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ON A LINEAR HOMOGENEOUS CONGRUENCEBYA. SCHINZEL (Warszawa) and M. ZAKARCZEMNY (Kraków)Abstrat. The number of solutions of the ongruene a1x1 + · · ·+akxk ≡ 0 (mod n)in the box 0 ≤ xi ≤ bi is estimated from below in the best possible way, provided for all
i, j either (ai, n) | (aj , n) or (aj , n) | (ai, n) or n | [ai, aj ].1. Introdution. We shall onsider the following onjeture proposedin [1℄:
Conjecture. Let k, n and bi (1 ≤ i ≤ k) be positive integers, and let ai

(1 ≤ i ≤ k) be any integers. The number N(n; a1, b1, . . . , ak, bk) of solutionsof the ongruene
k

∑

i=1

aixi ≡ 0 (modn) in the box 0 ≤ xi ≤ bi(1)satis�es the inequality
N(n; a1, b1, . . . , ak, bk) ≥ 21−n

k
∏

i=1

(bi + 1).(2)
Sine for k = n − 1,

N(n; 1, 1, . . . , 1) = 21−n
k

∏

i=1

(1 + 1),if the above onjeture is true, then 21−n is the best possible oe�ientindependent of ai, bi, and dependent only on n, with whih the inequality (2)holds. The �rst named author proved in [1℄ that (2) holds if (n, ai) = 1 forall i ≤ k. The aim of this paper is to prove
Theorem. The inequality (2) holds if for all i, j ≤ k we have either

(n, ai) | (n, aj) or (n, aj) | (n, ai), or n | [ai, aj ].Corollary 1. The inequality (2) holds for n = pα and for n = pq(p, q primes).2000 Mathematis Subjet Classi�ation: Primary 11D79.Key words and phrases: linear homogeneous ongruene.[283℄
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2. Lemmas. We shall use the following lemmas taken from [1℄:
Lemma A. Inequality (2) holds for n = 4, a1 and a2 odd , b1 = b2 = 2.
Lemma B. Let B be a set of residues mod m, and let a, b ∈ N with

(a, m) = 1. If x runs through the integers of the interval [0, b] and y throughthe elements of B, then ax+y gives at least min{m, |B|+b} residues mod m.
Lemma C. For positive integers a and x ≤ a we have

(

1 +
a

x

)x+1

≤ 2a+1,exept for a = 2 and x = 1.From Lemma B we dedueLemma 1. Let A be a set of residues mod m, and let a, b ∈ N with
(a, m) = 1 and b ≥ m − |A|. For every r the number of solutions of theongruene ax + y ≡ r (modm) suh that 0 ≤ x ≤ b, y ∈ A is at least

s =

[

b + 1

m + 1 − |A|

]

≥ max

{

1,
b + 1

2(m + 1 − |A|) − 1

}

.Proof. Put m − |A| = c and onsider the intervals (redued to a pointfor c = 0)
Ii = [ci + i, c(i + 1) + i], 0 ≤ i ≤ s − 1.Eah interval Ii ontains c + 1 onseutive integers, hene by Lemma B,

ax + y with y ∈ A gives c + |A| = m residues mod m, thus in partiular r.Sine the s intervals Ii are disjoint we obtain the �rst part of the lemma.The seond part (the inequality) follows from the inequality
u ≥

uv + v − 1

2v − 1valid for u, v ≥ 1, in whih we take u =
[

b+1

m+1−|A|

], v = m + 1 − |A|.We have furtherLemma 2. If a > (log 2)−1, then the funtion (a − x)2x is unimodal inthe interval [0, a] with the maximum at x = a − (log 2)−1.Proof. By di�erentiation.For the proof of further lemmas we need the following de�nitions andorollaries.Definition 1. di = (n, ai), ni = n/di (1 ≤ i ≤ k).Corollary 2. Under the assumption of the Theorem we have for all
i, j ≤ k either ni |nj or nj |ni or (ni, nj) = 1.Definition 2. We write i ≺ j if ni |nj and either ni < nj or i < j.Corollary 3. ≺ is a partial ordering of the set {1, . . . , k}.
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Definition 3. Nl is the number of residues mod n given by the numbers
∑

i�l aixi, where 0 ≤ xi ≤ bi.Definition 4. c(i) is the number of j ≤ i suh that nj = ni.Now we an formulateLemma 3. If for 0 ≤ xi ≤ bi the sum ∑

i≺l aixi gives at least 1+
∑

i≺l biresidues mod n, then
Nl ≥ min

{

nl, 1 +
∑

i�l

bi

}

.

