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A SPHERICAL TRANSFORM ON SCHWARTZ FUNCTIONS
ON THE HEISENBERG GROUP ASSOCIATED
TO THE ACTION OF U(p, q)

BY

T. GODOY and L. SAAL (Cérdoba)

Abstract. Let S(H,) be the space of Schwartz functions on the Heisenberg group H,.
We define a spherical transform on S(H,,) associated to the action (by automorphisms)
of U(p,q) on Hy, p+ q = n. We determine its kernel and image and obtain an inversion
formula analogous to the Godement—Plancherel formula.

1. Introduction. Let n > 2 and let p, ¢ be natural numbers such that
p+ g =n. Let H, be the Heisenberg group defined by H,, = C" x R with
group law

(z,t)(2,t) = (2 + 2/, t +t — Im B(2, ?))

where
P n
B(z,w) = sz‘wj — Z ZjWij.
Jj=1 Jj=p+1
For x = (z1,...,2,) € R", we write x = (2, 2”) with 2’ € RP, 2" € RY. So,

R?" can be identified with C" via the map

o', 2"y ") = (@' +iy, 2" —iy”), 2,y eRP, 2",y e RY.
In this setting, the form —Im B(z,w) agrees with the standard symplectic
form on R2(P+9) and the vector fields

1 0 0 1 0 o0 . 0

IT e Tar, T Mg Ty T ™ ot

form a standard basis for the Lie algebra h,, of H,,. Thus H,, can be viewed
as R™ x R" x R via the map (z,y,t) — (o(z,y),t). From now on, we will
use freely this identification.

Let S(H,,) be the Schwartz space on H,, and let S'(H,) be the space of
corresponding tempered distributions. Consider the action of U(p, q) on H,
given by g - (z,t) = (gz,t) (note that since we have assumed that p,q > 1,
U(p,q) is noncompact). So U(p,q) acts on L*(H,), S(H,) and S'(H,) in
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the canonical way. The subalgebra Uy, 4)(hn) of left invariant differential
operators which commute with this action is generated by L and T where
p n
L=2 (XG+¥) = 3 (X5+7))
j=1 J=p+1

and T is as above (cf. [5]). We observe that it is commutative, since T'
belongs to the center of h,.

Moreover, for A € R — {0} and k € Z, there exists a tempered U(p, q)-
invariant distribution (on Hy,) S\ satisfying

(1.1) LS)Hk = —|)\‘(2k —|—p—q)S)\,k, iTS)Mk :)\S)\,k
and such that, for all f € S(H,),
(1.2) F=Y"1 fxSailA"dx
kE€Z —oo
(cf. [5]).

Let us recall some facts concerning the compact case p = n, ¢ = 0, i.e.,
when U(p, q) = U(n). In this case it is well known (see [6]) that Uy, (hn)
is a commutative algebra if and only if the convolution algebra L(l](n)(Hn)

of U(n)-invariant integrable functions is commutative, that is, (Hy,,U(n))
is a Gelfand pair. Its spectrum, denoted by A(U(n), H,), can be identi-
fied, via integration, with the set of bounded spherical functions of the pair
(U(n), Hy). These spherical functions can be classified (see [2]) as:

a) The spherical functions of type I, i.e., those that restricted to the
center of H,, are nontrivial characters. These are given by

B (2 t) =MLY (M |27 /2)e BP/4 N £0, k>0,
where £ is the Laguerre polynomial of order n — 1 and degree k normal-
k
ized by L£}71(0) = 1.

b) The spherical functions n,, of type II, i.e., those that are constant on
the center. They are given, for w € C™ — {0}, by

21 —1)!
(2, 1) = == Jn-1(|2] [w])
“ (2l fw[)n=t "
where J,_1 is the Bessel function of order n — 1 of the first kind, and by

no(z,t) = 1.
We set
A1(U(n), Hy) ={¥ € A(U(n), Hy) : ¥ is of type I},
Ay(U(n), Hy) ={¥ € A(U(n), Hy,) : ¥ is of type II}.
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For f € Lllj(n)(Hn), its spherical transform ]?: A(U(n),H,) — C is
defined by
Fwy = | flz,t) (1) dz dt
Hy
where dzdt is the Haar measure (i.e., the Lebesgue measure) on H,.

In this case (p = n, ¢ = 0) the image of the radial Schwartz functions on
H,, under the map f — f is explicitly described in [3]. The notion of rapidly
decreasing functions on A(U(n), Hy) is introduced and it is proved that the
image of S(H,,) under the spherical transform is the space S(U(n), Hy) of
rapidly decreasing functions F' on A(U(n), H,) such that certain “deriva-
tives” of F are also rapidly decreasing (see Definitions 6.1 and 6.3 in [3]).

Also, in [4], a map & : A(U(n), H,) — [0,00) x R is defined by E(¥) =
(—=L(®),iT(¥)), where L(¥) and T(¥) denote the eigenvalues of L and T

respectively, associated to ¥. The image of £ is the so-called Heisenberg fan
A(U(n), H,) and it is the set

(M (2k +71),0) s A £0, k€ NU {0} U {[0,00) x {0}}.

It is proved that £ is a homeomorphism from A(U(n), Hy,) (equipped with
the Gelfand topology) onto the Heisenberg fan (provided with the topology
induced from R?).

From the above considerations it is natural to consider, for arbitrary
p,q € N with p+ ¢ = n and for f € S(H,), the “spherical transform”
F(f): (R—={0}) x Z — C defined by

(1.3) FXE) = (Sxk, [)-

Our aim is to characterize F(S(H,)) and Ker(F). In order to state our
results, let us introduce some additional notations.
For m: (R—{0}) X Z — C and (\, k) € (R—{0}) x Z define
Ak if k>0,
m* (A k) = {m( ), e
(=)™ *m(\ k) ifk<O0.
Ak if k<0,
mt (k) = {m( ), :
(=)™ *m(\ k) ifk>0.

