lhglls, < ClIflI5,
for all p < ¢ < 2p. So, according to Theorem 2.1, Corollary 2.2 and Propo-
sition 3.6, one has

THEOREM 4.1. Let f be analytic on D. Let {m} be a binormalizing
sequence, and L(t) be nondecreasing on [0,00) such that L(n) = > }_, T
for all n € N. Suppose that {L(t),a(t)} is regular for some a(t) \, 0 strictly
fort>0. Then hy € &g, if and only if f" € §L7p.

For the remaining types of operators to be discussed in this section, the
following result proves to be useful:

PROPOSITION 4.2. Let T be a positive definite compact operator on H?.
Assuming further that {L(t),a(t)} is regular for some a(t) \, 0 strictly for
t > 0. Then, given r > 0, the following are equivalent:

- 1
(i) hXHéi%p LB )S((TKZ,KZMU(Z) < 00.

(ii) 11151\8;11) L(b(e=(a=p)1)) H§)<TKz7KZ>qK(ZvZ)1_qu(Z) < 0.

The function K, is the reproducing kernel defined by K,(w) = K(z,w).

Proof. For any orthonormal basis {e,(z)} in H?, one has

K,(w) = Z men(w)
n=1

(see, for example, [21]). Now suppose that {e,(z)} is an orthonormal basis
of H? such that

oo
Tf = Z )\n<f> en>en
n=1
for all f € H?, where \,’s are the singular values for T'. Therefore
(TK,, K.) Z Anlen(z

So (TK,, K,) is, in particular, subharmonlc on . Now the proof of the
proposition is obtained by replacing |f| with (T'K,, K.) in the proof of
Proposition 3.6. =

In the remaining part of this article, we still assume that {L(t),a(t)} is
regular for some a(t) \, 0 strictly for ¢ > 0.
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4.2. Toeplitz operators defined by Borel measures. Let p be a positive
Borel measure on . We define the Toeplitz operator T, (see [13] for details)
by

Tu(f)(2) = | f(w) K (z,w) dp(w).
D
By Lemmas 2.1 and 4.5 in [12], for 1 < p < o0, T}, € &, if and only if

(515 (2,0 dpu() ) K (2, 2) dv(2) < o0,
D D
and there is a C' > 0 such that
_ q
CUTUE, < § (VK0P du(w)) K (2, 2) do(z) < CITIIG,
D D
for, say, all p < g < 2p. But on the other hand, it is evident that
(TMK?n Kz> = S ‘K(27w)|2 dlu’(w)'
D
Therefore, by Theorem 2.2, Proposition 3.6 and Proposition 4.2 we have

THEOREM 4.3. Let p1 be a positive Borel measure on D. ThenT,, € &g,
if and only if T,(2) = §p |K (2, w)Pdp(w) € Brp.

4.3. Composition operators. Let ¢ : D — D be analytic and consider the
operator U, defined by

Co(f)(2) = fle(2)),

called the composition operator with symbol ¢ (for a complete description
and the history of the development of the theory of composition operators
see, for example, [5]). The following result is a consequence of Theorem 2.1,
Proposition 3.6, Proposition 4.2 (applied to the operator T' = |C,|) and
Theorem 1.1 in [12]:

THEOREM 4.4. Consider the Berezin transform By, of ¢ defined as

B, () = (K(.) ™ | IK (2 plw)) P dv(e)
D

Then C, € &g, if and only if B, € EL,p.
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