Proof. Sine (n, al) = dl divides ai for i ≺ l,
∑

i≺l

ai

dl
xi gives at least 1 +

∑

i≺l

bi residues mod nl.We apply Lemma B with B being the set of these residues and with m = nl,
a = al/dl. The assumptions are satis�ed, sine

(

al

dl
, nl

)

=
(al, n)

dl
= 1.Therefore, the number of residues mod nl of ∑

i�l(ai/dl)xi is at least
min

{

nl, 1 +
∑

i�l

bi

}

and hene
∑

i�l

aixi gives at least min
{

nl, 1 +
∑

i�l

bi

} residues mod n.

Lemma 4. If for an l ≤ k and all g ≺ l we have
∑

i�g

bi ≤ ng − 1,(3)then
Nl ≥ min

{

nl, 1 +
∑

i�l

bi

}

.

Proof. Let Ih be the set of i ≤ k for whih there exists a sequene
i1, . . . , ih suh that i1 = i, niν |niν+1

, niν < niν+1
(1 ≤ ν < h) and thereexists no longer sequene with this property. Clearly, for a ertain s,

{1, . . . , k} =

s
⋃

h=1

Ihand Ig ∩ Ih = ∅ for g 6= h. Moreover, by Corollary 2,if i, j ∈ Ih and ni 6= nj , then (ni, nj) = 1.(4)
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If l ∈ Ih we shall write h(l) = h. We shall prove the lemma by a doubleindution, with respet to s − h(l) and with respet to c(l). If s − h(l) = 0and c(l) = 1, then i � l implies i = l. We have two possibilities.If bl + 1 ≥ nl, then (al/dl)xl (0 ≤ xl ≤ bl) gives all residues mod nl,hene alxl gives nl residues mod n, thus Nl = nl.If bl + 1 < nl, then (al/dl)xl (0 ≤ xl ≤ bl) gives bl + 1 residues mod nl,hene alxl gives bl + 1 residues mod n, thus Nl ≥ bl + 1. Assume now thatthe assertion is true for s − h(l′) = 0 and c(l′) = c − 1 (c ≥ 2), and that
s − h(l) = 0, c(l) = c. Then i ≺ l if and only if i � l′, where nl′ = nl and
c(l′) = c − 1. Clearly s − h(l′) = 0 and by the indutive assumption and by(3) with g = l′,

Nl′ ≥ min
{

nl′ , 1 +
∑

i�l′

bi

}

≥ 1 +
∑

i�l′

bi.Hene, by Lemma 3,
Nl ≥ min

{

nl, 1 +
∑

i�l

bi

}

.

Assume now that the assumption is true for s − h(l′) = s − h − 1 andthat h(l) = h, c(l) = 1. Put
Λl = {i ≺ l : i ∈ Ih+1 ∧ i = max{q : nq = ni}} = {i1, . . . , it}.If t = 0, then i � l implies i = l and the proof proeeds as above for

s − h(l) = 0, c(l) = 1. Therefore we assume that t > 0 and infer from (4)that
(niµ , niν ) = 1 for µ 6= ν.(5)Sine c(l) = 1, i ≺ l implies i � iu for some u ≤ t. By the indutiveassumption the assertion is true for every l′ = iu ∈ Λl ⊂ Ih+1, hene by (3)for all u ≤ t,

Niu ≥ 1 +
∑

i�iu

bi.(6)For i � iu we have
ni |niu , diu | di | ai,hene for eah u ≤ t,

∑

i�iu

ai

diu

xi (0 ≤ xi ≤ bi) gives Niu ≥ 1 +
∑

i�iu

bi residues mod niu .

Now, by (5) for all integers z1, . . . , zt, r1, . . . , rt we have
t

∑

u=1

n

niu

zu ≡
t

∑

u=1

n

niu

ru (modn)
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if and only if zu ≡ ru (modniu) for all u ≤ t. It follows that the number ofresidues mod n given by
t

∑

u=1

n

niu

∑

i�iu

ai
n

niu

xi =
t

∑

u=1

diu

∑

i�iu

ai

diu

xi =
t

∑

u=1

∑

i�iu

aixi =
∑

i≺l

aixi

for 0 ≤ xi ≤ bi is equal to ∏t
u=1

Niu , hene by (6) it is at least
t

∏

u=1

(

1 +
∑

i�iu

bi

)

≥ 1 +
t

∑

u=1

∑

i�iu

bi = 1 +
∑

i≺l

bi.Using Lemma 3 we obtain
Nl ≥ min

{

nl, 1 +
∑

i�l

bi

}

,

whih proves the assertion for s − h(l) = s − h, c(l) = 1.Assume now that the assertion is true for s−h(l′) = s−h and c(l′) = c−1
(c ≥ 2) and that s − h(l) = s − h, c(l) = c. Then i ≺ l if and only if i � l′,where nl′ = nl and c(l′) = c − 1. Clearly s − h(l′) = s − h, thus by theindutive assumption and by (3),

Nl′ ≥ min
{

nl′ , 1 +
∑

i�l′

bi

}

≥ 1 +
∑

i�l′

bi.Hene, by Lemma 3,
Nl ≥ min

{

nl, 1 +
∑

i�l

bi

}

.