We also set

Bm( k) = S 0" T m k-,
(14) - 1
Bmy ) =3 (1) (" Jmon ko
=0

Our main result is the following
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THEOREM 1.1. Assume that p,q > 1 with p+q =n. Then F(S(H,)) is
the space of functions m : (R — {0}) x Z — C such that

(i) we have the estimate

1 1
1. NE) < k|t NeN
15) ] < e (14 s ) e N ENUO)

(ii) the functions defined on (R —{0}) x (NU{0}) by
A\ k) = Em)Nk+4q),  (\k)— E(m™)(\ —k —p)
extend to two functions belonging to S(U(1), Hy).

We also obtain an inversion formula for F analogous to the Godement—
Plancherel formula and we determine the kernel of F.

Acknowledgments. We express our thanks to Fulvio Ricci, who in-
spired this work, to Daniel Penazzi for useful talks about combinatorial
identities, and to the referee for his/her useful suggestions and comments.

2. Notations and preliminaries. Let us introduce some notation and
recall some known facts. Let H denote the Heaviside function (i.e., H(7) =
X(0,50)(7)) and let H be the space of functions ¢ : R — C such that

p(m) = 1(r) + " (M) H(T), 1,02 € S(R).

It is proved in [9] that H, provided with a suitable topology, is a Fréchet
space. Moreover, H is the space of functions ¢ € C*°(R—{0}) that are rapid-
ly decreasing at oo in the usual sense, have the limits lim._,+ 87¢/977 and
lim,_,o- 87¢/077 for all j € N, and admit n—2 continuous derivatives at the
origin. For p + ¢ =n, p,q > 1, in [9] there is also given a linear, continuous
and surjective map N : S(R") — H whose adjoint N’ : H' — S'(R™)9(P:a)
is a linear homeomorphism onto the space of O(p, g)-invariant tempered
distributions on R™. As pointed out in [5], this construction also works to
describe the space S’ ((C”)U(p’Q), i.e., there exists a linear, continuous and
surjective map, still denoted by N : S(C") — H, whose adjoint N' : H' —
S'(C")V P9 is a homeomorphism. For f € S(H,,), we will write N f(r,t) for
N(f(-,t))(1). We have (cf. (2.11) in [5])

Nf(rt)= | Mf(.t)(o.7)(e+ )" (o — 7)1 "do,

o>|7|

where for o > |o|,

MiCH00) = | f<<g+a>l/2wu, (% O>1/2wv,t> duy du,

S2p—1w §2q—1
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Let H# be the space of functions ¢ on R? of the form
SO(Tv t) = QOI(Tv t) + TnilH(T)QOQ(T7 t)a P1,p2 € S(Rz)

REMARK 2.1. A straightforward adaptation of the proofs of Lemmas 4.2
and 4.3 in [9] shows that N : S(H,) — H* is surjective.

In order to give an explicit expression of the distributions S) ; we recall
the definition of the Laguerre polynomials. For nonnegative integers m and
a let LS, (1) (see, e.g., [8, pp. 99-101]) be given by

(2.1) Lo,(r) =Y (”7)(—1)]' . Lot () = —%L%(T)-

o \J J!
For A € R, k,s € NU{0} and (7,t) € [0,00) x R we set
(2.2) WS k(mt) o= e ML (N7 /2)e I,
(2.3) P31 1) = e LE(Alr/2)e AT/,

where L7 denotes the Laguerre polynomial of degree k and order s normal-
ized by £3(0) = 1, i.e., given by £5(r) = Li(1)/("}*).

It is well known that the family e="/2L% (1), m > 0, is an orthonormal
basis of L?(0, o). Thus (cf. [5, Theorem 4.1 and Remarks 4.2, 4.3])

(2.4) Sak = Fap®@e ™,

with F) j € 8’(C") defined by

(25)  (Fars9) = (LRequntH)" Y, 7 = 210 e T2 Ng (20 71r))
for k > 0, A # 0 and by

(26)  (Faky9) = (L4 prn )"0, 7 = 2NN 72N g(—2|A 71 r))

for k <0, A #£ 0.
For ¢ € H and j € NU {0} a computation gives

2.7)  ((LYH)" Y, ¢)

=OSO(L§-’)‘”‘%(T) dr+ > (LHT20)(59), ).
0 0<s<n—2

LEMMA 2.2. Forr € Z such that 0 <r <n —2 and for p € H,
(LY, 7 e Pp(7)) = (1) (Lo o H) "V, 7o TR0 (—7)).

Proof. A computation using (2.7) gives

(LYH)" Y 7 = e TP0(7))

-y oy (e )ene

0<i<n—2 max(n—2—nr,l)<j<n—2
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and also

(Lo—aep )"V, 7 = 7T 20(=7))

n—2—r
1 /4 neirl(M—2—r1
= . > F(JH) ]H(n—z— '><5(l)’¢>'
0<i<n—2 max(r,l)<j<n—2 J

To show the lemma it is enough to see that for 0 < r < n—2and 0 <

<n-2,
A0

max(n—2—r,)<j<n—
1 /7 g fn—2—r
= (-1 n—2 — -1 n—j+l
(1) > ()er o (C230)
max(r,l)<j<n—2
i.e., to show that for 0 < r < n — 2, the following polynomial identity holds:

(28 > ¢ > %(§>(_1)n_j (n i, —j>

0<i<n—2 max(n—2—nrl)<j<n—2
1 /3 g fn—2—-r
= (—1)"? ¢ — _qynit _
D DI SR () (B (o
0<i<n—2 max(rl)<j<n—2
If we change the summation order, (2.8) becomes

o5 o0 )35 ()

n—2—r<j<n—2 0<I<j

- > (0T (e

r<j<n—2 0<I<j

which, by the binomial formula, is equivalent to

n T t+1Y)’
(2.10)  (—1) n_g_ggﬂ (n—Q—j>< 5 >
_ n—2—r\[t—1\’
_M;L_Q <n—2—j> <T> ’
i.e., to

e (578 )T

n—2—r<j<n—2

()7 2 ()
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After changing j to n — 2 — j and recalling that 0 < r < n — 2, by the
binomial formula (2.11) reduces to

() et () et

which clearly holds. =
COROLLARY 2.3. Let g € S(C™). For0 <k <q—1, A # 0 we have

(2.12)  (Fap,9)

= (=) (L )Y, 7 = 2N TN AN (<202 7)),
and
(2.13)  (Fax9)

= (1" L g H) 7D 7 = 20Tl AN (2N )
for —p+1<k<0.u

For a given set X and for f : X xR —-C, A € R we set f(z,/)\\) =
(t — f(2,t))"(N\) where ()" denotes the one-dimensional Fourier transform
(provided that it exists).

PROPOSITION 2.4. Ker(F) = Ker(N).

Proof. If f € S(Hy,) and N f = 0, then, by (2.5) and (2.6), F(f)(\ k) =
(Sxks [) = (Fag @ e, f) = 0 and so F(f) = 0.
If 7(f) =0, from the definition of Sy, for £ > 0 and A # 0 we have

(LY gina )V, 7 = 2N 7L 2N F (2N 727, X)) = 0
and, by Lemma 2.2, for —p+ 1 < k <0,
(LY i DD, 7 2N 7L 2N F(2IA 7, X))
= ()" (L g )Y, 7 s 2N e AN F(—2A T, X)) = 0.
Thus, for 5 > 0,

IR Ly Al o~
27 e LY ()T o (e TN F(2IN T X)) dr = 0,
0
Thus
dn—l R
g (eTTPNFEIN"'7A) =0 for T >0, A #£0.

So for such 7 and A, e /2Nf(2|A|717,X) = Py(r) where Py(7) is a
polynomial of degree at most n — 2 with coefficients which (in principle)
depend on A. Thus Nf(2JA|"'7,A) = e/2P\(7). For each A # 0,
lim, o Nf(2|A| 71T, X) = 0 and so Py, = 0. This implies Nf(T,B\\) =0
for 7> 0 and X € R.
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A similar argument starting with the fact that, for k£ < 0,
(L pana )Y, 7= 2N TN F(=2I0 71 ) = 0

shows that Nf(T,/):) =0for7<0,AeR. u

3. Necessary conditions. In this section we find necessary conditions
for a function m defined on (R — {0}) x Z to belong to the image of F.
To do this, we recall the definition of the space §(U(n), H,). We say that
F: A(U(n), Hy) — C is rapidly decreasing (cf. [3, Definition 6.1]) if

(i) F is continuous,
(ii) for w € C", w = F(ny) belongs to Sy(,)(C") where 7, is the
spherical function of type II described in the introduction,
(iii) the map A — F(A, k) is smooth on R — {0},
(iv) for each j, N > 0 there exists a constant ¢; x such that

oI

Ci N
——F < —— .
‘8)& A k)‘ = NN (2k + n)N
Also we set (see [3, Definition 6.2])
OF by = Eronk) - FOLE— 1)) for A > 0,
_ ) )
MTEOR) =9 o k+
k) — SR POk +1) — F(A k)] for A <0,
ER )
and
F
OF k) = PEP Bk +1) = FOLR)] for A >0,
N ) )
MYF(AR) =1 o2 .
AR = S FOR) = FL k= 1)] for A < 0.

o~

The space S(U(n), Hy,) is defined as the set of all functions F' : A(U(n), Hy,)
— C for which (MT)!(M~)™F is rapidly decreasing for all I,m > 0.
Our results in this section are as follows:

THEOREM 3.1. For f € S(H,,) and k € Z, 37 (Ff(\ k))/ON exists for
all 3 € N and X # 0. Moreover, for each j, N € NU {0} there exists a
positive constant ¢ independent of \ and k such that

I(Ff(\E)) 1 1
N AP IANHI (R + DN
THEOREM 3.2. Let f € S(H,) and let m = Ff. Then the function
defined on (R—{0}) x (NU{0}) by (N, k) — E(m*)(\, k+q) (with E, m* as
in the introduction) can be extended to a function belonging to S(U(1), Hy).

(3.1) ' < c(\k\”l -
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Moreover, for k >0 and X # 0,

(32) B ) k+q) = (—1)" | ZQNr/2)e TN f(r R d.
0
THEOREM 3.3. Let f € S(Hy) and let m as in Theorem 3.2. Then the
function defined on (R —{0}) x (NU{0}) by (A, k) — E(m™)(X, —k — p)
(E and m** as in the introduction) extends to a function in S(U(1), Hy).