Definition 5. M =
⋃k

i=1
{ni}.Lemma 5. Let us order ai in suh a way that i ≤ j implies ni ≤ nj.Under the assumption of the Theorem, for every l � k eitherthere exists m′ |nl, m′ ∈ M r {nl}(7)suh that

∑

ni|m′

bi ≥ m′,or
(8)

∑

ni|nl, i≤l

aixi (0 ≤ xi ≤ bi) gives at least
min

{

nl, 1 +
∑

ni|nl, i≤l

bi

} residues mod n.
Proof. We apply Lemma 4. If there exists g not satisfying (3) suh that

ng |nl, ng < nl then (7) holds with m′ = ng. If there exist g not satisfying (3)
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with ng |nl, but for all of them ng = nl, then taking the least suh g, byLemma 4 we obtain

Nl ≥ Ng ≥ min
{

ng,
∑

ni|ng, i≤g

bi

}

= ng = min
{

nl,
∑

ni|nl, i≤l

bi

}

,

thus (8) holds.Finally, if (3) is satis�ed by all g with ng |nl, g < l, then (8) holds byLemma 4.Lemma 6. Let t, x1, . . . , xt be integers greater than 1. Then
t

∑

u=1

(xu − 2) ≤
1

2

t
∏

u=1

xu − 2.

Proof. Sine x + y ≤ xy for x, y ≥ 2, we have
t

∑

u=1

(xu − 2) =
t

∑

u=1

xu − 2t ≤
t−1
∏

u=1

xu + xt − 2t.

Sine x + y − 2 ≤ xy/2 for x, y ≥ 2, we have
t−1
∏

u=1

xu + xt − 2t ≤
1

2

t
∏

u=1

xu − 2(t − 1) ≤
1

2

t
∏

u=1

xu − 2.

Combining both inequalities we obtain the lemma.
3. Proof of the Theorem. We may assume without loss of generalitythat if i ≤ j then either ni < nj , or ni = nj and bi ≥ bj . By Corollary 2, forall i, j ≤ k we haveeither ni |nj or nj |ni or (ni, nj) = 1.(9)We proeed by indution on k. For k = 1, (2) is trivially true. Assume it istrue for all k′ < k. If n1 = 1 then

N(n; a1, b1, . . . , ak, bk) = (b1 + 1)N(n; a2, b2, . . . , ak, bk),hene (2) follows from the indutive assumption.Therefore assume that ni ≥ 2, and n ≥ 4 by the result of [1℄. Supposethat there exist m ∈ M suh that ∑

ni|m
bi ≥ m − 1 and let m be the leastnumber with this property. Hene for all m′ < m, m′ ∈ M we have

∑

ni|m′

bi ≤ m′ − 2.(10)
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Let mu (1 ≤ u ≤ t) be all maximal elements with respet to divisibility inthe set {µ ∈ M \ {m} : µ |m}. We have mu ∈M r {m}, mu |m, and the muare not divisible by one another, hene by (9), (mu, mv) = 1 for u 6= v. Itfollows that
t

∏

u=1

mu |m.(11)We take the least j suh that
∑

ni|m, i≤j

bi ≥ m − 1.(12)
By (10) we have

∑

ni|mu

bi ≤ mu − 2,hene by Lemma 6,
t

∑

u=1

∑

ni|mu

bi ≤
t

∑

u=1

(mu − 2) ≤
1

2

t
∏

u=1

mu − 2 ≤
1

2
m − 2,(13)unless t ≤ 1. However, for t ≤ 1 the inequality

t
∑

u=1

(mu − 2) ≤
1

2
m − 2is also true, thus (12) and (13) imply nj ∤ mu (1 ≤ u ≤ t), hene nj = m.Also, by Lemma 5, inequality (10) and the hoie of j the number of resi-dues mod n given by ∑

ni|m, i<j aixi (0 ≤ xi ≤ bi) is at least 1+
∑

ni|m, i<j bi.For every hoie of xi (ni ∤ m or i > j) suh that
∑

ni ∤m or i>j

aixi ≡ 0

(

mod
n

m

)(14)there exist, by Lemma 1, at least
max

{

1,
bj + 1

2(m −
∑

ni|m, i<j bi) − 1

}

solutions of the ongruene
m

n

∑

ni|m, i<j

aixi +
maj

n
xj +

m

n

∑

ni ∤m or i>j

aixi ≡ 0 (modm),

satisfying 0 ≤ xi ≤ bi (ni |m and i ≤ j). However, the number of summandsin (14) is less than k, hene, by the indutive assumption, the number ofsolutions of (14) with 0 ≤ xi ≤ bi is at least
21−n/m

∏

ni ∤m or i>j

(bi + 1).
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Thus we obtain
(15) N(n; a1, b1, . . . , ak, bk)

≥ 21−n/m
∏

ni ∤m or i>j

(bi + 1) max

{

1,
bj + 1

2(m −
∑

ni|m, i<j bi) − 1

}

.