Furthermore
oo

(33)  E(m™)(\—k—p) = (~1)"1 | LU /2)e AN f(—r,R) dr.
0
For j,s € NU{0}, let 5 ;(7.t) be defined by (2.3). From (2.7) and the
definition of Sy j we have

(3.4) FfOk) =I(\E) + II(\ k)
where
(D" | e Monpg(m t)e WATN £(r,t) dr dt
R7>0 for k > q,
(35) TR = (—1" 1| | orcip(nt)Nf(—r,8) dr dt
R7>0 for k < —p,
0 for —p+1<k<qg-—1,
n—2
(3.6) II(NK) = crplAI"EDEGO NF(N))  for k € Z,
r=0
with
n—2 1 j .
Y 5 ()@ 020 for k >0,
Cr,k - J:T n—2 1 .
AT J n—7q—
CHEDY 2—](T> (L 1) " 72(0)  for k < 0.
Jj=r

Proof of Theorem 3.1. Since N f € H# we have é%(TNf(T, t)) € H*, so
by Remark 2.1, there is g € S(H),) such that Ng(r,t) = %(TNf(T, t)).
We claim that for A # 0 and k € Z, 0F f(\, k) /O exists and

OFf(\ k 1
(3.7) OPTAR) _ ipap)nm - - Folr ).
Indeed, consider the case k > q. Let I(\, k) and I1(\, k) be given by (3.5)

and (3.6) respectively. Since for j > 0 we have

Joni(r1) = —itors(r. 1) + & 2o (1)
a)\%\,g T, = —UPN;\T, \ 67_90/\,] T,l),
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after integration by parts we obtain

38 k= o (1 ] 0 o ON (1) dr )
R7>0
= | | (0" orpeg(r, t)(—itN f(r, 1)) dr dt
R7™>0
—§§ g (—1)"_130,\7k_q(7',t)%(TNf(T,t))det.
R7>0
Also,
n—2
39 Lok = 2 (T a0, N )
=0
n—2
= = > (1 + DagATFsg(\ (@D, NF(N)
=0

n—2
+ 3 A THDEO, i N (1) (V)
[=0

where (-)" denotes the Fourier transform in the variable ¢. Thus the deriva-
tive OF f(A, k)/OX exists. On the other hand,

(3.10)  —iF(tf(z,t)(\k) = | | (=) on g (. ) (—it N f(7, 1)) dr dt
R7>0

n—2
+ e AT, <N F () V).
=0

Since (61, Z(7Nf(r,1))) = (1 + 1)(6©, Nf(-,t))) we have

2

3
|

(311) 3 FgOK) = — S+ Dere A5, N, 3)

(]

| (" prkmal(r 1) e (N f 7, 1)) i
R7>0

and now (3.8)—(3.11) give (3.7) for k > g. The case k < ¢ follows from a
similar argument and using the corresponding expressions for I(\, k) and
IT(\E).

Now, induction on j implies that 07 F f(\, k)/ON exists for A # 0, k € Z
and all j.

In the rest of the proof, ci1,ca,...,c,c”, will denote positive constants
independent of A and k. To prove (3.1) we first consider the case k > q.

|
> =
ey O
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From (3.4), we have
n—2

FFOE)] < LEZHO)IN Fll 10 0opxmy + 1 D lerel [A7ED.
=0
Since LZ:;(O) - (k_gttqb_l) < k™! and || < e3k™ 2 we have
n—2
(3.12) |[FfNE)| <cq (k”_l + Z kn—l—(l+1)|>\|—(l+1))

=0

1\ ! 1
§C4<k‘+—) §C5<k:"_1+—).
Al [A[n=1

Applying (3.12) to LY f instead of f and recalling (1.1) we get

28+ = g SISO = DO < ¢ (I )

and since 2k + p — q # 0 because k > ¢, this gives

1 1
3.13 Ff\E)| < ”(k:"—1+ > .
313)  IFSORI (6T ) BT

A similar argument applies to the case k < ¢, giving (3.13) except when
q—p €27 and k = (¢ — p)/2. In this case we take (iT)" f instead of LV f
above to get

n—1 1 1
(3.14) IFFOAR)| < C<!k! + |)\‘n—1>W

for k = (¢ — p)/2. From (3.13) and (3.14) we obtain (3.1) for j = 0 and all
k and N.

Observe that for r € NU {0}, (3.1) used with j = 0 and N + r instead
of N gives immediately that

1 1
3.15 NIFFONE)| < el [k + ) .
315 IEAOR] < (I 4 ) S
An easy induction using (3.7) shows that for j > 1,
I Ff
1 N2l (k) = N Ffr(\k
(3.16) o (k) O;q F (A k)

for some fi,..., f; belonging to S(H,) and independent of A\ and k. Now,
(3.15) and (3.16) give (3.1) for all j. m

LEMMA 3.4. Let f € S(Hy). If either k > q or k < —p, then

n—2 n—1
SIS () enseata® VR =
=0

r=0 l
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Proof. Assume k > q. For r =0,1,...,n — 2 we have

n—1
n—1
Z(—l)l( l >Cr,k—l
=0

z:l n—l nzi yri k—l—-—qg+n-1
2 \r n—j—2
=0 j=

=T

e B )

=r

o))

We claim that if 0 < r § j <n—2then 8 = 0. To see this we note that G
is the coefficient of y* in the polynomial Z?;&(—l)l (";1) (1+y)™" (where
m=k—qg+n—1and s =n—j—2), ie. [ is the coefficient of y* in
(1+y)m—(n—1) Z?:O(_ ) (n 1)(1+y)n 1-1 (1+y) (n—l)yn—l. So 5 =0
since s = n—j —2 < n — 1. The proof for the case k¥ < —p is similar,
replacing k —qg by —k —p. =

We recall that (cf. [8, p. 101])

<.

Let

(3.17) L}(x) = L?“(z) - L;?jll(x).
LEMMA 3.5. For j >0,
min(j,n—1) n—1
(3.18) ) <—1>l( l )L;:ﬂa:) — L),
1=0

Proof. We first give the proof for the case j > n — 1. We proceed by
induction on n. For n = 1 the lemma is clear. Suppose that it holds for n
and j > n — 1. Then for j > n,

S0 () Bt = 50 + (1@

n—1 n—1
n—1\_, n—1\_,
#X e (" e + S ()2 ) e
=1
An index change in the last sum gives

S0 () Bt = 50 + (1

+”§<—1>l(”;1) EED 3t () S

=0
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= Lj(x) + (=1)"Lj () = Lf_y(2) + (=1)" LT,y (2)
2

+i<—1>l(”;1) (Ly = L)) (@)

- l;(—l)l(” )@ - @)
_ 2(_1)1 (” , 1) L Ma) = LO(x).

The last equality follows from (3.17) and the inductive hypothesis.
For the case j < n — 1 we write

le;(—l)l ("7 )it - :Lz;(—l)l ("7 ezt

where ¢; =1for 0 <l <jand ¢ =0 for j <l <n-—1, and now we proceed
as above. =

Proof of Theorem 3.2. Let m = Ff. For k>n —1,

n—1
-1
(3.19)  Em")(\k+q) =Y (-1) <" : )m()\, k+q—1)
=0
n—1 o]
-1 -~
= (] ) B e N R e
=0 0
n—1 n—1 n—2 R
’ ;;(‘”l( z > gcr,k+q—z\Ar<M><é“>, Nf( ) =I+IT
Now, by Lemma 3.4, I = 0 and Lemma 3.5 gives
I=(-1)"' | LA /2)e WANf (7, X) dr.
0
Thus, for K >n —1,
(320)  E(m*)(\k+q) = (=1)""" | LA(INT/2)e AIVAN £(7,X) dr.
0

On the other hand, if 0 < k <n —1,
-1
TS D SR V] (A TN S

0<!<min(k+gq,n—1)

X (") e monk -

k+g<i<n-—1
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(with the convention that a sum on an empty set is zero). Since, for 0 < [
< min(k +q,n — 1),
mAk+q—1) = (Lt H)" V.7 = 20N 7' 2Ng(2IA 7))
and since for k + ¢ <1 <n — 1 Corollary 2.3 gives
(=1)"2m\k4+q—1)
= (LY )", 7 = 2N e TN (21N 1)),
we obtain E(m*)(A\,k+q) =1+ 11 also for 0 < k <n —1 (with I and IT

as in (3.19)). Proceeding as in the case kK > n — 1 we conclude that (3.20)
holds for all k.

Let F; be the U(1)-spherical transform on S(H;) defined in [3] and let
f1 be the radial function in S(H;) given by fi(z,t) = N f(|z|%,t). Then, by
definition,

Filf1) N k) = VLY [22/2)e W EFAN£(122,X) d.

C
We use polar coordinates z = re and then we perform the change of
variable s = 2 to get
oo
Fi(fr) (N k) =7 | LY(N|s/2)e” /AN f(s, ) ds,
0

ie. ()" LE(FF)(Nk+q) = Fi(fi)(\ k) for k> 0. m

Proof of Theorem 3.3. As before, it is enough to find g1 € S(H;y) such
that for k& > 0, F1g1(\ k) = (=) LE(m*)(\,—k — p). Set g1(z,t) =
N f(—|z|? t). Following the lines of the proof of Theorem 3.2 we obtain

Fi(g)\ k) =7 | LY(|\ls/2)e /AN f(—s,X) ds
0
= (=1)" ' E(m™)(\,—k — p)

for k>0. m

4. The image of the spherical transform

LEMMA 4.1. For k> 0,

dn! 1 n—1 pn— -7 -7
(4.1) drn—1 ((n —1)! T 1‘Ck 1(7')6 ) = L2+n—1(7')€ .
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Proof. We have

1 dnfl
(n—1)! drn—1

(e (e )

1 (n—1)k! a1t
S n=1)! (k+n-—1) drt

= il - (F" e TT) = Ly (1)e”
(k+n—1)\dr
where we have used (twice) the fact that

1
[e% o, —T __
L§(r)r%e™ " = T ar

("L e )

(r9M9e=T)  for j > 0 (Rodrigues formula).

Let D be the linear operator defined on the space of polynomial functions
by DL? = Lg — Lg_l for k> 1 and D1 = 1.

LEMMA 4.2. For all m > 0,
(4.2) (%) (e7"D™(P(7))) = (=1)™e " P(1).

Proof. We proceed by induction on m. For m = 0 there is nothing to
prove. Assume that (4.2) holds. Then, for k¥ > 0,

(%)mﬂ(e_TDmH(Lg(T))) d ( d >m(e‘7Dm(DL2(T)))

=~ a\ar
= ()" (e TDLY) = (-1 TLY7).

In fact, the last equality follows from a direct computation for £ = 0, 1, and
for k > 2 observe that, taking into account (2.1) and (3.17),

(1) (e DLYT)) = (1) (eI Ly ()

= (—1)™(—e TLY(r) + e TLY_y(1) —e TLj_y(7) + e "L} _5(7))
= (=1)"™(=e TLYT) + e LY (1) — e TLY 1 (7)) = (-1)" e TLY(T). =
LEMMA 4.3. (a) For k>0 and m >0,

min(m,k) m
(4.3 o= S ()

=0

(b) If k> m then D™(LY)(0) = 0.
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Proof. The proof proceeds along similar lines to the proof of Lem-
ma 3.5. m

LEMMA 4.4. Forr>n—1,
(4.4) D HLY)(T) = ()"

Proof. From Lemma 4.2 we have

() D e = e i),

thus e =" D" 1 (LY(7)) is an (n — 1)-primitive of (—1)""te~"LY(7) and then,
by Lemma 4.1,

1
(n—1)!
for some polynomial ) of degree at most n — 2. But this is impossible if )
does not vanish identically. m

DN LM) = (1" gy T (e T + Q)

THEOREM 4.5. Let a: (R —{0}) x (NU{0}) — C be such that for each
N € NU{0} there exists a positive constant ¢ independent of \ and k such
that

1 1
4.5 AE) <en( k™! -
4s) el en(I 4 o ) v

Then for each s € NU {0} the function ¥ : [0,00) x R — R defined by

(4.6) w(rt) =Y | a(\k)Ly(|AIr/2)e” AT 4e =M ™ d)

k>0 —o0
is well defined and belongs to C*°([0,00) x R). Moreover, the series in (4.6)
converges absolutely and uniformly on [0,00) x R.