We onsider three ases:
m < n,(16)

m = n and either j = 1 or nj−1 < n,(17)

m = n, j ≥ 2 and nj−1 = n.(18)In the ase (16) we have, by (15) and Bernoulli's inequality,
(19) N(n; a1, b1, . . . , ak, bk)

−1

k
∏

i=1

(bi + 1)

≤ 2n/m

(

m −
∑

ni|m, i<j

bi −
1

2

)

∏

ni|m, i<j

(bi +1)

≤ 2n/m

(

m − b −
1

2

)

2b,where b =
∑

ni|m, i<j bi. By the hoie of j we have
b ≤ m − 2 < m −

1

2
−

1

log 2
,hene by Lemma 2,

(

m − b −
1

2

)

2b ≤ 3 · 2m−3 < 2m−1,and by (19),
N(n; a1, b1, . . . , ak, bk)

−1

k
∏

i=1

(bi + 1) < 2n/m+m−1 ≤ 2n−1,beause n − n/m − m = (n/m − 1)(m − 1) − 1 ≥ 0.In the ase (17) we have again (19), but now, by (13),
b ≤

1

2
n − 2 ≤ n −

1

2
−

1

log 2
,hene by Lemma 2 and Bernoulli's inequality

(

m − b −
1

2

)

2b ≤

(

n

2
+

3

2

)

2n/2−2 ≤ 2n−3/2.
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In the ase (18) we have, by (15),
(20) N(n; a1, b1, . . . , ak, bk)

−1

k
∏

i=1

(bi + 1) ≤
∏

ni|m, i≤j

(bi + 1)

≤
∏

ni|m, ni<m

(bi + 1) ·
∏

ni=m, i≤j

(bi + 1)

≤ 2
∑

ni|m, ni<m bi
∏

ni=m, i≤j

(bi + 1).

Now, by the hoie of j,
∑

ni|m, i<j

bi ≤ n − 2,
∑

ni=m, i<j

bi ≤ n − 2 −
∑

ni|m, ni<m

bi,

thus bj ≤ bj−1 ≤ a/x, where
a = n − 2 −

∑

ni|m, ni<m

bi, x =
∑

ni=m, i<j

1.

By the inequality for the arithmeti and geometri mean and by Lemma C,
∏

ni=m, i≤j

(bi + 1) ≤

(

1 +
a

x

)x+1

≤ 2a+1,

unless a = 2, x = 1. Leaving this ase for a further onsideration we obtainfrom (20),
N(n; a1, b1, . . . , ak, bk)

−1

k
∏

i=1

(bi + 1)

≤ 2
∑

ni|m, ni<m bi · 2n−1−
∑

ni|m, ni<m bi = 2n−1.If a = 2, x = 1 we obtain, beause of (13),
n − 4 =

∑

ni|m, ni<m

bi ≤
1

2
n − 2,

hene n ≤ 4, that is, n = 4; moreover, j = 2, n1 = n2 = 4, b2 ≤ b1 ≤ 2 and
N(n; a1, b1, . . . , ak, bk)

−1

k
∏

i=1

(bi + 1) ≤ (b1 + 1)(b2 + 1) ≤ 2n−1

unless b1 = b2 = 2. However, the last ase is overed by Lemma A.Assume now that for every m ∈ M we have
∑

ni|m

bi ≤ m − 2.(21)
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If n ∈ M it follows that

k
∑

i=1

bi ≤ n − 2.(22)If n 6∈ M , then for every ni there exists the greatest m ∈ M suh that ni |m.Put m = f(ni) and M0 = f(M). It follows from (9) that the elements of M0are oprime. Hene
∏

m∈M0

m |nand, by Lemma 6,
∑

n∈M0

(m − 2) ≤
1

2

∏

m∈M0

m − 2 ≤
1

2
n − 2unless M0 has just one element m0.However, m0 ≤ 1

2
n, thus in eah ase, by (21),

k
∑

i=1

bi ≤
∑

m∈M0

∑

ni|m

bi ≤
∑

m∈M0

(m − 2) ≤
1

2
n − 2and (22) holds generally. It follows by Bernoulli's inequality that

N(n; a1, b1, . . . , ak, bk)
−1

k
∏

i=1

(bi + 1) ≤ 2
∑k

i=1
bi ≤ 2n−2.Added in proof. As proved in [2℄, the inequality (2) holds if n =

∏l

j=1
q

αj

j , where
qj are primes and ∑l

j=1
1/qj < 1.
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