Proof. For A # 0 and k,s € NU {0} let 43, be defined by (2.2). Since
193l <1 (ct. [3]), in order to prove the absolute and uniform convergence
of the series in (4.6) it is enough to show that

o0

(4.7) S e B)AMdA < oo

k>q —o0

From (4.5) used with N = 0 and since k"~ ! + 1/|A\""!1 < 2/|A\|"7L if
IA(E+1)] <1, we get

2 |l BIDtdAsed, | %d)\écﬂz:(kil)2<oo

k>0 |A(k+1)|<1 k>0 [A(k+1)|<1 k>0
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Also, from (4.5) used with N = n+2 and since k"1 +1/|\|"~! < 2(k+1)""!
if IAM(k+1)] > 1, we get

" (k+ D" A"
d. | lakIrd<ed | gEemnts dA
E>0 [A(k+1)[>1 E>0 |A(k+1)[>1

1
:czm<

k>0

Thus we have (4.7) and so the series in (4.6) converges absolutely and uni-
formly.

To prove the remaining assertion of the lemma we observe that for k > 1,
s _ |)" k s+1
LA/ = =5 ==L (Xr/2)

and so, for k > 1,

(A R)ER(NIr/2)e P/

1 1
— (~ g ORI T/2) — aa O\ R ER(N/2) )N
where a1 (A, k) := |Aka(X k) and as(A, k) := |Aa(A, k). A similar identity
holds for £ = 0 with the term involving L',SH deleted. Since a; and a9 satisfy
the same estimates assumed for a, it follows that the series defining ¥ can be
differentiated term by term and that 0¥ /07 is a series of the form (4.6) with
a(\, k) replaced by a new a(\, k) satisfying the estimates (4.5). Similarly, we
can show that the same conclusion holds for 0¥ /0t. Now the lemma follows
by induction. m

REMARK 4.6. Let a = a(A\, k) satisfy the conditions of Theorem 4.5.
Then for 7 > 0 and X # 0, the series

w(r N = 2 ’Z (A k) LR (A |7 /2)e~AIm/4
k>0

converges absolutely (so it can be rearranged) and ¥(r,-) € L'(R). Indeed,
this follows from the assumption on a(), k) and the fact that [ | < 1.
Moreover, for each [ > 0,

O (2[A| 7L, \) _ A Z .

—_— (A k) = (LY (1)e"™/?).
ort k>0

THEOREM 4.7. Let f € S(H,). Then, for (1,t) € [0,00) X R,

(4.8)  Nf(r,1)

A 4
e | |ZE YO k4 q)LY(|A|7/2)e /462t g
R k>0
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and for (1,t) € (—o00,0] x R,
(4.9)  Nf(r,t)

A
g' |ZE YA, —k — p)LR(—|A|7/2)eM/4e =M g,
R k>0

Proof. Let f € S(Hy,) and m = Ff. Since {L2(7)6_7/2}k20 is an or-
thonormal basis of L?(0, c0), Theorems 3.2 and 3.3 imply that for all A # 0,

@10) N = (-1 IS Bmt) 0k + (/20
k>0

for a.e. 7 > 0, and

(4.11) N f(r, )\) yt |A|ZE YO\, —k — p) LY (—| A7 /2)eA/4
k>0

for a.e. 7 < 0. We multiply these equalities by e =" and then integrate with
respect to A. Since, by Lemma 4.5, the above series can be integrated term
by term, (4.8) and (4.9) follow (because they hold for a.e. 7 > 0 and a.e.

7 < 0 respectively and have both sides continuous in 7). =

REMARK 4.8. Theorem 4.7 also follows from formula (1.1) in [3] since
the restrictions to (R—{0}) x (NU {0}) can be extended to S(U(1), Hy).

In order to obtain, for a given m(\, k) satisfying the hypothesis of The-
orem 1.1, a function f € S(H,) such that Ff = m, Theorem 4.7 suggests
considering the functions ¢ : [0,00) Xx R — C and ¢3 : (—00,0] x R — C
defined by the right sides of (4.8) and (4.9) respectively. After checking that
they agree for 7 = 0, we will prove that the function ¢ : R?>— C given by ¢
and @y belongs to H#, and then we will choose f such that N'f = . We
fix such ¢y and ¢y from now on.

S([0,00) x R) will denote the space of functions h : [0,00) x R — C
which are C* and rapidly decreasing at infinity (with the derivatives at
7 = 0 understood as lateral derivatives).

LEMMA 4.9. Assume that m satisfies the conditions of Theorem 1.1.
Then @1 € 8([0,00) x R) and ¢3 € S((—00,0] x R).

Proof. From our assumptions on m, Theorem 6.1 in [3] gives functions
fi = fi(z,t) and fo = fa(z,t) which are radial in z, belong to S(H;) and

fl(Z,t) S ’)\| ZE )\ k+q)L0(|)\| ‘Z‘ /2) —|\| |2]2/4 71)\td>\
R k>0
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and
fa(2,1)
A )
= (~1)"" 13' |ZE Y\, —k —p)LY(|A] |2[2/2) e~ M1/ 4e=irt gy,
R k>0

So p1(T1,t) = f1(71/2,t) for (7,t) € [0,00) x R and ¢o(7,t) = f2(|7'|1/2,t) for
(1,t) € (—00,0] x R, and the lemma follows by proceeding as in the proof
of Theorem 6.1 in [3, pp. 410-412]. =

From the definition of ¢; we have
901(7-7 t)
- A
_ Y ( )'2' Ok tq— D@ (7. 1) dA.
k>00<I<n—1R

Note that this series can be rearranged by Theorem 4.5. We first change
the summation order, then we change the index in the sum on k setting
j=k—q—1, and finally we change [ to n — 1 — [ to obtain

Qpl(T’t)
DR DI (VU (R B E PO ION

0<I<n—-1j>—p+1+IR

Now we change the summation order again to get

Qpl(Tvt)

S LA D SRl (i 2 (7.1)
- 9 ) l @A,j—q-‘,—n—l—l )
j>—p+1R 0<!<min(j+p—1,n—1)

and so by Lemma 4.3,

A n— —|AlT —1
(112) (1) =3 [ Bl (D" B )N /20 P e
J2qR

|>‘| n— —|A|T —1
+ > = 5 m (A 4)(D LLO_ 1) (N[ /2)e "R/ e midt gy,
—p+1<j<g—1R

Then, by Lemma 4.4,

prr) =3 F2lmor iyt

JjzqR ( 1)

1

F(AIT/2)" RS (7, 1) dA

AL n— A/ i
+ D> VS m DD TILY ) (T /2)eT T T dx
—p+1<j<g—1R
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Thus, p1(7,t) = & (7, t) + m(7,t) where
&) =Y oy 2

(A2 R (7, t) dA,

Jj2qR ( !
771(7—7 t)
’A| * . n__l
- Z S 7m ()\’]) Z (_1)l I wf)\,j—q-‘rn—l—l(T’ t) dA.
—p+1<j<¢—1R 0<I<j+p—1

Similarly, @o(7,t) = &o(7,t) + n2(7,t) where

() = 3 15 mOn D)0 (A2 e (r o
J<-pR
772(7—7t)
SED DI ETCW D SR Gl () T SR ION
—p<j<q—1R 0<I<g—1—j

Observe that by Theorem 4.5, & (7, t) =7""1& (7, t) with £ € COO([O o0

X
and so %(0, t)=0for 0<I<n—2and all t € R. Analogously, 5 52 2(0,t)
for0<Ii<n-—-2,teR.

Our next step is to prove that

R),
0

%1 0°py
4.1 <s<n-—-2 R
(4.13) s (0,t) = rs (0,t), 0<s<n—-2teR,
i.e., for each t,
88 0° m2
4.14 <s<n-—2.
(4.14) aTS(Ot) 5re —=(0,t), 0<s<mn

Observe that from Theorem 4.5 we have, fort e Rand 0 <1 <n — 2,

-1 q—1
o m A n— . . i
P 0.0 =1 1S (2 16500 + 3 mh )G () e dn
R j=—p+1 §=0
and
o' IS
2 . n— . —1
—.10.0)=] 7( > m(A,J>Hj,l<A>+Z<—1> 2m<A,y>Hj,z<A>)e A dx
R Jj=—p+1 j
with G, H;; independent of m and the mtegrals being absolutely conver-
gent. But (4 14) holds if and only if
1 qg—1
(4.15) > (=D)"PmA )G + ) mAH)Gia(N)
Jj=—p+1 7=0
-1 q—1
= > mADH) + Y (1) Pm(X ) Hja(N)
j=—p+1 j=0

for all A # 0.
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From Theorem 4.7, this clearly holds if m = Ff for some f € S(H,),
because the first n — 2 derivatives of N f(-,t) are continuous at the origin.

Moreover, for each A and j such that A 2 0 and —p+1 < j < ¢q—1,
Proposition 4.10 below gives an f € S(H,,) (depending of A and j) such that
for —=p+1<k<q—1, Ff(\Ek)=1ifk=j,and Ff(\k)=0if k # j. So
for such A and j, Gj;(\) = (=1)"2H;;(\), 0 <1 <n-—2.

1

PROPOSITION 4.10. Given A#0 and n—1 complex numbers {aj}?;pﬂ,

there exists f € S(H,) such that
(416) j:f(Avj):aj: _p+1S.j§q_1-
Proof. We take f such that Nf(T,/)\\) = w(|)\|7'/2)e|/\|T/41;()\) where

w, 1 € S(R), w € Ce(R) and (N) = 1. We recall that from the definition
of Ff,

FFOK) = (LY gt H) D, 7 20| 7L 2N F (2N 727, ),

0<k<gqg-1,
and
FIOK) = (Lot ), 7 20T 72N f(=2]A 717, 0)),
—-p+1<k<0,

and from Corollary 2.3,
FFOR) = (—1)" (LY g H) 0,72 20T TN F(2IN 7 N))

for —p+1 < k < 0. So, from our choice of f and since zZ(A) =1, (4.16)
reads ap = 2\)\0]*1<(L2_q+n_1H)("*1),w) for 0 < k < qg-—1, and a; =
(—1)"’22])\0\’1<(L2_q+n_1H)(”’1),w> for -p+1 <k < 0. But for —p+1 <
kE<qg—1wehave 0 <k—qg+n—1<n-—2.So, by (2.7),
n—2
(LY —gin—t )"V =3 (LR )" 272 (0)81).
s=0
To obtain (4.16) it is enough to find S, ..., Gn—2 solving
n—2
Z(Lg—qﬁ-n—l)(n_Z_S)(0)(_1)(8)/68 = [Aax/2, 0<k<qg-1,
s=0
n—2
Y TR i) TO) () Bs = (-1)" P Nar/2,  —p+ 1<k <0,
s=0
and then to find w € C®°(R) such that w®)(0) = B, for s=0,1,...,n—2.
This is a linear system in {w(*)(0)}"Z2. Since (L)) (0) = (—1)5(1;), the as-
sociated (n—1)x (n—1) matrix A is lower triangular with £1 on the diagonal.
So A is nonsingular and the existence of fg, ..., B,_o follows. Now, we take
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w = P(7)&(7), where P is a polynomial of degree n — 1 with P()(0) = g,
for s =0,...,n—2 and where @ € C°(R), supp(w) C (—2,2) and w(7) =1
forre (—1,1). m

A classical result due to Borel states that given a sequence {%‘}?L of

complex numbers, there exists a C°°(R) function v such that w(j)(()) = aj
for all j. Moreover ¢ can be taken in C2°(R). A similar result holds in two
variables. Since we have not been able to find it in the literature we give a
proof for completeness.

LEMMA 4.11. Let {a;(t)}52; be a sequence of functions in S(R). Then
there exists a 1 € S(R?) such that gﬁf(o t) = a;(t).

Proof. Let @ be as in the proof of Proposition 4.10. For a given sequence
{An}22, of positive numbers we set

gn(T,) = a"n—(f) G(r),  falrt) =

Let

1 an(t)

A nl

n()\nT, t) = Tn&}(AnT)

1
)\Qn
=3 falr,1).

n=1

Clearly, the lemma will follow if we can prove (for a suitable sequence {\,,})
that

ot o* 1
t® <— forall0 <k, l,s<n-—1,

adar | San
We take )\, > 1 for all n. Taking into account that k < n — 1 and «a;(t) €
S(R), we can apply the Leibniz rule to get a positive constant ¢, such that
, O ok s 0lay,
"l gk o't

(4.17)

n—1
Cn

- )\nn!

1=0
Now (4.17) follows by choosing \,, such that, in addition,
6lan
o't

n—1
Cp,

2nn)

1
— <
N,

DEFINITION 4.12. Let m = m()\, k) be a function satisfying the condi-
tions of the statement of Theorem 1.1. We define ¢ : R? — R by
p1(T,t) for7 > 0,t €R,
P ) = {(p(T,t) = @o(7,t) for 7 <0,t€R.
Proof of Theorem 1.1. Let m and ¢ be as in Definition 4.12. By Theo-

rems 3.2 and 3.3, it remains to see that ¢ belongs to H# and that if we take
f € S(H,,) such that Nf = ¢ then Ff = m. To see that ¢ € H¥ we must

(4.18)
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find ¢; and 15 in S(R?) such that
p(1,1) = 2 (7,1) + 7" (7, ) H(7)
(where H is the Heaviside function), i.e.,
wa(T, 1) for 7 <0,
419 balnn={ L
p1(1,t) — " Py (7, t)  for T > 0.

For a given 11 € S(R?), we define 15 by (4.19). In view of Lemma 4.9 and
(4.13), ¢ € S(R?) if and only if for a suitable ¢ € S(R?),

420 L2 Py ( J )(n— &7y

orJ orJ n—1 Ori—(n—1)
for all j > n — 1. But Lemma 4.11 gives a function ¢; € S(R?) such that
ak 1 8k+n—1 _
P00 = i P 0,
T ( n—1 )(TL B 1) T

for k € NU {0}, i.e., (4.20) holds. Thus ¢ € H?.
Let f € S(Hy) be such that Nf = . To see that Ff = m we proceed
as follows. For & > 0 and X # 0 we have

(4.21)  FFOK) = (LY g H) D, 7 20 TLe 2N £(2]4] 717, N))

o0 an
= (" L g a () ey (2N 2 (2N )
0
From the definition of ¢; and Remark 4.6,
27T 212N 7 A) = D E(m) (Mg + @)L (r)e”
j=>0
Now, from similar computations to those that give (4.12) (allowed again by
Remark 4.6) we get

2N e 20y (2], ) = ‘me DULY ) (e

Jjzq

Z m* (A, J)D" LYy ) (7).

—p+1<5<q—-1

=)
(n—1)!
Ll
2
Then, by Lemma 4.2,
d n—1 N
A () NN
T

= mAHLY e T+ D> mTNHDLY ()T

Jj>q —p+1<j<q-1
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Our assumptions on m imply that > .. m(A, 4)LO i—gin—1€ /2 belongs to
L*((0,00),dr). Also §0°L) ., ((T)LY .\, 17" = dj;; then from (4.21)
it follows that F f(\, k) = m(\ k) for k > ¢ and Ff()\,k‘) = m*(\ k) for
0 <k < q—1. Since m(\, k) = m*(\, k) for £ > 0 we have proved that
Ff(\ k) =m(\k) for k> 0.

A completely similar argument starting with the facts that

ff()U k) = <(L(lk’—p+n—1H)(n—1)7T = 2|>"_16_7—/2Nf(_2|>"_17_7 X))
an—l

oo

= (-1)" L (T )a —— (2N e o (=2|A 7 ) dr
0
and that for 7 < 0,
2\ e 2o (2N N) = Y E(m™) (A, § + @) LY (—7)e”
7>0

can be used in the case k < 0 to complete the proof of the theorem. =
REMARK 4.13. Recall that for h € S(H;) and H(\, k) = Fih(\ k)
we have MTH = Fi((|z|?/4 + it)h) and M—H = F((|z|>/4 — it)h) (cf.
[3, p. 407]).
For f € S(H,) let fi € S(H1) be the function given by
fl(zvt) = Nf(|2|2, )
We have seen that

Fi(f)(A k) = E(FF)AE+q).

Consider the map = : S(Hy,) — S(H;) defined by =(f) = f1, let B(z,w) be
the quadratic form given in the introduction and set B(z) = B(z,z). It is
immediate to see that N(B(z)f) = 7N f and this says that =((B(z)/4=%it) f)
= (|z|?/4 £ it) f1. Then we can conclude that

M*(Fif1) = E(F(B(2) /4 + it) f).
A similar expression can be obtained for M*(Fig1)(\, k) (where g1(z,t) =
Nf(—|z|%t)) that involves E(F(B(z)/4%it)f)(A, —k —p) for k > n—1 and
E(F(B(2)/A+it)f)(\ k) for 0 < k <n —2.
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